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Welcoming Address 
S. SILVER+ 


T is my pleasure to welcome you on behalf of URSI 
| to the Electromagnetic Wave Theory Symposium. 
This is, as you know, the third in the series of 
symposia on this topic initiated by Commission VI of 
the International Scientific Radio Union. The concept 
of these symposia was born at the 1952 General Assem- 
bly of URSI in Sydney, Australia, and was given its 
first material existence the following year at McGill 
University, Montreal, Canada. With phenomenal 
growth, it attained its stature at the 1955 meeting at 
the University of Michigan in Ann Arbor. It is certainly 
fitting that now, in this phase of youthful maturity, it 
should again be held in Canada before starting (as we 
hope it will) on its tour through the some thirty nations 
who are currently members of the Union. It is with a 
sense of indebtedness and gratitude that I express on 
behalf of Commission VI thanks and appreciation to the 
University of Toronto for extending its hospitality to 
us, and to Prof. Sinclair for undertaking the organiza- 
tion of this symposium. I am also pleased to express 
appreciation to the IRE Professional Group on An- 
tennas and Propagation for its sponsorship of the Sym- 
posium, and to the National Research Council of Can- 
ada and to the U. S. National Science Foundation, 
whose financial support make this meeting possible. 
On an occasion such as this, one is tempted to relate 
the work of the present to that which has gone before 
and to comment on the contributions of Maxwell and 
other giants of the past. However, in this symposium, 
I am sure that Maxwell will not suffer by going un- 
mentioned (as he does in the indexes of more than one 
well-known work in electromagnetic theory); and, if I 
can extrapolate from the experience of previous meet- 
ings, I am sure that at least one of us will receive his 
comeuppance during the week by being informed that 
“Raleigh already did it.” I shall, therefore, forbear 
making a historical review of the field, and comment 
briefly on the immediate purpose and direction of our 
program. 

The subjects chosen for the symposium stem from the 
discussions held at the last General Assembly in 
Boulder, Colo. The central problem in the theory of 
scattering and diffraction in the form of a boundary 
value problem remains that of finding a methodology 
for closing the gap between the low-frequency and high- 
frequency asymptotic representations of solutions. In 
fact, there even remains the matter of obtaining the 
high-frequency representation in a direct manner from 


} Chairman of International Commission VI of URSI; Director, 
Electronics Res. Lab., Dept. of Elec, Engrg., University of Cali- 
fornia, Berkeley, Calif. 


the general formulation of the solution, rather than by 
the semi-heuristic methods now being employed for 
bodies other than the cylinder and the sphere. We hope 
that the results presented at this meeting will show 
some progress toward resolving this very difficult prob- 
lem. 

The subject of surface waves loomed large in the 
Boulder meeting. It is perhaps amusing that after all 
the years of intensive work that have gone into the field, 
there are still differences of opinion as to the existence 
or nonexistence of surface waves under certain condi- 


tions. The difference in opinion may be largely one of 


semantics, but it does lead to serious difficulties. How- 
ever, of a more serious nature is the problem of assuring 
that in a given situation, one does indeed have the com- 
plete solution, and has not by some process of partition- 
ing and of mathematical juggling over-emphasized an 
artificial aspect of the solution. A study group was 
formed at Boulder with Dr. Wait as chairman for the 
purpose of reviewing the field, and part of the program 
of this meeting is an outgrowth of that activity. 

The solutions of the problems of scattering by iso- 
lated objects, aside from their intrinsic interest, are also 
necessary steps in treating scattering by many bodies. 
For many-body situations, we still have with us the 
open scattering problems associated with the individual 
objects that make up the collection, plus the new prob- 
lems arising from their fixed or statistical spatial dis- 
tribution. Much has been done in recent years to de- 
velop self-consistent general treatments of periodic and 
“gas-like” distributions, and of arbitrary configurations 
of widely separated objects, which hold independently 
of the component scatterers; in these developments, the 
spatial distribution is treated explicitly for once and for 
all, and the results for the isolated scatterers (which are 
essentially “parameters” of the problem) can be in- 
serted for particular applications. Most recently, mul- 
tiple scattering procedures have been extended to 
densely packed cases and to “quasi-random” and 
“quasi-periodic” distributions, and we shall hear about 
some of the new results at this meeting. 

The single and many-body scattering problems reach 
into various fields of radio, from propagation through 
the atmosphere to the use of satellites as communication 
devices. This brings us to an important point that bears 
on the future course of Commission VI: at the Washing- 
ton meeting of the USA National Committee this past 
spring, Dr. Berkner, president of URSI, delivered an 
address on the impact of space research and space com- 
munications on the future programs of URSI. It is easy 
to see that whereas in the past, Commission VI had a 
sort of secondary place in the over-all program of 
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URSI, it will now assume a far more important position. 
For example, in the area of space communications, 
whether we consider systems of satellites serving as 
passive scatterers or systems of relay stations, the prob- 
lems which we are treating in this symposium become of 
great importance. The relevance of solutions of scatter- 
ing problems to the satellite system is quite self-evident. 
Also, however, we should realize that we must take 
another look at antenna problems in general. The band- 
width of the space communication channel will be no 
greater than the bandwidth of the antennas involved. 
The problems range from those involved in communica- 
tion between two points on the earth via a satellite sys- 
tem, to communication between a point in the earth 
and a space vehicle. 

The degradation of intelligence arising from the limi- 
tations of the antenna characteristics or from the spec- 
tral dispersion of the signal caused by scattering proc- 


Decne 


esses must be studied, and new techniques in which the 
antenna is approached from a data-processing point of 
view must be considered. It appears to me that the — 
electromagnetic wave theory problems which we shall be 
treating in this symposium are just the beginning steps 
to be taken in the solution of larger problems. We were, 
of course, aware of those larger problems previously; 
but then they were essentially academic ones, and only 
now, under the impact of the developments of space 
technology of the past two years, have they acquired 
practical significance. 

I have touched upon the space communication and 
space relay subject only to point up the importance of 
this symposium to the work of Commission VI in the 
future. The program of this meeting is itself an expres- 
sion of the vitality of the field and it appears that this 
is just the beginning. I know that we shall have an in- 
teresting and fruitful week. 


ee eee 
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Infinite Integral Transforms in Diffraction Theory* 
P. C. CLEMMOW} 


Summary—It is emphasized that rather flexible general solutions 
of the scalar wave equation formed by integrating a separable solu- 
tion over a separation “constant” are of direct application in certain 
boundary value problems if an appropriate infinite integral transform 
is available. The theory, on these lines, of the diffraction of a scalar 
plane wave in turn by a circular cylinder, a sphere, and a parabolic 
cylinder is briefly indicated. 


I. INTRODUCTION 


ROBABLY most attempts to solve boundary 
Peretiems start exactly with what appears a priori 

to be suitable general solution of the differential 
equation and then, if possible, use the restrictions im- 
posed by the boundary conditions to pick out the par- 
ticular solution. The classical situation is that in which 
the boundaries are complete coordinate surfaces in a 
separable coordinate system. The classical method, in 
this case, is to take the general solution to be an infinite 
series in which the terms, with arbitrary coefficients, are 
separable solutions and the summation is over integral 
values of a separation constant; the coefficients are then 
determined from the boundary conditions. 

In diffraction theory it has long been recognized, ex- 
plicitly from circular cylinder and sphere problems, that 
the classical solution, though readily obtained, is only of 
value as it stands when the diffracting obstacle is not 
large compared to the wavelength; for the number of 
terms of the series required to give a good approximation 
to the infinite sum is of the order of 27 times the ratio of 
the linear dimensions of the obstacle to the wavelength. 
It is now appreciated that a more flexible general solu- 
tion is an infinite integral, in which the integrand is a 
separable solution multiplied by an arbitrary function 
of a separation “constant,” the latter being the variable 
of integration. The purpose of the present paper is to 
indicate, by examples, that a general solution of this 
form can readily be applied to diffraction problems pro- 
vided that the appropriate infinite integral transforms 
are available. 

The scalar diffraction of a plane wave in turn by a 
circular cylinder, a sphere, and a parabolic cylinder is 
briefly treated below. The respective classical solutions 
to these problems involve expansions in terms of har- 
monic functions, of Legendre polynomials, and of Her- 
mite polynomials, the coefficients of which expansions can 
be regarded as finite integral transforms. Here, solutions 
are obtained by using the inverses of the corresponding 
infinite integral transforms. The relevant Fourier analy- 
sis is, of course, well known; the Legendre analysis is 


* The research reported in this paper has been sponsored by the 
Rome Air Dev. Center, Air Res. and Dev. Command, under Contract 


AF 30(602)-1853. conte 
EBadivdon Laboratory, University of Michigan, Ann Arbor, 


Mich. 


thought to be new,! though similar in some respects to 
that used by Felsen;? and that associated with the para- 
bolic cylinder function is due to Erdelyi and Cherry. 

No details of the behavior of the solutions are given 
here. For the circular cylinder and sphere, those per- 
taining to the present method are set out elsewhere!® 
and others have previously been discussed in many 
papers by authors using different methods. For the 
parabolic cylinder, some are to be found in a rather com- 
prehensive paper by Rice.® Rice’s starting point is an 
application of what may be called the Watson tech- 
nique to the classical series solution, but he also indi- 
cates a way in which his basic result could be obtained 
more quickly by an appeal, in essence, to the Erdelyi- 
Cherry transform. Even this latter derivation, however, 
is puzzling in its reliance on a trick, whereas the deriva- 
tion given in the present paper is quite straightforward. 

It should be stressed that there are, of course, other 
well-known ways of setting up solutions to diffraction 
problems which achieve essentially the same ends. 
Which is “best” seems to the author to be, at least in 
part, asubjective matter, and no serious attempt at com- 
parison is made here. It is perhaps helpful, however, to 
remark that the present method has some affinity with 
that advocated by Felsen,?)” particularly with regard to 
the use, where appropriate, of an angular variable whose 
values extend into “nonphysical” space; and that, spe- 
cifically for the circular cylinder, there is a hint of the 
Same approach in an early paper by Debye,® and a close 
parallel in Friedlander’s work on pulses.°® 


II. GENERAL PRELIMINARY REMARKS 


In this section some prefatory remarks are offered, 
which, although rather elementary and covering well- 


1P, C. Clemmow, “Studies in Radar Cross Sections XX XIV— 
An Infinite Legendre Integral Transform and Its Inverse,” Rad. 
Lab., University of Michigan, Ann Arbor, Mich., Rept. No. 2778-5-T; 
March, 1959. 

21. B. Felsen, “Radiation from ring sources in the presence of a 
semi-infinite cone,” IRE TRANS. ON ANTENNAS AND PROPAGATION, 
vol. AP-7, pp. 168-180; April, 1959. 

8 T, M. Cherry, “Expansions in terms of parabolic cylinder func- 
tions,” Proc. Edinburgh Math. Soc., vol. 8, pp. 50-65; 1949. 

4P. C. Clemmow, “Studies in Radar Cross Sections XX XII— 
On the Theory of the Diffraction of a Plane Wave by a Large Per- 
fectly Conducting Circular Cylinder,” Rad. Lab., University of Mich- 
igan, Ann Arbor, Mich., Rept. No. 2778-3-T; February, 1959. 

5 P. C. Clemmow, “Studies in Radar Cross Sections XXXV— 
On the Scalar Theory of the Diffraction of a Plane Wave by a Large 
Sphere,” Rad. Lab., University of Michigan, Ann Arbor, Mich., 
Report No. 2778-6-T; April, 1959. 

6S. O. Rice, “Diffraction of plane radio waves by a parabolic 
cylinder,” Bell. Sys. Tech. J., vol. 33, pp. 417-504; 1954, : 

7L. B. Felsen, “Alternative field representations in regions 
bounded by spheres, cones, and planes,” IRE TRANS. ON ANTENNAS 
AND PropacaTion, vol. AP-5, pp. 109-121; January, 1957. 

8 P. Debye, “Das elektromagnetische Feld um einen Zylinder und 
die Theorie des Regenbogens,” Physik. Z., vol. 9, pp. 775-779; 1908. 

9 F, G. Friedlander, “Diffraction of pulses by a circular cylinder,” 
Commun. in Pure and Appl. Math., vol. 7, pp. 705-732; 1954. 
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trodden ground, are nevertheless useful for later refer- 
ence. First, the classical solution of the circular cylinder 
problem is derived in a way particularly suited to com- 
parison with the treatment of the same problem given 
in Section III. Then, some features of the relation be- 
tween Fourier integral transforms and solutions of the 
wave equation in rectangular Cartesian coordinates are 
emphasized, again as a guide to the subsequent analysis. 

Throughout this section, the time factor exp (iw#) is 
suppressed, and for the sake of definiteness, only the 
scalar wave equation 


VU + kU = 0, (1) 


with boundary condition U=0 is discussed, where w and 
Rk are real positive numbers. 
Consider, then, the plane wave 


Ui = e~**r cos 8 (2) 
incident on the circular cylinder r=a, where r and 
6(0<@<27) are two-dimensional cylindrical polar co- 
ordinates. The solution of (1) separable in 7 and 6 which 
is adopted in the classical analysis is 


Hake. (3) 


Here the Hankel function of the second kind insures 
that the solution has the outgoing radiation character 
appropriate to the scattered field; and is taken to be 
an integer, or zero, on the grounds that the field is a 
periodic function of 0, of period 27. 

The scattered field is written in the general form 


i) 


Be ee 


= = 
n=—o Hy )(ka) 


HH, (kre, (4) 


where the coefficients a, are to be determined from the 
boundary condition, and the factor —1/H,,)(ka) is in- 
serted in (4) merely to make this assume the most con- 
venient form. In fact, equating to zero the sum of (2) 
and (4) onr=a gives 

0 


ays ane”? = etka cos 6 


n=—w 


(S) 


The problem is, therefore, simply that of determining 
the coefficients in the Fourier series representation of a 
function with period 27. The answer is 


Gn = (—i)"J, (ka). (6) 


Note that the method obviously works for any specified 
behavior of U* onr=a. 

Turn now to a consideration of the application of 
Fourier integral representations in diffraction theory. 
These representations arise most simply when the wave 
equation (1) is discussed in terms of two-dimensional 
rectangular Cartesian coordinates x, y. A separable solu- 
tion is then 


eikla etkmy 


(7) 
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for any (possibly complex) numbers / and m such that 


P +m =1. (8) 
A rather general solution is therefore 
dt p(Det ek¥-P) ug] (9) 


where p(J) is an arbitrary function of / (independent of 
x and y) and the integration is over some path in the 
complex / plane. 

The solution (9) is evidently suitable for discussing 
the problem in which U* is specified on the plane y=0. 
For if the path of integration is taken to be along the 
complete real / axis, then at y=0 (9) is 


f " p(Detd, (10) 


which can be matched to any function of x, f(x) say, 
capable of being represented as a Fourier integral. The 
general mathematical statement is that p(/) is k/(27) 
times the Fourier transform of f(x); that is, 


Rie - f “seer, (11) 


With the path of integration in (9) along the real axis, 
and the natural convention that »/(1—/?) is positive for 
| 1| <1, it is evident from the outgoing requirement that 
(9) is appropriate to the region y<0 (provided this is 
source-free) and +»/(1—/?) must have a negative imagi- 
nary part when |2| >1. The corresponding solution ap- 
propriate to the region y>0 is that synthesized in a 
similar manner, with the separable solution 


eiklx g—ikmy (12) 
replacing (7). Since, in the integration, / ranges from 
—o to +, there is evidently no gain in generality in 
considering the separable solutions obtained from (7) 
and (12) by changing the sign of /. 

Two features of this simple discussion should be noted. 
First, the transform involved is that associated with the 
coordinate which varies along the specified boundary 
(in this case, x); second, the satisfaction of the out- 
going radiation requirement is achieved by the correct 
choice of the part of the separable solution associated 
with the coordinate which is constant on the specified 
boundary (in this case, y). 

A final and important point remains to be made. The 
analysis in terms of Fourier integrals is applicable even 
when the specified behavior on y=0 is periodic in x. 
Moreover, the integral representation preserves a flexi- 
bility, lost in the Fourier series representation, which 
permits the subsequent reduction to yield a form of solu- 
tion suited to the particular conditions of the problem. 
For example, suppose that f(x) in (11) is perodic in x, 
with the wavelength 27/k’. Then, certainly, one expres- 
sion for p(Z), in terms of delta functions, is 


December 


“teen om 


© 


1959 


io] 


>> a,6(1 — nk'/k), 


nN=—0O 


p) = (13) 


where a, are the coefficients in the Fourier series ex- 
pansion 


> Qn eiklnz 


n=—o 


f(x) = (14) 
In this case the representation (9) of the field in y<0 
appears explicitly as a discrete spectrum of plane waves, 
each component of which is periodic in x, with a funda- 
mental wavelength of 27/k’. On the other hand, p(J) can 
evidently be represented as the sum of all functions 


k % 
Pls a5) = = f @etds (a> m) (18 


in which the nonoverlapping ranges of integration 
[x1, x2] together span the complete range — © to ©. 
Such a representation, with suitable choice of the ranges 
[x1, x2], may well yield a more tractable form of the field. 
This is obvious, for example, when the wavelength of 
f(x) is much greater than both that of the radiation and 
the distance of the point of observation from the plane 
y=O0(k’<«k, k'y<1). 

The physical interpretation of the analysis just given 
is clear, since the substitution of p(%1, x2; J) for p(J) in 
(9) obviously results in a field which on y=0 is f(x) for 
x1<%*% <%2, and is zero for either x <x; or x >x2. The rela- 
tion between the sum of such fields and the sum of the 
discrete plane waves associated with the representation 
(14) is closely analogous to the relation between the ray 
and mode formulations of the problem of a localized 
source in a waveguide. 

The contention of the present paper is simply that 
the flexibility preserved by starting from an infinite 
integral transform, and its inverse, is sufficient to deal 
adequately with certain diffraction problems, irrespec- 
tive of the dimensions of the body relative to the wave- 
length. In the circular cylinder problem, for example, a 
Fourier integral representation can immediately lead 
to a form of solution useful at short wavelengths in a 
way which seems to the writer both straightforward 
and illuminating. The analysis is, in fact, closely parallel 
to that of the simple discussion in Cartesian coordinates 
given in this section; physically, the argument is more 
subtle, because a consideration of “nonphysical” space 
is involved; but mathematically, the distinctions are 
only in matters of detail. 


III. THe CrrcuLaAR CYLINDER 
The problem, discussed in Section II, of the plane 
wave 


Ui = e-ikr cos 6 (16) 


incident on the circular cylinder r=a, is here reconsid- 
ered in the light of the remarks subsequently made in 
Section II. 
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The separable solution of (1), analogous to (7), is 
H, (kr) e?, (17) 


the distinction between (17) and (3) being that in (17) 
v is not restricted to integer values. The general solution, 
analogous to (9), is 


ee ad) 
« H,®)(ka) 


where the explicit factor —1/H,(ka) is included for 
convenience; and, since a Fourier integral is again in 
evidence, adequate generality is retained by taking the 
path of integration along the entire real py axis. More- 
over, the choice of the Hankel function of the second 
kind insures that (18) has the outgoing character at in- 
finity requisite to any representation of the scattered 
field. 

The solution for the scattered field is therefore given 
by (18), with p(v) obtained by matching (18) to minus 
(16) onr=a. Thus 


H, (kr) e* dv, (18) 


if p(v)e*"dy = etka cos 0 (19) 
The right-hand side of (19) is a periodic function of 6, 
and the remarks made towards the end of Section II are 
relevant. It is convenient to write, formally, 


1 co 
Dole pike yeaa f g-ike cos 6-H 9, (20) 
P| ee 


bearing in mind the different ways in which the right- 
hand side can be expressed. 

Since it is not proposed to go into details here, atten- 
tion will be confined to displaying one form of solution 
which, in general terms, is appropriate to the case 
ka>1, and which thus contrasts with the classical 
solutions (5) and (6). To this end, appeal is made to 
Sommerfeld’s integral representation of the Hankel 
functions, and the path of integration in (20) is dis- 
torted so that (20) is formally 


1 
p(ha, ») = > et! [HO (ba) + 1, (ba)] 


+3 e2imny (2 1) 


Then the total field, after being written 


. piles 0 hat 
= ue {o(er, v) — 7H, (ka) ——— H,‘ (en edy, (22) 


appears, on the substitution of (21), as 


LESS As: | 2G) - pee 


Os ee H,(ka) 
- ei (O+2nr—-1/2x)rqy_ 


12,0) | 
(23) 


The right-hand side of (23) is convergent, and the steps 
leading to it can easily be made rigorous. With 0 <@<z, 
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for points in the shadow region the integrals are evalu- 
ated for all m by path closure around the zeros of 
H,®(ka), and for points in the illuminated region they 
are evaluated by the same method, except that steepest 
descents must be used for the term =0. 

The key to arrival at (23) is, of course, the particular 
representation (21) of (20). This representaion can be 
conceived as arising, in the first instance, from a divi- 
sion of the range of integration [— ©, »] for @ in (20) 
into the subranges [—7/2—2nr, 3/2—2nr],n=0, +1, 
+2,---+. With the addition of arms joining the ends 
of the subranges to infinity in the appropriate regions 
in the lower half of the complex @ plane, the combined 
contributions of which cancel out, each subrange con- 
tributes to (21) the term with the corresponding value 
of n. The mathematical analogy with the analysis of the 
plane boundary problem of Section II is therefore evi- 
dent. Stated physically, the terms in (23) with 140 
are essentially concerned with the satisfaction of the 


boundary conditions in “non-physical” 6 space, and it. 


is, therefore, no surprise to find that they can be 
neglected when ka gets large enough. 


IV. THE SPHERE 


In this section is discussed the axially symmetrical 
problem of the plane wave 


Ui = ¢—tkr cos () 


(24) 


incident on the sphere ry =a, where 7, 0, and ¢ are spheri- 
cal polar coordinates (0<6<7, 0<¢<2r). 

Since the analysis is independent of ¢, the expression 
of (1) in spherical polar coordinates leads to the separ- 
able solution 


1 
on H, (kr) Ey_1/2(8), (25) 


where the @ function is the solution of Legendre’s equa- 
tion (or order zero and degree y—1/2) defined in terms 
of a hypergeometric function by 

ei? 


aera (fem 1. 
E,-12(0) = 4/ 2 Gi ane Aaa vl (sin 8) 


P(3 nce ) (26) 
72)? jas . 
ae 2 sin 0 


In (25) an attempt has been made to choose a solution 
analogous to (17). The function E,_1, has, for example, 
the properties 


E,-12(0 + mm) 


= Pe TOE ea ia(0) ; 


m= 0, +1, +2,+++ (27) 
ev? 
/Dpaag 6) ~ Ch) — ee See 
2(8) (= aye a/(y sin 6) sin 6)” 
as | »| —> o (sin@#0). (28) 
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The corresponding general solution of (1) is therefore 


-V G)S ae 


H, (ka) 
and to represent the scattered field, it only remains to 
choose p(v) such that 


H,® (kr) E,-1;2(6)dv, (29) 


f ” p(v) Ex-1)a(8)dy = erita 008 0 (30) 


To solve (30), appeal is made to the infinite Legendre 
transform of a function F(@), namely 


na hehe 
(ie Se Hf F (6) E-»-12(6) sin 648. (31) 
and its inverse 
1 oO 
F@) =— f oft Cov mv) Bia aC) lesen ae 


details of which are given by Clemmow.! Thus 


pv) = pla, ») 


4 a} 
— ~ » cot (av) f ev ite cos OF, 1/9(6) sin 6d8. (33) 
Tv a) 


The analysis then proceeds in a manner closely similar 
to that of Section III, and the total field appears in the 
form 


eit/4 1 C) ) 

(ate a ee y 

/(2r) V(r) z= J sane 
[2.007 te H,(ka) 11,0 (b) | 


H, (ka) 


x et Qn—1/2) my cot (rv) Ey_-1/2(6)dv. (34) 


V. THE PARABOLIC CYLINDER 


In this section is discussed the two-dimensional 
problem of the plane wave 
Ui = eikr cos (6—a) (35) 
incident on the parabolic cylinder y = »/(2a), where 


E= V(2r) cos (38)  (—» <£< @) (36) 


and 
n = +/(2r) sin (46) 


(0<n< 0) (37) 


are parabolic cylindrical coordinates (r and @ being the 
polar coordinates of Section III). 
The appropriate separable solutions of (1) are 


D_iv1)2| + VV (2h)e*!4E] Diy—1)2|-V (2k) e**!4y], 


in the notation standard for the parabolic cylinder 


(38) 
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functions. It should be remarked that the choice of the 7 


_ function is determined uniquely by the outgoing condi- 


\ 


- tion; but that two é functions (distinguished by the sign 


of the argument) must be considered, since one is not 
obtained from the other by reversing the sign of v [see 


the remark following (12) ]. 


The general solution which is to be particularized to 


_ give the scattered field is therefore 


{2:0 D--anl Vener 
+ p2(v) D_iy-1;2| —-V (2k) e**/4€]} 
X Diy-1/2|-/ (2k) e**!4 | dv. (39) 


Now #1(v), P2(v) must be chosen so that the boundary 
conditions are satisfied; that is, on 7 =~+/(2a), (39) must 
be minus (35). This is easily done by appealing to the in- 
finite parabolic cylinder function transforms of a func- 
tion F(é), namely 


fil) =| F(E) Div-12(€e~*!4) dé, 


fav) = f "FQ Di-ael—fe-/) dz, (40) 


and the inverse 
1 cs) em l2 
F(&) => ae Conte) { f1(v) D-s-1p2(Ee**!4) 
+ folv) D-in1j2(—Ee-*!4) | dv, (41) 


relations established by Cherry.® 
The result for the total field then turns out to be 


1 C-} e” log (tan a/2) 
sat 2/(r sina) J_. cosh (m7) 
jx —2 ka eitl4 3 
bs ec lo NA Ot Da-sielV2be'nt 
Diy—1/2|2-V/ (kaye! 4] 


» D-iv1jo[—-V (2k) e** 4E| dv. (42) 


U { Dy-1)2[— V/ (2k)e*/4n] 
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Summary—The problems of the diffraction of scalar waves by a 
circular aperture in a perfectly soft, and in a perfectly rigid, infinite, 
planar screen are treated. New integral representations of the solu- 
tion are presented which have the virtue of automatically satisfying 
the time-reduced wave equation, the radiation condition and the 
boundary conditions. The unknown functions appearing in these rep- 
resentations are shown to satisfy Fredholm-type integral equations of 
the second kind which yield, after iteration, accurate, approximate 
solutions when ka (the product of the wave number and the aperture 
radius) is sufficiently small. These approximate solutions are in turn 
employed to calculate the aperture fields, the far fields, the trans- 
mission coefficients, and the edge behaviors. The results are in com- 
plete agreement with known results and for some of these quantities 
they are more accurate in that higher powers of ka are included. 
Finally, in the case of the rigid screen problem, for all values of ka, 
we determine the form of the edge behavior and give a simple proof 
of the unique existence of the solution. 


I. INTRODUCTION 
We are concerned with the problems of diffraction 


by a circular aperture in a perfectly soft and in 

a perfectly rigid, infinite, planar screen. Our 
attention is focused mainly on the low frequency end of 
the spectrum, where the quantity a=ka (k is the wave 
number, a is the aperture radius) is small. We treat in 
detail only the case of normally-incident, plane-wave 
excitation although the method is applicable to arbi- 
trary axially-symmetric excitation and may, in fact, be 
extended to cover arbitrary angularly-dependent excita- 
tion.? New integral representations @i(f1) and ®e(f2) of 
the solutions of ®: and @: are presented [fi and f: are 
unknown functions—see (11), (12) and (54)]. These 
representations have the virtue of being both simple and 
of leading directly to Fredholm integral equations of the 
second kind for f; and fo. We use the fact that the kernels 
of the Fredholm equations are small when a is small to 
calculate the first several terms of the Neumann series 
of fi: and fe. These expressions are, in turn, employed to 
calculate approximate expressions for the aperture 
fields, the far fields, the transmission coefficients and the 
edge behaviors. The results thus obtained are in com- 
plete agreement with known results obtained by other 
means—such as have been summarized, for example, by 
C. J. Bouwkamp in his excellent review article [1]. 
Moreover, by including higher powers of a, we extend 
the accuracy of some of the results quoted by Bouw- 
kamp. In addition, in ©, we give, for all values of a>0, 


* The research reported in this document has been sponsored b 
the AF Cambridge Research Center, Air : f 
under Contract No. AF 19(604)5238. i a Be 

} New York University, Inst. Math. Sci., New York, N. Y. 

1 The soft-screen problem, or first boundary-value problem, will 
hereafter be referred to as P, and the rigid-screen problem, or second 
peu ttyeyalue eed a6 Vs. - 

is generalization will be treated in a forthcomi 
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the form of the edge behavior and a simple proof of the 
unique’ existence of the solution. a 

The integral representations mentioned above form 
the core of our paper. They are the natural generaliza- 
tions of similar well-known solutions of the potential- 
theoretic analogs of ®; and @: such as may be found in 
the report [2] by S. N. Karp (our original source) and 
in the book [3]* by Green and Zerna. Several authors, 
among whom are W. Magnus [4], N. Chako [5]; Drs 
Jones [6], N. I. Akhiezer and A. N. Akhiezer [7], 
B. Noble [8]5 and R. C. MacCamy and A. E. Heins 
[9],4 have succeeded in reducing aperture and disc 
problems to solving Fredholm integral equations of the 
second kind with kernels that are small when @ is 
small.6 Our integral equations are most closely related 
to one first obtained by D. S. Jones [6].7 Although the 
general form of our inhomogeneous term is simpler, the 
kernels have fundamentally the same form. Mainly be- 
cause of the simple form of the initial integral representa- 
tions, our derivations of the Fredholm equations are 
shorter and more elementary than those of the authors 
mentioned above. In each of our representations, the 
field is related to the solution of the associated Fredholm 
equation by means of a single integral, and the deriva- 
tion of the Fredholm equation involves only the inver- 
sion of a single convolution of the solution. In the work 
of Jones and of MacCamy and Heins,® for example, 
double integrals replace the single integrals and succes- 
sive convolutions replace the single convolutions.® In 
addition, we can verify almost at a glance that the total 
fields satisfy the boundary conditions as well as the 
wave equations and the radiation condition; it is not 
necessary to revert to more primitive representations as 
in some of the above approaches. Furthermore, the 
general form of the fields near the edge can be ascer- 
tained by a simple calculation. 

It is true that our approach depends essentially on 
guessing the proper form of the solution, whereas the 
several approaches mentioned above employ relatively 
familiar points of departure. It is our belief that the 


* Establishing the uniqueness for both @; and Qy is a relatively 
trivial matter [see discussion following (48) below]. 

* We are indebted to B. Noble for bringing references [3] and [9] 
to our attention. 

5 Using the so-called dual integral-equation approach, B. Noble 
ans it possible to treat both slit and aperture problems simultane- 
ously. 

6 We refer the reader to C. J. Bouwkamp’s review [1] for a dis- 
cussion of other methods. 

_ ‘In reference [6], Jones treats the rigid disk problem which, by 
virtue of Babinet’s principle, is equivalent to our @}. 

* The approach of these authors also leads to a Jones-type inte- 
gral equation. 

* It is for this reason that the general form of the inhomogeneous 
terms of our Fredholm equations is simpler than that of Jones. 
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transparent nature of the representations and the ele- 
mentary character of the subsequent analysis more than 
make up for this seeming defect. Moreover, preliminary 
calculations reveal that the scope of the method is by 
no means limited to scalar or to three-dimensional aper- 


_ ture problems. The same is undoubtedly true of the 


other approaches; however, the simplicity of the present 
method may well bring within reach orders of approxi- 
mation that, for all practical purposes, are inaccessible 
to more cumbersome methods. 


II. FORMULATION OF THE PROBLEM @; AND @> 


Let @ be a circular aperture of radius a in a rigid 
screen 8 and let @+8 coincide with the (x, y)-plane, the 
origin being located at the center of @ (see Fig. 1). 


ud: z=0,p>a 
J (1: z=0, p<a 
PaVx2 + y2 
7 a 
a z 


Fig. 1—A cross-sectional view of the diffraction screen. 3 is the screen, 
@ is the aperture of radius a, centered at the origin of coordi- 
nates. $+ @ is the (x, y)- plane. 


Then the solution « of the first boundary-value 
problem @; may be expressed as follows [cf. reference 


[1], p. 38]: 


u°(p, Z) Zz uo(p, —32) ss $r(p, =f), eo 0, 
mle, = 4 (1) 
dr(p, 2), = 0. 
Here, p is defined by 
ae fo are ae (2) 


u(p, 2) denotes the axially-symmetric exciting wave 
incident from the left (in the region z<0); ¢i(p, 2) is de- 
fined in the half-space 220, and has the following prop- 
erties: 


1) $1 is a solution of the wave equation A¢i+-k*¢:=0, 


when 2>0; 
2) di=0 on §; 2 
3) ¢1 satisfies the Sommerfeld radiation condition at 
infinity; 
7) au° 
4) Reser ae (3) 
Oz 02 


10 In view of the assumed axial symmetry of the incident aa 
tion, all field quantities may be assumed to depend on p= /x*+4" and 
z alone. 
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5) $1 is everywhere finite; 

6) V¢i is quadratically integrable over any domain 
in 3-space, including domains having some or all 
of the points of the circular edge as boundary 
points. 


The corresponding solution u2 of the second bound- 
ary-value problem @: may be expressed as follows: 
u(p, z) ri u(p, —2) o 2(p, ct IP Pe 0, 
u2(p, Z) = 
2(p, Z); 

Here, ¢2(p, 2) is defined for z=0 and possesses all the 


properties listed above except 2) and 4), which must be 
replaced by 


(4) 


(yee (i). 


Dyas e Ones (5) 
z 
4)’ do = uv in @. 
Let us write 

Ou? | 

u1°(p) = —— in @, (6) 
Oz 

and 
uo°(p) = uv in @. (7) 


It is henceforth assumed that u;°(p), 7=1, 2, is an even, 
analytic function of p whose analytic continuation is 
regular at least in a (closed) circular region of radius 
a+A,A>0, centered at p=0. It is also assumed that the 
Laplace transform of u;°(o), 7=1, 2, p real, exists." In 
the special case of normally incident, plane-wave excita- 
tion? 


uw? = ete, (8) 
so that 
m°(p) = tk, (9) 
and 
ua(p) = 1. (10) 


These functions clearly have the required properties. 


Ill. Tue Basic INTEGRAL REPRESENTATION FOR ¢1 


We require that ¢: have an integral representation of 


the form 
1 e*Rt(p, 2; 2) 
= ————— fi(i)dl. (11) 
Pod eceene © 
Here, fi(t) is required to be an odd function of #, and 
R*(p, 2; t) = Vp? + (2 + 2a1)?, (12) 


where the upper and lower signs on the left correspond, 
respectively, to the upper and lower signs in the right 


1 For sufficient conditions, we refer the reader to reference [10]. 
12 Time dependence of the form exp (—iw?) is assumed throughout. 
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member. Evidently, (12) is equivalent to 


fp feFRe, 23) ec R(p, 85 “ nee OS 
a =i) \ Rt(p, 2; 2) R-(p, 2; t) pel cies 


Since the regularity of w1°(p) in the (closed) region de- 
fined by 0S |p| <a-+A (see the concluding paragraphs 
of Sec. III) ultimately implies that f,(¢) is regular in the 
circular region @, defined by 0S | ¢| <1+A/a, we may, 
without loss of generality, require fi(¢) to be regular in 
@, at the outset. The branches of the square roots in 
(13) are fixed by requiring that 


lim R+(p, 2;1) = + Vp? — a? when p?>a*i?, (14) 
210 


This specification immediately implies that 


lim R+(p, 2; 2) = + iv/a2? — p? when p?< a*?, (15) 
210 


At points in the aperture, the only points in physical 
space where the integrands of (11) and (12) may be 
singular, ¢1 and its first and higher order derivatives 
may be defined as the limits approached by ¢; in z>0 
as 2 approaches zero. The actual limits can be derived 
with the aid of the regularity properties of fi(¢) in C, and 
function-theoretic arguments such as are found in ref- 
erence [11]. In Appendix I of our report [12], we give 
an illustration of the type of argument required. Here it 
is enough to say that the present limiting process and 
the several limiting processes employed in the sequel are 
justifiable and that the limits agree with those arrived 
at on the basis of purely formal considerations. Finally, 
from (11) we see that ¢1 may be described as the field 
resulting from a superposition of sources along the line 
segment (-7a, 1a), situated on the imaginary 2 axis. 

Although the explicit form of f(t) is as yet unknown, 
we can, nevertheless, verify that ¢, satisfies all the condi- 
tions listed in (2) except 4), the aperture condition. 
That ¢; satisfies property 1) follows directly from the 
fact that the functions exp [ik R+(p, 2; t)/R*(p, 2; 2) 
satisfy the wave equation in the region z>0. To verify 
that ¢: vanishes on the screen [property 2)], we need 
only let z approach zero in (13) and make use of the 
specified behavior of the square roots [see (14) and 
(15) |. To verify property 3), we first introduce the polar 
coordinates. 


z= Roos 8, 
p= Rsin8, Oishi, (16) 
R? = p?+ 2? 


and the note that the behavior of R+(p, z; t) for large Ris 


F 1 
R+(p,2;7) = R+ iatcoso+O (=). (17) 
From this relation, it follows immediately that the 
Sommerfield radiation condition is satisfied. Since 
exp [zkR+(p, z; t)/R+(p, 2; t) and its derivatives with 
respect to p and z are continuous functions of ¢ in the 
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half-space z>0, we conclude that 41 and V@, are finite 
in this region [see properties 5) and 6)]. To determine | 
the behavior of ¢; and V@; near the edge, it is clearly suf- — 
ficient in view of the axial symmetry, to fix on a given © 
cross section. Let 7; be a torus whose axis of symmetry — 
is the g axis and whose equation in the cross section de- é 
termined by the z axis and the point (pg, 2) is (see Fig. 2) 


z= dsiny, 
35 


> 18 
p=a-+icosy, ae 


O>y7sr. 


Here, 5 is the radius of the generating circle of 73 and 
vy is the angle measured clockwise from the screen to the 
ray passing through the edge and the point (g, z). 


Fig. 2—A cross-sectional view of the diffracting screen. The angle y 
is measured from the screen clockwise to the ray joining the edge 
of the screen to the point (z, p); 6 is the distance from the edge to 
the point (gz, p). 


Let us write 
1(8, Y) = o1(a + 8 cos y, 6 sin y). (19) 


Then it can-be shown (for a detailed derivation see Ap- 
pendix I, reference [12]) that 


4 —ifi(1)2/2 
$1(5, y) = = (5/a)"/? sin (y/2) + O(6/a), (20) 
and 

1/2 dg (5, 7) 
(5/a)"! age re 

—in/2f (1 
= a sin (y/2) + O[(8/a)"?], (21) 

1/2 a dg1(6, 7) 

(5/a)! ead aie 


—in/2fi(1 
ie a= cos (y/2) + O[(6/a)*/2]. (22) 


These equations and our earlier remarks show that di 
and V@i satisfy the conditions 5) and 6). 


8 For sufficiently small values of a, fi(1) =ta(a/2), where a; is a 
power series in a, the first several terms of which are given in (52). 


ee NUR, Se eg eee 
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a 
SH 
ve) 


Note that ¢: and Vqi in the neighborhood of the edge 
have the same form as the corresponding field quantities 


_ in the neighborhood of a perfectly soft half-plane. 


Letting 2 approach zero in (13) and using (14) and 
(15), we find that the aperture field reduces to 


hee 1 cosh Ee. (p/a)?| 
o1(p, 0) = or, F—G/ar Aidt. (23) 
Moreover, setting 
Nee f sinh (ai cos 6)fi(i)di, (24) 


we readily verify that the far field of ¢; and the trans- 
mission coefficient #: can be expressed as follows (cf. 
reference [1], p. 71): 


etkR 
G1 Se, A,(6) eee 5) (25) 
2 w/2 
i) = — f | 41(6) |? sin 648. (26) 
a? 0 


Approximate expressions for these quantities associ- 
ated with normally-incident, plane-wave excitation are 
given in Sec. IV and V. 

IV. DERIVATION OF THE INTEGRAL EQUATION FOR /fi(t) 


The unknown function f,(t) may be determined by en- 


| _ forcing the aperture condition 4) of (3) which, by virtue 


of equation (10), may be expressed as follows: 


. Odr(p, 2) du (p, 0) 
lim’: ——— = —— = 11°), 
zlo 0z Oz 


Oj pets. (27) 
We begin by calculating the limiting value of 0¢:/dz. 
Assuming that z>0, we differentiate both sides of equa- 
tion (13), and obtain the following relation: 


) 1 0 (e+ ial) exp |ikR*(p, 2; 2) 
se SCT la ) exp [ikR*( | wat 
dz pp “Apdo R*(p, 2; 2) 
1(z — iat iRR-(p, 231 
tieaabendeh (2 — iat) exp [ikR-(p, 2 Mea (28) 
p Op R(p, 33 2) 


If we now let z approach zero and make use of the limit- 
ing behavior of R+(p, 2; #) when 0<p’Sa’?? and 
a%t?<p?<a?, 0<t<1 [see (14) and (15)], we find that 
for all p, 0<p<a, 


= ae 4 Srateda uy: 72 {ee lia-/(p/a)? — *] 
zlo dz p Op a/(p/a)? — é 
seni lo/a) =P 
V(p/a)? — ? 


\ coat 


tree {= [— av/f — (p/a)?| 
pein Vi — (p/a)? 


exD i 2 — (p/a)?| 
— (p/a)* ye 
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Hence, 
, 0¢1 
lim |= 
z1o 0z 
_ 2 pr cos (avila = FY 
p mail V(p/a)? — ? pe 
2 0 pl sin (av/(p/a)? — 2) 
CMe a SS ——— tf (8). 
a: VGnatee 
ade | 1 sinh ee (p/a)?) 
ee Se lee 
p fare ? — (p/a)? bce 
Since 
sin (a/(p/a)? — t*)//(p/a)? — 2, i? SS (p/a)?, 
is the continuation of 
sinh (a/(p/a)? — t?)/W/(p/a)? — #, (p/a)? < #, 
we conclude that for all p, 0<p<a, 
6 ee -] 
lim | ———— 
zlo Oz 
_ 2 a pete cos lav =P) 1 oy 
p Op V (e/a)? — ? 
2 0 p'sinh (avV/i? — (p/a)?) 
hat Us —— fi(t)dt, (31 
p mil VJ — (p/a)? ee 
where it must be understood that 
Vi — (0/a)? = — iv/(p/a)? — & when  < (p/a)?. (32) 


If the value at p=0 of the right member of (31) is de- 
fined to be the limit approached as p approaches zero, 
then it can be shown that (31) is valid for all p in the 
half-open interval 0 <p <a. 

Invoking the aperture condition (27), we find that 


d 72 cos (av/(o/ — 


—_ tfi(t)dt 
Opd o VJ(p/a)? — # > HO 
pup) 1 8 sinh Le (p/a)?| ; 
Ao al eee 
OcS peas ato) 


Integrating both sides from 0 to p, we obtain the integral 
equation 


ela cos (avW/(p/ i i) 
ee (di Sede 
Le eaiasperameee si: F 

ae aps sinh a  — (p/a)?) 


Cat 

Ais aff)? i) Se 
1 

oe ee 


ff (i) dt — 


where 


sinh as 


[sfa(s)]ds. (35) 
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When we introduce the new variables, 
f=? (36) 
and 


n = (p/a)?, (37) 


into both sides of (34), this equation assumes the fol- 
lowing form: 


if eae Gh) HG), 7 ae) 

0 Jn 
where 

F() = flWB)/2, (39) 
fares 

=— 0 40 

Go) => ik cu.%(Odb, (40) 

Ha) =~ f SS re@a—c. an 


Using the fact that the Laplace transformation of a con- 
volution of two functions is the product of the Laplace 
transforms, we may solve equation (38) for F(é). The 
final result is 


1 d f¢%coshaW/n — yu 
=— — ——_—____— |G H d, 
FO) = — =f low) + aw) 


= g(n) + h(n), 
where g(n) and h() are defined by 


(42) 


1 d "cosh (aVWn — £) 
ahi “all Vir é 
1 — fee? 
0 Ao ark 


ave 
x ( f ruta) dé, 


jhe f fe cosh (av/n — u 
0 


) 
d 
o A(u)du 
1 i 
-—f F(§) 


{-f cosh (av/n — ») sinh (a./n — p) 
dn J o Vn = p/E— 


G(é)dé 


(43) 


in| dé 


G = 
— — cosh av/n. (44) 


us 


The expression for g() may be simplified somewhat, 
first by integrating by parts and then by making the 
change of variables § = 7 —7s?. The result is: 


g(n) = pee J cosh (a/ns)us"[a/n(1 — s%)|ds. (45) 
ari Jo 
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The expression for h(n) may also be simplified by 1: 
making use of the addition formula for hyperbolic func- 
tions, 2) introducing obvious changes of variables, and 
3) carrying out the differentiation with respect to 7. The 
final result is 


1 1 
ho) = == | Fe 
_ ssinh [a(Vé — Vn)] 
Vile — Vn) 
— C cosh (aW/n)/r. 
Combining (42)—(46), we find 


sinh Geen 
ViVi + Vn) 
(46) 


Epa ae f cosh (a/ns)m"[av/n(1 — s*)]ds 
2n1 0 


1 1 
= eee ip F(é) 
271 J 9 
: {= a(W— — Vn) 
Vn VE — Vn) 
— C cosh (avW/n)/r. 
Replacing 7 by #? and — by s? wherever — and y appear in 
(47) and taking into account 1) the definitions of C 
[(35)] and F(€) [(39)] and 2) the fact that fi(#) is an odd 


function of t, we obtain the following integral equation 
for the function #fi(¢): 


sinh a(V/é + — ds 
Vi vE — Vn) 
(47) 


ifi(t) = =f cosh (ats)u°[atx/(1 — s*)]ds 


is <f {om — s)] 


a cosh (aé) sinh a 


sfi(s)ds. (48) 


In the special case of normal plane-wave incidence, 
where 7°(p) =ik [see (10) and (27)], (48) becomes 

at 1 1 (sinh |a(t — 
if) Prom percclehniet ae ed ae 
Tv 


Tt J —} t—s 


Z cosh (at) sinh ac sfuls)as. 
S 


(49) 


It is easily verified that the kernel in the integral 
equation (48) is of order a? when a is small. Thus, as- 
suming merely that 2:°(p), p > 0, is a continuous function 
of p, we readily conclude that equation (48) has a unique 
continuous solution (the Neumann series) for sufficiently 
small values of a.'* With this fact established, it readily 


“4 Cf. reference [6] pp. 10-11. 

** In problem @; we are able to establish the unique existence of 
f2(t) for all a>0 because the kernel sinh [a(t—s)]/#—s [see (64) and 
(66)] is symmetric and because the complex constant \=1/7i can 


never be an eigenvalue of the corresponding homogeneous integral 
equation. 
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follows that the domain of regularity of ifi(t) contains 
the circular domain @, defined by the relation 
0<|t| <1+A/a. To prove this, it is enough to observe 
that 1) the integral term is an entire function of t since 
the kernel enjoys this property and 2) the inhomogene- 
ous term is regular for all ¢ in the domain @, because 
ux°(p) is, by hypothesis, a regular function of p in the 
circular domain 0<p<a-+A. In effect, the regularity 
properties of 1°(p) control the regularity properties of 
ifi(t). That #fi(¢) is even follows from the form of the 
kernel and the fact that the inhomogeneous term is 
even—it is here that we make use of the evenness of 
u,°(p) as a function of p. Finally, let us note that 
Si(t) =O(e*!"!) when |z| becomes large so that its 
Laplace transform exists.!® 

Assuming that ¢; exists, it remains to prove that ¢1 
is unique in the class of solutions satisfying the proper- 
ties listed in (3). To this end we employ the standard ar- 
gument which, briefly, runs as follows. If ¢:’ is another 
solution, then v=¢;—¢y’ enjoys all the properties of ¢1 
except that 0v/dz vanishes in the aperture. We next 
consider the integral {pV(v*-Vv)dV; here, v* denotes 
the complex conjugate of v, D is the domain contained 
within the surface shown (in cross section) in Fig. 3 and 
dV is the volume element. 


at Pr. 


Fig. 3—A cross-sectional view of the surfaces (shown dashed) that 
bound the domain D.C and C, are meridianal semicircles cut 
out of a hemisphere and torus whose equatorial planes coincide 
with the plane of the screen $. Both torus and hemisphere are 
centered at 0. 


Employing 1) Green’s Theorem, 2) the vanishing of 
y and 0v/dz on the aperture and the screen, respectively, 
and 3) the fact that » satisfies the wave equation and 
the radiation condition, we find, on letting « and R™ 
approach zero, that (| Vo| 24 %2|y|2)dV=0. From 
this, it follows easily that » vanishes everywhere; 1.€., 
that 1 =¢7'. 

Turning now to the special case of normal, plane- 
wave incidence, we use the fact that the kernel is of the 
order a? when a is small, and calculate several terms of 


16 This justifies our earlier use of Laplace transform methods. 
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the Neumann series for #f:(#). We find after three itera- 
tions that fi(#)17 is 


(oh Aa nd alt? at? 


a 
Oe ete) aeons 362880 
4 al 7a! a? 
2 Ate ik * 810 ‘)| 
Dieta bet dalla al seen 
ey =e 25 | 7357 ok 
+[5+ 54+ 31a le 
90 525 | 198450 
a’ a? a? 
ss bar % rial * + 36080 *) 


55) +90 


Inserting this expression for fi(f) into (23), (24) and 
(26), we find that the aperture field is 


(50) 


i) 


b: = Do alt — (68/02) } 12, 


n=1 


(51) 


trate aiot.. yok 


120 


13ia5 


225% 


323107 
441007 


. ( 1 4 ) 
5040 81x2/ 


1 38 
+ Gxt) 
362880 20257? 


ote 


2697 4i 
aera ®1 +4 O(a), 
ee aa) | ge 
2ia® a‘ 19ia® 


10 5a 56 


56 1757 
( 1 4 ) ra 
—_ — a 
si 2160 45x? 


a E e 5a? 4 10ia? 
l 14 217 


al E 4 Ta? i 
ein 7640 ei 18 


9 


~ (1632960) ri 


631a? 
396900 


| + 00", 


76ia5 
5677 


Roads 
216 


| 9 O(a") ) 


58a%z 
Sir 


[+ 0, 


+ O(a"), (52) 


a5 


17 The maximum value of @ for which this expression for /fi(), 
regarded as a power series in a, converges is at present unknown. 
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The diffracted amplitude is: 
— a a? at aé 2 ad i qi? ) A 
= ——¢| (— + — 4+ — + ——_ cos 
es iL 37 30 840” 45360 | 3091680 


ae as a8 qo ; 
mia i) See Ie cos® 0 
45 ( a i a2 sa) 


30 252 6480 

ae ae qi? 

See ) cos® 6 
¥ Gs -: 6480 158400 


+ ( os + es ) costa ( ali ) costo | 
45360 332640 3991680 
— =l(S + ve) cos 6 + s2 cos® | 
mw e\243 12150 2430 
Fs “| (E+ tice —) ne 
a L\27 1350 147000 
+ (— => =~) cos® 6 ++ a cos® af} 
270 §=©3500 7560 
+ O(a). 
The transmission coefficient is 
he w[1+ +S (- - ~) a] 
271? 25 6125 496125 817? 
+ O(a?”), (54) 


These expressions are in complete agreement with those 
given by C. J. Bouwkamp (see reference [1], pp. 64 
and 72). Actually, our result for the aperture field is a 
little more accurate than that given by Bouwkamp; we 
have calculated ai, a2, - - - , ads, regarded as power series 
in a, up to and including a; Bouwkamp gives 
a1, **+,@sup to and including a’. 

This completes our discussion of the first boundary- 
value problem. 


V. THE SECONDARY BOUNDARY-VALUE PROBLEM 


We represent ¢2(p, 2) as follows: 


1 gitR*(p,2;t) 
dao, = fi ee aha 
1 e597 


1 oe eikR~(p,2;t) 
= eee cot t)dt. 29 
if Rong) wih op; 2s it) fe . 


The quantities R+(p, 2; ¢) are defined in (13); fo(#) is re- 
quired to be 1) an even function of ¢ and 2) a regular 
function of ¢ in a circular domain of the complex ¢ plane 
containing the unit disc. At points of the aperture, the 
only points in physical space where the integrand can 
be singular, $2 and its derivatives may be defined as the 
limits approached by ¢2 in z>0 as zg approaches zero.}8 


18 In the expression for ¢:[(31)], the pole singularity of the inte- 
grand associated with p=z=0 is only apparent since fi(t) is odd. On 
the other hand, the integrand of ¢z at p=z=0 has a genuine pole. In 
this case, lim (0, 2) may, for example, be obtained from the well- 
known Plemelj formulas z | 0 (see reference [11]). 
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Repeating the argument of Sec. III, we find that con- 
ditions 1), 2) and 3) [see Sec. II] are satisfied. In Ap- 
pendix I of reference [12], we show that ¢z: and Vd2 have © 
the following behavior in the neighborhood of the edge: 


35 = 1 — 2D 5a) cos (x/2) + (6/0), (56) 
a 

(fay 88 = YE cos (4/2) + Of(6/0)""}, (50 
a 

(a/oyue 2 962 VAD) 8 (4/2) + Of(@/a)"]. (58) 
56 OY a? 


The variables 6 and y are those introduced earlier in (18) 
(see Fig. 2) and ¢2=¢(6, ¥) is defined by 
$2 = $2(6 cos y, a+ 6 sin 7). (59) 

These results imply that conditions 5) and 6) of Sec. II 
are satisfied. 

Employing (14), (15) and (17), we obtain from (55) 
the following expressions for 0¢2/dz (in the aperture), 
the far field and the transmission coefficient fs: 


) yy s h P— = 
doe _ 2 9 cosh [aVB= G/F oy 
Co} p Opd ofa Vi? — (p/a)? 
O0OSp<a, (60) 
ikR ; 
go ~ A2(6) » R> o, (61) 
where 
1 
A,(6) = 2 if cashi(ef cos @UKidr: (62) 
0 
2 a 12 
ig = — f | 42(6) |? sin 600. (63) 
a? 0 


Enforcing the aperture condition, we find the follow- 
ing analog of (34): 


P/@ cos [a/(p/a)? — | 
V/(p/a)? — 2 ~ f(t) dt 


8 ay Lf sinh (evi = (e/0)®) 
, u2°(p) + j if esr PN 


X fa(t)dt. (64) 
Arguing as in Section IV, we are led to the integral 
equation, 


: sinh keG= al eau fe(s)ds, 
=1 Ls 


1 
fo(t) = g(t) + si (65) 


* fa(1) = (a/m)ao, where a is defined in (69) below. Several terms 
of the power series for ao, regarded as a function of a, are given in (70). 


Ss ee © 


pion Sle 
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where 


a 
g(t) = — u2°(0) cosh at 
TT 


ati cr} U2" (atr/1 — s*)d 
+ — cosh ote v1 = S*)ds (66) 
a 0 V/1 — 3 


(u*"@) = < 20). 


In the special case of normally incident, plane-wave ex- 
citation of unit amplitude, we find, since u»°’ vanishes, 
that 


Be costes ee (sia OT ge en 
: rT Tid 1 ¢ — s) 


Eq. (65) implies the unique existence of an even func- 
tion of t, regular in the domain | ¢| =1+<A/a, if, as we 
have assumed, u2°(p) is an even function of p, regular in 
the domain 0< |p| <a+A. Arguments paralleling those 
employed in Sec. IV guarantee the existence of the 
Laplace transform of fo(./£)/+/E so that the manipula- 
tion leading to (65)—(67) is justified. Making use of the 
fact that the kernel in (65) or (67) is of order a when a 
is small, we may obtain f as a Neumann series. In the 
plane-wave case [(67) |, we find that”? 


at vatt* abi 
ote 
24. 720 


= =] (204+ +) 4 (S+S)e+ Se] 
cy 9 75 3 45 60 
A ee 
1 3 2025 
4 (= -- =) f? ob a | 
Giee 138 30 


2 eae a £] 
+5| (a+ 9 3 


1 eat = )t =e 
+—|( ea, 3 


= = [3205] — 2 [o4a']} + O(a"). 


(68) 


Inserting this expression into (60), (62) and (63), we 
obtain the following expressions for 0¢2/0z, A2(8) and é2: 


Bee faylt = (o/a)*-1? + alt ~ (o/0)*]" 


OZ an 


+ aa[1 — (p/a)*]*/? + as[1 — (p/a)?]/?] + O(a"), (69) 


2 The maximum radius of convergence for this sum regarded as a 
function of a is not known. C. H. Yang [13] has shown that it is at 
least one-half, 
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where 
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ihe pipe (>-s)e-i(2-4 a! 
Hg 2 ie oF <x! 
(tance TG 14Ge,  44e es? 
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Ay Soames f ( 1 Le ; 
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; 72 60r | \240 ee TO wT) 
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~~ 3600 


The diffracted amplitude is 


ae oe Dp Pan, 
—— — + — + (—— — —)sin?@ + — sinto 
peer oe? eto! Noy asc 120° i 


(— 2 64 


315 r® 


1 ; sin® @ 
+- (=- =a) Sin? iG Jatt 
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1 : x) 9 6 . 


ale eae 9) a 
Oot SL ay) 270) 


1 
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Bea on Joh + (a) (74) 
The transmission coefficient is 
: =[1+(- =) ‘+(Z ~+~) ; 
ae Ql eee NG) Sa 3xie eee 
4 ( 568 1936 4 128 “) ‘ + O(a’). (75) 
5075 2025n* Ox! gS nie 


Our expression for ¢; agrees completely with that ob- 
tained by C. J. Bouwkamp [1] and, where comparison 
is possible, our expressions for 0¢2/dz and A2(@) agree 
with the listed results in reference [1] (see p. 71).24 Note 


*1 A misprint occurs in the expression for A2(@) on page 71. It may 
be rectified by replacing A2(6) by A2(@) /4. 
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however, that our calculations for 0¢2/dz and A2(6) have 
both been carried out to terms of order a® whereas the 
corresponding results listed in reference [1] have been 
carried out only as far as at. 
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Scalar Diffraction by an Elliptic Cylinder* 


N. D. KAZARINOFF} anp R. K. RITTT 


Summary—A recent method of the authors! is applied to the case 
of scalar scattering by a perfectly reflecting elliptic cylinder illumi- 
nated by waves from a line source parallel to the axis of the cylinder. 

_ The surface distribution in the shadow zone is calculated and the 
“‘creeping wave” representation for the scattered field in the shadow 
zone is derived. It is shown that the results are applicable if and only 


- if Row>>1, where Rois the smallest radius of curvature on the cylinder 


and w is the wave number. 


ie a recent paper' we have developed a theory of 

scalar diffraction for bodies whose boundary sur- 

faces are level surfaces in coordinate systems in 
which the scalar wave equation is separable. We applied 

_ the theory to the case of diffraction by a prolate spheroid 

_and calculated the surface distribution. In this paper we 
make a similar application to the case of an elliptic 
cylinder, but, in addition, we consider the off-angle case 
and derive the “creeping wave” representation for the 
scattered field in the shadow zone. The surface distribu- 
tion and the scattered field are described in Sections 1V 
and V. 

The asymptotic theory which we use to obtain our 
results gives us more terms of the series, in descending 
powers of w, for the exponents of the “creeping wave” 
_terms than does the elegant geometric theory of Keller.? 
These extra terms show that the condition Row> 1 is es- 
sential for our asymptotic theory to give a meaningful 
result for the diffracted field. It is reasonable to believe 
that the same restriction also applies to Keller’s geo- 
metric theory. More specifically, we show that it is the 
coefficient C of the attenuation exponent C/R-?/? ds 
which behaves in an unknown fashion when Ro—0; the 
evaluations of C which have been made by Keller and 
the authors are performed under the hypothesis that 
Row>>1. In the Appendix, the magnitude of the attenua- 
tion term which Keller obtains is compared with the 
next term of the asymptotic series for the exponent in 
the case of two prolate spheroids. It is noted also that 
Levy? has applied the geometric theory to the case of 
an elliptic cylinder and has given a mathematical 
derivation of the results thus obtained which is based 
upon the use of the Watson transform. 

Generally, the analysis below closely follows that in 
our earlier paper which we shall henceforward refer to as 


* The research reported in this paper has been sponsored by AF 
Cambridge Research Center, under Contracts AF 19(604)-1949 and 
AF 19(604)-4993. os 

+ Dept. of Mathematics and Radiation Laboratory, Dept. of Elec. 
Engrg., University of Michigan, Ann Arbor, Mich. : 

i N. D. Kazarinoff and R. K. Ritt, “On the theory of scalar dif- 
fraction and its application to the prolate spheroid,” Ann. Phys., vol. 
6, pp. 277-299; March, 1959. ; ‘ 

2 J. B. Keller, “Diffraction by a convex cylinder,” IRE TRANs. 
ON ANTENNAS AND PROPAGATION, vol. 4, pp. 312-321; July, 1956. 

3B. Levy, “Diffraction by an Elliptic Cylinder,” Inst. Math. 
Sciences, New York University, New York, N. Y., Rept. EM-121; 
December, 1958. 


Reference 1.1 Where this is true we only elucidate the 
principal points in the argument and omit most com- 
putations. Elsewhere a more complete discussion is 
given. 


I. THE INTEGRAL REPRESENTATIONS 


We consider an elliptic cylinder with semifocal dis- 
tance ¢, eccentricity e=sech £, and semi-axes a and b. 
We introduce the (€, 7, z) coordinate system defined by 


x = ¢ cosh —cos 7 
y = c sinh é sin y 
z= 2B. (1) 


On the surface of the cylinder, £=£). For this cylinder, 
the operators L; and L,, appearing in Reference 1, equa- 
tion (3.2), are defined by the formulas 
d*u rhe 

—Lyu = + y* sinh? fe (E> £o) 

and 

du , 

—L,u = — + ¥’ sin? nu 


ip (—7 Sn <7). 


The constant y appearing above is c(w—is), where s is a 
small positive number. The boundary conditions are 


du 


dé £9 


Both the operators LZ; and L, are of the type con- 
sidered in Reference 1, Section 3, and for them, respec- 
tively, 


$q = — J(y? sinh? &) > 2w sc? sinh? & > 0 


= 0 and u(é, 9) = u(E, 9+ 2r). (2) 


and 

$q = — I(y’ sin? y) > 0. 
The radial operator Zz is to be considered on the in- 
terval [£, ©), &>0. For L:, p=1, and hence p(£) 40. 


In order to construct the resolvent Green’s function for 
L;, we consider the homogeneous equation 

Ly ap. ry ia 0, (3) 
where 


(4) 


It has linearly independent solutions w,;, 7=1, 2, with 
the asymptotic forms 


gr < 2wsc? sinh? &. 


| o(1) 
ay(@) = (Binh #)Hetin om C4 + =} | 


in which 0(1) denotes a function which is bounded for 
E>N, | y| > N, and RN <N. In this and in succeeding 
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formulas, the upper sign is to be used when j=1, the 
lower one when j= 2. Since R(zy) >0, the only solutions 
of (3) in L2(£, ©) are multiples of w2; therefore, LZ; falls 
into Case I of Reference 1. We next single out the 
solution ¢1 of (3), which satisfies the boundary condition 
(2) and a solution ¢2 in L?(£o, ©): 

oilé, d) zz wilé, d) we’ (Eo, d) = we(é, d) wi’ (£0, d) 


h2(, d) aa walé, d). 
At £0, 61= —2zy. Thus, the resolvent Green’s function is 


vail ae a <2) 


BEN Fai) WO?) (XO 


A a A ‘ »A (4, A ms 
us Bor) = f Leoa(E, A)avs' (Eo, 4) — walG; d)e0u'(Eo, 2) Joa 2) 
1B 
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in which J and 6 are real. The integration path I’ is — 
oriented in the direction of increasing 1. When s—0*, 
v(é, 7, Z, T) reduces to the Green’s function for the el-_ 
liptic cylinder relative to the line source at (&, 7). | 

The distribution on the surface of the cylinder and off 
the surface will be considered separately. On the cylin- 
der, 


1 we( 2, d)G(n, T~—) i 
i gy tro of ne 
v(£o, UB) T) owe fi wy! (Eo, ) ( ) 


As in Reference 1, we shall evaluate this integral 
by residues, the residues contributed by the zeros of © 
we’ (Eo, d). If H>&>&o, 


G(n, r, —A)dX. (8) 


we’ (£0, A) 


The operator L, is to be considered on [—7z, 7]. To 
construct its resolvent Green’s function, we consider the 
homogeneous equation 


Liy a (—Ay) ==10, 
where ) satisfies the condition (4). Using the notation of 
Meixner and Schifke,! let yr(y, —A) and yun(n, —A) be 
the solutions of the homogeneous equation for which 
‘yx(0) = z yr’ (0) =< 0, 
yii(0) = 0," “yr"(0) = 1. 


It is then a routine computation to show that the re- 
solvent Green’s function for the periodic problem is 


ae 1 (y(r)yx(r — 9) yn(r) yur — a 
G(n, 7, —A) = — 4. 4 5 
4 2 \ yt’ (17) ‘yt (ar) s 
for T<7. The relation 
G(r, 1; =) == G(n, T, =A) (6) 


then serves to define G for 4 <r. 

We are now in a position to write down the contour 
integral representation, guaranteed by the theory in 
Reference 1, for the solution v(£, 7) of 


[V? + (w — is)?]o = p(Z,r) (8 > 0) 


which we seek. The function p(, 7) is a distribution cor- 
responding to a line source at (4, T). The representation 
is 


1 Ps 
v(&, n, A; T) = —f{ G(n, T, —rv)G(E, a, dd, 
201 r 


where I is a path in the d-plane defined by the condi- 
tions 


A=I1+4 48, 0 <6 < 2wsc? sinh? £, 


*J., Meixner and F. Schifke, “Mathieusche Funktionen und 
Spheroidfunktionen,” Springer-Verlag, Berlin, Ger., pp. 98-100; 1954, 


In the case where it is practical to evaluate this integral 
by the residues contributed by the zeros of w’(&o, X), the 
representation (8) reduces to 


v(&, 1, By T) 
a Any Jr 


II. THe TurRNING Point ANALYSIS 


wa(€, )w1' (£0, \)we( 2, d) 


G(n, r, —A)dX. 
wa (Eo, d) es 


(9) 


The first objective is to determine the zeros of 
we'(Eo, 4). We need only sketch the analysis in view of 
its similarity to that in Reference 1, Sections 6 and 
7. The differential equation satisfied by the w; is 


cy + ( 2a 2 = 

ie y? sinh? — + A)y = 0. 
If we let 

= — 7’ sinh? &, (10) 

then this takes the form 
d*y Parr ' 
e y*(sinh? € — sinh? £;)y = 0. 
We define 


¢°(é, £1) = sinh? — — sinh? &, 


& 
B(E, #,) = J OU, Eddn FE Rey) aybee 


and 


WCE, &1) = BME, £:)p-1/2(E, £1) 
with 


(é ge £1), 


W(E1, &) = Be W(E, 1). 


In terms of the above notation, the solutions w,; have 
the asymptotic forms 


50 
4 


b 
. 

4 
F 


Co NOR Se ea 


weer ee 


2 7 oe ee 


W; = yll6eFinf (E1) {row 2s BE, mM 


2 
w, = yl Bet ind Ce) { YG)"(g) + B(é, y)} 


~ when | ¢| < WN, and the forms 


w; = 6 7(E, E ett @VEnI[1 + Be] 


when |{¢| >. In these formulas, B is used generically 


for a function which is uniformly bounded for the range 
of ¢ in question and for | y| >N, 


1/2 
f(&) = - it +/sinh? &; + sin? 6 dé, 
0 


and 
zs TN os seesie 1/8__() 
VO = oo é WE Ays($), 


where Ai; is a Hankel function. 

When |\|<|+|2, it can be seen from these formulas 
that we’(€o, \) has no zeros. Provided (£, n) is not too 
close to the shadow boundary, the zeros of we'(£o, d) 


_ corresponding to values of \ with |\| >>|]? have large 


imaginary parts, and the terms which they contribute 
to the residue series may be neglected (see, for example, 


' Franz> and Levy’). When [A] is comparable to || a 


we'(£, A) vanishes only if 


1/3 


d 2 a 
zs {oA} + Oy ) = 0. 


If £=£o, & fixed, and 2 is considered as variable, the 


value ¢, of ¢ which corresponds to the rth zero of 


we’ (£o, A) may be thought of as the value of 
& 
vf * 6 80, na, 
£:0,7) 


which is attained when \ =X,, since £; and \ are related 
by (10). Thus 
o = £(£o, E1(A,, y)). 
Because the zeros h, of 
d 
5 WO Hin) 


are simple and because this function is analytic in a 
neighborhood of each of its zeros, 


t= h,+ O(y—). 
The zeros hi, and the values of related functions such 


as tH3®(t) at these zeros are known.° 
The relation 


Eo 
cf H(t, Exdy 7))dt = hey? + OC) 
&)A,,7) 


8 W. Franz, “Ueber die Greenschen Funktionen des Zylinders und 
der “eens Z. Naturforsch., vol. 9a, pp. 705-716; September, 1954. 
6 British Association Mathematical Tables, “The Airy Integral, 
Cambridge University Press, London, Eng., and New York, N. NE 
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may now be used to compute £,=£1(A,, y) by expanding 
the integrand on the left-hand side in powers of (t—&) 
or (¢—£). It is vital to note that both of these expan- 
sions are slowly convergent as £>—0. Therefore, the ap- 
proximation for £ which we obtain by neglecting all but 
the first two terms is not useful when £)—0 and w is 
fixed. Henceforth, we assume that £ is bounded away 
from zero. We find, under this hypothesis, that 


E77 t/33 2/3 h, 2/3 
ie 2(sinh £ cosh £o) 1/8 (=) 
{1 7e—#1332/3(sinh? &) + cosh? £) (=) 


60(sinh £& cosh £))4/3 ae 


E, — & 


+ o(y-*), 


The specific value of \, will not be needed. 
Computation of 


OW! (Eo, \) Ob 
0&1 Or 


(11) 


Ay 


now leads to an approximation for the residue contribu- 
tion of we’ at d,. 


0 
as we’ (Eo, d) ei 


(2) 


Of 2) = 
ivf (Ep )+5ri/4 
\ é : hy H1/3(h,) 


{ 3a 
ee 8y sinh £ cosh £ 


-[1 + 0(7-")]. (12) 


Ill. THe ANGULAR GREEN’S FUNCTION 


In subsequent work, it will be necessary also to have an 
approximation for w’(£o, A,). An easy calculation yields 
the formula 


1/2 
w1 (fo, Xx) = §) (3y° sinh £y cosh £9) !/8e~#9/(,)+3ni/4 


1/3}__(1) 


2/8 
Hyjal) |ean{1 + Oy}. 

Next, G(n, 7—\,) is approximated. For \,=—y7? 
sinh? £,, the Liouville asymptotic representations for yr 
and 4y are 


Ie Ie 


K,(0)] 1/2 ” 
W~™ Esai cos lof Ke(dat (13) 
and 
sin (vf xcoar) 
me KO) Ken) 
where 
K,(t) = [sin? ¢ + sinh? ¢,]!”, (14) 


These results and the relations (5), (6), and (13) com- 
bine to yield the formula 
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G(n, tr, —A) with i 
(n i ee be S (18) ; 
aeos(s | a K,(i)dt — fe x,(0a| |) oe sinh tJ — | 
ey The exponential factors in the remainder of the rth ~ 
2y sin SHAG ik “Ka(pal) [K,(r)K-(n)]*” residue term are 
; 
2r 
IV. THe SURFACE DISTRIBUTION [exp (- iy it Kat) | | 
In this section the surface distribution is considered : i , 

and the residue series for the integral in (7) is derived. ine E { if K,()dt — | f K,(t) al | 
The residue series is a sum of terms of the form F . | 
we( 2, r)G(n, T, —)r) : ts lyf (hat | : ! 

5 0 


te) 
— [we' (fo, ) he, 
d or 


ifexp| - in| ih “Knit is i Klatt | een |- iW {3 f  KAddt | a “xoalt | 


a/2 (19 
1 — exp ( — sir [ K,(pdt) 
0 
These can be approximated by using the results ob- It is important to note that because 
tained above. We make use of such approximations in 
order to investigate the convergence of the residue series ih K,(t)dt 
and to see if the boundary of the region of convergence 
coincides with the geometric shadow boundary. Further 7/2 sinh sinh £ cosh Eodé cosh £odé 
approximations can be made by expanding in powers of all Ena + (& — &) iP eet 
(E£,—£) and neglecting the terms which cannot be spe- ek cc aa 
cifically computed using the estimate (11) for &—&. and because 
Henceforward, we shall assume that the parameter s I(& — &) < 0, 
involved in y¥ is zero. r/2 
First consider we(#, \,). Since & is large, R (i f K,(i)dt >) 0. (20) 
0 
z 
w2(%, d,s) = exp \—iy | f H,(t)dt Since ®(y) is large, it follows that the dominant term in 
r (19) is 


2 f x/2 K(oao | ee : exp {—in| f : K.(dai - Af x/2 Kart : 


: Therefore, by the relations (7), (17), (15), (12), and 
H,(t) = (sinh? ¢ — sinh? &,)1/?, (16) (19), the surface distribution 


where 


iz e®ril4 (27 sinh & cosh &) 1/? 
v(fo, Ny Pry T) aoe an ae 


2y 3a 


< oD {~in| (coth)H,(2) ec i Kabat + f “Kal - f "Kxoat] 


EOE. en 


Performing an integration by parts, we find that where only the dominant part of the first creeping wave 


term has been included. In this formula the functions 


w(%, \;) = exp {—iy | (coun (2) H,, K, and I, are defined by the relations (16), (14), and 
(18), respectively. 
re e Let us assume that »>r. Th 
LC) [1 + Oy e-# n>rT. Then if we expand K, in 
+ f K. coat] LAr OGnierHY , (17) Powers of (&—£o), we find that the exponential terms in 
[H.(=)| the above summation take the form 


ee, ao ave 


1959 


: 
3 
J 

, 
4 
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( Ie fe f as = ihe ee 


exp (—i7}-+ (sinh £9 cosh £o) (£, — £) cls =k in ae 


(= £0 + (cosh? &) + sinh? &)) sin? 
Ko¥(t) 


Each of the above integrals is a real quantity. The only 
terms with an imaginary part in the above exponent 
are —17, (& —£o) and (&,—£)*. Using the transformation 
(1), we find that cfK)(é)dt represents an integral Jds 
where ds is the differential of arc on the ellipse 52x? 
+a*y?=a"b? and that (ad)?/§-c-!- {Ko—(é)dt represents 
an integral {R-?/*ds, where R is the local radius of curva- 
ture on the ellipse. This tells us that to a first approxi- 
mation, the attenuation of the “creeping waves” is as 
predicted by Keller.? Now by (11), 


y(sinh £ cosh &)(£, — &) ~ 


1; 


(ab) 2/8 
Cc 


where 


= 


a ra. 


Te-Fild / 3h, \ 2/8 Rol 
Ry 2/8 : 
60 Ss ( ie Ce )| 


Ro=b?/a is the radius of curvature at the ends of the 
major axis of the ellipse. Thus the second term in the 
above exponent becomes 


a(r, 0) = 


825 
&- £)? 0 lo(=) m/2 
lier ey eee Beaer =, jl 
0 Ko) 2 7 0 0 
tanh 4 cosh £ 
ne 
H(=) 
In fact, for a given 7, the condition 
Fea. 0 (22) 


determines the boundary of the region of convergence. 
We shall show that this is indeed the optical shadow 
boundary. To do this, it is convenient to put the elliptic 
integrals of the first kind involved in f(€, n) into Le- 
gendre form. We then find 


sinha 


retains cae es = 


. edt 
[a — M0 = aeype 


The addition formula for integrals of the first kind can 
now be used to write 


cos Tr —cos 7 a@ 
ih +f asf 
0 0 0, 


where 


cosh tof cos r sin n(cosh? &) — cos? n)!/? — cos sin r(cosh*? & — cosh? 7) ua} 


cosh? £) — cos? r cos? 


3(m) s(lo(z)) 8 (1/2) 
+ics( f a Ps ) Rtas. 
s(r) (0) 

The formula for C; reveals an essential limitation 
upon our theory and perhaps that of Keller; namely, the 
above expansion of the creeping wave exponents in de- 
scending powers of w is meaningful only if Row>>1. In 
particular, for a fixed w, Ro cannot be taken too small. 
Thus, we have derived mathematically the expected 
physical restriction upon theories of this kind. 

The (&,—£0)? term in the exponent is of less interest. 
We have carried out its computation only in the case of 
the prolate spheroid; see the Appendix for the results. 
As the discussion there would indicate, when &— © and 
the cylinder becomes circular the (&,—&) and (&-—£o)? 
terms cancel in such a way as to produce the expected 
exponent. 

It remains to investigate the convergence of the res- 
idue series when summed in the “creeping wave” form. 
The condition (20) shows that the convergence will not 
be rapid unless 


fé& 0 = ( if ss J art fe . Ko\()dt > 0. 


8 (0) 


A tangent to the £o-ellipse drawn from the point 
(2, 7) touches the ellipse at the point (&, 7) such that 


cosh & sinh £) cos r cos 7 + sinh = cosh é sin 7 sin 


= sinh £ cosh Eo. (23) 


When 7 =0, it is a trivial matter to verify that (22) and 
(23) are equivalent. For nonzero 7, the verification is 
easy but tedious. 


V. THE Far FIELD 


Lastly, we discuss the far field in the shadow zone. 
In particular, we derive the residue series for the integral 
in (9) for large & and R>é&>£o, or for large & and 
£>>£. The rth residue R, is precisely 


(—2¢y)~*welE, Ar) wr’ (Eo, Az) 


times the rth residue in the case of the surface distribu- 
tion. It therefore follows from the relations (17), (13), 
and (21) that 


where 
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(inh Epcosh'ey) «[e> Haale 
Ke = 9.318 (yh,)°°HQ(h) [HZ HE) Ken) Ke) |? 
Ane 
cos {4 Ee K,(Odi — ie Kat | 
E, = 


sin (1 3 K,()dt) 


sexp {in| (cothi),(8) + (cothE)H(2) 


fo" fal 


In these formulas the functions H, K,, and /, are defined 
by the relations (16), (14), and (18), respectively. 
We can also write EZ; as a sum of creeping wave terms 


Ee = iDfep |iv( de — (2n — 1) [)x.oa] 
eg Seticorann pe aie Jeoat], 


“exp \-i7 | (cotht) H,(£) (coth#) H,(2) 


et faba i fe ee) Kat] } 


Let 


nu) = - | | 
— (Qn — v( f+ fo +f") [oe 


Then a typical exponent is 
—iy (cotht) Ho(Z) — ty (cothZ)Ho(Z) — iyIo(Ko) 
(ab)?/8 


+ ICy 


Iy(Ko~) +... 


The description of the terms involving J») in terms of 
physical parameters is essentially the same as that 
given at the end of Section IV; and, of course, the re- 
marks made there upon the region of validity of the 
expansion also apply. It is a considerably more tedious 
matter to verify that the creeping wave expansion con- 
verges in the geometric shadow zone. 


APPENDIX 


In Reference 1 we developed an expression for the sur- 
face distribution induced by a plane wave whose plane 
is perpendicular to the axis of the spheroid. This ex- 
pression is in the form of the well-known “creeping 
wave” representation, namely 
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y(-p OA 


n=0 r 


{exp (elas + nL,| + =) 
+ exp (ilar) ~ ie = =\ : 


We should like to point out the restriction upon our 
result and that given by the geometrical optics the- 
ory of Keller.? The restriction stems from the terms 
(d,(n) +nL,) and (d*(n) +nL,). We have shown that 


1/§2 — {2 1/2 
ind, (n) = in/@ — Bw i} ( ) dt, 
0 


| es 


where a and 0 are the semimajor and minor axes of the 
spheroid, w is the wave number, and £, is related to the 
rth zero of the Airy function (see Section 10 of Ref- 
erence 1). If one expands the integral above in a 
series of ascending powers of £,—£o, where &)-!=e is the 
eccentricity, one obtains the result (taking into account 
only the first 3 terms of the expansion) 


Wd, (n) 


{2 
~ io f 
Arc cos 7 
dt 


ul 
Loe [ee 
2 A [(4 a e717) 3(1 aia #2) 1/2 : 
where R is the local radius of curvature, s is arc length, 
e-Fi13(3},,)2/8 


a/{2 
ds + i(cyw!!® + cow-/3) R-2/3ds 


Are cos 7 


C1 


2 
e- 27113 (3), 418 ue = TR a) sa 
EG. = es 
: 8 15R,2/3 ?, 
e *76/8(3h,) 4/8 Rots 
C3 SS eeeeSeSeSeseSsSs 


8a 


Ro=b?/a is the radius of curvature at the tip of the 
spheroid, and h, is the rth zero of [#/?Hy)5®(#) |’. 

In the geometrical optics theory of Keller? only the 
terms fds and cfR-2/*ds are present. 

Two observations of interest can be made from these 
formulas. Firstly, we note that in the case of the sphere 
(e=0 and pins the term 


en 2ril3 4/3 1/3 
nel | Rds 


wilsg 


is the negative of the term 


Fie, tae nea eet 
o [(1 — e%?)8(1 — 2) }¥2 


This is consistent with the known results for the sphere. 
Secondly, we observe that if Ro—0, that is e—1, and if 
w is fixed, the cz, and cs terms completely dominate the 
attenuation. Let us estimate 9c:/(w?/8gc)) in the case 
n=r=0, the case of the most significant term in the 
creeping wave representation. One finds that 


Sez | 3ho|?/8 fe — 7Ro/a) Rot 
15.Ry?/8 a fe 


ww?! 8c, w?!34 


sl 


a 
7 


1959 
where | ho|2/?~$ (1.0188). 
If a=6 inches, 6=0.6 inch, and \=1.25 inches, 
SC2 
w!3S cy 
while if @a=1 inch, b=0.1 inch, and \ =1.25 inches, 
SCe 


wl8gc, 


~ 3/8: 


~ 


Therefore, for such spheroids and such a X it appears 
that our theory and that of Keller will not give a sig- 
nificant result for the diffracted field. That is to say, the 
condition Row>>1 is essential for the expansion of the 
creeping wave exponents in descending powers of w to 
be meaningful. This condition is a consequence of the 
- fact that in order for the expansion of 
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See P2\ 22 
feé i ) A 
o\1-# 

in powers of £.—£) to be useful, we must know &—£o; 
whereas &,—£) has been estimated under the hypothesis 
that & is bounded away from 1. Further, even if 
Row>>1, since our theory is only an asymptotic one, we 
have no @ priori way of predicting for a particular 
choice of parameters whether or not the additional 
terms in this series, which we have found, give a more or 
less accurate result than that obtained by consideration 
of only the first term. The examples a =6 inches, 1 inch, 
have been chosen for discussion because of recent meas- 
urements of Olte and Silver”? on such spheroids. 


7 A, Olte and S. Silver, “New results on backscattering from cones 
and spheroids,” URSI-Toronto Symposium; June, 1959. 
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Fock Theory—An Appraisal and Exposition* 
R. F. GOODRICHt 


Summary—We present an exposition and certain generalizations 
of recent work on a class of problems in classical electromagnetic 
theory. Briefly, we indicate the approach as the Fock theory which is 
a method of obtaining the field induced by an incident electromag- 
netic wave on, or near, the surface of a good conductor. The surface 
is restricted to be smooth, convex, and of characteristic dimensions 
which are “large” with respect to the wavelength of the incident 
radiation. 


Two-DIMENSIONAL PROBLEMS 


T the outset we point out that Fock’s method is an 
A essentially two-dimensional one which has as its 
prototype the solution of the diffraction of elec- 
tromagnetic radiation by a perfectly conducting, infinite 
circular cylinder. For this reason we propose to review 
the solution of the circular cylinder problem, following, 
and somewhat adding to, the treatment of W. Franz. 
We consider a perfectly conducting circular cylinder of 
radius a, having its axis along the Z axis of a Cartesian 
coordinate system. Let a plane wave be incident along 
the X axis. (See Fig. 1.) 
We now wish to determine the magnetic field induced 
on the surface of the cylinder. If the incident magnetic 
field is in the Z direction 


Hy = e#*Z, (1) 


the only nonvanishing component of the field on the 
surface is in the Z direction. Hence, we write 


H=Zy. (2) 


The function y is then required to satisfy the equation 
(V? + h)p = 0, (3) 


x: 


Fig. 1. 


* The research reported in this paper has been sponsored by the 
AF Cambridge Research Center, under Contract AF 19(604), 1949. 
ie j. Radiation Laboratory, University of Michigan, Ann Arbor, 

ich. 

1 W. Franz, “Ueber die Greenschen Funktionen des Zylinders und 
der Kugel,” Z. Naturforsch., vol. 9a, pp. 705-716; 1954. 


where k=27/A, the wavelength, and the boundary 
condition 
oy 
or 


r=a 


Using a method of R. K. Ritt and N. D. Kazarinoff? 
we can immediately write the solution as 


co+ie 


ev (¢—37 /2) + ev (¢—7 /2) 


sin vrH,™)’ (ka) 


¥(a, ¢) = - (S) 


rkha 


—wo+ie 


where ¢ is the polar angle. But since Im y>0, we can 
make the convergent expansion 


co 


- = — Diert »D ezivmr (6) 
sin var m=0 
Substituting in (5), 
Dee dv 
ape —_____ [gir(@+2"m) 1 gin(0’42xm)]_ (7 
amps fo ik ae , @ 
where we have put 
6=¢-—) 
3a 
Q = inten d. (8) 


So, quite generally, we have the problem of solving in- 
tegrals of the form 


I(@) = fo 


where @ lies in the range |[—7/2,  ]. 

We assume ka>>1 and propose the use of certain 
asymptotic approximations to the Hankel function. The 
appropriate asymptotic forms are found by an examina- 
tion of the stationary points of the integrand. 

Using Langer’s uniform asymptotic form of the 
Hankel function? 


eve 


H,®' (ka) | ®) 


H, (ka) 


ava sina — COSa@ _ (1) ; 
== eft! ————— H;;ska(sin a — cosa) (10) 


sin a 


. ae ane ak DD, Seeleanh “On Aba theory of scalar dif- 
raction and its application to the prolate spheroid,” Ann. Phys., vol. 
6, pp. 277-299; March, 1959. _ Z She 

* Staff of the Bateman Manuscript Project, “Higher Tran- 
scendental Functions,” McGraw-Hill Book Co., Inc., New York 
N. Y., vol, II; 1955. 


a Aye fa 


December 


(4) 


1959 


? 
- 


Tee a 


where »y=ka cos a. We find that the integrand has the 
phase 
¢ = v0 — ka(sin a — cos a). (11) 
Hence, the phase is stationary at a= —8@ or 
v = ka cos 0. (12) 


We now draw a distinction between the regions 


F §~—7/2 and @ near zero or positive. The first region 


corresponds to the physical region of direct illumina- 
tion, 1.e., the geometrical optics region, and, by carrying 
out a stationary phase‘ evaluation of the integral, we 
find 

I(6) 


So, for 0~ —7/2, 


= ka e** sin 0. 


(13) 


y = 2 cite cos 6, (14) 


_ This is just the geometrical optics approximation. The 


_ magnetic field induced on the surface is given approxi- 


mately by twice the tangential component of the inci- 
dent magnetic field. 

For @ near zero we have, at the stationary phase point, 
the condition that y~ka and the Langer form reduces to 
the Nicholson asymptotic form® which we write as5 


H,(ka) = — (ka/2)-*w(0), (15) 

Vr 

_ where 

t = (ka/2)-'3(v — ka), (16) 

and w(é) is the Airy integral 

1 

w(t) = — [ ex-ameaz (17) 

My Vad r 


with the contour I given in Fig. 2. Changing the varia- 
ble of integration to /, 

1 eimét 
Vr w(t) ay ; 


where m = (ka/2) 3. The integral to be evaluated is then 
of the form 
1 etkt 
2.) 
w’ (2) 
where we restrict £ to be near zero or positive. For 


£>0, g(é) can be given as a residue series 


etktn 


I(0) = — rim®e%*o? {— (18) 


g(t) = (19) 


1 
= —= (2ni ————_) (20) 
gO = On) E re 
Ob 2) tnt, 
where 
w' (tr) = 0, (21) 


4B. L. Van Der Waerden, “On the method of saddle points,” 


Appl. Sct. en vol. B2, pp. 33-45; 1951. 
V. A. F 


ock, “Diffraction of tadio waves around the earth’s sur- 
face,” vy Phys., vol. 9, pp. 255-266; 1945, 
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and we have deformed the contour to encircle the zeros 

of w’ which lies in the first quadrant. For £~0, however, 

the residue series converges slowly for £>0 and diverges 

for £<0; hence g(£) need be found by quadratures. 
Substituting in (7) 


co 


os = Di [etg(E) + e8'ng(bn’)}, (22) 
where we have put 
Sn = ka(6 + -2xn) 
S,! = ka(@’ + 2nn), (23) 
and 
= (ka/2)1/3(6 + 2x) 
"= (ka/2)3(6’ + 2an). (24) 


We anticipate the generalization of this approach and 
note that S, and S,’ are path lengths on the cylinder 
surface while & and &,’ are certain reduced distances 
corresponding to these path lengths. 

Finally, we give the interpretation of the terms of 
(22) as “creeping waves.” We note that the angles @ and 
6’ measure the angular distance from the geometrical 
shadow boundaries of cylinder. This is illustrated in 
Fig. 3. The interpretation, first proposed by Franz and 


Z- plane 


~M 


er 
3 


Fig. 2—The contour I. 


Fig, 3. 
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Depperman, is that a wave is launched at the shadow 
boundary and then creeps into the shadow. The subse- 
quent terms in the series with @ replaced by 0+ 27m will 
then represent terms which have made » circuits around 
the cylinder. The justification of this interpretation has 
been given by Friedlander.’ 

For the incident magnetic field along the y axis, we 
have an analogous treatment. Briefly, we have on the 
surface, 


Hs = $X, (25) 


where ¢ is a unit vector on the surface in the ¢ direction 
and 
ew (+20) + ev (0’+2rn) 


1 
fe yep ete 
am? 


H, (ka) eS) 


In and near the shadow we approximate the Hankel 
function by the Airy integral in (26) and find that 


= i Ds et*Snf(E,), 
Mn 


where S, and &, are as defined above and 


1 ettt 
fé) = aa oe dt. 


Again, f(€) can be evaluated by a residue series for 
£>0 and by quadrature for £~0’. 

For <0, 2.e., the optics region, the Nicholson ap- 
proximation to the Hankel function is no longer valid. 
We use Langer’s asymptotic approximation evaluated 
by stationary phase and find that 


(27) 


X ~ 2 sin be**, (28) 


The “creeping wave” interpretation obtains just as be- 
fore. 

We now give Fock’s work.®° Fock, by means of a 
physical argument, gives a description of the field in the 
region of the geometric shadow boundary near the sur- 
face in terms of a parabolic differential equation. The 
import of this in terms of Franz’s concept of creeping 
waves will be made clear below. 

We let f(X, Y) =0 be the equation of a convex cylin- 
drical surface, the cylinder axis in the Z direction. We 
consider a plane electromagnetic wave to be incident in 
the X direction and we take the origin of coordinates to 
be on the surface at the geometrical shadow boundary; 
the coordinates are given by the solution of Of/dx =0. 


§ W. Franz and K. Depperman, “Theory of diffraction by a cylin- 
der as affected by the surface wave,” Ann. der Phys, (Lpz.), vol. 10 
pp. 361-373; June, 1952. ; 

™F. G, Friedlander, “Diffraction of pulses by a circular cylinder,” 
Commun. Pure and Appl. Math., vol. 7, pp. 705-732; November, 1954. 

8V. A. Fock, “The field of a plane wave near the surface of a 
conducting body,” J. Phys., vol. 10, pp. 399-409; 1946, 

9J. R. Wait, “Electromagnetic Radiation from Cylindrical 
Structures, ” Pergamon Press, Inc., London, Eng., ch. 18, 1953. This 
Giapier gives an analogous two-dimensional treatment of Fock’s 
theory, 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


Fig. 4. 


This is illustrated in Fig. 4. Further, we assume a para- 
bolic approximation to the surface; 7.e., 


2 


Pee 
f(x, y) al be en 


2 Ro G2 


where > is the radius of curvature at the shadow bound- 
ary, the origin of our coordinate system. 

This essentially two-dimensional vector problem? can 
be characterized in terms of the scalar problems 


(V2 + ky = 0, 
where we assume the time dependence et, The inci- 


dent wave will have the functional dependence e**, and 
this we introduce explicitly putting 


(30) 


y = e*U, (31) 
Substituting in (30), we have 
Use + Uy, + 2ikU, = 0. (32) 


Now we come to Fock’s order argument. He supposes 
that the variation of the functions U in the y direction, 
normal to the surface, is greater than the variation in 
the x direction. The physical content of this argument is 
apparent: there is a large variation in the field quanti- 
ties on crossing the shadow boundary, y=0, x>0, but 
having eliminated the dependence on the incident field, 
the variation in the « direction should be relatively slow. 

Fock makes the precise assumptions 


(33) 


(34) 


where m and M are dimensionless parameters satisfying 
the inequalities 


M>m> 1. (35) 


Basing our action on this order argument, we neglect 
the second derivative with respect to x in (30) and write 


Uy, + 2ikU, = 0. (36) 
This implies M is of order m2, so we put 


M = wm’, (37) 


December 


ee a 


j 
F 


ss 


A 


1969 


and define the new variables ~ 


He mx 
R ’ (38) 
2m? ( ide 

n =S = 
Ro 2 4 (39) 
Making the change in variables, (32) becomes 
_RRo 1 
aot tb (0 EU) = 0; (40) 
PRR ry 


Now, choose m such that the coefficient of the last terms 
becomes one; 7.e., put 


m> = eee (41) 
"4 
Eq. (40) is now 
Ug + (Uz + EU,) = 0. (42) 
For the purposes of a formal simplification we put 
U = e@i(é*/3)—-itay, (43) 
This results in the equation 
Vag t VV + 1V¢.= 0. (44) 


If the incident magnetic field lies in the Z direction, 
Hy = e*=Z, (45) 
The total field will be of the form 
* Bayh: 
where yw satisfies (30) and the boundary condition 
oy 


On | tm0 


= 0; (46) 
i.e., the normal derivative of y vanishes on the surface. 
In terms of the function V and the variables &, 7, this 
condition is 


Fe =0 at n= (47) 
A particular solution is given by 
V = ettw(t — n), (48) 
where w(#) is an Airy integral, the solution of 
w''(t) = tw(t). (49) 


Since two independent solutions are needed, we define 


1 
wi(t) = ae e2t-1/3)2°qZ 


TJ Tr, 


eZt-(113)2°d@Z,, (50) 


4 1 
we(t) ie — 
T/T, 
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where the contours I’, and T; are given in Fig. 5. We 
then look for the solution in the form 


moe f ef eeieee (i ha 51 
= —— | ett? w(t — ¢) - —— w(t — t 

es 2 2 wy'(2) 1 F ? ( ) 
where we note that this satisfies the differential equation 
and the boundary condition, and has, from the asymp- 
totic values of the function w; and we, the correct phase 
for this problem. The contour C is the same as I, in 
Figs 3% 

The magnetic field is then 


AZ = ete 4 i= Vv; (52) 
or, making use of the relationship 
wy’ (é)weo(t) — wilt)we’(t) = — 21, (53) 
the field on the surface, §=0, is given by 
Hz = e**G(é), (54) 
where 
G(é) = eit8 be i By eek (55) 
Vardoc w'(t) 
For the incident field 
Hy = ye*, (56) 
we have the boundary conditions 
Hz = 0, (57) 


and, since we confine our attention to the region of the 
shadow boundary, the normal component of the mag- 
netic field is given by H,. 


y= 0 on S. (58) 
Writing as before, 
AH, = e**@ 
must satisfy 
0® 
Vb + 21k — = 0, (59) 
Ox 


and 
@=( on S. 


S32 


We repeat the order argument and write (59) as 


Sa + 2ik erie (60) 
@=0 on SV. (61) 
Now 4 is a divergence-free field: 
V-H = 0, (62) 
and the divergence condition becomes 
ik,” + V-H* = 0. (63) 


Repeating the order argument we neglect 0H,*/dx, as 
compared with 7kH,*, leaving 


OH gt 
H,* = — ; (64) 
k oy 
or 
1 O® 
H,* = — — (65) 
m On 


The field component H, on the surface is given by 


Hz = feos —itnbi( es /3) OG (66) 
m On 
where y satisfies 
Van + nv + i: = 0 
vi=.0) on 55: (67) 
This has a particular solution: 
e*'w(t — n). (68) 
So, we write 
y= —-|[ ej wal —4)- eA = nt di, (69) 
2/4 w(t) 
and 
oy 1 ettt 
le ap Nacee yy 
Using the notation 
1 (Ga 
ele= OE RES dt, (71) 
we have, on the surface, 
H, = = eit'/8) gike f(g) , (72) 


We are now able to apply Fock’s solution to the circu- 
lar cylinder and compare it with the Franz “creeping 
wave” solution. From (20) and (55) we have, for the 
circular cylinder solution and the Fock solution, the 
function 


eikt 


w!(t) 


1 
Re) = 


Fe dt. (73) 
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However, we note that for the circular cylinder 


ka\ 1/8 
=(—) 8, 
wee, 


while in the Fock treatment 


(=)" x 
fp = 5 7m! 


or, in terms of polar coordinates, since Ro=a and x=a 


sin 0, 
ha\ 1/3 
Ep = (=) sin 6. 


These arguments of the functions g(&) thus agree to 
first order for 6~0. This imposes a restriction on the 
applicability of Fock’s method as it stands. 

To bring these solutions into agreement we return to © 
the creeping wave interpretation and Fock’s derivation 
of the parabolic differential equation. From the creeping ~ 
wave interpretation we have a wave launched at the | 
boundary which then creeps along the surface into the 
shadow boundary. Now the natural description of such 
a phenomenon would be by a parabolic differential equa- 
tion. This Fock has done. However, we note that &r 
measures distance along the direction of propagation 
rather than along the surface of the obstacle. 

We now observe that the argument used by Fock in 
his derivation of the parabolic equation is also applicable 
outside the region £~0, provided we compare the varia- 
tions of field along the surface of the obstacle and per- 
pendicular to the surface of the obstacle; 7.e., we can use 
the Fock equation anywhere in the shadow region pro- 
vided we define a new set of variables £ and 7 for each 
increment we move into the shadow. To illustrate this 
we write the formal solution of (44) as 


(75) 


(76) ; 


VE, 0) = € *7V(0, n), (77) 


where 


This gives us an expression valid for £<£>>1, for exam- 
ple. Given this, we then redefine our variables and write 


VEE, 0) = e PEE) (E,, §), (78) 
which generalizes to 
VE, n) = e*V(E, 9), (79) 
with 
— PF FRRG)\"8 ds 
pent 2 ) R(s) oe 


where ds is the element of path length along the surface 
and R(s) is the radius of curvature at s. 


. 
3 Applying this reasoning to the circular cylinder, we 
have 
® /Ra\ 1/3 ado 
m-[ (=) = (81) 
0 2 a 
ka\ 1/8 
=|(|—) @. 82 
() 


_ This is, however, the expression appearing in Franz’s 
_ treatment and, hence, we have brought the Franz and 
_ Fock solutions into agreement. 

_ This important generalization of Fock’s work was 
_ systematically used by J. B. Keller.!° Keller proceeds 
_ from a local solution of the circular cylinder similar to 
_ the above treatment. 


; THREE-DIMENSIONAL PROBLEMS 


We now turn to the application of Fock’s method to 
three-dimensional problems. There is an essential com- 
plication present in the case of finite, convex, three- 
dimensional surfaces. Again we will illustrate the general 
problem by a prototype problem, 7.e., the scalar scatter- 
ing by a sphere." 

We start with the Dirichlet boundary condition; 2.e., 
we wish the solution of 


(V2 + By = 0 (83) 


¥(a) = 0 (84) 


_ where a is the radius of the sphere. In particular, we 
want to determine 


oy 
or 


(85) 


’ ra 


Let the incident field approach along the polar axis. 
Then the normal derivative of the field induced on the 
surface of a sphere of radius a is given by the series 


1 1 
— = n + — ) P,(cos 0)e~*/2)n —___. ._ (86) 
Sf + -) (cos 6) an 
Since the summand has no singularities with respect 
to the index on the positive real axis, this can be written 
as the contour integral 


1 
_—— = + + * f pe t(r!2) — 
an S £@, (ka) 


sec yr P,-1/2(C0S 6) dp (87) 


where C is a contour encircling the positive real axis, 
as in Fig. 6, and where we use the notation 


Pa) = P,(—x). (88) 


10 J, B. Keller, “Diffraction by a convex cylinder,” IRE TRANs. 
ON eee AND PROPAGATION, vol. AP-4, pp. 312-321; July, 


1956. / 
11 Corresponding vector problems are treated in V. A. Fock, M. G. 
Belkina, and L. A. Weinstein, “Diffraction of Electromagnetic Waves 
on Certain Bodies of Revolution,” Soviet Radio Press, Moscow, 


USSR; 1958. 
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Fig. 6. 


Since the integrand is an odd function of v regular in 
the second and fourth quadrants, and having simple 
poles [the zeros of £ «/»(ka) in the first quadrant] we 
change the contour C to C;. Since Im,>0 along Cy, we 
make the convergent expansion 


co 
sec vr = ei” >> e2rivn(—)n, 


n=0 


(89) 


Now, making use of the reduction of the Legendre func- 
tion, we have 


* - 
sec vr Py_1/2(cos 0) = et(r!2) ee (—)* 


PaO -b lan) — Priia(aln + 1) — 8). © OO 
Substituting in the integrand, 
1(0) = et (—)p 
{110 + 2xn) — 11(2r(n +1) —6)} (91) 
where 
1,(6) = ip aay Pn (92) 


For the range 1/6 <0 < 52/6, we can use the expansion 


1 T(v + 3) 
) 
0) aa SNE eles 
/2isin@ Tv + 1) 
p (5 Lola ) (93) 
MN 7 eee 
and the notation 
37 
$=0-—) ga 0 (94) 


S34 
so that 
et (r/2) wot + 2) 1 
10 == f 
4/271 sin 6 ey) ss 1) (eu £®, (ka) 


Iie ae e* 
(coer (> —;? + ib tee 
Deu. 2 cos ¢ 


a Sai eit” 
= ignore r(— ay as —) = (99) 
RRA EY) 2 cos ¢’ 


Or defining 


Pgh) ee ed 
= a SS 
Me) J o Te +1) F®,/.(ba) 


Te eet e* 
seit e (= —sp-P l; ) (96) 
Deed, 2 cos@¢@ 
we have 
ei(r/2) co) 
if nJ 2 
| (¢) = ini Sa (—)"Io(@ + wn). 
— il2(¢’ + 270). (97) 


The terms of this series correspond to the “creeping 
waves” of Franz. In this sense we note that ¢ and @’ are 
just the angular distances measured from the shadow 
boundaries. (See Fig. 7.) The field induced on the surface 


Fig. 7. 


under the imposition of the Neumann boundary condi- 
tion follows immediately from the above on the substi- 
tution of the derivative of the spherical Hankel function 
in the denominator of the summand or integrand. We 
then treat with integrals of the form 


vv + 3) 1 


Seen rr a 4) YO (ka) ” 


(98) 


We consider the integrals (96) and (98) in more detail. 
Assume a sufficiently large value of ka so that the Airy 
integral approximation for the Hankel function and its 
derivative is justified. We put, for example, 

() 
$y-1/2(ka) = — 


im! *(t) (99) 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


edt Loe ae 
December © 


where 
ka\'/8 vy — ka 
yee (=) ae C00) 
Z m 
The integral I, is then, essentially, of the form 
$(t) oa (101) 
C2 w(t) 


where we put £=md, and Cis the contour running from 


infinity along arg t=27/3 to the origin and from the 


origin to infinity along arg ¢=0. 


We note that the form of (101) is very like that of © 
Fock’s function. In fact, Fock, in his paper,’ arrives at © 
just this form, which he then approximates by using the - 


asymptotic form 


Diese) (; 1 
yp ———— F(—, —;» 
Pooh tr ee 


Then, in the shadow region, he evaluates (101) asa 
residue series. Since the first pole occurs near y=ka, and 
this for | ka sin 6| >>1 is the principal contributor to the 
residue series, he approximates (102) by —/ka. That 
which remains is precisely one of Fock’s functions. 

Returning to (95), we see that there is an essential 
difference between the sphere results and the parabolic 
equation results. The physical significance of this differ- 
ence is seen immediately on noting that the parabolic 
equation is strictly applicable to a two-dimensional 
problem (the infinite circular cylinder) while the sphere, 
being a finite body, forces the waves creeping into the 
shadow to converge on the pole 6=7. This accounts for 
the term 1/+/sin 6 in (95). In fact, if we consider that the 
energy surface density must increase inversely as the 
available space, we have 


+1; \~ v/v. (102) 


27 sin 8 


Bmw ly rane, (103) 
sin 6 
or 
1 
Oe aay ee) 


This result has already been noted by Franz. 

N. A. Logan’? has applied Fock’s reasoning in ap- 
proximating the asymptotic form of (101) itself. Since 
the major contribution to the integral comes from the 
region t~0, and ¢(é) is a slowly varying function, he 
writes 


gate 
nat f Sahoo 
fs kal (ka + 3) :. (5 1 a x ) 
D(ka + 1) EAD, oe 


eitt 


lat 


® N, A. Logan, private communication. 


(105) 


1959 


where he restricts the region of applicability to 
| | Ra sin 6|>>1. 


_ Near the pole @=7 we use the asymptotic representa- 
- tion, 


P,*(6)-= Jo (» + 1) cos =) +0 (cos? >) , (106) 


_ rather than the decomposition into P,™ and P,© which 
are singular at 0=7. 

Using the above approximations, Mr. Logan has 
- made a comparison with the sum of the harmonic series 
- for ka=20 and has found that the agreement between 
the two is good. In the transition region between 
|v sin 6|>>1 and | sin 0|>>1 the results from either side 
- are continued into this region, and even here the agree- 
_ ment is also good. 
Fock® has applied his method to the three-dimensional 
_ problem. His result is precisely the same as that pre- 
sented above for the two-dimensional problem. 

~ We consider a finite, smooth, convex, perfectly-con- 
ducting body illuminated by a plane electromagnetic 
wave. We take the plane wave to be incident along the 
x direction and erect a coordinate system at some point 
on the shadow boundary with the y axis normal to the 
surface and the zg axis chosen so as to form a right- 
handed system, as shown in Fig. 8. 


¥. 
——— 
po te X 
Z 
Fig. 8. 


As before, we perform a local analysis near the origin 
of the coordinate system. We write 


A= e“H* 
B= 8 E*, (107) 
Hence, the starred quantities satisfy 
VaxH* + ikt X H* = — ikE* 
VxE* + ikt X E* = ikH*, (108) 


from Maxwell’s equations for free space. 
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Now we extend the order argument and write, letting 
y stand for any of the field components in (108), 


sue ak 
sae) 
ay k 


where M and m satisfy (35) and (37) above. 
Since each of the starred field components must 
satisfy the reduced wave equation 
oy 


Vy + 2ik — = 0, 


= (110) 


by applying the ordering assumption of (110) we have 
(111) 


Finally, dropping the asterisks, we have from the 
ordering assumptions and (108) 


V0 G oll, 
E, = — = =) 
kee oy Oz 
Fy, = Hz, 
E, 7; H,, 
amos walls 
poy 02 


We see, then, that the three-dimensional solutions of 
Fock are precisely the two-dimensional solutions given 
above. In fact, for the incident field 


Hy = e**2, (113) 
we put 
H, = ey, (114) 
Then, near the shadow boundary, y must satisfy 
0 ow 
oe ng. (115) 
y Ox 
and the boundary condition 
0 
es (116) 
on Ss 


These are precisely the conditions on H, in the two- 
dimensional problem as given above in (46). 
For the incident field 


Hy = e**9, (117) 
On the other hand, we put 
H, = e**, (118) 


S36 


where ¢ satisfies 


0? ) 
ae + vik” = 0, (119) 
y? Ox 
ee 0. (120) 
8 


These are the conditions given in (59) for the two-di- 
mensional problem. Again making use of the divergence 
condition, we have 
_ + Op 
H, — etka pond Sey 


121 
aay (121) 


We emphasize the fact that the application of this 
essentially two-dimensional approach is restricted to the 
region of the geometric shadow boundary. To carry 
these solutions farther into the shadow region, we must 
make use of the fact that as the surface area decreases 
as it goes into the shadow region, the energy density 
must increase. Further, we make the point that the 
“creeping waves” propagate along geodesics on going 
into the shadow. The first requirement was illustrated 
in the treatment of the scalar sphere problem in the ap- 
pearance of the factor (sin #)—!/? in the expression for the 
field. The second requirement was met in the tacit as- 
sumption that the creeping waves followed great circles 

‘on the sphere. 

To determine more generally the convergence factor 
corresponding to (sin @)—1/? in the case of the sphere, we 
consider two adjoining geodesic paths arising on the geo- 
metrical shadow boundary. The geodesics are deter- 
mined by two conditions: 


1) the point on the shadow boundary at which they 
arise; and 
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2) the angle which the incident radiation makes with 
the shadow curve. 


We write for the two paths — 
= r(l, oa) 
r(J + Al, S2), 


I 


(122) 
where / and /+Al are points on the shadow boundary 
and S; and SS, are path lengths along the geodesics. This 
is shown in Fig. 9. We choose Si, and S2 so that 7 and 


Fig. 9. 


r, be equiphase points; then the convergence of area 
available to the energy propagating into the shadow 
will be proportional to 

Pa Cor 


Al 


A= 


(123) 


or, in the limit as Al vanishes, 
dr(S, lL) 


AU, S) = |—> 


(124) 


In order to use the Fock method, then, we require the 
field functions to be multiplied by the factor A-"/2, 


Cie a 
December — 


d 
; 
2 
4 


4 


> 
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Reduction of the Integral Equations for High-Frequency Diffraction 
by Disks and Strips* 


B. NOBLE} 


Summary—The kernels of the integral equations for scalar dif- 


_ fraction by strips and disks are special cases of a kernel connected 


with the generalized axially symmetrical wave equation. A transfor- 
mation of this kernel enables the original singular integral equations 


_ to be reduced to Fredholm integral equations of the second kind. 


These can be solved asymptotically at high frequencies. 

Applications are made to diffraction by strips and disks with inci- 
dent waves of arbitrary form. Special results involving diffraction of 
plane waves are recovered from the general formulas. 


Il. INTRODUCTION 


O MUCH has been written on high-frequency dif- 
S fraction by strips and disks in recent years that the 

appearance of still one more paper on the subject 
would seem to require some justification. 

It is well known that at high frequencies the most 
convenient solution is an asymptotic expansion in 
terms of inverse powers of ka, where k is the wave 
number and a is a characteristic dimension (the radius 
of the disk or the half-width of the strip). The classical 
theory of Kirchoff gives a first approximation but it is 
difficult to extend the theory to obtain higher orders of 
approximation. A review is given by Bouwkamp [2]. 
The simplest way of obtaining the asymptotic expansion 
is undoubtedly Keller’s method of geometrical acoustics 
which has been applied to strip and disk problems [10]. 
It is of considerable interest, however, to obtain the ex- 
pansion by other means. 

Since diffraction problems involving disks and strips 
can be formulated simply and elegantly in terms of in- 
tegral equations it would seem natural to try to obtain 
directly the asymptotic solution from the integral 
equations. This is the aim of the present paper. 

In Section II we consider a general kernel which in- 


cludes the kernels for strip and disk as special cases. 


Transformation of this kernel allows us to convert the 
original singular integral equations into Fredholm inte- 
gral equations of the second kind from which the asymp- 
totic expansions can be obtained. 

Most of the literature relevant to the present paper 
deals with two-dimensional problems involving strips or 
slits. The first rigorous treatment of diffraction by a slit 
at high frequencies was given by Schwartzchild [18 | 
who suggested a method of successive approximations, 
starting from the Sommerfeld half-plane solution. A re- 
lated integral equation approach was given by Fox [7] 
who reduced the integral equation for pulse diffraction 
by a slit to a system of Fredholm integral equations of 


* The research reported in this paper has been sponsored by the 
AF Cambridge Research Center, Air Res. and Dev. Command, under 
Contract No. AF 19(604)5238. 

+ New York University, New York, N. Y. On leave of absence 
from the Royal College of Science and Technology, Glasgow, Scot- 
land. 


the second kind. The analogous steady-state equations 
(Baker and Copson [1]) have been used by Millar [15] 
to obtain in some detail an asymptotic expansion for 
high frequency diffraction by a slit. The Fredholm inte- 
gral equations used in this work have been rediscovered 
recently by Grinberg [8]. Similar integral equations 
have been obtained for a two-dimensional wing problem 
in aerodynamics by Eckhaus [5]. The present paper has 
points of contact with all these references. 

A closely related approach to diffraction by strips is to 
use an approximate method based on the Wiener-Hopf 
technique. Again the essential feature is a method of 
successive approximations, starting from the half-plane 
solution. This has been examined by Levine [12], using 
an integral equation method, and by Noble,! using a 
method due to Jones. 

Comparatively little has been done to extend these 
ideas to diffraction by disks. Levine [11 | and Levine and 
Wu [13] have given an interesting approximate solution 
of the integral equations for disk diffraction, using the 
Wiener-Hopf technique. One aim of the present work is 
to develop a corresponding extension of the equations of 
Fox, et al., for disk diffraction problems. 

There are various other relevant references. For slit 
diffraction there is the perturbation or interaction 
method of Karp [9], [20]. An “edge-current” idea has 
been applied to slits by Clemmow [4] and to disks by 
Millar [14]. A hyperbolic equation method has been 
applied to slit diffraction by Burger [3] and Timman 
[19]. A generalization of the decomposition into re- 
peated Volterra integral equations in Section III of this 
paper is given by Noble,? as is a generalization of the 
Fredholm integral equation of Fox, et al.’ 


II. TRANSFORMATION OF A KERNEL 


The transformation obtained in this section is basic 
for developments in the remainder of the paper. The 
kernel which we consider is 


Kir) = f ‘ ~ Ja) Jed (1) 


where 


y = (@—#)¥2 fori >k, —i(k? — 2)? fort <k. (2) 


The change of variable t= in (1) gives 


Se 
Kon = bf app Meat obbde. 


1 See for instance [16], pp. 196-207. 
2 Thid., p. 230, ex. 6.4. 
8 Thid., p. 231, ex. 6.5. 
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We wish to introduce the asymptotic expansions of the 
Bessel functions for large k but this would be of doubtful 
validity at this stage since the integrals of higher order 
terms would be divergent near £=0. It is natural to 
split the infinite integral for K(p, r) in (3) into the ranges 
(0, 1) and (1, »). The divergence comes from the range 
(0, 1). This part can be transformed in the following 
way. 

We shall work in the complex plane ¢ =£+77. Suppose 
that p>r. Since J,(kpf) tends to infinity as ¢ tends to 
infinity in both upper and lower half-planes we write 


Tlkpg)Iv(krt) = 4{ Hy (kph) (kre) + Hy (kot) I(kro)} , 


where the first and second terms on the right tend to 
zero in upper and lower half-planes, respectively. Sup- 
pose that 6, € are small real constants, and R is a large 
real constant. Integrate 


6? — 1)7?HO (Rpg) Jr(krf), (pe > 1), 


round a contour consisting of ¢=6 to 1—e, the semi- 
circle of radius e above ¢=1, ¢=1++e to R, the quarter- 
circle R exp 10, 0< O<7/2, the imaginary axis 7R to 16, 
and the quarter-circle 6 exp 70, 7/2 >0>0. There are no 
singularities inside this contour so that the integral is 
zero. If we let 6, € tend to zero and R tend to infinity the 
contributions from the corresponding arcs tend to zero. 
Hence 


Sues 3 
-if Gm py Ee vt) Jolene) a 


ro) é , 
= f Gea pin Br Choe) Jobe) dé 


1 
Oy n 
he if Ce gryle H,™ (tkpn) J (ikrn)dn = 0. (4) 


Integration over a similar contour in the lower right- 
hand quadrant, passing under the branch-point at ¢=1, 
gives 


Bee ; 
if G— pin 2 (Rpt) J, (kré) dé 


ate 
Es i a yin oo) Jl brdd ds 


1 


0 
; n 5 . 


But 
H, (ikpn)J,(ikrn) 


— 1(2/m) K,(kpn)1,(krn) 
— H,®(—ikpn)J,(—ikrn). 
Hence, on subtracting (5) from (4), for p>r, 


ll 


1 
E 
if Gp J ARpt) I, (kré) dé 


ae $5 § 
3 J Ga pin Plbob) Jo (brs) at. 
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On substituting this result in (3), since 
(—1)'= — 41-8 


in (3), we have 
mat ; | 
Kine f a pia hot) Ubrdat, (0 > 0. (6) 


We can now substitute the asymptotic expansions for 
the Bessel functions. This gives the basic result 


1 

K(p, r) wales, Soi { Kolo, r) cc ett Kp, r) 

m(pr)*/? 

+ higher order terms} Ta) 
where 
i) 1 , 
Ko(p, 7) = if @ opr eiktle—ridg, (7b) 
Ki(0,7) = ee tee eikt lotr) de (7c) 
1\P) 7 ; (22 168 1)12 e 


We make the following change of variable in (7b): 


t|p —r| = 20—p—r. 


Then 
~ 2ikv 
Kol(p, r) = et) ‘le rer ae une x ain (8) 
Similarly the change of variable 
Ep + 1) = 20 = poy 
in (7c) gives 
a) e2zike 
ed pale Ga 


III. REDUCTION OF AN INTEGRAL EQUATION 


We shall obtain an alternative form for the integral 
equation 


[10 Kol0, ) + KG, Nar 


=e J IO Kv.) + Ko, Dhar (p> a), (10) 


where f(r) is known in 0<p <a, unknown in p>a, Aisa 
constant, and the kernels Ky, K, have been defined in 
(7b) and (7c). For convenience we shall combine the 
right- and left-hand sides of (10). Insertion of the forms 
(8) and (9) for Ko and K;, gives 


e ikv 


oat 2) —————— dod 
i} ' max (p,7) (v re p)/(y = Alb: re 


a) co) 2iko 
: e*rf(r) @ —p)'#@ 47 pA 4 pin dvdr = 0, 


(p> a). (11) 


December 


. 
| 
| 
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If orders of integration are interchanged in the first 
double integral, we have 


p ) ) Co) 
ical do= [arf ao+ f ar [ dv 
max (p,r) 0 v) p r 
) p ro) v C) v 
=f af iart [afar far f ar. 
p p Pp p p 0 


Hence, (11) gives 


c) e2ikv ! v ez (7) 
» @— pA, @—n” 
es 
+ dv = 0 : 
Gp mntbde=0, (>0). 02 
_ But the solution of the Abel integral equation 
oS (2) 
Cee laa 
is simply 
J(2) = 0, (p > a). 
Hence from (12) 
v a a, ie eik pee (el. 
dr+nxX dr 
i (o— ni? rye (ot pire + r)i2 
e*f(r) 


ia {a ef eat (o>), (13) 
— Te >a 

(v — nia ve + r)12 4 , 
where we have placed unknown terms on the left and 
known terms on the right. We next use the inversion 
formula for Abel’s integral equation: 


P(r) 
Gat, 9), 
Pr). = C =f a dv, (r> 4). 


If this is applied to (13) to express f(r) from the first 
integral in terms of the remaining three integrals, we 
obtain the following Fredholm equation of the second 
kind for f(r): 


eiefle) + — f ebylo)tale, Nar 


p tara ip “{e-*f(1) kolp, r) + rei *f(r)kx(p, 7) } dr 
Tv 0 


(p > 4), 
where, after evaluation of integrals, 
(a — r)i? 
Ht = 
We eae.’ 
(a+r 


Ngse ~ (p — ap + 7) 
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We set 
F(p) = (0 = a)'?e-*f(p), (p > a). 
Then 
oN C} Yr 1/2 
F(p) Cas ib e*"F(r) i dr=H(p), (><a). 
where | 
2 ia 
H(p) = — =f fey ) eae = 
+ re" f(r) a dr. (14) 
We introduce 
x =p— a, g=r—da, F(p) = h(x). 
Then 
oN -) 1/2 
h(x) + is ete f e2ike (=) er h(é)dé 
= Hix +a), («>0). (45) 


This is the required Fredholm integral equation of the 
second kind. 


IV. DIFFRACTION BY A STRIP 
Suppose that a wave ¢,(y, 2) is incident on a strip 
lying in z=0, —a<y<a, on which 0¢;/dz=0. We write 
the incident wave as a sum of even and odd parts: 
$i = bi + dia, 

where 

diy, 2) = 3{d:(y, 2) + o:(—y, 2}, 

$i2(y, 2) = 4{di(y, 2) — o:(—9, 2}. 


Similarly write the total velocity potential as¢?:=¢1+¢2 
and set 


ou = ou + $1, giz = G32 + oo. 


Since ¢; is even about y=0 and tends to zero at in- 
finity, and since 0¢1/0z is continuous across z=0, we can 
represent ¢; in the form 


2 1/2 co) 
¢1 = (=) f B(t) cos yle-Vdt, (220), (16a) 
T 0 


2) 1/2 re) 
— (=) f B(t) cos ytev*dt, (2 < 0), (16b) 
7 0 


where y has been defined in (2). If the boundary condi- 
tions on s=0, namely that 0¢1/0z is known for 0<y <a 
and ¢; is continuous for y>a, are applied to (16), we 
obtain the dual integral equations 


(yf 0) cos yidt = g(y), (0<y<a), (17a) 


Tv 


2 1/2 C-} 
(=) f Bit) cos yidt = 0, (y> a), 
0 


qT 


(17b) 


$40 


where | 
gly) = { d¢i1/d2} pan (18) 


Suppose that (17a) equals the unknown function g(y) 
for y>a. Inversion gives 


) 1/2 i) 
BU = (=) 7 fala) cos nid. 
Tv 0 


Substitution in (17b) and interchange of orders of inte- 
gration give the integral equation 


(19) 


co i) il 
f g(o) f - —cos yt cos nldtdn = 0, (y >a). (20) 
0 as 2 


The kernel is of form (1) with y= —} and we readily 
find, from Section II, that (20) can be written 


f eO{Kilo,. + Kilo, }ar=0, (>a), 
0 
where Ko, K, have been defined in (7). This is of form 


(10) with A=+1. Hence (20) can be reduced to the 
form (15), namely 


e2tka .) 2a = E 1/2 1 
2ikt h ad 
if ( : ) Wee ee oe 


= H(x + a), (¢ > 0), (22) 


h(x) + 


where 


Wx) = (p — a)e-rg(p), p= 2 a. 


The only place where k occurs explicitly under the inte- 
gral sign is in the term exp (27k£) and this is very con- 
venient for asymptotic expansion provided that h(é) has 
a suitable dependence on k. The important part of the 
integral comes from the region near £=0 and the asymp- 
totic expansion will depend on the behavior of h(é) 
near £=0! [6]. As a first approximation we have 
h(x) ~ H(x+a). Hence, we are interested in the behavior 
of H(p) for p~a. But this requires careful examination 
since the behavior of the first part of the integrand in 
(14) changes from (a—r)"/? to (a—r)—? as p tends to a, 
We should also need to be careful that h(£) does not con- 
tain concealed exponential factors depending on k. 
These difficulties could be avoided by using an iterative 
method of solution but for a first approximation it is 
convenient to write 


¥ PA tt Neds if 
2ike h d 
fi: ( E ) 20k oe 


(23) 


3) (2a) ff eonepae, oe 
2a+ «J 9 
Then (22) gives 
h(x) ~ H(x + a) — 2 ) x > 0, (25) 
20 => % 


4 See for instance Erdelyi [6], pp. 47-50. 
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where C isa constant defined by 


C= 1(ga)trietite f £-1/292tkEY (£) dE, 
0 


The value of C can be determined by multiplying (25) 
by x? exp (2ikx) and integrating from zero to infinity. 
—1 1/2 2ika P 

aes. (2a)1/?e AD . (26) 
1 + a-1(2a)1/2e2%aQ nh 
where 
P= il yo 12e2ike FT (x +- a)dx, (27) 
0 
Q= if e-tl2( 2a a) eas (28) 
0 


Eqs. (25) and (26) give the required approximate solu- 
tion of the integral equation. 

In order to determine the contribution to the far-field 
from the even part of the potential we note from (19) 
that B(t) is an even function of ¢t so that (16b) can be 
rewritten 


es f Bocas (ONE 


ay (Qa) 3/2 


Hence, from Noble? if y=r cos 8, [2| =r sin 0 (1.e., 0 is 


Ee 


measured in an anti-clockwise direction from the posi- © 


tive y-axis), and r tends to infinity, 
gi ~ — k'/2e-**/4B(—& cos 6) sin Or—!/7e%*", = (29) 


By substituting the value of B from (19), (23), (25) we 
find 


2\ 112 eikr+inl4 
Tv 


(kr)*! rj 


‘ f ‘ g(r) cos (kr cos 6)dr 


=e f a) cos (kr cos oyark , (30) 


where 
xr) =(r- a)~12eikr | (yr) — Cia+ rh, (31) 


In these equations, g(r) is defined in (18) and C in (26). 
H(r) is defined by (14) with g in place of f. Since g is an 
even function, this gives 
a —_ 1/2 
MQ) = —— [esq SO ay 
TY —a (r a u) 

So far we have considered only the even part of the 
potential. The odd part can be dealt with in exactly the 
same way, with suitable changes in detail, e.g., we must 
take \= —1 instead of +1 in (10). 

We now make a specific application of these results to 
diffraction of a plane wave incident normally on a strip. 
We shall use the following theorem,* remembering the 


(32) 


* Noble [16], p. 31 (1.56) and p. 35 (1.71). 
* See for instance Bouwkamp [2], pp. 42, 43. 
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RicGnction between diffraction by slits and strips which 
introduces a change of sign in this case.” If, as r tends to 
infinity, 


b ~ (2r/kr)'2eikr+inl/4 4 (Q) 


_ where 0 is defined as in (29), then the equivalent scatter- 
_ ing cross section is given by 


o = (2n/k) Im A(0). 


Hence from (30), since 


gi = gait g(y) an Ok ik, (33) 
_ we have 
(2a)-1¢ = '1'— (ko) Im if MOLE (34) 
| If we define 
- 1 
R= if eee eS ees. 
0 x/2(2 + x) 
i 1 
S= f ee er armen ater cP (35a) 
o x'/2(2 + x) 
2 i} 1 
Si =f gil [ penta te aie eS Aharaal i (35b) 
0 0 «(x + nu) 
2 i) i 
U = f wiatn| ee ee ee Fataaed | (35c) 
0 0 xil?(x% + 1) 
then (26), (31), (32), (33) give 
oo tka = wt 21/2 e2tka ST Ev 
if: x(r)dr a ei, ee 1+ qr 121/2¢2tka R ( ) 


_ The integrals (35) can be expanded asymptotically for 
large k. Details will be found in [17]. The results are 


R ~ $9327 /4(2ha)-V? + O[(ka)-2/2], 

Sw dq leit /4(Ra) 1? + 0[(a)-2/2], 

T ~ im(ka)—(4/2 — 1) + 401/?(ka)—8/2e2iba! inl 
+ 0[(Ra)-5/?], 

U ~ ia(2ka)-! + (a/2)1!2(ka)—3/2¢2ika— in 4 
+ 0[(ka)-5/?]. 


If these expansions are inserted in (36) it is found from 


(34) that 
1 4/1 (ka) —3/2¢2tka— i /4 
(2a)'¢ = 1+ 1m {— — Lo i(ahayalageotinls 
+ 0[(ka)-*/?]} 
2/2 cos(2ka — 7/4) 2 cos 4ka 
ee er pars e  (2ka)? 


+ 0[(ka)-*”?]. 


This agrees with results which are already known. 


7 Tbid., pp. 38, 39. 
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V. DIFFRACTION BY A CrrcuLAR Disk 


Suppose that ¢;(p, z) is an axially symmetrical wave 
incident on a disk lying in =0, 0<p <a with 0¢,/dz=0 
on the disk, Set 6,=¢;+¢. Then ¢ can be represented in 
the form 


@= 4 i 1B(t)J o(pt)e—™!4\de (37) 
0 

when the upper sign holds for z>0, the lower for <0. 

The boundary conditions on z=0 gives 


[ wBertonat = 66), 0 Saas 


[- wertenar = o, (o >a) eae 


where 
g(p) = {¢;/dz} 0. (39) 
Suppose that the left-hand side of (38a) equals the un- 
known function g(p) for p>a. Inversion yields 
Bi) = y f rg(r)J o(ri)dr. (40) 
0 


Substitution in (38b) and interchange of orders of inte- 
gration gives the integral equation 


J Vanes i : ~ Iolo) Ftd = 0, (pan 


The kernel is of the form (1) with y=0 and the transfor- 
mation in Section II (41) shows that (41) can be written 


[PMO Ke.n) - ile, N}dr = 0, >), 4 


where g(r) is known for 0<r<a. This is of form (10) 
with 71/2g(r) in place of f(r) and \= —1. In obtaining this 
result we have neglected higher order terms in (7a) and 
this is examined further in [17]. 

A reduction asin Section III gives an equation of type 
(15) which can be solved asymptotically for large k 
exactly as in Section IV, (22)—(28). The final result is 


pt!2(p — a)1/2e-teg(p) = H(p) — » (p> a), (43) 
pta 
where 
ril2(q =s rile j 
H(p) = ee =f ae eikr 
(po — 1) 
1/2(q 1/2 
ph Cet See ane curl g (r)dr, 
(o + 17) } 
z a hi(2a)1/2¢2%a( Py at iP») 
e3 1 — 4li(2a)1/2¢2%2Q 
1 co a fll2(q — y)1/2 e 
P= —{ gee —— ee Or TOR, 
; T/90 0 (a = fa r) 
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C-) GQ plil2 1/2 ; 
P» pss abe —f Pigeel | rhe tint e*** g(r) drdx, 
rJo Me a nek gee oz 


and Q has been defined in (28). 

As a specific application, consider diffraction of Bi 
plane wave ¢;=exp (—ikz) normally incident on a disk. 
From (39) 


go) = —ik, (OS p <a). (44) 


We use the following theorem.’ If as 7 tends to infinity 
od ~ A(bje*/r, (45) 


where @ is measured from the negative z-axis, then the 


equivalent scattering cross section is given by 
o = (27/k) Im A(0). (46) 


We can find A(0) from (37) since then 


¢(0, z) = — de "1B )e-tl*ldt 


1 
= ef B{k(1 = y2) 1/2} gitelelydy 
0 


—k? f B{R(1 + u?) 12} e-kul lydia, 
0 


The main contribution for large k comes from the upper 
limit of the first integral, and from? 


(0, 2) ~ ikB(O)e*!41/|z| asz—2>— 0. (47) 


On comparing (45) and (47), we have from (46) 
o = 2x Im {iB(0)}. 


From (40) and (44) this gives 
1 i) 
(ra?)—1¢ = 1 — — Im rg(r)dr, 
ka? “ 


where g(r) is defined in (43). If the value of g(r) is in- 
serted, the resulting integrals can be expanded asymp- 
totically for large k. The analysis proceeds as for the 
corresponding equations in Section IV. The details are 
somewhat more complicated and can be found in [17]. 
The final result is 


( 2)-1 1 I { 1 2 mw 112(Rq)—8/2@2ika—ix/4 
Ta = Se, ERE TO eee 

ka 1 + 4(aka)—!/2¢2tha—in/4 
a 


a 4(ka)? 


A of(eay-sr]h 


® Bouwkamp [2], p. 42. 
9 Erdelyi [6], p. 47. 
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2 sin (2ka — 7/4) 


Fa Vr (ka) 5/? 


1 
+ \~ sin 2(2ka — 1/4) — -} 


(ka)? 
+ 0 [(ka)-*?]. 


This agrees with the result in [13]. 


T 


CONCLUSION 


The main object of this paper has been to obtain the 
transformation of the kernel in Section II and to illus- 
trate the application of this transformation to dif- 
fraction problems. Several other aspects are examined 
in [17]. In particular this reference deals with two cases 
not considered here, namely ¢;=0 on the strip or disk. 
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Pulse Return from a Sphere* 


V. H. WESTON} 


Summary—The back scattering of short plane-wave harmonic 
pulses incident on a perfectly conducting sphere is investigated for 
both near and far fields. The pulse return is expressed in terms of the 
inverse Laplace transform of the CW back-scattered field. The in- 
verse transform is calculated for the initial part of the pulse return 
using a Tauberian theorem. The latter part of the pulse return is 
given exactly in terms of residues representing the natural oscilla- 
tions of the spheres. This residue expression converges rapidly for 
small ka or ka of the order of 1. However, for ka>>1, the particular 
residue series is slowly convergent, but the terms which are slowly 
convergent can again be summed using methods of contour integra- 
tion to give the CW creeping waves plus transients. Calculations of 
the pulse return for the case ka=1, indicates that there is significant 
tail to the pulse return in the “resonance” region. For very large ka, 
the tail of the pulse return is the order of 1/ka of the head. In the high 
frequency limit there is no pulse distortion. 


INTRODUCTION 


CATTERING of pulses by spheres has been con- 

S sidered by Levy and Keller,’ Friedlander,? Wait,?4 

and Johler and Walters.’ Levy and Keller and Wait 

investigated the propagation around the earth of elec- 

tromagnetic pulses produced by vertical electric and 

magnetic dipoles. Using various approaches, Fried- 

_ lander investigated the reflected wave fronts and the dif- 

fracted wave fronts produced by sound waves incident 
on a sphere. 

_ In this paper, the interest is in the back scattering of 
short plane-wave pulses by perfectly conducting spheres 
where the incident pulse is of time length 7 and com- 
prised of a single harmonic frequency w. The behavior 
of the pulse return in the back-scattered direction, at a 
‘distance R from the center of the sphere of radius a, 
will be investigated. The pulse return will be a com- 
posite of the various contributions due to reflected and 
diffracted wave fronts, plus the fields behind these 
fronts. 

Consideration will be made of the effect of the size 
of the sphere on the pulse return. The following ques- 
tion has to be answered. For a given fixed wavelength 


* The research reported in this paper has been sponsored by the 
Rome Air Dev. Center, Air Res. and Dev. Command, under Con- 


tract AF 30(602)-1853. 


+ Radiation Laboratory, University of Michigan, Ann Arbor, ; 


Mich. . ; 
1B. R. Levy and J. B. Keller, “Propagation of electromagnetic 


pulses around the earth,” IRE TRANS. ON ANTENNAS AND PROPAGA- 
TION, vol. AP-6, pp. 56-65; January, 1958. d : 

2 F. G. Friedlander, “Sound Pulses,” Cambridge University Press, 
Cambridge; 1958. . 2 

3 J. R. Wait, “A Note on the propagation of the transient ground 
wave,” Proc. Symp. of VLF Radio Waves, pp. 67-75; January, 1957. 


_ J. Phys., vol. 35, pp. 1146-1151; 1957. 
eet re Re fesisiens elds of a vertical dipole over a homoge- 


neous curved ground,” Can. J. Phys. vol. 34, pp. 27-35; January, 


me ‘i R. Johler‘and L. C. Walters, “Propagation of a ground wave 


pulse,” IRE TRANS. ON ANTENNAS AND PROPAGATION, vol. AP-7, 
p. 1-10; January, 1959. 


of the incident pulse, what sizes of spheres will produce 
a return pulse with a significant tail, 7.e., pulse length, 
of back-scattered pulse much longer than that of the 
incident pulse? 


RECEIVED PULSE 


In considering the back-scattered or received pulse, 
only the electric field component will be considered. 
Since the back-scattered field for the CW case is known 
exactly, the relationship by which the pulse solution 
can be derived from the CW solution (where both sat- 
isfy the same boundary conditions on the diffracting 
body), by an inverse Laplace transform, will be em- 
ployed. 

An incident pulse of pulse length 7 and frequency w, 
propagating in the direction of positive z-axis, will be 
taken. The electric field is then given by 


0 t <he/'G 
Et = i,} ett gle St <z/e+r (1) 
0 s/e+tr<t 


which in turn can be expressed in terms of an inverse 
Laplace transform 


>» 1 b+ ico es[1 = e~ (stiv)r| 4s 
oe ee eee Biases 5 =) a (2) 
(s + tw) 


é Qri b—ico Cc 
where £°(k) =e**, 
The scattered field in the back-scattering direction is 


given by 


ae brio gts[{ — ¢—(stiv)r] is 
EY = 1, — —_—_——_—_———— =) asi ao) 
2ri (s + iw) ¢ 


b—ico 


where E(k), the back-scattered field for the CW case,® 
is given by 


1 ) a 


E(k) = — > (—1r(n tis Son 


i[RRhn™ (RR) |'[kajn(Ra) |’ 
kR{ Rah, (ka) |’ | (4) 


where the primes indicate the derivative with respect to 
the argument. 

For t<(R—2a)/c, the integrand of (3) vanishes ex- 
ponentially as | s| approaches ~ for ®R(s)>0.7 Hence, 
one may formally extend the line integral by an integral 


6 J. Stratton, “Electromagnetic Theory,” McGraw-Hill Book Co., 
Inc., New York, N. Y.; 1941. 
7 The symbol ® refers to the real part. 
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along an infinite semicircle to the right of the line 
@(s) >b, and equate the resulting contour integral to 
the sum of residues of the poles in the enclosed region. 
But there are no poles enclosed by the contour, since, 
by definition of the inverse Laplace transform, the line 
@(s) =b is taken to the right of all the poles of the inte- 
grand. Thus, it can be seen that the line integral (3) is 
zero. Hence 


Ev=0 t < (R — 2a)/c. 

The local time variation of the return pulse at a par- 
ticular fixed observation point, R, is to be examined. Let 
T be the time measured from the initial part of the re- 
turn pulse: 


t= (R — 2a)/e4+ T. (5) 
Define 
brie ex —2 } 
Agere so a eee es ead aes aes a. (=) ds. (6) 


This expression vanishes for 7 <0. Hence 


as eee Ore ( Te ¥)e for]. Sr (7) 


* (F(T) bP 


The remaining problem is to compute F(T). 

The following discussion will distinguish between two 
cases: (i) O<7<2a/c, and (ii) 2a/e<T. An approxi- 
mate method is used with case (i) and an exact method 
is used for case (ii). 


CALCULATION OF F(T) FoR 0O<T<2a/c 


The physical significance of this time zone is the fol- 
lowing: the contribution to the return pulse at the ob- 
servation point FR in the back-scattered direction is due 
to the reflected waves alone, without contributions 
from the geometric shadow region. Hence, the return 
pulse in this time zone can be represented by an approxi- 
mation representing the reflected waves. This can be 
done by solving a set of “transport equations” for elec- 
tromagnetic waves, as is done in Friedlander? for sound 
waves, or by using the Kline-Luneberg expansion, and 
the Tauberian theorem which states that, if 
b+ ico 


1 
f(t) =e Oni e'*9(s)ds 


TUS b—ico 


and g(s) is replaced by the asymptotic expression for 
large s, then the resulting transform is an asymptotic 
expression for f(£) valid for small ¢. 

Using the Kline-Luneberg expansion for the back- 
scattered field for a harmonic time-dependent field, it 
was shown previously that® 


*V. H. Weston, “Studies in Radar Cross Sections XXXIII— 
Exact Near-Field and Far-Field Solution for the Back Scattering of 
a Pulse from a Perfectly Conducting Sphere,” University of Michigan, 
Ann Arbor, Radiation Lab. Rept. 2778-4-T;’April,«1959. 
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E(k) ~ = ORD Cree 
[1 Mason pales 
ka’ * (ka)? < -(ka)® 
with 
i2(R — a)? . 
jun R= WARE AR + 50! 
; (2R — a)! 


i _ 139 1% ( 1 ) 
le) ol. ened os 
Assume that this asymptotic expansion can be an- 


alytically continued for E* in the s plane when ka is 
replaced by isa/c. Hence, for small T, one obtains 


1 ets 


a b+ iso 
ge sats = antes (5 + iw) 


[1 oe 4s() + 4(=) + “1 Jas (9) 
US@. 1S4 


~~ (*--) {eur aes [e-ioT = 1] 
2R—a ka 
—iw T y we be i 
+ (ha? [eT A iy | 
+o few iter S214. b ao 
Gaal ag SS 


In the above expansion it may be shown that the 
general term involving A, is bounded according to: 


Sudo | An| (cT/a)* 
| E aay |x (@) 


Thus, even though the Kline-Luneberg expansion 
may be strongly divergent, (10) could easily converge. 
However, to say explicitly whether it is a convergent 
expansion requires knowledge of the behavior of A, for 
large n. 


An 
(ka)” 


CALCULATION OF F(T) For T>2a/c 


Since the integrand of (6) vanishes uniformly in an 
exponential manner as |s| approaches infinity (real 
part s<0), F(T) may be computed exactly for all values 
of T greater than 2a/c. Enclose the line integral of (6) 
by a contour integral to the left extending to infinity, 
and, using Cauchy’s theorem, set the resulting closed 
contour integral equal to 277 times the sum of residues 
enclosed, thus obtaining 


F(T) = Sum of Residues of 


exp [T+ (R— 2a)/c|Es(is/c) 
(s + iw) 


(11) 
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The poles of the integrand are given by the zeros of 
hn (x) and [yh,“ (y) ]’ together with the pole at s = —iw. 
It is well known! that for , an integer hy‘ (x) possesses 
nm zeros which lie in the lower half x plane and lie sym- 
metrically with respect to the imaginary axis, and that 
[yin (y) |’ possesses (n +1) zeroes which lie in the lower 
half y plane also symmetrically with respect to the 
imaginary axis. 

Define the zeros by the following notation: 


{Xn} p = 1,2,--+, m, the zeros of hk,“ (x) = 0. (12) 
{Y.%}¢ = 1, 2, a? OPE Sa it © 
the zeros of [yhn™(y)]’ = 0. (13) 


For a particular 1, the zeros corresponding to hy” (x) 
shall be numbered in succession p=1, 2, 3,--~-, such 
that: 


(24 — arg X,') < (2a — arg X,,”) < (24 — arg X,°) << --- 
where 


are A Dar: 


The subscript g shall be ordered in the same manner 
for the zeros of [yh,,(y) ]’. The zeros are discussed more 
fully in Appendix I (see Fig. 1). 


y 


Zz=x+ly 


lane 


% 


Fig. 1—Zeros of ha” (x). 


In order to simplify the analysis, set 


Vin? (RX n?/@)jn( Xn”) 


A,(X,?) = 14 

al 47) [hin ( Xn?) |’ ( ) 
2 tgs RY,! a) |’ Vn Yn Y,! ; 

B,(Yn%) = [RY 4/2) hin (RV n8/a)]'[¥ntin(¥n') | ‘ (15) 


(RY ,2/a)[Vn%hn® (Vn) |” 


Eq. (11) can now be formally expanded in terms of the 
residues at the poles 


s= — iw 
eX, n = 1,2, - p=i,-:-,n 
a 
aa Y,f, nil, 2,-° i g=Aps-- pet 1. 


9A. Erdélyi, W. Magnus, F. Oberhettinger and F. Tricomi, 
ticket Ae anecchdental Functions,” vol. 2, McGraw-Hill Book Co., 
Inc., New York, N. Y., 1953. 
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Hence, one obtains 
F(T) = etl T+(R-20)/el F(R) — G(T, ka) 
where 


G(T, ka) = >) (—1)"(n + 1/2) 


(16) 


10.X n? 


exp — (T + (R — 2a)/c) 


a 
x (X,,? — ka) An(Xa?) 


n+1 
+i>d> 


q=1 (Y,% ann ka) 


exp — = Y,%(T + (R — 2a)/c) . 
Bal FAO OE 


The expression given by (17) converges rapidly for 
ka less than unity, as well as for ka in the neighborhood 
of unity. 

However, when ka increases and becomes much 
greater than unity the convergent is slower. Although 
most of the terms will decrease as ka increases because 
of the factors (Xn? —ka)—! and (Y,%2—ka)—!, there exist a 
large number of zeros such that (X,?—ka) and (Y,,2— ka) 
are the order of (ka)'/?. These zeros are those for which 
the integer is approximately equal to ka and the 
values of », g are 1, 2, 3,- +--+, up to a finite number. 
These zeros lie in the right-half plane and can be char- 
acterized by saying that they lie in the domains 


| X,2 — ka| < (ka)1/? 
and 


| Y,2 — ka| < (Ra)}/2, 


Although individually the residue terms correspond- 
ing to those zeros are large, their sum is small. It will be 
shown that these terms give rise to the ordinary CW 
creeping terms plus transient terms which behave like 
1/ka for large ka. 

To show this, consider the sum (over ) of the residues 
corresponding to the large zeros of h,“(«) which have 
the smallest imaginary parts; 7.e., the residues corre- 
sponding to the zeros X, and X,,”. 

Their contribution to G(T, ka) is: 


= ARK”) 
—i)"(n + 1/2) ———_—_ 
x Na / Li > - ba) 
| 1cX nP 
“exp — 
a 
where 1< No <ka 
| ka — No| > (ka)? 
and 6,” is the Kronecker delta. 
In order to simplify the analysis, take R to be in the 


far field. Near field results will be discussed below. 
In the far field 4,,(X,”) becomes 


2ai( = 4)*tleiRXnrla 


aR[Xn?]?{ [Hnri2 (Xn?) |}? 


(T+ (R= 20)/c] oy! + 5,7} (8) 


A,(Xn”) = (19) 
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Eq. (18) can be simplified using the fact that the zeros 
are symmetric and thus satisfy the relation 


a ae (20) 
where the bar denotes the complex conjugate. 
It can be shown’ that 
{[Hovr2 (Xn) |}? = — {[Angre (Xn) )'}% (21) 
Hence, expression (18) becomes in the far field 
I(ka) + I(—ka) (22) 
where 
Tie ae 
I(ka) = a x 
fe a a 


(Xn2(Xn2 — ka) { [Hn 41/2(Xn]’}? 


Since (23) is expressed in terms of the large zeros with . 


the smallest imaginary parts, it can be shown from 
Weston or Franz! that 


— rao} /8ei/3 C2) 

12R[A'(H) | Sry 

(—1)"(2 + 1/2) exp |—iX,,1(Tc/a — 2)] 
(X,1)2/8(X,! — ka) 


I(ka) ~ 


(24) 


where A’(f) is the derivative of the Airy integral (see 
Appendix I) and 


Palsy y Nel and 
Xp ~ (n+ 1/2) — ( ) emer, 


1 + 1/2\-'3 Es 
yy = i ) eit /37,2 (25) 
20 6 
with f; = 3.372134. 
Also, the following can be obtained 
— 7a 1/3e-ir/3 ce} 
he.) 
pee VERLAG Gove 
(= 1)"(@ -- 1/2). exp [+7X,1(Tc/a ~ 2)| (26) 


Cen liege: + ka) 


In order to investigate the behavior of (22) for large 
ka, define the following functions 


Y 1/38 : hy 1 v Sait 2 
f(r) aren Ce e i ate) (aha ae (27) 


20 
PN ty \ ie 
giv) =v — =) conti ~ (=) ernie P28) 


and limit them to a single Riemann surface by placing 
the following restriction on the argument 


W. Franz, “On the Green’s function of the cylinder and the 
sphere,” Z. Naturforsch., vol. 9a, pp. 705-716; March, 1954. 
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These functions have the property that 
f(m + 1/2) = Xn* 
g(n + 1/2) = X,}. 

The series for (ka) can now be summed by equating the 


integral over a contour equal to the sum of-residues en- 


closed. 
Let c be a contour surrounding only the poles of 
(cos 7v)—! where v= No+4, Not+#,---, (see Fig. 2). 


(29) 
(30) 


Fig. 2. 
Thus 
1 
I(ka) ~ (—1)"L et 
Foe 8 
ei2mary, f(2) —2/39—i[ Tc/a—2]f (v) 
; LA] dv (31) 
cos wv[f (2) — kal 
where 
— gaeit 36-113 
epee ae (32) 


12R[A’(4)]? 
and m has the values for the following time periods. 
2<Tc/a<2+n form =0 
2+ (2m —1)9 < Tc/a< 24+ (2m+1)r form 0. (33) 


In a similar manner 


= ee) en i2mrvy, [g(v) }8 
Thay = aie 
bape oy oa 2 if cos 72[g(v) + kal 


-etilPe/a—2]9(v) gy 


(34) 


The integrands of both (31) and (34) will vanish in an 
exponential manner as | 2| approaches © in the right 
half plane, provided that, given a value for T, the cor- 
responding value of m as given by (33) is taken. The 
integral over the contour c in (34) may be equated to an 
integral over the contour ¢’ (see Fig. 1), minus 277 times 
the sum of residues enclosed by the two contours. The 


December 


— 


—- 
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_ contour ¢’ is a line extending from © e**/? to Nye*™/?, plus 


a semicircle | v| =N > (where —7/2< arg v<7/2), and 
the line extending from Noe-i*/? to aw e~i/2, 
For the integral (31), there is a residue at v=v where 


fv) = ka (35) 


and for the integrand (34) there is no residue enclosed. 


- Thus, one obtains 


ka)-2!/8 
I(ka) + I(—ka) ae (— er v(ka) 1% ei2mrv p—iw (T—2a]c) 
COS mV 
4 ei2mnv v v —2/3 


ef @) [Pela—2] gy 
2). cosmv [f(v) — kal 


+ (a1yeE f aA Oe 


etig@)[Tcla—2]qy (36 
2 Je cos mv [g(v) + ka] (36) 


_ Since 


pa RL ike 
v= ka+ (=) Bhi rc, (37) 
the residue term in (36) is the CW creeping wave term 
corresponding to the first mode or zero of H,‘ (ka) =0. 
The factor m has the following significance. 

For m=0 or 2<cT/a<2-+7 the residue term repre- 
sents the contribution due to all the waves of this par- 
ticular mode diffracted in the back-scattered direction. 
A particular wave of this mode is one which has en- 
circled the sphere (1+) times as a surface wave, then 
has left the surface in a direction tangent to the sphere, 
towards the back-scattered direction. The complete set 
of waves is given by v=0,1,2,---. 

More generally, for 


24+ (2m — 1)e < (Tc/a<2+ (2m+ 1)" (m>1) 


the residue term represents the contribution of all the 
waves of this particular mode which have crept around 
the sphere more than (m— 2) times. 


a 
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The integrals in (36) represent transients, and it can 
be shown that they are of order 1/ka for large ka. So 
far, only the contribution to (17) of the set of zeros 
(Xn’, Xn”) forn=No, No+1, - -- have been considered. 
If one considers the sets of the other zeros (X,?, Xn”~), 
(X,?, X,"-*), - + +, etc, the corresponding CW creeping 
waves and transient terms are obtained. A similar 
analysis holds for the large zeros of [yha™(y) |’=0 
which lie near the real axes. 

Since the discussion has been limited to the far field, 
the question remains as to what happens in the near 
field. The main difference between far field and near 
field is that the CW creeping wave terms are less in the 
near than in the far field. Also, the time interval given 
by (34) will depend on the distance R and radius a of 
the sphere in the near field. 

For instance, the time interval will be broken up in 
the following forms 


a 
2<Tele<2+n+sin(<) m= 0 
a 
2+ 1(2m — 1) ee 


a 
wig SS a IC ey SS ace m #0. 


and in place of integral (31) one has 
v| f(v) |}/8et emt 70 


LR 
BRO Mag al cos rv[f(v) — ka] 


2a 


R 
: hy _1/2 (=10) ge tlTe/atR/a—21f e) dy, 
a 


PuLsE RETURN 


The two cases tT <2a/c and r>2a/c will be considered 
separately. In each case, the return pulse will be divided 
into four time zones. The time zones and appropriate 
expression for E” are given as follows. 


Case (a) r<2a/c 


Appropriate Expressions for 


Time Zone E F(T) F(T—1) 
(i) 0<T <r i,F(T) (10) — 
(ii) r<T<2a/c ait 2,{F(T)—e“T F(T —7)} (10) (10) hae 
(iii) 2a/e<P<2a/e+r 2 F(T)—e“" F(T —1)} (16) (10) 
(iv) 2a/e+7r<T 2{ F(T)—e-F(T—7)} (16) (16) 
Case (b) 2a/c<r 
Appropriate Expressions for 
Time Zone Ev F(T) F(T—7) ; 
> — 
(i) 0<T <2a/c isl ipF(T) (10) 
(ii) 2a/e<T <r i,F(T) (16) — ae 
i,{ F(T) —e "F(T —7)} (16) (10) 


(iii) r<T<2a/e+7 


(iv) 2a/e+7<T 


ip{ F(T) —e- "F(T —7)} 


(16) 
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Define as the “head” of the return pulse that portion 
corresponding to the time interval 0<7 <r. The re- 
mainder will be defined as the “tail.” The question arises 
as to how the pulse return varies with respect to change 
in size of the sphere. Consider Case (a). Neglecting the 
higher order terms for the present, it is seen that the 
head of the pulse is given by 


i a 
a= -ifg) 
2R—a 


A 
fewr gS (eT — 4) 4... | (40) 
ka 


and the initial part of the tail (7.e., for T<T<2a/c) is 
given by 


cn ees :) i Cae ie ‘| i? 


Hence for ka>1, the initial part of the tail is of the 
order A;/ka of the head. The coefficient A; slowly in- 
creases as the observation point given by the coordinate 
R moves away from the sphere, and in the far field, A; ap- 
proaches —1/2. This indicates that the magnitude of the 
initial part of the tail section in comparison to the mag- 
nitude of the head is largest in the far field. 

The second section of the tail, 7.e., 2a/¢c<<T <2a/c+r1, 
is given by 


E = i, {eoer[eae20 20(8 


if Ge (t+ ost is )] 


oats 
a s = 4 a 

|= A» 1 ; : 

Ga t Gait tier tory + --- |e ay 


The first term in (42) apart from the phase factor, is 


E(k) + ( : So -) 


; Ay Ag 
» gik (R—2a) paid shi 
E +; ie =F (kay? |. (43) 
This is the back-scattered field for the CW case with the 
reflected field component subtracted off. Hence, it rep- 
resents purely the back-scattered diffracted field, 7.e., 
the creeping wave terms, plus transients. 

G(T, ka) may be split up into two parts. One part 
equals the CW creeping wave term, and the other tran- 
sients of the order of (a/R) (ka)—!. It can be shown that 
the CW creeping wave terms of G(T, ka) cancel out 
those of equation (43). Hence, since the remaining terms 
in equation (42) are of the order of (a/R) (ka), itis seen 
that the section of the tail for the received pulse for 
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2a/¢<T <2a/c-+r is of the order of (ka)~! of the magni- 
tude of the “head” of the pulse and if r<za/c, and thus 
this section of the tail is just comprised of transients. 

The remainder of the tail, z.e., 7 >2a/c-+7, is given by 


E = —i/G(T, ka) — “G(T —+,ka), (44) 


This is composed of the transient terms and, initially, 
creeping wave terms. For very large spheres and small 
pulses, the tail of the pulse return at most is-of the order 
of 1/ka of the head of the pulse, and if ka>>1, the tail is 
negligible. 

Now consider Case (b). For simplification assume that 
the pulse length 7 is sufficiently greater than 2a/c such 
that the head of the pulse return has approached the 
CW return when T=7. This is the practical case for 
pulse scattering from small spheres. The head of the 
pulse is given by 


GL OS PX 26/6 


[eor+ Berne]. as 


(i) 2a/¢ <P = 
E*(T) = 1,[e~#17+@-20)/el Fs(k) — G(T, ka)]. (46) 


It is seen that initially ([~0) the head of the pulse 
return is of the order of (a/R), this contribution being 
due to the specular point. The pulse return builds up 
with contribution from the geometrically reflected 
waves. This is combined with the direct contribution 
from the shadow region and, finally, with the contribu- 
tion due to the CW creeping waves. When T approaches 
T, the pulse return approaches the CW return. In the 
resonance region, the CW return may be much less or 
greater than the initial part of the head of the pulse 
given by (45). Hence, the head of the pulse return may 
increase or decrease in magnitude at T approaches 7, 
depending upon whether the creeping wave terms are in 
phase with the reflected portions. 

The tail of the pulse is given by 


Gi) 7<T<7r+2a/c 


E(T) = ‘a jeer | en aeet0 Bea 


Ay Ag 
ee 4 nee fe 
1h “e a ka (ka)? ) 
a 
=i G(T. = —iwr 
(P, ba) — (— )e 


[+ gee + iwr — iwT) + +. 2]. (47) 
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(ii) r+ 2a/¢ < T . 
E(T) = — i,[G(T, ka) — e-*"G(T — 7, ka)]. (48) 


Since the head of the pulse is assumed to have ap- 
proached CW, this means that the term G(T, ka) is 
negligible for T<r. Hence, the initial part of the tail 
given by (47) essentially behaves like the CW return 
with an increasing portion of the reflected wave con- 
_ tribution subtracted off. For large ka, this section will 
be of the order of 1/ka of the head of the pulse. 

In the remaining section of the tail only the term 
e-“"G(T—r, ka) has to be considered. In the time 
interval 


2<(P—s)cfa<2+n+sin9—, 


contribution comes from the creeping wave terms plus 
transients. For large ka, this will be of the order of 
(ka)? exp [—(ka)"* constant] of the head of the pulse 
for the far field case. In the near field it will be much 
less. 

For the time interval 


a 
eg cin! <Z(P — ofa < 2430+ sino, 


there will be contribution similar to that just shown, ex- 
cept that no longer is there any contribution due to the 
creeping wave terms which have crept only half-way 
around the sphere. 

For the remaining time intervals 


2+ (2m — 1)x-+ sin“ = < (T — 1)c/a 


<2+ (m+ 1) + sin Gadi, 
the CW creeping wave contribution is only from the 
waves which have crept at least (m+4) times around the 
sphere. This contribution is of the order of (a/R) (ka)? 
exp { —(ka)18(2m+1) constant} in the far field, and is 
much less in the near field. 


CALCULATED RESULT 


In order to investigate the behavior in the region 
ka~1, the pulse return has been calculated for Case (6) ; 
i.¢., pulse length r greater than 2a/c. The frequency is 
~ taken such that ka =1, and the distance of the observer 
R is given by R/a=200. The initial pulse length r is as- 
sumed to be sufficiently large such that the head of the 
return pulse has approached the CW return when 


T=7r-0, 1.€., 

| B(7)| = | B@)| 
For the case (ka=1), rT should be greater than about 
12a/c. 


for T=7-—0. 
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In Fig. 3, the absolute value of the electric field for 
the tail of the pulse return (normalized through division 
by the absolute value of the CW return) is plotted 
versus time T measured from the initial part of the pulse 
return. 


y = IE (T)IZIES (KDI 
1.4 een Kee = eT OLO 
Es tT = l2af 


**= Calculated Values 


Fig. 3—Pulse return |E(T)|. 


CONCLUSION 


For a fixed frequency w, the size of the sphere will 
affect the magnitude of the return pulse. At resonant 
frequencies there is a significant tail to the return pulse. 
At high frequencies, the tail is negligible. 

For ka>1, the initial part of the tail (in the time in- 
terval r< 7 <7r+2a/c) will be of the order of 1/ka of the 
head of the return pulse. The remainder of the tail 
(T>7r+2a/c) decays quite rapidly. 


APPENDIX I 


ZEROS OF h,,“ (x) ( integer) 


The zeros of h,“(x) for n small have been computed, 
and are given in Table I. The large zeros of hn‘? (x) can 
be estimated as follows. 

Just those zeros which lie on the imaginary axis and 
those in the right half-plane, z.e., for real part x >0 will 
be considered. The remaining zeros are obtained by 
symmetry. 

From Watson?! it can be deduced to the first approxi- 
mation that the zeros satisfy the following equations. 


Wik 
at+1/2 = cosh Y (49) 
x 
i(n + 3)[Tanh y — y] + a = pr (50) 


11 G. W. Watson, “Theory of Bessel Functions.” Cambridge Uni- 
versity Press, Cambridge, Eng., pp. 262-267; 1952. 
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TABLE I 
Zeros of hy (x) 
ae ea She Mine RTT REI Te iets § Me Be = A AES TPS 


1 —1.0¢ . 
2 +0.8660254—1.52 | 
K} +1.754381 —1.838907% —2.322185i | 
4 +2.65742 —2.103797 +0.867181 —2.89621 
5 +3.571022 —2.324674 +1.74266 —3.351967 —3.6467387 ae : | 
6 +4.492673 —2.51593¢ +2.626274 —3.7357054 +0.86750965 —4.248367 . 
7 +5.420692 —2.6256777 +3.5171 —4.07032 +1.739 —4.7581 —4 9717861 
TABLE II 
1 +0.8660254 —0.5i Fi ae ee APSA ey J oat EE - aaraie ee n 
2 +1.807339 —0.7019642: —1.5960722 | 
3 +2.757856 —0.84286222 +0.8705692 —2 1571387 
: A +3.714784 —0.95422997¢ +1.752303 —2.57147 —2.948742i 
a3 5 +4.676410 —1.0476742 +2.644316 —2.9080622 +0.8689259 —3 5542657 
Sion. +5.641635 —1.1289052 +3.54488 —3.195247 +1.74305 —4.033547 —4.2845957 
Sn. +6.609716 —1.2012032 +4.45256 —3.44767 +2 .6233 —4 4547 +0.86840 —4.897197 
where # is an integer lying in the range However, the interest is mainly in the roots which have 
the smallest imaginary part. These are given by p=1, 2, 
1 n+41/2 3, etc. For the case p small (50) becomes approximately 
OiSsip ae 
4 M 
a Tanh y~y¥ 
or 
iil < arg (—isinhy) < ie 
/ 2 2 y~ 0. 


As a special case consider m an odd integer; hence, take 


Th i ~ 1 i 
PG 2 See y= cs-4Gn)/2- Thus,’ (50) becomes us, one obtains X~(u+4) and the roots with the 


smallest imaginary part lie in the vicinity of | X —(n+3) | 
} ; ~0(n+4)". In this region better approximations to the 
Ren ees (ee aaa ss i(? AE —) ae? rae zeros by using the Airy integral approximations! can be 
2 n+ 1/2 2 obtained. 

Let t, be the-zeros of the Airy integral A(é) where 


Hence a is a solution of the transcendental equation 


ao = coth ag. A(t) = f cos (x3 — xé)dx. (51) 
0 
Thus, one obtains 
Then, if X,” t th 
Gb Sian ” Lay, . represent the roots of 
sinh ao 


Ox: 
This is the root of h,“(x) which is purely ee Anyij22(X) = \/— hn (X), 
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the following relationship is obtained: 


1/3 
Xn? ~ (n+ 1/2) — (* ws “) eit 35, 


—1/8 
nt =(" - =) ein 3], 2 
20 6 


(52) 


and for large p, 


os 1\72/3 
pbp 3) — Up = — ; 
arse pip ~3|(p-—)] 


APPENDIX II 
Zeros oF [YVh,“(Y) |’ 
For 2 small, the zeros are computed and tabulated in 


_ Table II. The large zeros may be handled in the same 
manner as those of h,‘?(X). Only the zeros with the 
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smallest imaginary part will be considered. These again 


are found from the Airy integral approximation.!° Con- 
sidering only the zeros in the right half plane one obtains 


Aste 
Y,2 = (n + led) = ( 3 ) eur lay. 


6 \18 ebb yrs 
se Renee 
maet/2 20t, 20 


where the ¢, are the zeros of the derivative of the Airy 
integral A (#)’ and have the values for large q, 


T 3\ 72/8 
Poo eee oy ee 
~3[F(1-4)| 
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Decay Exponents and Diffraction Coefficients for Surface Waves 
on Surfaces of Nonconstant Curvature* 


JOSEPH B. KELLER} anp BERTRAM R. LEVYT 


Summary—The decay exponents and diffraction coefficients for 
a cylindrical surface of nonconstant curvature are computed by two 
methods which yield the same results. The results consist of leading 
terms which depend upon the curvature of the surface and corrections 
which depend upon the derivative of the curvature. The leading 
terms coincide with those found previously. With these corrections, 
the geometric theory of diffraction can be used at longer wavelengths 
than before. 

In the first method the solution for diffraction by an elliptic 
cylinder is expanded asymptotically for wavelengths small com- 
pared to the cylinder dimensions. From the expansion the decay 
exponents and diffraction coefficients are determined. They are then 
expressed in terms of the curvature and its derivative, and in this 
form they are assumed to apply to a cylinder of arbitrary convex 
cross section. This assumption is verified by comparison with the 
corresponding results for a parabolic cylinder. Then the same results 
are obtained by asymptotically solving the integral equation for the 
field on a cylinder of arbitrary convex cross section. 


I. INTRODUCTION 


HEN a wave is incident upon an opaque object 
W which is large compared to the incident wave- 
length, a shadow is formed. Some radiation 
penetrates into the shadow. The first quantitative anal- 
ysis of this penetration effect for the case of a smooth 
object was made by Watson [1]. He showed that the 
field in the shadow of a sphere consists of a sum of 
modes. Each mode decays exponentially with increasing 
distance from the shadow boundary into the shadow. 
Numerous authors have pursued Watson’s analysis, 
considering spheres which are not opaque or which are 
surrounded by nonuniform media. Many of these in- 
vestigations are described by Bremmer [2]. Independ- 
ently Franz and Depperman [3] discovered the exist- 
ence of an exponentially decaying wave traveling around 
a circular cylinder. They also observed that this wave 
continues travelling into the illuminated region. These 
results, as well as those referred to above, pertain to 
bodies of constant curvature. What are the correspond- 
ing results for objects of nonconstant but slowly varying 
curvature? 

This question was answered by the geometrical theory 
of diffraction introduced by Keller [4], which predicted 
that radiation travels along surface rays. These rays are 
geodesics on the surface of any object. They originate 
at the shadow boundary and continually shed dif- 
fracted rays which irradiate the shadow and also enter 
the illuminated region. A quantitative theory of the 
field diffracted by a cylinder of arbitrary convex cross- 
section was constructed with the aid of these rays 


* Although this paper was not presented at the Symposium, it 
was suggested by problems discussed there, particularly the paper 
by Prof. Franz which considered the same topic. 

{ Institute of Mathematical Sciences, New York University, 
New York, N. Y. 


[5]. In this theory certain decay exponents and diffrac- 
tion coefficients were introduced. The decay exponents 
determine the rate of decay of the various field modes 
along a surface ray. The diffraction coefficients deter- 
mine the amplitudes of the various modes on a surface 
ray, and the amplitude of the field on the shed diffracted 
rays. It was assumed that the decay exponents and dif- 
fraction coefficients depend only upon local properties 
of the ray and the surface. By comparing the predictions 
of this theory with the results of Franz [6] for the cir- 
cular cylinder, the decay exponents and diffraction co- 
efficients were determined. A similar analysis was per- 
formed for three dimensional curved objects by Levy 
and Keller [7]. 

The results of the geometrical theory of diffraction 
have been tested by comparing them with the exact 
solutions of certain diffraction problems involving ob- 
jects of nonconstant curvature. To make this compari- 
son it was necessary to expand the exact solution asymp- 
totically for wavelengths which are small compared to 
the dimensions of the object. This has been done for the 
field diffracted by a_parabolic cylinder by Rice [8], an 
elliptic cylinder by Levy [9] and by Kazarinoff and Ritt 
[10], and for an ellipsoid of revolution by Levy and 
Keller [11] and by Kazarinoff and Ritt [12]. In all cases 
the leading term in the asymptotic expansion agreed 
precisely with the results of the geometrical theory. 

We now propose to improve the geometrical theory of 
diffraction by an arbitrary cylinder so that it will also 
yield the next term in the asymptotic expansion. To this 
end we must determine the next terms in the expressions 
for the decay exponents and the diffraction coefficients. 
The previously determined terms involve the radius of 
curvature of the cylinder. The new terms will involve 
the derivative of the radius with respect to arc length 
along the cross-sectional curve. To find the new terms 
we shall examine the next term in the asymptotic ex- 
pansion of the exact expression for the field diffracted 
by an elliptic cylinder. We shall express it in terms of 
local geometrical quantities such as the radius of curva- 
ture and its derivative. Then we shall assume that the 
final geometrical expression is correct for an arbitrary 
cylinder. As a first test of this result, we shall show that it 
correctly yields the next term for the field diffracted by 
a parabolic cylinder. Of course it also yields the correct 
term in the case of a circular cylinder. The same results 
are also obtained by asymptotically solving the in- 
tegral equation for the current on the surface, as was 
done by Franz and Depperman [3] for the circular 
cylinder. These results coincide with those obtained by 
generalizing the results obtained for the elliptic cylinder. 

The determination of these new corrections permits 
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us to use our theory for longer wavelengths than could 

_ have been treated previously. The improvement result- 

_ ing from the correction to the decay exponent is shown 
by Levy and Keller [7]. 


IJ, DIFFRACTION BY AN ELLIPTIC CYLINDER 


Let us consider the field u produced by a line source 
parallel to the generators of an elliptic cylinder. Then u 
_ is the solution of the following problem. 


(A + k?)u = C~*5(E — £0)8(m) (cosh? € — cos? n)-' (1) 


du(a, 7) 
Maracas (2) 
lim r/?(iku — uy) = 0. (3): 


rT 0 


For simplicity the source has been taken to lie in the 

_ plane containing the major axis of the ellipse. The ellip- 

tic coordinates (£, 7) are related to cartesian coordinates 
by the equations 

x = h cosh é cos , (4) 


y = hsinh é sin 7. (5) 


In (4) and (5) # denotes one half the interfocal distance 
of the ellipses &=constant, of which =a is the cross- 
section of the cylinder. 

Levy [9] has shown that on the cylinder the solution 
of (1), (2) and (3) can be written in the form 


2g hE aa Ao 
u(a, ”) a (kh) f 2d bn C,! (x) 8V,"(a)/ab (6) 


The functions C, and V,“” are defined and asymptoti- 
cally expanded for large kh by Levy [9]. A brief review 
of the pertinent properties of these functions follows. — 

The function V,‘ is the outgoing solution of the 
equation, 

VV, 
dé? 
For large kh it has the asymptotic expansion, 
Vn () ~ £143 8q-1(b,.2 — cosh )-"/4 
A(3'/8e-#r/8(Rh)?/8¢), (8) 


— (Bh)*(by? — cosh’ ) Vx = 0. (7) 


Here b, is defined by 
Vn™’(a) = 0. (9) 
The functions ¢ and A are defined by 
g 
ae CPA ne Ve (bn? — cosh? x)/?dx (10) 
3 J cosh™b,, 
whe if Pater idx. (11) 
0 
The function C,(7) is the even solution of 
C,!’ + (kh)2(bn? — cos? 4)Cn = 0. (12) 
For large kh it has the asymptotic expansion, 
U] 
Cn ~ COS |e ip (bn? — cos? nd 
0 
{ (5,2 — 1)/ (Bn? — cos? )}"4. (13) 
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We now specialize (6) to the case of plane wave inci- 
dence. To do this we multiply (6) by Cadel V Aer elk @4 


cosh £5)? exp [—7kh cosh £] and let &—«. Then we 
obtain! 


= bnCa(n =) 


u(a,m) = ED) Gita 


/2 
exp | - ikh (b,? — cos? nd 
0 


AV n®"(a)/ab 


Here E=e"/§21/2(Rh)7/3, Upon expanding the C, func- 
tion we find that (14) becomes 


(14) 


(ny 2 
u(a, n) ~ 7 De bn { (bn? — 1) (bn? — cos? n) }-1/4 


n=1 
exp [ikhG(r/2, 1) |] + exp [ikAG(n, 32°/2) | 
dV ,"(a)/ab 
-{1 — exp [2i2/G(0, x) ]}-. 

In (15) Gis defined by 


(15) 


B 
Gla, 6) = {, bat cbata) Udy. 


Levy [9] computed the leading term in the asymptot- 
ic expansion of each of the summands in (15). In order 
to carry out this calculation it was found necessary to 
compute two terms in the asymptotic expansion of the 
eigenvalue b,. We shall now compute a further term in 
the asymptotic expansion of each of the terms in (15). 
In order to do this we shall first compute another term 
in the asymptotic expansion of b,. To do this we first 
observe that the leading terms in the asymptotic ex- 
pansion of V,‘»’(é) are obtained by differentiating (8). 
The leading term in the asymptotic expansion of 
V,»‘’(€) comes from differentiating the Airy function A. 
Therefore, £, will be nearly equal to the result obtained 
by Levy [9], so we write it in the form 


fn = 3-8eir/8(kh)-2/3(1 + bn) gn. 


Here{,=¢(a), dn is the nth root of the equation A’(qn) 
=0, and ¢, is an as yet undetermined correction which 
is small compared to unity. 

We now set 0, =cosh a+e, and insert this expression 
into (10) which determines ¢. In this way we obtain 


2 23/2 (cosh a)¥/? 
— ¢,3/? ay as eS ee €,3/2 


3 3 sinh a 
21/%,,5/2(cosh? a + 7) 


30 sinh? a(cosh a)1/? 


(17) 


+ O(en7/?). (18) 


Now we insert (17) and the above form of 6, into (9) 
and obtain the following result for 6,. 


32/3¢*7/3(cosh? a + 15 sinh? a + 7) 


—4/3 
Be 80 21/3(sinh a cosh a)4/3(Rh) 2/8 =i O((kh) ). (19) 


1 The details of the evaluation of the limit are to be found in 
Levy and Keller [11], p. 14. 
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By comparing (18) and (17), and using (19) for 6,, we 
determine e,. Then 5, is given by 


Tn(sinh a)?/8 
(cosh a)'/8(kh)?/8 
tn*(cosh? a + 7) 
ce 30(sinh a@)?/8(cosh a)5/8(kh) 4/8 
(2 cosh? a — 1) 


b, = cosha + 


= + O((kh)~*). (20) 
20rn(sinh a)?/*(cosh a)5/8(Rh) 4/8 
In (20), the quantity 7, is defined in terms of gn by 
gnet!® 
Lea 613 7 (21) 


Upon substituting (20) into (16) and asymptotically 
expanding the integral, we obtain 


B 
ikhG(a, B) = inh [ (cosh? a — cos? n)/?dy 
+ i(kh)"/(sinh @ cosh a)?/8 


B 
. i (cosh? a — cos? n)~"?dy 
a 


1Tn* 


LS Ne Rae EY ae Pelee 
30(kh)'/?(cosh a sinh a)?/3 


8 
. if (cosh? a — cos? y)—*/? 


- { (cosh? a + 7)(cosh? a— cos? n) 
— 15 sinh? a cos? n}dy 

i(2 cosh? a — 1) 
~ 20rn(£h) "(sinh a cosh a)?/3 


B 

f (cosh? a — cos? n)—/?dn + O((Bh)-). (22) 

Levy [9] showed that the first two integrals in (22) 
have simple geometric interpretations in terms of the 
arc length s along the ellipse. To show this we let s; and 
52 be the values of s corresponding to n=a and n=8, 
respectively. Then we find that the first term on the 
right of (22) is just 7k times the arc length 


82 
inf ds. (23) 
Similarly, the second term on the right of (22) is 
82 
ik, f b-28ds, 
% (24) 


Here b(s) denotes the radius of curvature of the ellipse. 
We shall now express the third and fourth terms ap- 
pearing on the right side of (22) in geometric terms. 
The third term can be written as 
8bbss 
ds. 
3 


IT? 8 ES Mle 16 : 
eae ( hao 


The fourth term is equal to 


(25) 
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Ddes . 
2 ) ds..- (26) 


i a3 Z 
ae f bee (2 “ps ae 
20rnkt? Js, 9 


The second derivatives in (25) and (26) can be elimi- © 


nated by integrating by parts. Then (25) and (26), re- 
spectively, become 


ge) 8 82 8 

Se {-— a | ; tf mn(1 apy 2) ast (27) 
30k18 Bet es Oy Mt nee 

=% 


1b, 4% 2 bees 
suw{-F | + [om Q+— bt) ds. (28) 
DOr bit lac eae me eee 9 


Let us now insert (22) into (15) for u(a, 7). In doing 


so we shall utilize the geometric forms (23), (24), (27) 


and (28) for the integrals in (22). We must also evaluate 
0V;,'(a)/db which we find, by Levy’s methods [9], to be 
given by 


“. Vi! (a) ~ w71(Rh)“/921/2(sinh a)-? (cosh a)'/2e—2/8 
F) 
-gnA (qn) + O((Rh)?/). 


When all these expressions are inserted into (15), we 
finally obtain the following asymptotic formula for uw. 


a(cosh a)1/? 
(cosh? a — cos? n)¥/4 


D3 { qnA (gn) }— (exp - Buds | 


n=0 Q1 


(29) 


u(a,n) = 


“Pads | ) {yn + O(kh)-7/3} 


Qe 


Vi —1 
. {1 -++ exp ier —_ f pads | H 
0 


In (30) the distances #; and #, and the points Q; ,Q2 and 
P are as shown in Fig. 1. The distance J is the total 


L 


exp Ee =- 


(30) 


t 
o————) Q 


Fig. 1—A cross section of the elliptic cylinder showing the points 
Q: and Q2 at which two incident rays are tangent to it. The inci- 
dent field is a plane wave coming from the right. The tangent rays 
produce diffracted rays which travel distances f and fz to a point 
P on the surface. 


arclength of the ellipse. The quantities 8, and y, are de- 
fined by 


1Tn2 


: 8 
b-4/3( 1 + — 5p,? 
30K ( Las ) 


1 1 
aoe 6-4/8 9} eee b,? : 
207,k1/8 ( 5 9 ) 


Bn = irak'/8$-28 


(31) 
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ee) (a fe 1 

Yn = exp | ——_—_—_—__ { —_ + ——__ } ]. 

Pl prepa(py a5 al (32) 
We shall now relate (30) to the geometric theory of 

| diffraction presented by Keller [5]. When this theory is 
applied to the present case it yields 


u*(P) = 21126118 q—1/2f1/6g—ér/12h-1/3( P) 2 A(qn) Bn(P) 


n=0 


{B.(Q) exp Ee tg : Buds | 


Q1 


iP 
pads | 
Q2 
T —1 
. {1 = exp lier = 4h pads | 5 
0 


Here 6, and B, are, respectively, the decay exponent 
and diffraction coefficient of the mth mode. The leading 
terms £,,° and B,° in the expressions for these quantities, 
as given in [5], are 


+ Bn(Q2) exp. Es 


(33) 


Bn® = irp,k2h-2/8 (34) 
B,(P) = ql 42-146 1/6 R12 |g 1/2 4 (dn) ]}e*/241/6(P) 435) 


Upon comparing (33) and (30), we see that they are 
identical, provided that the decay exponent 8, is given 
by (31) and the diffraction coefficient B,(P) by 


B,(P) = Br°(P)yn(P). (36) 


_ The new results, (31) and (36), for 8, and B, agree with 
the previous results, (34) and (35), to the lowest order 
in k-1. The new value of 8, is valid to O(k-?/*) and the 
new value of B, is valid to O(k~*/4). They thus contain 
corrections to the previous results. 

The preceding results pertain to a hard elliptic cyl- 
inder; 7.e., one on which 0du/dn=0. We have performed 
a similar calculation for a soft elliptic cylinder, 7.e., one 
on which ~=0. In this case we also find corrections to 
the decay exponents and to the diffraction coefficients. 
For the decay exponents we obtain 


itn?b-413 8 . 
ee tink Ot [1 ia), 3 
Bait 37 -p 30Eu8 ( oF ( 
Here 7, = 6—1/8g,e**/8 and gn is the nth root of A(q,) =0. 
For the diffraction coefficients we find 


e%7/661/8h, (P) a] 


(38) 
45&'351/8(P) 


B,(P) = B,(P) exp| 
Here B,,°(P) is the lowest order result for the diffraction 
coefficient, given by Keller [5], as 


B,(P) = 973/421/46-2/3f-1/12 [A’(qn) }Petz 2451/6, (39) 


The new results, (37) and (39), contain corrections to the 
previous results, as in the hard case. 

We now assume that results (31) and (36) apply to 
any hard cylinder and that (37) and (38) apply to any 
soft cylinder. Of course, the cylinder must havea smooth 
cross section. As a first check on these results we see 
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that when 6,=0, (31) and (37) agree with results (A17a) 
and (A17b) of Franz [6] for a circular cylinder. 


III. DrrFRAcCTION BY A PARABOLIC CYLINDER 


As a check on the higher order corrections to the de- 
cay exponents and diffraction coefficients which were 
derived in Section II, we now consider the problem of 
diffraction by a parabolic cylinder. Our solution will 
closely parallel that of Rice [8]. However, we find it 
more convenient to use parabolic cylinder functions 
which differ from his, and hence we will rederive his re- 
sults. We again consider the problem of evaluating the 
field on the surface of a hard parabolic cylinder due to 
an incident plane wave. For convenience we first con- 
sider the diffraction problem for an incident cylindrical 
wave and then obtain the plane wave result by a limit- 
ing procedure. 

To formulate the diffraction problem we take the z 
axis of an (x, y, z) rectangular coordinate axis to be 
parallel to the generators of the parabolic cylinder. In 
the (x, y) plane we introduce parabolic coordinates 
(€, n) through 


= En 
Vat e), 
Here, n>0 and — © <&< om, The parabolic cylinder is 
defined by 7=constant =. The line source is located 
at y=0, x=%0; t.e., £=n7=a=%X0/2. The wave function 
u(é, n) then satisfies 


Use +b Ug, + RE + 9?) = 8(E — a)6(n — a). (41) 


In addition, w satisfies the boundary condition, 


(40) 


uy(no, £) = 0, (42) 
and the Sommerfeld radiation condition, 
lim r'/(tku — uy) = 0. (43) 


ro 


Now to find u we first note that the product $(£)W(m) 
satisfies (41) with the delta functions replaced by zero if 
¢ and y satisfy the ordinary differential equations, 


y! — BU — ny = 0 
o" + BO + BS = 0. 
Here 6 is an arbitrary separation constant. We next note 


that for an infinite set 0, of values of 5, there exist solu- 
tions of (44), Wa(n), which are “outgoing”? and for which 


Vn! (no) = 0. 


We next assume that the y,,(n) are complete and express 
u as 


(44) 
(45) 


ule) = DL BOA). (46) 


n=0 
By exactly the same calculation as was carried out by 
Levy [9], it is easy to show that 


2 Since the polar coordinate variable r is equal to £+7?/2, we 
take the outgoing condition on y to mean that as 7, y—Aettn I, 
Here, and in the following, A will denote a generic amplitude function. 
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oo F) : 
f Ya( moan) dn = — Bum (28%Dn) Wane) = Yn'(n0)- (7) 


Here Snm is the Kronecker delta and OWn'(no)/0b is the 
value of d’(n)/0b evaluated at b=6, and »=7. Thus, 
upon substituting (46) into (41), multiplying by ¥a(m), 
integrating from no to », and making use of (47),we 
find that ®, satisfies 


— 2R*bnWn(a) 
Vn( 10) On’ (0) /0b 

To solve (48) we first characterize the solutions of (45) 
by means of their asymptotic expansions as k>. As 


k—o, there exist solutions @(£) and $(&) having 
the following asymptotic expansions: 


B,! + h2(b,.2 + E)O, = 5(E — a). (48) 


g 
gO(E) ~ (0? + Bs exp ik i (r+ eae | (49) 
0 


, t 
p(E) ~ (bn? + $°)-4 exp |- ik f rete} ae | (50) 
0 


A simple calculation shows that as || >, 
0) ~ A exp [ike| | /2], 
g® ~ A exp [ —iké| | /2]. 


Thus, it is apparent that as E>~, “ is the outgoing 
solution of (45), while asE>— ~, d® is the outgoing solu- 
tion of (45). Since the variable £ takes on both positive 
and negative values, we see that for §<£ the solution 
of (48) is proportional to #“(é), while for £>£ the solu- 
tion of (48) is proportional to ¢(£). These conditions 
together with the jump conditions imposed by the delta 
function allow a unique determination of ®,(£). We then 
find that for E<&, 


(51) 
(52) 


2 on (a) pn (a) 
u(é, 0) = ik D7 babn(n) bn (4) ——————. (53) 
a0 ¥n(n0)0%n' (no) /db 
Now to pass to plane wave excitation we multiply by 
C = 8 i/4Q3/271/2p1/2qo—ika® (54) 


and leta—>~. In order to evaluate this limit we require 
the asymptotic expansion of the function y,(a). Using 
Olver’s methods [13] as in Section II we find 


Vn(7) ~~ alas Eh (52 = 1?) HAA (SUse—triB peer), (55) 


Here 


We U] 
— £32 -{ (b? es n?)/2dn. (56) 
3 b 
When 7>6, (55) becomes 
n(n) ~~ eRe a eee 2 apr 12 iy ® pea. b7)—-1/4 
1 
-exp| ik f (n? — vay (51) 
b 
Now a simple calculation shows that as n> ~ 
; Dee ie) 7" 
(n? — b*)1/?dy ~ — — log —+—.- 58 
f joa b 2 he 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


Feel. ee | 
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Also as E>, 


: pepe ee | 
2 DN LID AE ca Oe yc ae ee 59) - 
[Gs ee cles ty 
Upon using (58) in (57) and (59) in (49) we find | 
lim con“ (a)Yn(a) = 21/?R' 8540/6, (60) 


Thus for 7=m0 and for an incident plane wave, (53) 
becomes 


on (£) 
Opn’ (no) /06 
To obtain the asymptotic expansion of (61) as Rk 
we proceed exactly as in the case of the elliptic cylinder. 


We first find the following three-term asymptotic ex- 
pansion of b, from the condition that Wn’ (0) =0. 


ucé, no) = 4/8 e4ni/3Q1/2 ye Dn (61) 


n=0 


Tn 7 Tn* 
bn = m0 + R213 p38 re 30 R418 9.5/3 
i ere eee Oe —2 
20rnk*! #95! yoias Oe 


Then upon using (62) in (55) and (50) we find 
On’ (no) /0b = oe ig A (gn) 21/?no!/ 24/8 + O(k?!8) (63) 
bu (8) = (no? + #8 
£ 
exp |- ik f (no? + E)N2dE — ik¥/8ryyg2/ 
0 
itn’no*!® 


£ 


gE 
: f (mo? + &)—8/2- (8E2/m0? — 7) dé 
0 


1 é 
A. PETRA b 2 2)—1/2g¢ |. 
Dork ae J, (0 + BY | 


Upon substituting (63), (64), and (62) into (61) we find 


(64) 


u(E, m0) = mwno!?(mo? + &)-4 D> [gnA (qn) | 
n=0 


g 
. {en be ik f(a + Ede — erat 
0 


itn? notl® 


30kN8 


: 
f (oS ae — 
0 


é 
: f (mo? + &)—8/? (8E2/n92 — 7)dé 
0 


a é 
; Tre ae (no + Bra 


+ our (65) 

In the case of the parabolic cylinder the incident rays 
are parallel to the x axis and the diffracted ray to the 
point (€, 0) follows the path QP as shown in Fig. 2. A 


“hie Ve, eS 
December 


- 


| Fig. 2—A cross section of the parabolic cylinder. The incident field 
is a plane wave coming from the right. The diffracted ray follows 
the parabolic path QP. 


simple calculation shows that the element of arc length 
along the parabola ds is given by 


ds = (£° + m02)1/2| dé]. (66) 


Thus, the first term in the exponent in (65) is zkt, since £ 
is negative. Similarly, we find that the radius of curva- 
ture of the parabola 0 is given by 


b = go (no? + &*)*/?, (67) 


Upon using (66) and (67), a simple calculation shows 
that the exponent in (65) can be written as 


iP 
Yn €XP E Be ih Buds |. 
Q 


Here 8, and y, are defined by (31) and (32) in Section 
II. Upon applying Keller’s geometric theory [5] to the 
present case it is easy to show that the geometric con- 
struction agrees with (65) to lowest order in k~1. Again, 
in (65), we have higher order corrections to the diffrac- 
tion coefficients B,°(P) and the decay exponents 8,° 
given by (34) and (35) of Section II. These corrections 
are identical with those given by (31) and (36) of Section 
Il. 


(68) 


IV. InTEGRAL Equation METHOD 


We will now derive the asymptotic expansion of each 
mode of the diffracted field on an arbitrary convex 
cylinder by a different method. In this method we begin 
with an integral equation and obtain a formal asymp- 
totic solution of it. This asymptotic solution coincides 
with the expression for a mode given by the geometric 
theory of diffraction, with the corrected decay exponents 
and diffraction coefficients found in Section II. This in- 
dependent derivation, which follows the procedure used 
by W. Franz and K. Depperman [3] in the case of a 
circular cylinder, confirms our previous result. 

We consider the two-dimensional problem of finding 


a function u(x,.y) satisfying 
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(V? + k?)u = 0 in D, (69) 

du/dn = 0 on C, (70) 

epee (= B itu) 0 (71) 
rT <0 or : 


Here C is a given simple smooth convex curve with a 
piecewise continuous second derivative. If C is closed, 
D denotes its exterior. If C is open and extends to in- 
finity, D denotes the nonconvex portion of the plane 
bounded by C. 

From (69)—(71) it follows that on C, u satisfies the 
following integral equation: 


b] 


1 
u(s) = — sf ~ 10 [rs, s’)|ds’. (72) 


Here s denotes arc length along C measured from some 
fixed point, u(s) is the value of wu at the point s on C, 
r(s, s’) is the distance between the points s and s’, and 
the normal n’ points into D. 

If C is closed, the only single-valued solution of (72) 
is w=0. If C is open, presumably the only bounded 
solution is also u=0. Therefore if u is to represent a 
mode, it must be multivalued in the former case, or 
unbounded in the latter case. Consequently we assume 
that on Ca single mode u has the following asymptotic 
expansion for large values of k: 


u(s) ~ exp E + Ss Un(s)k7*! 4. (73) 


n=—1 
The coefficients v,(s) are to be determined by requiring 
(73) to satisfy (72) asymptotically. 
Before inserting (73) into (72), we note that for large 
values of k the function 0Ho™ [kr(s, s’)|/dn’ has the 
asymptotic expansion, 


(1) , pi 
BETES Liar (=) gitirte/o 


on’ on’ \ xr 
te nt, m) [1 os |. (74) 
mad (2ikr)™ ikr 


The symbol (0, m) is defined by 
(0, m) = TQ + m)/m!T( — m). (75) 


Now we insert (73) and (74) into (72) and then divide 
by the left-hand side of the resulting equation. In this 
way we obtain 


or = ; 
1 eiets(a/an) 1” f oe 8D (= 1)(0,) (ibe) 
con m= 


=0 


E sea 
tkr 
x exp lik(y — 5s — s‘| 


exp | e k-l8(y,(s') — sls) | as: 


n=—1 


(76) 


In order to determine the v,(s) from (76) we first 
expand the integral in (76) asymptotically for large 
values of k. We perform this expansion by using the 


S58 


concept of stationary phase. The derivative of the phase 
of the integrand is 1+dr/ds’, which vanishes if dr/ds’ 
= —1. This condition is satisfied only at s’=s, and then 
only if dr/ds’ denotes the one-sided derivative com- 
puted with s’<s. Thus to evaluate the integral we ex- 
pand the integrand in the one-sided neighborhood 
s’<s of the point s’=s. For this purpose we use the 
following expansions which are derived in the Appendix: 


00 


T=) cals) (S38!) (77) 
*s K(s) ee : 
ro 26r/dn’ = — a (s — s’)2 >> pa(s)(s — s’)” (78) 
= hee te m + 1/2 
iu (—1)™(0, m) (2ikr) E — ae | 


DSU ENE Sy we 


n=—co 


Here x(s) denotes the curvature of C. The first few of 
the coefficients C,, pn, and 6B, are listed in Table I. 


TABLE I 
n Bn Pn Cn 
—1 31/8k 
0 1 1 
Die IR 
1 — -—— 1 
oleh 
2 2 
; a ores ena , 
Ae ett ©) 
3 = oh 3 
24. 
4 = = & 
24. 
es = . 
5 at, ss, aeons sail Bed 
90 got 1920 


We now insert (77)-(79) into (76), making use of 
the explicit values of po, c1, ce and c3. We also expand 
v_s(s’) in a power series about the point s’=s. Then (76) 
assumes the form, 


1 ~ e*4/4«(s)(B/8m) 1? Hf (s — 3/72 
ikx(s) 
ei EXe — 
: 24 


se 


— k/35_1(s)(s — “| F(R, s, s’)ds’. (80) 


The function F(R, s, s’) appearing in (80) is defined by 
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F(k, s,s’) = exp E . Cn(s)(s — s’)” 


n=4 


+ Dew 


n=—1 m=1 


_ BH _(9)(6" — 5) | Glee 


(5) (s'—="5)™ 
m! 


1 he, DG = ee ee 


n=—o 


In (81) v,™(s) denotes the mth derivative of v,(s). 

To complete the asymptotic evaluation of the in- 
tegral we introduce the new variable ¢ by means of the 
definition, 


24 \18 
s—s = ene ) t. 
K°(s)k 


When (82) is used in (81), it shows that F(R, s, s’) has 
an expansion of the form, 


F(k,s,s’)~ 1+ s fe Pb (ia) (83) 
We next define a(s) by 
d_1(s) = a(s) (x(s))?/*(24)—™/8etn!8, (84) 


Finally we insert (82)—(84) into (80), which becomes 


1~ ifr f pre e( + >> R-7/85,(E, s)) at (85) 
0 n=1 

Upon comparing coefficients of the various powers of k 

in the asymptotic form of the integral equation (85), 

we obtain the following set of equations: 


A = 43 /a) f peat gy = 0 (86) 
0 


f pi/2e-at—-e'D, (fg, sjdt'= 0: n ) (87) 
0 


From these equations we shall determine the coefficients 
Dats). 

W. Franz [6] has shown that the left side of (86) can 
be rewritten in terms of the Airy function A defined in 
(11) of Section II. Thus (86) becomes 


12 
ee mite’ (— a) 4(- 
Cy 


The appropriate value of @ is determined by the van- 
ishing of the A’ factor in (88). If we denote by gn the 
roots of the equation A’(g,) =0, then the values a, of a 
are given by 


eit /3 


41s 


ew it!3 


«) =0. (88) 


41/8 


a=a,=— eit 3418 ¢,, 


(89) 


It will be useful to introduce the function h(a) de- 
fined by 


h(a) -{ [Ul 2¢-at-8 gy (90) 
0 


December 


EE 


(82) 


1959 


Franz [6] has shown that 


h(a) = 45!°\/3/r A (- =) (01) 


eit l3yy 
)a(- 
41/8 41/8 
| and that h satisfies 


Fen ply easy. (92) 
6 3 

_ To determine the consequences of (87) we must first 

compute the 6,. We shall calculate only 6, and by. To 

_ do so we substitute ($2) and (84) into (81), expand the 

_ exponential functions and multiply together the result- 

_ ing series in powers of k~/*, In this way we obtain 


b= -inecagya — o( — ral ys uk (93) 
5/8 3 re 3 : 
4 Ze2ir/3,2/3 


e **/6(24) 1/3 
bs 


— ———_ it + e734) 2/8 


 8(24) 1/8 2/3 
x {—(- ie K2 )+=( K ~;) 
K13\3K 48 24x? 3x? Ons 36 «4/2 


att 2445 Ki Meer eshte 

13, 10/8 sail - 30 = 1920 aa 

akt6 x28 

3,10/8 a ait ’ a 


When (93) is inserted into (87), an equation for %o is 
obtained. This equation contains integrals of the form, 


f pita gy = (—1)™h (a), (95) 
0 


In (95) the integral has been expressed in terms of the 
nth derivative of h(a) which is defined by (90). Thus 


from (87) we find that the right-hand side of (93) must 
vanish when #” is replaced by (—1)"*14("t) (qa). Thus 


ae 
(= — tn “) hl —— Wa) — h(a) =0. (96) 
3 i 3 


By using (92) we find that 


1 a 
ONY De ee mene | ge a sae 97) 
h&)(q) 5 3 ( 
a a? 5 
pis eh hl. (98) 
Se ar LS 6 


When (92) and (98) are used in (96), the following ex- 
pression for do results: 
(99) 


1) Kt 
Vol t+; 
6 «kK 


Upon integrating (99) we finally obtain for vo the ex- 


ression, 
B (100) 


vo = log x'/6 4 6. 

Here 6 is an integration constant. 
The analysis of (87) for the case n=2 proceeds in 
exactly the same way. In this case we obtain the condi- 
tion that the right-hand side of (94) vanishes when ¢” 
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is replaced by (—1)"#14+)(q)3 In order to simplify 
the resulting expression we must express the sixth 
through ninth derivatives of h in terms of h, h’, and h’’. 
Upon doing this we find 


i 5a ae 
AVD) = —h-+ — fj! ipl 
FM rat ed 0 
: 33 a 7 
AW) = ——_fRt—}’ ——}! ee yee 102 
54 4 a yg ee Gee 
yp vit) a’ 
wipe ieaer iy cnet ees 103 
6 18 Gann a6 27 
2 91 15% 4 2 
w= ——— — — a + —~ Wy", (104) 
162 216 108 81 2, 
We also note that | 
a 
h(a) = — rr h(a). (105) 


This result follows upon differentiating (91) twice, then 
using the equation satisfied by A(x), 


% 
A” + es A, = 0; (106) 
and finally noting that when a is defined by (89), 
— eq 
/ ee 
A ( a ) = (107) 


We now insert the preceding relations for the deriva- 
tives of h, together with (99) and (105) into b.*. We then 
find that the coefficient of h’ vanishes and that the equa- 
tion b2*=0 may be solved to yield 


b1 = 6(24)1/82/8q-le-in/6 
K2/8 1 1x 1 1 ‘xk? 
Neues ere 
64. 6K427\ 3k 48 Dawe 
a a ( K 4 VS ee ) 
27K? \ 6x3 36 x4/8 
Ta® K? 24 i a’ 
* 648 x 10/8 iG «10/38 ig ve, ea 
. 6 Pe , 33 :) hod 2 
30. 1920' 720 / 81 xi 
1 x? /29a5 91 
i —-—}>. 
Oe Sesto N 5324 216 
We next make use of (89) of this Section and (21) of 
Section II and set x-!=) =the radius of curvature of C. 


Then a straightforward calculation shows that (108) 
may be written as 
bu) 


—1/3 


(108) 


Wn? ba 


01 


16 
(- hs = b-4/85,2 — 


a 


2 
(20-0 a a b-4/85,2 — bu) (109) 


20Tn 


3 In order to avoid writing cumbersome equations we denote by 
b.* the right-hand side of (94) with replaced by (—1)"*h""(q). 
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Let us now combine our results (84), (89), (100), and 
(109). By inserting them into (73) we obtain the asymp- 
totic expansion of u(s) on the cylinder C up to and in- 
cluding terms in k7"/8, 


u~ Eb-'/®(s) exp | its + inl, f bal sas 


eee ey 16 ets ) 
ae p-4/8  — 9-4/35,2 — bee \ds 
Loaves, if ( #9 3 
jks ps 2 p-1/8 
mS f (arm + Soe = bss ) ds 
207» 9 3 
+.--- | (110) 


Here E denotes an arbitrary constant. 

Let us now compare the result (110) with the ex- 
pression for a mode given by the geometric theory of 
diffraction [5]. That theory yields for u a single term 
of the sum in (33) of Section II. Let us insert into that 
equation the improved decay exponents (99) and dif- 
fraction coefficients (104). Then we find that each 
term of (101) coincides with (110) provided that the 
product of the constant coefficients in (101) is equated 
to the constant E in (110). This agreement between the 
two methods of obtaining the improved decay ex- 
ponents and diffraction coefficients again confirms the 
results of Section II. The method of the present section 
can also be modified to apply to soft cylinders, on which 
u=0. 


V. APPENDIX 


In order to calculate the quantity r(s, s’) in the neigh- 
borhood of s=s’ we first observe that if x(s) is the posi- 
tion vector to the curve C, then 


7? =' (x(s) — x(s’))?. (111) 
By Taylor’s theorem, 
x(s)—x() = F(a 


Thus, upon taking the dot product of (112) with itself 
we find 


p= > (sh = s)Pb,, 


(113) 
p=2 
Here 
p—1 x™)(5) +x (e—") (5) 
Be . 114 
pig a oe n\(p — n)! Oo 
Since s is arc length along C, we have 
X(etxs) ot. (115) 
and 
X(5)ex( 5)y = 20) (116) 


From the Frenet equations of differential geometry we 
have 
X(s) = klk — Kx, 


(117) 
Upon using (115), (116), and (117) recursively to obtain 
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the higher derivatives of x(s) in terms of x(s) and x(s) | 


we see that b, can be expressed in terms of « and its 
derivatives. In this way we find 
—K? —KK 
by Tj be Obi = eee rie 
—1 1 ag 
bb = —2@- a+ (118) 
0 gg eat ee 


Then upon taking the square root of the right-hand side | 


of (113) we find 


0 


December 


r= >. Gr(s — 5’)*. (119) . 
n=1 
Here 
bs by 
61 = Uny-t = 0s7 ie ee 7 ; 
be 64? 

ea eee 120 

«= (+-—) (120) 


From (118) and (120) the entries for c, in Table I are 


obtained. 
In order to calculate r—/?0r/dn’ we note that the 


unit normal to C at s’ is x~1(s’)%(s’) = ve(s’) and, hence, | 


r-Vo(s’) ; 


Sy eaten (121) 
on 


Thus by making use of (112) and the Taylor expansion 
of ve(s’) about s=s’, we obtain 


pcan Sy SO eee (122) 
On’ p=1 
Heres (k) (p-k) 
Po ee ERS (123) 


k\(p — k)! 


k=1 


Again upon using the Frenet equations recursively, the 
coefficients f, may be easily evaluated to obtain 


Aeotfpoenes Rais Soe 
ae me ee 


Now by applying the binomial theorem to (113) we find 
y-812 = (s — 5')—8/2[b. — 354(5 — 5’)? 
+ 2b5(s — s’)8 +--+ |, 
Thus upon multiplying (125) and (122), we find 


(125) 


or x(s) = 
poet Pi ea seren On tO DX pn(s)(s = SMa Wht) 
On 2 n=0 
where 
of 2 
pee op (127) 
K K 


Thus from (118), (124), and (127) we obtain the values 
of pn given in Table I. Upon using (119) and the values 
of (0, m) given in Section IV, it is a simple matter to 
calculate the values of 8) and 6_, as given in Table I 
and to conclude that B,(s—s’)"=0(k-2/8) for n¥0, —1 
and s—s’ =O(k-"8), 
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New Results in Backscattering from Cones and Spheroids* 


A. OLTET anv S. SILVER{ 


Summary—Experimental results are given for backscattering 
cross sections of cones, prolate spheroids, and oblate spheroids. A 
brief resume is given first of the image-plane technique used in 
measuring cross sections. Calibration data show that for cross sec- 
tions of the order of spheres of 3-inch diameter the attainabie ac- 
curacy is better than 0.5 db. Cross-section data for various aspects of 
the targets are compared with geometrical optics cross sections and 
those obtained by various other theoretical procedures. Some in- 
terpretation of the observed phenomena is made in terms of high- 
frequency approximation techniques. 


INTRODUCTION 


HE scattering of electromagnetic waves by figures 
ie: revolution continues to engage considerable at- 

tention as is evidenced by the program of this 
symposium and of a number of recent meetings. This 
paper is a presentation of the results of an experimental 
investigation of backscattering (or radar) cross sections 
of right circular cones, prolate spheroids, and oblate 
spheroids, in each case for the aspects for which the di- 
rection of propagation of the incident wave coincides 
with a principal axis of the figure. The backscattering 
cross sections of these figures have been the subject of 
considerable theoretical study recently and we hope that 
our data will provide not only a test of the current state 
of theoretical developments but will also be a guide to 


future work. 


* This work was supported by the Office of Naval Research, under 


Contract N7-onr-29529. mice “eat 
+ Dept. Elec. Engrg. and Radiation Lab., University of Michi- 


gan, Ann Arbor, Mich. Formerly Dept. Elec. Engrg., Electronics 
Res. Lab., University of California, Berkeley, Calif. : j 
- ¢ Dept. Elec. Engrg., Electronics Res. Lab., University of Cali- 


fornia, Berkeley, Calif. 


The families of figures which we have studied have 
interesting interrelationships. Both the cones and pro- 
late spheroids comprise a class of figures having rela- 
tively large length to transverse diameter ratios. The 
cones have two singularities, the tip and the edge of the 
base, the latter forming the geometrical shadow bound- 
ary for the aspects considered in this paper. The prolate 
spheroids have continuous curvature, and correspond- 
ing to that the scattering is of a different order of mag- 
nitude. The oblate spheroids form a progressive se- 
quence from a sphere to a disc and we have a range of 
dimensions from cases when all dimensions are large 
compared with wavelength, to mixed cases when some 
dimensions are large and some small compared with 
wavelength. Data are given for the several possible 
orientations of the polarization of the incident wave 
relative to the figure axis. 

It will be recalled that at the last General Assembly 
of URSI Siegel! gave a review of the theoretical work 
which had been done on scattering, and discussed in 
particular the limiting cases when the wavelength is 
very long and when the wavelength is very short com- 
pared with the dimensions of the scatterer. Recently, 
Keller? has published a report on the application of his 
geometrical theory of diffraction to cones, another way 


1K. M. Siegel, “Far field scattering from bodies of revolution,” 
J. Appl. Sci. Res., sect. B, vol. 7, pp. 292-328, 1958. See also, K. M. 
Siegel, R. Goodrich, and V. Weston, “Comments on far-field scatter- 
ing from bodies of revolution,” J. Appl. Sci. Res., sect. B, vol. 8; 
1959. 

2 J. Keller, “Backscattering from a finite cone,” New York Uni- 
versity, Inst. of Math. Sciences, Div. Electromag. Res. Rept. No. 
EM-127; February, 1959. 
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of treating the high frequency case. The work on scatter- 
ing is in a quite satisfactory form for the two limiting 
cases even though there are differences in detail be- 
tween various approaches and the quantitative tests of 
the theories are far from complete. The region between 
the asymptotic limits remains to be dealt with, and here 
experimental data should be very helpful. 

Directed and systematic experimental investigations 
have been actually fewer in number than the theoretical 
studies. Honda, Silver, and Clapp?* developed an image- 
plane type of scattering range for measuring backscat- 
tering cross sections with a high degree of accuracy and 
for measuring differential cross sections over a complete 
360° in the symmetry planes of the scatterer. They ob- 
tained some data on cones and prolate spheroids. Keys 
and Primich’ made an extensive study of backscattering 
from a series of cones passing from long thin cones to 
disks. Brysk, Hiatt, Weston and Siegel® have reported 
recently measurements on cones made at the University 
of Michigan and give in that report additional discus- 
sion of their theoretical work. Angelakos and Shostak’ 
made a series of measurements of backscattering from 
cones as a function of aspect and showed the large specu- 
lar reflection lobes and also the diffraction lobes that 
appear. Our present results added to those of Keys and 
Primich and those of the University of Michigan group 
make a fairly comprehensive body of data on back- 
scattering from cones. 


EXPERIMENTAL TECHNIQUES 


The half-space technique and procedures which we 
have used are essentially the same as those discussed 
earlier by Honda, Silver, and Clapp. A number of im- 
provements have been made in the circuitry and in the 
environmental conditions. Olte® has made a detailed 
study of the technique and the sources of error in the 
measurements and will publish a summary of his work 
in a separate paper in the near future. Here we shall give 
only a brief description of the system and some calibra- 
tion data to show the precision and accuracy which we 
can attain. 


The image plane and some of the associated gear are 
shown in Fig. 1. The platform which can be seen extend- 
ing over the plane allows the experimenter to align the 


3 J. Honda, “Scattering of microwaves by figures of revolution,” 
Ph.D, thesis, University of California, Berkeley, 1956. See also, 1957 
WESCON CONVENTION REcorD, pt. I, pp. 151-157. 

* J. Honda, S. Silver, and F. D. Clapp, University of California, 
Te Electronics Res. Lab. Rept. No. 84, Issue 232; March 16, 

OVeildn Keys and R. I. Primich, “The nose-on radar cross sections 
of conducting right circular cones,” Canad. J. Phys., vol. 37, pp. 521— 
522; April, 1959. 

6H. Brysk, R, E. Hiatt, V. H. Weston, and K. M. Siegel, “The 
Nose-On Radar Cross Sections of Finite Cones,” Radiation Lab., 
University of Michigan, Ann Arbor, Mich., Canad. J. Phys., vol. SM 
pp. 675-679; May, 1959. 

_ ' D. J. Angelakos and A. Shostak, “Back-Scatter From a Right 
Circular Cone,” University of California, Berkeley, Electronics Res. 
Lab. Rept. No. 70, Issue No. 191; July 26, 1957. 

§ A. Olte, “Precision Measurement of Scattering from Figures of 


pevolution,” Ph.D. Dissertation, University of California, Berkeley; 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


meni ai 


Fig. 1—Photograph of the scattering range. 


target with the horn; it swings away out of the path of 
the incident wave. The essential elements of the circuit 
and measurement procedure are shown by the block 
diagram of Fig. 2. The horn constitutes one arm of a 
magic-T and is used for transmitting and receiving. The 
backscattered wave appears in the system as a mis- 
match of the bridge circuit and hence as an output from 
the E-plane arm. The return signal is phase-modulated 
by a rotating phase shifter so that heterodyne detection 
can be used. The beat frequency, which is in this case 
an audio frequency, is used directly so that second de- 
tection is not needed. This technique is an adaptation of 
a system employed by D. H. Ring and others in the 
Bell Telephone Research Laboratories. 

The target is moved slowly away from the horn along 
the center line of the horn and the backscattering is 
measured as a function of distance. For each run of the 
target a corresponding run is made with a reference 
sphere. This is done for three reasons: first, we must 
eliminate the contribution of background reflections 
coming from the edges of the ground plane, the walls, 
and from residual mismatch in the bridge. The return 
from the target oscillates with distance as the target and 
background reflections come in and out of phase. The 
interactions involved are more complicated, actually, 
but the basic aspects are the same. It is possible then to 
determine the target return by drawing the mean curve 
through the measured one. Second, it is necessary to 


ay = 


1959 Olte and Silver: New Results in Backscattering from Cones and Spheroids S63 
HORN 6R 
santa TABLE I 
= CALIBRATION DaTA o/ore¢ IN DB; REFERENCE 
SPHERE DIAMETER =3.000 INCHES 
E 2p anata Be 
fp —>.. FLEXIBLE EvArm Di Individual 
° Sagat apre iameter f(mc) Rae Average Calculated 
| FLEXIBLE sere 0.750 inch 9328 —15.5 db 
COAX CABLE —15.8 
—15.8 
—15.6 —15.7 —15.54 
0.250 inch 9330 —20.9 
—20.3 
—20.7 
EASTERLINE —20.9 —20.7 —21.07 


ANGUS 
RECORDER 


HP AMPLIFIER Wee eget i 
<8 AMPLIFIER 


Fig. 2—Block diagram of the measuring system. 


eliminate the constants of the system in order to obtain 
the cross section of the measured output from the bridge. 
By getting the corresponding return from a sphere, we 
can establish the ratio of the return from the target to 
that from the sphere for which the cross section can be 
computed from the exact theory. Third, it is necessary 
to ascertain the limiting value of the return as the dis- 
tance goes to infinity in order to determine the true cross 
section. When the horn is in the far zone of the target, 
the return should vary inversely as the square of the 
distance and the ratio of the target return to that from 
the reference sphere should be independent of distance. 


_ A plot of the ratio of target return to sphere return thus 


enables us to establish the far zone limiting value and 
from that the ratio of the cross section of the target to 
that of a reference sphere. 

The range of the system and the accuracy of the cross 
sections are determined by the residual null of the bridge 
and the total power available for illuminating the scat- 
terer. The far zone of the horn which we are using be- 
gins at 2d?/A=25 inches at the nominal frequency of 
9300 mc. If the object is of such size that we must start 
the run at a distance of 50 inches from the aperture, the 
minimum signal we can measure is 45 db below that 
from a sphere of 6-inch diameter. If the objects are 
smaller, we can start closer to the horn and, taking the 
limiting case when we can start at 25 inches from the 
horn, the smallest signal we can measure is 50 db below 
that from a 6-inch diameter sphere. 

In general we use two reference spheres as standards, 
one having a diameter of 6 inches and the other a diame- 
ter of 3 inches. We have actually a range of spheres 
which we have measured with respect to one another 
and we can, therefore, choose for a given target a refer- 
ence sphere whose return is as nearly the same in mag- 
nitude as possible. The measurements of the cross sec- 
tions of the sphere calibrate the system for us and give 
us a direct evaluation of the attainable accuracy. Table 
I shows typical results. The calculated values have been 
computed from the harmonic series solution for the 
scattered field. The evaluation of the measurement 
technique does not, of course, include errors in the shape 


of the target. In some cases, the latter may actually be 
the limiting and the most crucial factor in the experi- 
ment. 


Cross SECTIONS OF CONES 


The work which we have done to date has been con- 
fined to a family of cones having a semi-apex angle 
a=7.5°. The cross sections were measured as a function 
of the altitude L for the two aspects of nose-on incidence 
(wave incident onto the tip) and base-on incidence. 
For the nose-on aspect the base plays an important part 
in the scattering and it was, therefore, interesting to see 
how perturbations in the base structure affect the back- 
scattering cross section. 

Fig. 3 shows how the sequence of targets was built up 
by adding sections to the base. This procedure was 
adopted for economy and to insure reproducibility of 
the region of the tip. The openings in the base sections 
which are seen in the figure were filled in, of course, by 
flat-headed screws used to attach successive sections. 

The experimental data are shown in Fig. 4.° It is ob 
served that the nose-on aspect yields a cross section 
which is an oscillating function of Z/\ indicating the 
existence of resonances. The base-on aspect, however, 
shows a somewhat monotonic dependence on L/) in the 
region where the measurements were made. 

The several analyses of scattering by cones made by 
Siegel and Keller, to which we referred earlier, are based 
on the picture that the total scattering is the result of 
superposing three contributions: 1) a tip contribution; 
2) a slant surface contribution; and 3) edge diffraction 
and scattering from the base. Concerning the tip and 
slant surface contributions for the case of nose-on inci- 
dence, it is clear that there is no contribution of the 
form of specularly reflected rays from the cone. Conse- 
quently, the actual contribution may be expected to be 
small. The tip contribution may be evaluated from the 
rigorous solution for the infinite cone. The slant-surface 
contribution can be approximated for the case when 


9 The points at L/A=6 and 7 were measured quickly before the 
meeting to fill in the curve. They may be in some error as is indicated 
by possible error brackets. 
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Fig. 3—Finite cone target. 
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Fig. 4—Backscattering cross section of 15° finite cone as a 
function of cone length, 


L/X>>1 by finidng the radiation field of the so-called 
geometrical optics current distribution over the surface. 
The calculations do show that contributions 1) and 2) 
are small. The slant-surface term shows an oscillating 
dependence on Z/\ which should, however, have dis- 
appeared in the region of our datum point (L/A>3.5). 

The major contribution is attributable to the base. 
Siegel’s approach is to consider the edge of the base to 
be a wedge in a local region and to evaluate the scatter- 
ing from a small arc from the rigorous solution of the 
problem of diffraction by a wedge. This process of super- 
position of fields from wedge-like segments yields a cross- 
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section function which is monotonic in its qiseedonme 
on L/d or on a/d where a is the radius of the base. This 


seis December 


- 
“ 
; ‘3 
cross-section function is represented by the lower of the © 


solid line curves in Fig. 4. The lower portions of the © 
“physical optics” curves below L/A=2 are certainly ir- — 
relevant since the physical basis for the analysis is com- — 
pletely nonapplicable there. Keller’s approach is to rep- — 
resent the scattering process in terms of families of dif- _ 


fracted rays. His first-order treatment is just like Siegel’s 
in that he obtains the ray system from the edge from the 
solution of the wedge problem. Superposition of directly 
scattered rays yields simply the monotonic cross-section 


function. However, the edge of the base is related toa ~ 


circular loop and the secondary terms of the interactions 


between current elements along the edge, which in a © 


general geometrical figure would yield only second-order 
terms, can add up by virtue of the symmetry to yield 
first order contributions. The oscillatory behavior of the 


cross-section function in the region L/A=5 may thus be © 


ascribed to loop-like resonances in the ring of current 
distribution around the edge. The correspondence be- 
tween the edge and a loop was exploited by Siegel in 
discussing the resonance region. In Keller’s treatment, 
the resonances arise ‘as the result of superposition of 
second-order rays which are generated at one point at 
the edge of the base and reach the field point by dif- 
fraction around the diametrically opposite point. The 
successive ray development can of course be used also to 
find the equivalent ring current around the edge. It is 
interesting to note that two maxima in Fig. 4 corre- 
spond to a difference of 3 \ between the base circum- 
ferences corresponding to those points. 

In the case when the primary wave is incident nor- 
mally onto the base, we have a situation in which there 
is a dominant body of specularly reflected rays. The 
cross-section function is, therefore, of the same order as 
that of a disk. The cross section can be obtained in the 
form of a high-frequency approximation by using the 
geometrical optics current distribution over the base. 
The result is the solid line shown again in Fig. 4 and it is 
seen to be in agreement with the measured results. The 
geometrical-optics current distribution approximation 
should be better for the case of the cone than the disk; 
for in the case of the cone second-order interactions, 
which may be thought of in terms of rays passing from 
one point on the edge to the diametrically opposite 
point by way of the surface in the shadow region, are 
attenuated over the long path length, whereas in the 
case of the disk, we have the situation corresponding to 
the nose-on incidence for the cone. It will be useful to 
make a careful set of measurements of scattering by 
disks in the same range of parameters as that of the 
cones. The disk should show an extended region of reso- 
nances just as the nose-on case of the cone does here. 

Returning again to the nose-on aspect of the cone we 
note that as far as forward scattering is concerned the 
problem is closely related to that of diffraction by a 
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ducted a study of diffraction by circular apertures and 

the complementary obstacles. They found that in the 
_ shadow region of the disk the tangential component of 
: the magnetic field drops rapidly from the edge and rises 
again to a peak at the center. From the diffracted ray 
_ point of view this is simply the effect of in-phase super- 
position of rays traveling along the surface from the 
edge. Whatever model one uses, it is clear that here we 
have a critical region in the current distribution. A 
4 change in structure perturbs the distribution, or, if one 
prefers the ray model again, it scatters the diffracted 
_tays which are again diffracted by the edge, and the 
_ scattered field is modified to a proportionately large ex- 
_ tent in regions where it is small to begin with. This effect 
_ is demonstrated by the results shown in Fig. 5 of a series 
of measurements of nose-on aspect cross sections as a 
function of a perturbing structure on the base. The 

change in cross section is seen to be considerable for 
| some dimensions of the perturbing structure. 


tisk Sometime ago, Ehrlich, Silver, and Held?® con- 
q 
4 


PROLATE SPHEROIDS 


The family of prolate spheroids which we investigated 
is shown in Fig. 6. All have an axial ratio (major-to- 
minor axis) of 10:1. The measurements were made in 
this case for nose-on incidence (primary wave directed 
along the major axis) and for broad-side incidence. The 
spheroids have no singularities, and in both the nose-on 
and broad-side aspects, we have the condition that a 
family of specularly reflected rays contribute to the 
backscattering. The shadow boundary is a region of 
smooth transition over the surface in contrast with the 
_sharp edge in the case of the cones. 
Our results for the nose-on aspect are shown in Table 
II together with the geometrical-optics values and the 
values obtained by Siegel and his group" from the series 
solution for scattering developed by Schultz.” The diffi- 
culties associated with the spheroidal functions are well 
known and beyond the Rayleigh region the problems 
mount at a rapid rate. Thus the large discrepancy of 
22 db between our measured cross section and Siegel's 
‘computed cross section for the case a=2.111 inches 
may well be due to computational errors. The agree- 
ment between calculated and measured values of the 
last two in Table II lends confidence to both sources of 
the cross sections. It must be realized that we are work- 
ing near the limit of our system where we cannot elimi- 
nate the background with the same order of accuracy 
as in the case of the cones. 


10 M. J. Ehrlich, S. Silver, and C. Held, “Studies of the diffraction 
of electromagnetic waves by circular apertures and complementary 
obstacles: the near-zone field,” J. Appl. Phys., vol. 26, pp. 336-345; 


March, 1955. 2 : ‘ 
11K, M. Siegel, et al., “The theoretical and numerical determina- 
tion of the radar cross section of a prolate spheroid,” IRE TRAns. 
on ANTENNAS AND PROPAGATION, vol. AP-4, pp. 266-275; July, 1956. 
2 F. V. Schultz, “Scattering by a prolate spheroid,” Engrg. Res. 
Inst., University of Michigan, Ann Arbor, Mich., Rept. No. UMM- 


42; 1950. - 
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Fig. 5—Nose-on echo measurements of 15° finite cones with 
metallic perturbation objects in the shadow. 


Fig. 6—Prolate spheroid targets. 


TABLE II 
BACKSCATTERING Cross SECTIONS OF PROLATE SPHEROIDS OF 


10:1 AxtaL Ratio For NOSE-ON INCIDENCE WITH 
ReEsPEctT TO 6-INcH DIAMETER SPHERE (¢0) 
Geometrical 
: : : Measured 
sia tnia askin ey ite by Se a 
a (inch) 10 log a os 
ao Zo 
6.00 — 33.98 — —26.0 
3.00 —40.0 — —48 
Otis —43.06 —65.28 —43.3 
1.263 —47.5 —43.94 —40.6 
1.184 —48 .06 —39.21 —40.9 


The geometrical optics value given in Table II is ob- 
tained from 7R,R2 where Ri and Rz are the principal 
radii of curvature of the surface at the point of normal 
incidence. The geometrical optics result gives the order 
of magnitude of the cross section, but the deviations 
from the values obtained from the series form of the 
solution and the measured values are significant and are 
related to the fact that the requisite condition, that the 
radii are very large compared with wavelength, is not 
satisfied by the targets we have measured. 
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Siegel attempted to find a characterization of the reso- 
nance region of the scattering function by application of 
thin wire theory. He used the theory developed by Van 
Vleck and his co-workers* to determine approximately 
values of ka (2m7a/\) at which maxima and minima 
should occur. It is seen from our data that a=6.00 
inches (ka=29.8) is quite likely close to a maximum 
point in the scattering curve and again that a=1.184 
(k=5.9) is in the neighborhood of a maximum. These 
agree well with maxima given by thin wire theory. 

The cross sections of the spheroids are generally con- 
siderably smaller than those for the nose-on aspect of 
cones. In the present case, we observe that the geometri- 
cal-optics contribution from the nose, while not equal to 
zero, is small and that the contribution of diffracted 
rays originating at the shadow boundary and traveling 
over the surface to the far end and around back to the 
field point is also very small. The diffracted rays are 
attenuated considerably over the long path over the 
surface. Since there is no sharp edge to give rise to a 
more dominant family of rays, the total result is small. 

The backscattering cross sections for the case of 
broadside incidence are shown in Table III. When the 
spheroid presents its broadside aspect it presents a sig- 
nificant region of specular reflection, considerably more 
than in the case of nose-on incidence. However, it is 
seen that even for the largest spheroid the geometrical- 
optics cross section differs widely from the measured 
value and that, therefore, we are yet considerably away 
from the high-frequency limit. In the case a=6.00 
inches, one of the principal radii of curvature at the 
point of normal incidence is large compared with the 
wavelength but the other is comparable to the wave- 
length. The Gaussian radius of curvature is of the order 
1.7 \. Thus diffraction effects are significant. In fact, in 
the broad-side case, the phase error in the incident il- 
lumination is of more consequence than in the nose-on 
case and it is necessary to measure the cross sections 
carefully as a function of position in order to determine 
the actual far zone limit. There is some uncertainty yet 
in our data in this regard. 

It is worth noting in this connection a phenomenon 
observed by Honda, Silver, and Clapp‘ in measure- 
ments of the cross sections of prolate spheroids as a 
function of aspect angle. Whereas geometrical optics 
gives the broad-side aspect the largest cross section it 
was found that the cross section of the broad-side aspect 
was slightly less than that of off-set aspects on either 
side. Honda in his thesis made a detailed analysis on the 
basis of a true plane wave and showed that the effect is 
due to the effective phase error introduced over the 
equivalent aperture for the backscattering by the shape 
of the surface, that is, the phase distribution of the cur- 
rents over the spheroid. 


8 J. H. Van Vleck, F. Bloch and M. Hammermesh, “Theory of 
radar reflections from wires or thin metallic strips,” J. Appl. Phys., 
vol. 18, pp. 274-294; March, 1947. 
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TABLE IIE 


BACKSCATTERING Cross SECTIONS OF PROLATE SPHEROIDS FOR 
BROADSIDE INCIDENCE (AxIAL Ratio 10:1) RELATIVE 
TO 6-INCH SPHERE 


Geometrical Optics 


Mai Cross Section Measured 
Semi-Major pe ese 2 
ae 10 log og a 
i) 
6.00 6.02 er 
2.993 0.00 ~0'5 
2.111 —3.06 ag 
1.263 —7.50 407 
1.184 —8.06 7 13'5 


The variation of measured cross section with dimen- 
sions shows the same systematic course as the geometri- 
cal optics value. There is no evidence of resonance phe- 
nomena. We realize, of course, that this may be acci- 
dental since our choice of dimensions corresponds to 
cutting across a possibly oscillating curve at a sequence 
of points on a monotonic curve. It would be desirable to 
continue the investigations over a larger range of param- 
eters. We hope to be able to do so in the near future. 


OBLATE SPHEROIDS 


The family of oblate spheroids which we have meas- 
ured is shown in Figs. 7 and 8. The idea was to start 
from a sphere outside the strong resonance region, of 
diameter 4 \, for instance, and approach the disk 
through a sequence of oblate spheroids to see whether or 
not resonance phenomena appear when one dimension 
gets small. With the two sets of targets shown in the 
figures, we can measure the cross sections for several dif- 
ferent combinations of orientation and polarization. 

The results are given in Figs. 9 and 10. In Fig. 9, the 
circles are cross sections corresponding to the wave inci- 
dent on the targets shown in Fig. 7. As the minor axis 
goes to zero, the target reduces to a disk of zero thick- 
ness, that is, degenerates into the ground plane surface, 
and the limiting value of the cross section is zero. The 
crosses correspond to the family of targets shown in 
Fig. 8 with the primary wave directed along the major 
axis. We may term this the “edge-on” aspect corre- 
sponding to the limiting case of the disk. Here we ob- 
serve a relatively large limiting value for the cross sec- 
tion corresponding to the fact that no matter how thin 
the target \may be, a strong current distribution is in- 
duced with dominant components normal to the direc- 
tion of the incident wave. This limiting value is a sensi- 
tive function of the diameter of the disk.'4 The solid line 
in the figure is the geometrical-optics cross section; it is 
independent of the polarization. 

Fig. 10 shows the cross section function for a wave 
incident on the targets of Fig. 8 in the direction of the 
minor axis, that is, broad-side incidence. The measured 

“J. S. Hey, G. S. Stewart, J. J. Pinson, and P. E. Prince, “The 


scattering of electromagnetic waves by conducting spheres and discs,” 
Proc. Phys. Soc., (B), vol 69, pp. 1038-1049; October, 1956, 
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Fig. 9—Backscattering cross sections of oblate spheroids for 
direction of incidence along major axis. 


values show some oscillation about the geometrical- 


optics curve, but basically follow the curve. The limiting 
value when 6/AX =2 must of course correspond to that of 
the other cases. 

The datum points in this series of measurements lie 
close enough together so that it is hardly likely that the 


absence of marked oscillation is accidental. With the 


exception of the series of data for the “edge-on” aspect, 
the cross sections are sufficiently close to the geometri- 
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Fig. 10—Backscattering cross section of oblate spheroids for 
direction of incidence along minor axis. 


cal-optics curve that the latter may be considered to bea 
very good representation of the cross-section function. 
There are diffraction effects and corresponding devia- 
tions from the geometrical-optics functions but the dif- 
fraction effect is a small one. How this is accounted for 
by the diffracted-ray or creeping-wave analysis is not 
clear, and quantitative studies of those theories applied 
to targets such as we have investigated are needed very 
much. 
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Diffraction by Surfaces of Variable Curvature 
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Summary—To investigate the influence of variable curvature on 
the damping of diffracted waves (creeping waves) the integral equa- 
tion method has been applied to an arbitrary convex cylinder. In 
addition to the well-known damping factor, depending on the radius 
of curvature R, a first-order correction term yields an amplitude 
factor R-“*, while the second-order correction term results in a 
change in damping depending on the curvature and its first and sec- 
ond derivatives. 


I. INTRODUCTION 


sphere or circular cylinder, the shadowed side of the 
object is reached by damped waves, called residual 
waves! or creeping waves.” 

From the edge of the shadow a series of different 
creeping waves emerge, which differ in their damping 
constants. Far from the shadow edge only the first 
(least damped) creeping wave is left. The damping of 
the creeping waves per pathlength is proportional to the 
2 power of the curvature and to the —4% power of the 
wavelength. The theory of the creeping wave may be 
applied to other than sphere and circular cylinder sur- 
faces by the method of the Maue integral equation.’ If 
the curvature is not constant along the ray, then it is not 
possible to have just the one creeping wave of smallest 
damping corresponding to the uniformly curved sur- 
faces. If, e.g., there were a single discontinuous change of 
curvature, an incoming creeping wave of the first type 
would at the discontinuity of curvature create a whole 
series of creeping waves, belonging to the different value 
of the curvature. So only after a finite pathlength, 
would the higher creeping waves be damped out. In 
effect, the damping would change continuously from 
the value of the first creeping wave of the initial curva- 
ture to that corresponding to the final curvature. If we 
apply this consideration to a ray of continuously varying 
curvature, it should be expected that the damping has a 
certain phase lag as compared to the curvature. To in- 
vestigate quantitatively the influence of variable curva- 
ture on the damping of creeping waves, we start from 
Maue’s integral equation. 


ie IS known that in the diffraction of waves by a 


} Institute of Applied Physics, University of Miinster, Hamburg, 
Germany. 

1 B. van der Pol and H. Bremmer, “The diffraction of electro- 
magnetic waves from an electrical point source round a finitely con- 
ducting sphere,” Phil. Mag., vol. 24, pp. 141-176, 825-864; 1937. 

?W. Franz and K. Deppermann, “Theorie der Beugung an 
Zylinder unter Beriicksichtigung der Kriechwelle,” Ann. Phys., vol. 
10, pp. 361-373; 1952. - 

3 A.-W. Mate, “Zur Formulierung einer allgemeinen Beugungs- 
oe aa eine Integralgleichung,” Z. Phys., vol. 126, pp. 601- 


II. DirFRACTION BY A CONVEX CYLINDER Ac- 
CORDING TO MAUE’s INTEGRAL EQUATION 


The creeping waves are solutions of the homogeneous 
Maue equation. For magnetic vector parallel to the 
cylinder axis the excitation u(p) of the creeping wave 
at the points P of the surface has to obey 

i r) 
u(P) = — nf u(Q) —— Ko (kr) dsg. (1) 
2 Ong 
Here s is the pathlength along the ray, r the distance 
between point of reference P and point of integration 
Q, and ng the outer normal of the surface at Q (see 
Fig. 1). Now two approximate assumptions are made: 


Fig. 1. 


the wave number k=27/\ may be large enough, com- 
pared to the curvature of the cylinder, to allow for the 
asymptotic representation of the Hankel function 


roe i 
Ho (kr) ~ \/= etree (1 — =): (2) 


On the other hand the curvature of the surface shall 
change slowly enough, to exclude appreciable contribu- 
tions to the integral (1) from points Q, with a curvature 
markedly different from that in P. As already known,? 
the phase of the integral is stationary for points Q, which 
are reached by the ray just before the point P. There- 
fore, we may restrict the integration to this region and 
substitute the integrand by an approximate expression 
valid in this region. First we split off a factor correspond- 
ing to the phase lag along the path 


u = A(s)-e%, (3) 


For the damped amplitude A(s) we write, analogous 
to the expression known from the circular cylinder, 


A() = exp f= (=) fwoeroat. © 


: 
7 


_ Here « is the curvature, given as a function of path- 
length s, and y is for constant curvature just a numer- 
ical constant, for the first creeping wave 


¥(s) = a@ = 2.33245-e-i/8 for x constant. 


(S) 
The purpose of our calculation is to derive the varia- 
tion of y as a consequence of variable curvature. By 


introducing (2)—(4) into (1) we get 


: 
E 


= 
4 


de ette! 4 a ds 25 
2 2rr 


fe ~~) or 
8kr/ dng 


1k 1/3 sp 
-exp {ito —sptr)t+ (=) i yn?! ‘ash ae KO) 
oN bank Mi 


_ We have confined the integration to the surface in front 
_ of P, as the phase becomes stationary only there. Now 


r, its derivative, and y are to be expanded into a Taylor 
series around P. We call 


Sq — Sp = 5 = — 50; 
So > 0 in stationary phase region; (7) 
and get 
8p 
4 yn2l3ds = (yx?!) pso 
#Q 
So? So? 
=: ae + a iar (8) 


Dashes indicate derivation with respect to s. The 


- Taylor series for r is easily derived by means of the 


Frenet formulas 


kt. (9) 


Here ¢ is the tangential unit vector, n the unit vector 
of the outer normal. Obviously ¢ is the derivative of the 
radius vector 


t’ = — xn; an = 


f= x’. (10) 
From (9) and (10) we get by straightforward calculation 
So° ae so° 
- rae Aw se aed caappein Ey 
eee ayes 11920, 3090 


_ sy xk’ + O(s0°). (11) 
80 


If we take P as origin of the coordinate system, the nor- 
mal derivative of r becomes 


or 


— = ng: XQ/r. (12) 
Ong 
This yields 
2 3 3 
+ (cat). (13) — 
Ong 2 3 8 48 


We now insert (8), (11), (13) into (6) 
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yas 2 
1= ait y/— [ dsoso'!? (« Seay 
8r Jo 3 


ra Kl ; x3 ‘\(14 34 ) 
— $9? + 5 
fie toa are 8hso 


+o coatity'sa | (14) 


This is, for x’=0, identical with Franz-Deppermann’s 
integral equation for the circular cylinder. For each of 
the three factors of the integrand two correction terms 
containing x’ and x’’ are added. We now introduce the 
new variable of integration 


tk\ 1/8 kK’ K? 
= $o-| — (1-9 
¥ (5) t nn IS 
3 


or (approximately) 


3\ 18 2 « /3\18 
Gem (42 26)" 
ik 3 x5/8\ ik 


so = 
Foes yeaa 
60 45 x? 5 Rk 
iNeed ed hes <ere 
so!2dsg == 28/2 (=) Kg ll2dg (1 + 3 ~(=) o 
=f = ee ae =] (=) ctret (16) 
120 90 xk? aed 3 ik 
and have 


ey ei re 
(Ss) ae 
5/8 
a ae “| (=) vet) 
AN 10%? eek ik 
1 /3x\2/8 { 3\ 18 
YS ieee Vesna ex yoo = (=) K*8g? 
( AG ) : tk 


2 8 K2 2 KV /3\2/8 
to (eet 
+1[=— sare ley ; at (17) 


60 135 K2 
III. CYLINDER OF SLOWLY VARYING CURVATURE 


% : 


We now consider a cylinder, which is of slowly vary- 
ing curvature, allowing for a development of the damp- 
ing with respect to (3/zk) 
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3 1/3 3 2/3 
y(s) = a + an(s) (<) + a2(s) (=) ei Bret S) 


ay being the pure number of (5). We now develop the 
integrand of (17) up to second-order terms in (3/tk) "3. 
If we first take only first-order terms, we have 


cee r) 
1= in/—f da-oi!? 
Tv 0 
hee ee 
ee sy eas moe. : 
+ e%0" (: +(=) E 518 + a | ) (19) 


As this equation is satisfied, if we take only the 1 of the 
bracket, it follows that 
Teak 


3 xbl/8 (20) 


at — 


Inserting this in (17), the second-order correction a2 has 
to be determined from 
yee K? ake 
a —— SS i 
ag ls 45 x? 

j 
° ("a hes = ah”"(as)) ‘ 


Here f(a) is* 


ei(r/3) etn) 
fla) =A ee A mae 


= ny /= f da+g-'2. ees" (2.2) 
0 


A is the Airy integral 


1 pt 
A(g) = 5 dr: ei(ar—") 


—0 


(23) 
Qo is a zero of the derivative of the first Airy integral 


et (13) 
AL (Ce aa) Ea 0. 
Alls 


The two Airy integrals of (24) are solutions of the 
same differential equation. 


(24) 


A") + = A(q) = 0; (25) 


where it does not matter which of the arguments is used 
for g. The Wronskian of the two Airy integrals is the 


following: 
ei(a/3) en i(r/3) 
E72 t/3 4 ( a) A’ ( «) 
41/3 
ei(r/8) en i(r/3) 
AY aJA 
41/8 41/3 


Als 
4 W. Franz, “Uber die Greenschen Funktionen des Zylinders und 
der Kugel,” Z. Naturforsch., vol. 9a, p. 705; 1954. 


) us i (a /6) (26 
(ay =—_ — e T . 
6 ) 
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The differential equation for the function f(q) is 
< 

1) fie tee (27) , 


By virtue of this differential equation a» according to 
(21), contains the fraction 


sas) = 4euf""(as)_ 1 fle) 2 9, og 
f”" (axa) TGS fai) OTS 
Eq. (22), together with (25) and (24), yields 
f'' (ao) = eof (a0). (29) 
So finally we have the result 
3x2/8 4 ( 1 2 ‘) 
Bas. 8ao alo 9 = 
K? 4 Paks 
i Neca > neta ken os Bete 30) 
be Be | ( 


If we now insert (18), (20), and (30) into (4) the result is 
K(s) ie le | (=) 
A(s).= | —— ex ds<— ({—)_ aox?/4 
) ee ab 7 eae 
3° fo Ne 1 SNe ee 2 
eon 
16 \tk 720. \ik ao 9 


Lai 


ak ‘ 
| 90 23) ee =| can meee 
K? K 


For the first creeping wave a has the value of (5). In 
the coefficient of the second-order term we then have the 
numerical factor 

1 


2 
— — — ag? = 1.6377- 8/9), 
ao £ 


(32) | 


The phase lag of the damping as compared to the curva- 
ture, which is to be expected according to our intro- 
ductory remarks, is contained in the factor x”/*&. This 
factor brings an increased damping if the curvature is 
decreasing, and vice versa. This means that the damp- 
ing corresponds to a higher respectively lower value of 
curvature, 7.e., to a curvature of a point passed by the 
ray earlier. 

Concerning the validity of the expansion applied, 
(31) shows that even for constant curvature the product 
kR (R=radius of curvature) must be large, if the cor-. 
rection term of the exponent is to be omitted; but be- 
cause of the numerical factors and the power 3, this re- 
striction is rather mild. 


RR\ AIS =F 
Cys 

3 Si 
This, of course, does not tell, whether the higher cor- 
rections, which we did not investigate, are also negligible 
in this case. If the curvature varies, in addition to (33) 


the relative variation of the curvature and its first de- 
rivative must be small within an interval of the order R. 


(33) 
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| Diffraction of an Electromagnetic Plane Wave 
by a Funnel-Shaped Screen 


WERNER BRAUNBEKT 


Summary—The field on the axis behind a funnel-sha i 
sg , ped screen h i . 
with a circular aperture, on which a plane electromagnetic wave is peibeane ca uluie miacinad's ripen 


| incident along the axis, is computed by means of an approximate oe pga oe “ eld Be ae ae ee re 
method proposed previously by the author for the case of short wave- fectly conducting, infinitely thin, funnel-shaped screen 
_ lengths. The deviation from plane-screen diffraction and the depend- with a circular aperture on which a plane electromag- 
_ ence on the angle ¢» defining the shape of the funnel is given for both netic wave is incident along the axis. The conic form of 
ase and convex-side incidence. Simple closed form results the screen is defined by the angle ¢» (see Figs. 1 and 2) 

 areo e ate ; 
. go> 0 means incidence of the wave from the concave 
TalaeoorenieN side, and ¢o <0 means incidence from the convex side 
“ask of the screen. With ¢o=0 the problem reduces to that of 
4 el HE diffraction of a plane wave incident normally a plane screen. As for do > 7/4 because geometric optics 


“fi 


on a plane, infinitesimally thin screen with an_ reflected rays would pass through the aperture, ¢ must 
; aperture of linear dimension a, may be computed _ be restricted to 
_ approximately for large ka, by adding to the Kirchhoff 
- approximation two terms resulting from the boundary Ae Side <a ae 
_ values on two small surface strips along the edge of the 4 
_ aperture. The boundary values, which are really un- 
_ known, are replaced by Sommerfeld’s boundary values “ 
_ in half-plane diffraction, neglecting the curvature of the 
_ edge for sufficiently small wavelengths, 7.e., for ka>>1, 
where k= 277/) as usual. Saedy 

This method and its application to the diffraction of 
_a plane scalar wave (sound-wave) by a plane screen 
with a circular aperture has been described by the 
author [1], [2]. 

Franz [3] expanded the same method to the diffrac- 
tion of an electromagnetic plane wave by a plane 
- screen of the same shape and by a plane circular disk. 
_ The results are given in the highest order (zero order) 
_ of kand form (in contrast to Kirchhoff’s approximation) 
_ the rigorous solution of the problem in the limit kam. 
_ The same method of approximation may be expanded 
without difficulties to the diffraction of an electromag- 
netic plane wave by an aperture in a screen which is 
not plane. This is done in this paper. In this case one 

gets only the field on the “shadow” side of the screen, 
and this only on the conditions that no part of the wave 
reflected by the illuminated surface comes through the 
aperture and that no part of the geometrical optics 
radiation strikes the shadow surface of the screen. The 
_ diffraction field behind the screen is, in this approxima- 
tion, influenced only by the shape of the screen in the 
vicinity of the edge. In Kirchhoff’s approximation the 
diffraction field is not at all influenced by whether the 
screen surrounding a plane-edged aperture is plane or 
not. 
Although practical computing is possible only in 
cases with simple geometry, the importance of the 
method is based on the fact that until now apertures in 
nonplane screens were scarcely taken into consideration. 


Fig. 2. 
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We assume a plane wave incident along the z axis: 
(1) 


All terms and signs are shown in Figs. 1 and 2. In par- 
ticular, we must express the Sommerfeld half-plane dif- 
fraction wave first in the coordinates #92 (and 7, ¢ in the 
#9 plane) individually for each edge-point (defined by 
the angle y), and then transform these coordinates into 
the common coordinates xyz by means of the transfor- 
mation formulas for the components of an arbitrary 
vector V. 


E, = H, = Ae* (time factore #2 


Vz = Vzcos¢o cosy + Vzsin do cosy + Vz siny, 
Vy = Vecos dosiny + V;zsin go sin y — Vicosy, 
V, = — Vzsin do + Viz cos do. (2) 


The total field behind the aperture is given by [3], [4] 


Wee cir i (df X E\G + Soul ona f (df X H)G (3a) 


H.= curl fa xX H)G — = curl curl if (df X E)G (3b) 
with 


G 


etkRk 


a 
where R denotes the distance of the field point from the 
surface element df and where the integrals are to be 
computed over the shadow side of the screen and over 
the plane surface of the aperture. 

From (3) we obtain the Kirchhoff approximation, if 
we assume in the integrands on the back of the screen 
E=H=0, and in the aperture (xy plane) the unchanged 
values of the incident wave, E,=H,=A. By this means, 
one obtains for a point P on the axis in the highest order 
of k (because of ka>>1): 


A 
curl, if (df X E)G = - (ei* — cos Oyet#®o) 


1 
eed curl fh (df X H)G 


A 
— es (ete —_ 4(1 + cos? 0) e**Ro) 
curl, if (df X H)G = 


Ase, 
ae (e** — cos Ooet*Ro) 


1 
_ es curl f (df X E)G 


rm | ds 


(e#* — 2 (1 + cos? O)ei#Ro) 


and finally 
(Ez) Kirchhott = (Hy) Kirehhott 


= A(e** — 7 (1 + cos O)2e#®0), (4) 
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In this expression the two parts of (3a) and (3b) 


originating from the two integrals are not equal as they 


should be in the case of a plane screen with correct 
boundary values. 


Il. THE IMPROVEMENT OF KIRCHHOFF’S 
APPROXIMATION 


* 


| 


§ 
q 


We improve Kirchhoff’s approximation, which does — 
not contain any influence of the shape of the screen — 
(whether plane or not plane), by adding to the inte- — 
grands of (3) those terms computed by Sommerfeld’s — 
half-plane diffraction which exceed the Kirchhoff bound- _ 
ary values. That is, on the back of the screen we use the © 
full value of Sommerfeld; in the aperture, its surplus © 
over A. These corrections are noticeably different from — 
zero only in two small strips along the edge of the aper- — 


ture (the breadth of each strip is of the order 1/k), but 
they cause, in spite of this, an essential change of the 
result, even in the highest order (zero order) of k. 

With these corrections in the case of a plane screen 
the two parts of (3a) and of (3b) become equal. It is 


—_ 


therefore, in that case, sufficient to compute one part © 


(the simpler one with only one curl-operation) and to 
double this. In our case, with the nonplanar screen, 
this simplification does not occur and we have to com- 
pute both terms. Because of the curl-curl operation in 
the second term, it is necessary for obtaining E and H 
on the axis, to compute the integrals not only on the 
axis, but also in its immediate vicinity up to the second 
order of x and y. 


In the local coordinates #92, the Sommerfeld field — 


components are (the incident wave E component 
parallel to the edge, the 7 component, is A sin W; the 
parallel H component is —A cos jy): 


tis =A cos ¥ feos doleF(T) — ev’ F(T’)| 
: 
— 2i cos (= + =) sin (hr) -reih : 
ky =A cos ¥4sin doleF(T) + ety’ F(T’) | 
: go 3 i) 
4] ed, ae Beis —1/2ptkr 
+ icos (© + =) 0s : (2kr)—1/2¢ \ 
E; = Asiny{eF(T) — e' F(T}, 
H; = Asiny {eos doletF(T) + ev F(T’)| 
3 
— 21 sin (= + =) cos S (2b) Rew , 
He = Aisin v sin bole*F(T) — e'VF(T)] 
8 
= 20 sin (= as 7) sin 5 (r)-neweh ; 
Hz = — A cos p{eF(T) + e F(T}, 
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| where 2) In the aperture plane: 
; ive mk 
; FE) os Rae e7i(r/4) J evans F(+ 2 ) a al EF, = — 4 {24(b) 
2 2 PRED) Sanath liao \ 
eke rei et oL [cos ¥(cos? do — sin? go) + sin v]®3(k7) 
= go sa Po \ 
rita), 4/2 cos? W cos (= ie o cos 5 Cas 
T = (2kr)¥? sin ies me T/2i, E, = A coswsiny ? sin? ¢o$3(kr) 
| = go 3 go 
2 — +/2 cos (+=) cos W(t) : 
, T’ = — (2kr)1/? eal ne ae ; a “ 
; ¢ aay E, = A cosy {2 COS Go Sin doP3(kr) 
| x hie a po ST). be 
As it must be, on the back of the screen (6=0) we + /2 cos{ —+ —}) sin — W(kr)?, 
have Hz:=HEz=0. Moreover we find H;=0 there. We 2 4 2 


now transform Sommerfeld’s field into the coordinates 
xyz by means of the transformation (2), confine it to H, = — A coswsin v2 sin? doP3(kr) 
the cases ¢ = 0 (back of the screen; index a) andg@=¢)+7 
(aperture plane, see Fig. 2; index 8), subtract in the = bo 3a do 
second case Kirchhoff’s boundary values (that is, A for + v2 sin (= ae =) sin of ven} ’ 
E, and for H,) and so, obtain the following for the sur- 
plus of Sommerfield’s boundary values over Kirchhoff’s. ee eK 
1) On the back of the screen: ses ae) 


+ [cos? py + sin? ¥(cos® do — sin? $o)]s(&r) 
E, = A cos*ysin do {2 sin do1(kr) if, do 3a Go 
— 1/2 sin? y sin (= + =) sin i ven ; 


a Po 3r 
+ V2 cos (F + =) ween H, = — Asiny ? cos do sin bo ®3(kr) 
te : : Seba y f Gly | Oe Po 
E, = A cosy sin y sin do { the same bracket}, eae ein |e to) cos: kee) (5b) 
2 4 2 
pe O08 coe te { the eet bracket} , In these formulas we used the abbreviations 
! j —ikr sin ¢ Le Re Po a 
H, = — Acosysiny {2 sin? doP1(kr) ®,(kr) = e* oF] —(2kr)*/? sin a + er : 
a ee 1/2 
is po 39 bo(kr) Fl (kr) it 
+ 4/2 sin (= = =) cos doW(kr) > , 3x 
2 4 Pa(er). ==. ett Se hor | - (2kr)1/? sin ( + =) 
Ho A {2(cos y + sin? pcos? $o) &i(kr) Wikr) = (rk) Meet rls) eter, (6) 


In order to substitute (5) into (3), we must compute 
the vector products in the integrals. As on the screen 


df, = df cosy sin go 
df, = df sin sin do 
df, = df cos do, 


Rk 79 ef ¢ vs =) ween} (Sa) and in the aperture df,=df,=0; df.=df, we find the 
2 sin {| — + — ‘ 


2a 3 
+ 4/2 sin? y sin (= + =) cos sorten : 
H, = Asinwsin ¢o {- 2 cos doi (kr) 


following for these vector products. 
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1) On the back of the screen: 
(df X E) =0 (E//df), 


(df X H), = dfA {-2 cos doPi(kr) 


: 2 
4 4/2 sin? sin (= ai =) ven} 5 


(df X H), = — dfAv2 cosy sin y sin (= + =) WV(kr), 
(df X H), = 2dfA cos p sin oof. (kr); (7a) 
2) in the aperture plane 

(df X E), = — dfE,, 

(df X E), = dfEz, 

(df X H). = — dfH,, 

(df X H), = dfH:z, 

z components zero. (7b) 


The magnitude df of the surface element may be ap- 
proximated by adrdy in the two surface strips on which 
the values (7) differ noticeably from zero. 

If we define a field point P’ in the close vicinity of the 
axis by 

x = pcosx 


y = psinx 
z arbitrary, 


\ p infinitesimally small 


we find the following, if we proceed up to the first order 
in ry, and up to the second order in , for the distance R 
of a surface element from P’. 

1) For surface elements on the screen: 


Ra ~ Ro +7 sin (0) + $0) — psin A cos (W — x) 
2 
> Zs cos? 89 cos? (fp — x); 


2) for surface elements of the aperture plane: 


Re ~ Ro — rsin 0) — p sin 4 cos (W — x) 
2 


+ a cos? 8) cos? (W — x). 


In the expression G=e*®/47R the surplus of R over Ry 
is, in the highest order of k, important only in the ex- 
ponent; 1/R may be substituted by 1/Rp. So it follows 
in the highest order of k, if we expand the exponential 
function with the infinitesimally small » terms into a 
power series, 


¥ et* [Rotr sin (00+¢0)] 


4irRo 
X {1 — ikp sin 6 cos (py — x) 
— zk’p* sin? 09 cos? (W — x)} 


1 
Gg = e* (Ro—r sin 60) { the same bracket}. 


4rRo (8) 
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Deon 


a 


From (5), (7), and (8) we see that the ¥ dependence ~ 
in the single terms of (3) may have no other form than : 


1, cosy, sin? y, cosy sin y 


or products of one of these expressions with p cos (Y—x) 


cos? y, 


or with p? cos? (Y—x). The integrals determined by © 


using these terms with y from 0 to 27 are: 


Qn 
ib dy = 2r, 
0 


Qa 2a 
Ti cos? ydy = J sin? dy = n, 
Qa 
of cos ¥ cos (W — x)dy = rx, 
0 
Qa 
?° f cos? (Wy — x)dp = r(x? + y?), 
0 
2 rs 2 ca moe Nip ms Ghee fm) 
al cos? y cos? (vy — x Ly yn), 
2a > 
2 ce 5) 2 as BAS A oe 2 
p df sin? y cos? (W — x)dy ri (a? + 3y?), 


4 2a : : oa 7 
? it cos yw sin y cos? (W — x)dy = 5 xy. (9) 


All other integrals over y vanish. 

So the integrals occurring in (3) take the following 
form. 

1) On the back of the screen (the Z integrals vanish 
here): 


i (df X H)G = a0! + aies!'t? + ayy’, 


{ GEX BG = an'xy, 


f (GPX EDC = b's; (10a) 
ay oe ee 

[Gtx B)G = Barry, 

i: (df X E),G = Bo + Bust? + Byy?, 

[ Gtx BG = Bi! + Bad's? + Buy 

ih (df X H),G = Buzy. (10b) 


The quantities a’, B, 8’ are integrals over r and depend 
only on ¢o and on zg. They will be given explicitly later 
on. 

We now apply the operations curl and curl-curl to 
(10) and we make x =y=0 after these operations to get 
the values on the axis. The results are as follows. 
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1) The contributions of the screen: 


curl, f (df X H)G = 


curl, curl f (df X H)G 


day’ 


f 
oF oe 
OZ 


07a" 0a 


|_— aa 


+ =F atey’ — Loy! (11a) 


2) the contributions of the aperture: 


curl, f (df X E)G = 
curl, f (df X H)G = 


curl, curl ip (df X E)G = 


A = is 
Bo = 4h sin Ooe**Fo \—2%, -++ 2 cos? poPs 


v 3 = 
— 2 sin (= + =) sin =, ’ 


Page cg eer Ro 29 sin? do® 
zy = 16 mn 0e€ sin doP3 


ray Ke! Si\.) Gipas 
+ +/2 sin (+>) sin ph 
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(12) 


dz? dz 
apibtes,| bgt = 
Byy = —— sin? Aoe*Ro \—48, + (4 cos? do — 2 sin?) B3 

dBo 32 

ae sx ¢ 3 is 

; dz — 3/2 sin (= + =) sin ee vs , 

a5 In these formulas we used the notations (with kr =): 
0°Bo Gass foe if sin (oto) g 

Ti je? rae 2B ze aa jp Boys ¥ ; 0 uM s, 
0789" ® = fe —if sin bog 

— <> + Bay’ — 28 y!. (1b) TE apart ca 


e curl, curl is (df X H)G = 


All components not listed here vanish on the axis. 


Ee) 
Vv. = f Weis sin (Gotbo dE 
0 


The ten values @ and 8 used in (11) are computed 
from (5) and (7)—(9) as follows: 


A 


7 a’ = 4b sin Oe*%o \-4 cos oP 


= Po 3a —_ 
i —-+—)WV,? > 
+ /2 sin (4 + =) ; 


1A 


a,’ = — oe sin2 Poet Fo sin doi, 


Po 


PRS cer iy 
A ekRo./2 sin (= 


+<)9 
ae ps 


RAY , z 
fact Ste eee SE sin® Apet#Ho —8 cos po? 
32 


3/2 si (=+)s,} 
+ sin 5 ri af? 


A te % 
Bo=— ie sin O9e**Fo {8 + 2 cos? doP3 


do 


2 ( 3 =) Po = 
eno COS — 
+-4/2 cos - i ae 


kA 


is ag nt fie {46. + (4 cos? $9 — 2 sin® 0) &s 


3 ae 
5 + 3y2 cos (= +2) cos 4h ’ 


kA 


Bay SEs) 16 sin® Ooe*#Ro {2 sin? 0) Bs 


do 
2 


= ( es =) go 3 
oe — + —y) cos — 
V cos ri -) 8 


\, 


\ 


VW, = if Wer it sin ode, 
0 


These integrals should be taken over 7 beginning with 
r=0, only over a small interval corresponding to the 
small size of the surface strips. As the integrands ap- 
proach zero rather quickly outside of this interval, it is 
permissible to integrate from 0 to ©. So the integrals 


may be evaluated in closed form and one gets [2] 


do ty 
+7) 


ee 
4/1 + sin (0 + $0) 


= 1 


SSS Se 
2[sin (00 + 0) — sin $0] 


/2 sin ( 


@ : E Tuts coal | 

Tae 2 sin 0 AL "sin On| 

= 30 
| V2 sin ( + =) 
~ 1 i 4 
mh 2(sin 29 — sin in 4/1 — sin 60 

pie 4 

* V1 + sin (8 + $0)’ 
is a 
Vs = 


4/1 — sin 80 


? 


(13) 


Now we have only to substitute (13) into (12), (12) 
into (11), and (11) into (3) in order to find the addi- 
tional terms of E and H on the axis which together with 
the Kirchhoff terms (4) form the total field. In (11) how- 
ever, we have to differentiate with respect to 2. As all 
functions to be differentiated have the form f(do)e**, 
in the highest order of k, differentiation in the exponent 


is sufficient. 
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0 :  ORo ; rs This restriction is less drastic the larger ka is, and it 
za [fOo) eo] ~ ik eee = tk cos Oof (60) e**. Vanishes wit pees 3 

For very remote points of the axis, ¢o—0, the field ap- 

That means that differentiation with respect to z may proaches 
be replaced by multiplication with 7k cos 0). With this 
done one gets for the total field on the axis behind the 

Pe H,— A(e#? + e*®), independent of do. 

Ez = Ale — e*®0F (4, $o)} ‘ 


H, = A{e** — FoF 4(69, bo)}. (14) 


E,— A(e* 3 et*Ro) 


The main results are demonstrated in Figs. 3 and 


By straightforward computation, the functions /i 
and F; are found to be very complicated expressions. By 
passing to the angle 0)/2 however, and by elementary 
but tedious transformations, one succeeds in getting 
the simple form 


The angle ¢) characterizing the funnel shape of the 
screen occurs in (15) only in the denominator of the 
second term. For the case of a circular aperture in a 
plane screen, (14) with (15) reduces, as cos ¢o/2+sin 
$o/2= (1£sin go) ¥?, to 


(Ez)ptonesoreen = Afei** — o*™(1 — } sin &) V1 + sin Oo} 
(Hy)ptane oreen = A{ei** — ofb™0(1 + 3 sin 00)/1 — sin 8}. 


This coincides with Franz’s solution [3] with the ex- 
ception that in Franz’s solution the transmitted wave 
e**2 ig missing and that, moreover, E and H are inter- 
changed (with a change of sign). Both facts result from 
Franz’s problem, the diffraction by a circular disk, be- 
ing the complementary problem to ours (in the special 
case of a plane screen) and being connected to ours by 
Babinet’s principle. 

The final result (14) with (15) is valid for 


m2 < go < + A/n, 


that is only up to 45° for cones on which the incident 
wave strikes from the concave side. For the other direc- 
tion of incidence the formulas are valid up to 90° 
(cylinder). In the vicinity of each limit the approxima- 
tion may be rather poor. 

According to the computation followed, the result 
should be valid for 0<@)<7/2, that is, for all points 
on the axis on the shadow side of the screen. In a former 
paper [5] however, the author demonstrated why the 
approximate method used here does not hold in the im- 
mediate vicinity of the center of the aperture (6) = 7/2) 
and showed that the following restriction applies: 


ka(i — sin 4) > 1 


or 


m/f 2 = Oo > (kaa, 


——— es 


—— 
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4. F, and (— Fs), according to (15), are shown in Fig. 
3 as functions of 0) with parameter ¢o and in Fig. 4 
as functions of ¢o with parameter 6. The representaiton 
in Fig. 3 is less clear because of the numerous crossings 
of the closely lying curves. The dotted lines are Kirch- 
hoff’s approximation. All curves of Fig. 4 are sym- 
metrical about the points ¢9=—6/2, which follows 
from the form of (15). The curves show clearly that a 
positive angle ¢» (wave incident from the concave side 
of the screen) causes a larger deviation from the plane- 
screen case than a negative ¢» of the same magnitude. 
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The Experimental Determination of the Far-Field Scattering from 
Simple Shapes* 
J. E. KEYS} anv R. I. PRIMICHt 


ABSTRACT 


to measure the scattering cross-section of models. 
The first of these is a 10-mysec pulse radar oper- 
ating at a frequency of 35 kmc. The second, operating 
at the same frequency, is a CW balanced hybrid 7 sys- 
tem. The third, at 8.75 kmc, has two modes of operation. 


T HREE model radar ranges have been constructed 


* A report covering the essential material of this paper will be 
published at a later date. 

} Defence Res. Telecommun. Est., 
Ottawa, Can. 


Defence Research Board, 


In one it operates as a simple CW balanced hybrid T 
system and in the other, which is inherently more stable, 
it uses low frequency modulation to achieve a range 
resolution of about 7 feet. 

As a combined facility, with various sizes of model, 
we can study the back-scatter cross-section of simple 
models, for any polarization, over an effective wave- 
length range of at least 40 to 1. The minimum detectable 
cross-section is about 45 db below a square wavelength. 

Back-scatter measurements have been made on a 
variety of simple shapes. Results were presented on 
metal cones and toroids. 
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The Diffraction and Refraction of Plane Pulses* 
V. M. PAPADOPOULOST 


Summary—A method for solving problems of plane pulse diffrac- 
tion by a perfectly conducting wedge is described. The method is ex- 
tended to give results when a conductive half-plane lies on the sur- 
face between two distinct isotropic media of different dielectric prop- 

erties. 


I. INTRODUCTION 


OTH in the theory of acoustics which describes 
B the propagation of infinitesimal disturbances, 

and in the closely related electromagnetic theory, 
research into the propagation of aperiodic disturbances 
has been overshadowed by research into the behavior of 
disturbances varying sinusoidally with time. It is pos- 
sible to use a Fourier integral method to investigate 
aperiodic disturbances within a single homogeneous me- 
dium, but Craggs [1], [2] points out that such a method 
is useless in cases when total reflexion is to be expected 
at the surface of discontinuity between two homogene- 
ous media. 

Friedlander [3] has recently published an excellent 
monograph in which he discusses the behavior of 
acoustic pulses. He does not, however, give much atten- 
tion to the refraction of pulses, in spite of having de- 
rived [4] an interesting result in this subject. We al- 
ready know what combination of reflected and re- 
fracted pulses can travel along an infinite plane surface 
between two media with an incident pulse having a 
step-function time dependence. Friedlander found the 
nature of the disturbance in the second medium when 
the angle of incidence of the pulse in the first medium 
is large enough for total reflexion to occur. The manner 
in which such a steadily traveling disturbance can be 
set up is not known. 

The first aim of this research is to learn how a plane 
pulse in one medium sets up a disturbance in a second 
medium, even in the case of total reflexion. The second 
aim is to find a solution to the problem of diffraction in 
the presence of a refracting surface. There is no known 
solution for this problem in the case of steady sinusoidal 
excitation, even in the simplest extention of the classical 
problem of half-plane diffraction, when we take the ob- 
stacle to lie on the surface separating two distinct homo- 
geneous regions. The powerful method of Wiener and 
Hopf gives no usable result. 

Craggs [1], [2] has shown that an assumption of 
dynamic similarity may be useful in this type of prob- 
lem. Thus when investigating a scalar function s(r, 8, #) 
which satisfies within a single medium the wave equa- 
tion 


* This research issponsored in part by the AF Cambridge Research 
Center, under Contract AF 19(604)-4561, and in part by the Office of 
Naval Research and the David W. Taylor Model Basin, under Contract 
Nonr-562(24). 

{ Brown University, Providence, R. I. 


e?V2s5: = 0?s/at*, (1) 


where c is the constant velocity of propagation, we may 
take \=7/t to be a new independent variable. Then (1) 


becomes 
NE (1 “) 0s 4+ (1 ~~) Os 4 0*s i 
c2/ On? c2 J Or 06? 


For \>c, (2) is hyperbolic; it may be reduced to the 
canonical form 


(2) 


0’s 


025 


On? =: 0? 


by the transformation \=c sec uw. The general solution 
of this equation is 


s=fiu— 0+ gut 9), (3) 
where f and g are arbitrary functions, constant on the 
family of characteristics u —@ =constant, and u+6 =con- 
stant, respectively. In the plane with polar coordinates 
(A, 9) these characteristics are tangents to the circle 
\=c; it is necessary to regard the parts of a tangent on 
opposite sides of the point of contact as distinct and of 
opposite family. 
For \ <c, (2) is elliptic. It reduces to 


07s 


or 


0°s 
under the transformation \=c sech (—v). The sign of 
v is chosen so that y—In(A/c) as A->0. It is convenient 
to introduce the conjugate harmonic function r(y, 8) so 
that the function w=s-+7r is analytic in the region of 
the (v, 6) plane which corresponds to \<c. It follows 
that 0s/00 = —dr/dv, and ds/dv =0r/08. 

Eqs. (3) and (4) show the technical start in the solu- 
tion of a number of physical problems. In electromag- 
netic theory, by considering problems in cylindrical 
polar coordinates (7, 6, z) in which the field components 
are independent of g, s(r, 0, 2) may represent either the 
field component E, or B,. From Maxwell’s equations 
we can write down equations for the remaining field 
components in both an £ and an H polarization. These 
are 


2 ore ze ee = ane = oy (Z-mode) (5) 
On 06 on On ' 
and 
2 oe ——— gan ; eee = neat (H-mode). (6) 
ON 306 AN On : 


3 
] 


. 
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The problems to be examined all involve infinite 


_ prisms with the line ry =0 for apex. We set up a system of 


_ plane pulses traveling towards the apex so that behind 


a 


- 


_ the pulse fronts all the appropriate boundary condi- 


tions are satisfied. We take the moment when the inci- 
dent pulses reach the apex to be t=0, and we assume, 
in the absence of a fundamental length in the geometry, 
that the subsequent disturbance is one in which there 
is dynamic similarity. We take the prism to be bounded 


externally by perfectly conducting walls. 


First we shall derive, in Section II, the results for 
pulse diffraction within a homogeneous prism; these 
results may be compared with those established previ- 
ously (e.g., [3]). 

We shall then extend the method in Section III to 
find a solution in the case in which a half-plane with its 
edge at the origin lies on the surface which separates 
two distinct isotropic media. We set as the restriction 
on the angle of incidence the condition that the incident 
pulses shall be contained in one medium only. 


II. PutsE DIFFRACTION IN A HOMOGENEOUS 
MEDIUM BY A HALF-PLANE AND 
BY A WEDGE 


Consider the case of a perfectly conducting half- 


_ plane in the diffraction problem where s=B,, and the 


appropriate boundary condition on the half-plane is 


_ that 0s/0?=0. We set up a plane pulse traveling with 


the velocity c, and with a step-function time dependence 


of unit amplitude. There are two cases which need 


' separate examination: 1) with the pulse traveling to- 


wards the edge of the half-plane from the unbifurcated 
region at an arbitrary angle, and 2) with the pulse 
traveling along the half-plane towards the edge, at 
oblique incidence. We take the moment when the inci- 
dent pulse meets the edge to be +=0. The distinction be- 
tween the two cases is needed, since, in order to satisfy 
the boundary condition on the half-plane for ¢<0O in 
Case 1, we must introduce the associated reflected 
pulse. The conditions on our problem at ¢=0 are shown 


in Fig. 1. In each case we take the incident pulse to 


make an-angle a with the normal to the half-plane with 
a<7/2. We fix the coordinates by taking the origin at 


_ the edge of the half-plane @=0 or 0=2r. 


Under the assumption of dynamic similarity, we may 
examine the nature of the solution for \>c in the (A, 8) 
plane. Since for 04, A>, we find that the initial 


- conditions of the problem fix the boundary conditions on 


(3) for \— «©. The use of characteristics theory shows us 
that for \ >c there are a number of uniform regions sepa- 
rated by lines of discontinuity which are depicted in Fig. 
2. The results are precisely those of geometrical optics. 
The lines of discontinuity are pulse fronts. These results 
determine the value of s on\ =c. 


Thus on A=c, 
s=2 for 0<0<68, 
s=1 for B<0<y7, 
=0 for y <0 < 2z, 


S 
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2 


6=0 
Q=27 


no disturbance 


Fig. 1—Initial states in the diffraction of a 
pulse by a reflecting half-plane. 


Fig. 2—The solution in the hyperbolic region of the (A, @) plane 


where 8 =a in Case 1, 8 =a —a in Case 2, and y=2r—8. 

For the region \ <c it follows from (4) that the prob- 
lem becomes that of finding a function w(v+26) =s+it 
which satisfies the boundary condition 0s/0@=0 on 
6=0, 0=27, and on v=0 (1.e., \=c); and which is ana- 
lytic within the semi-infinite strip y>0, 0<6<27. We 
make the conformal transformation ¢=sech v+70/2, 
which maps this semi-infinite strip into the upper half 
of the complex ¢ plane. Then the function 0w/df, re- 
garded as a function of the complex variable {=&+7 
must satisfy the following conditions: 

1) To correspond to the boundary condition on the 
half-plane, it follows that 0w/0¢ is real on the segment 
of the real axis |£| <1. 

2) To correspond to the boundary condition that s is 
piecewise constant on the circle \=c, it follows that 
0w/d¢ is imaginary on the remainder of the real axis 
(| E| >1), except perhaps at points where s is discontin- 
uous. 

3) Singularities of Ow/d¢ are to be expected only 
at the points f¢=+1, ¢=0, as well as at the points 
¢=sec a/2, sec (2m —a@)/2 in Case 1 and at sec (r+a)/2 
in Case 2. 

4) Since on physical grounds the magnetic field in this 
polarization is assumed finite, no singularity of dw/d¢ 
may be of higher order than a simple pole. 

5) The point at infinity in the ¢ plane corresponding 
to the ordinary point \=c, 0 =7 in the (A, #) plane must 
be anordinary pointfor w and dw/d¢, so thatw =0(1/0"**), 
with 6>Oasf—o. 
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6) There is a geometrical singularity at the edge of 
the half-plane so that we may expect a singularity in 
dw/d¢ at the origin ¢=0. It is reasonable however to 
assume that there is no source of energy at the edge; it 
follows that 0w/d¢=0(¢*) as [0 where 6>—1 is the 
smallest permissible value which is compatible with the 
other conditions of the problem. 

The most general function which satisfies these con- 
ditions is 

5 , Me 

ee f+ |, (7) 

ar. (¢? — 1)2L& — secB/2 ¢—secy/2 


where B’ and C’ are real constants which are deter- 
mined by the discontinuities in s at the points B and C 
in the (A, @) plane. To find the constant B’, we integrate 
dw/d¢ round the small semicircle §=sec B/2+exp 14, 
0<¢<z, by the method of residues; we find C’ in a 
similar manner. It follows that B’ cot B/2, C’ cot y/2 
must equal the discontinuity in s on the circle at the 
points B and C respectively taken in the direction of 
increasing 0. 
Hence, 


tan 8/2 


do —1 | tan y/2 
“ar (— 1) Le = sec 8/2 


y £ — sec vA 8) 


The integration of this equation is straightforward. We 
find, after putting y = 27 —8, that 


t[e(v, 6) — (0, 6)| 
tan (————— } tan 
4 4 


a eS (ao ; 
tan tan | ——————_- 
4 4 


The real part of this equation is 


— 6 
a[s(v, 0) — s(0, 6)] = — tan7! sinh — oe 5 | 


= “| 0) 


This formula for the diffracted field is exactly that de- 
rived and described by Friedlander! using a Green’s 
function method. 

The results for the £ polarization may be found just 
as easily. For the hyperbolic region in the (A, 0) plane 
it is clear that the reflected pulse must annul the inci- 
dent field instead of reinforcing it. Hence, with reference 
to Fig. 2, the region with s=2 becomes a region with 
s=0, and the discontinuity in s at B is changed accord- 
ingly. For the elliptic region, we need only change the 
condition 1). On the half-plane s must vanish, so that its 
tangential derivative is zero. It follows that on the seg- 


V 
— tan  sint iF cosec 


1 See Ch. 5 of, [3]. 
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ment of the real ¢ axis || <1, 0w/0f is imaginary. | 
The function satisfying the new set of conditions and | 
with the correct discontinuities is 


sec 6/2 


dw “| 
"or ¢le—secB/2 ¢—secy/2] 


Hence, the final expression for s is 


(s(v, 0) — s(0, 6)] = tan-! sinh ~-cosec 


picts 


— tan! Es > cose “|. (11) _ 

The analysis of the problem of pulse diffraction by a _ 
perfectly reflecting wedge is carried out in the same _ 
way. We exclude, from this brief discussion, any case | 
in which the incident front touches both walls of the 
wedge, in order to avoid the complication of multiple 
reflexion before the apex is reached. This leaves us with | 
the general problem for which the wedge angle ¢7 is 
greater than 7/2, and the angle am which an incident 
pulse makes with es normal to one face of the wedge © 
is smaller than r(¢— 

In such a stehatiort we depict an initial state in Fig. 
3. We use the method of characteristics to determine — 
the solution in the hyperbolic region. This is depicted in © 
Fig. 4, hence we note that on the optic circle \=c. 


s=4 for 0<@0<7(1—a-—49), 

s=3 for r(l—a-—¢)<6<7(1+a-— 4), 
and 

s=2 for r(lta—?¢) <6< x¢. 


This particular situation is valid if d6+a<1. 

To find the disturbance in the elliptic region, we use 
the conformal transformation {=sech (y+76)/¢, which 
maps the sector of the circle \<c, 0<0<@z into the 
upper half ¢ plane. The conditions which must be satis- 
fied by the function 0w/0¢ are exactly those in the half- 
plane diffraction problem; and indeed, (10) gives the 
formula for 0w/d0¢ in the wedge proglem if we take 
B=2(1-—a—@¢)/¢ and y=2(1+ta—¢)/¢. Integration 
of (10) in this case also leads us to (5.5.7) of Friedlan- 
der, [3]. 

It remains to be emphasized that this technique and 
the conical flow method of Buseman (see, e.g., [7]) are 
very closely related. Keller and Blank [6] described the 
results of this method very fully for all possible situa- 
tions in the problem of pulse diffraction by a wedge; 
however their method cannot be extended to provide the 
solution of problems complicated by refraction effects. 


Ee ee ae ee ee ee ee ee a 


6=0 


Fig. 4—The solution in the hyperbolic region of the (A, @) plane. 


III. PuLsrE DIFFRACTION AND REFRACTION IN 
A COMPOSITE SYSTEM 


A. Introduction 


The value of the technique described in Section II 

does not lie in the fact that it provides yet another, 
slightly different means of solving the classical half- 
plane problem. Indeed, the only reason for the inclu- 
sion of the details in Section II is to confirm the value of 
the assumption of dynamic similarity in a diffraction 
problem. 
-. We have already shown that in these two dimensional 
problems the problem of finding the vector solutions of 
Maxwell’s equations reduces to that of finding solutions 
to the scalar wave equation with the boundary coordi- 
nates s=0 or 0s/00=0. This situation is exactly analo- 
gous to that in acoustics if we take s to represent the 
condensation, so that the fluid velocity q is given by 


(12) 


and hence the radial and transverse components of 
velocity (u, v) are given by 


0q/dt = — c’Vs; 


(13) 


In this section the method described above is ex- 
tended to give the solution in the case in which a plane 
pulse is diffracted by a half-plane which lies between 
two regions of different physical properties. The half- 
plane 0=+7 is either perfectly reflecting or perfectly 
absorbent. The velocity of sound in the fluid of density 
p is c, and wherever qualification is necessary, we show 
which medium we are referring to by the suffixes 1 or 2. 

There are several aspects of the physical problem 
which are of particular interest. The singularity at the 
apex of the half-plane is the only known result in the 
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steady-state problem. Meixner [5], who examined the 
power series expansion of the solution of the reduced- 
wave equation corresponding to a sinusoidal time de- 
pendence, found the edge singularity in this geometry 
to be unaffected by the discontinuity in physical proper- 
ties. 

The manner in which a disturbance passes from one 
medium into another has not been discussed before. Of 
course, the Fresnel coefficients for steady plane pulse 
reflexion and refraction at a plane surface are well- 
known, but these coefficients are without meaning when 
total reflexion occurs. Friedlander [4] found the form 
of the disturbance in this case, but since both these 
situations are essentially steady ones, they give no in- 
sight into the transient problem. 

Craggs [1], [2], who has provided the greater part of 
the basis for the method of solution in this paper, exam- 
ined a situation involving two right-angled wedges. No 
diffraction occurs in this case, and there is no singular- 
ity at the common apex; it appears that his method 
needs modifying when diffraction effects occur. 


B. Half-Plane on the Surface Between Two Media 


We shall first examine in detail the case in which the 
diffracting obstacle is a perfect reflecting half-plane 
(r>0, 6= +7) lying on the plane of separation between 
two media. We consider the situation in which the — 
velocity of sound q, in medium 1 (7>0, 0>@>-—z) is 
greater than that (cz) in medium 2 (r>0, 0<6<7). We 
put c.=mcaq, and p2=kpi. 

The problem is to examine the propagation of a plane 
pulse in medium 2 which makes an angle ¢@ with the 
normal to the half-plane. As in Section II, in order to 
make the assumption of dynamic similarity plausible, 
we must set up as an initial state one which satisfies all 
the appropriate boundary conditions. These conditions 
are that 0s,/00=0 for 6=—7, and that 0s./06=0 for 
6=7. The conditions at the common surface between 
the two media are found from the continuity of pressure 
and normal velocity. Thus for r>0, 0=0, s1:=m?ks2 and 
0s5,/00 = m70s2/00. In order to avoid having to set up a 
refracted disturbance before the pulse reaches the edge 
of the half-plane, we must restrict our consideration to 
the case in which the pulse arrives from the second 
quadrant of the (r, @) plane; this pulse is accompanied 
by the reflected pulse. The initial state is depicted in 
Fig. 5. The assumption of dynamic similarity having 
been made, we must now find suitable solutions for (3) 


and (4). 


C. The Solution in the Hyperbolic Region 


The solution in the greater part of the hyperbolic 
region is determined by the values of s as A>; that 
is, by the initial conditions of the problem. It is found 
by the method of characteristics. There are two distinct 
situations, according to whether ¢< or >y, where 
W=sec—!(1/m) is the critical angle; for ¢<yw total re- 
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uniform disturbance 


Sh arpplitiede undisturbed region 


with density p, 
sound velocity c, 


uniform disturbance 
of amplitude 2 


undisturbed medium 
with density p, 
sound velocity c¢ 


Fig. 5—The initial state in the diffraction and refraction of 
a pulse by a perfectly reflecting half-plane. 


flexion occurs. In the (A, 6) plane the hyperbolic region 
lies outside the sonic circle \=c; in medium 1, and out- 
side the sonic circle \=c2 in medium 2; the values of s 
in this region are shown in Figs. 6 and 7. The initial 
fronts are represented by the lines DI and ER. DE is 
the front of the pulse reflected at the refracting surface, 
and when the point D is outside the larger sonic circle, 
DT is the front of the refracted pulse. The line BC, 


which is a characteristic line, is the front of the disturb- 


ance which having entered medium 1 moves along the 
interface at grazing incidence and is refracted back into 
medium 2. The solution at this stage is fully determined 
in the whole region outside the sonic circles, except 
within the triangle A BC. Inside this region we introduce 
the unknown function g(u2+@) to represent the part of 
s affected by the distrubance in the elliptic region of 
medium 1. [This is the function g of (3), with the func- 
tion f a constant.] The constants R and T in the nor- 
mally refracting case (Fig. 7) are the Fresnel coefficients 
given by 
tan @ — k(m? sec? @ — 1)1/? 
tan @ + k(m? sec? d — 1)12 
2m°k tan } 
a (14) 
tan @ + k(m? sec? @ — 1)1/? 


From Fig. 6 we see that on A =c2in medium 2 


Scs=1+g for 0<0< 4, 
Spe Pig for 9 < 6.<y, 
52 = for p<O0<7, 


while s=0 on A=cq in medium 1. From Fig. 7 we see 
that on \=c in medium 2 


Ss, =R+g for 0<6<y, 

DR SIor bo <6 <ed, 
So = 2 for ¢$<0<7; 

while on \=c; in medium 1 
$1 = T for 


Se==n0) 


SQ 


0O>0>-x, 
fof eres > 8 = 3, 


_ where x=sec! m sec ¢. 


Fig. 6—The solution in the hyperbolic region of the (A, 6) 
plane with c.>c, for sub-critical incidence cz sec <q. 


Fig. 7—The solution in the region of the (A, @) plane with 
c>c for supercritical incidence cz cos 0<q. 


D. The Elliptic Region of the (A, 0) Plane 


We use the conformal transformation 
$1 = & + im = sech (v1 + 76) 


to map the inside of the semicircleA =a, —7 <@ <0 into 
the lower half of the complex {1 plane, and the trans- 
formation 


fi. = & + ine = sech (ve + 76) 


to map the inside of the semicircle \=c2, 0<0@<7 into 
the upper half of the complex ¢2 plane. The points F, 
O, A, E, and Cin medium 2 are mapped into the points 
$2 =—1, 0, 1, sec ¢, and 1/m, respectively, while the 
points G, O, A, D, (or T), and B in medium 1 are 
mapped into the points {:= —1, 0, m, msec ¢, and 1. 

Consider first the solution in the lower half of the 
$1 plane. Since s is piecewise constant on the semicircle 
\ =, it follows.as in Section III-B that 


1) ae 1 is imaginary on the section of the real axis 
bp) Sele 


From the condition that 0s/00=0 on OG, it follows that 


2) Oai/0%, is real on the segment of the real axis 
0<& <1. 


On the upper side of the line 4B we know that the solu- 
tion takes the form s=g(u2+6)-+constant. It follows 
from this solution and from the condition of continuity 
of pressure and normal velocity that 


te 


ee wrwacreignd 
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Hence, we have the condition that 
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Q 
nA 

e 
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Thus, if F({1) is a real valued function on the seg- 
ment m<& <1, then on this segment 


Crm Ne 
= F(G)/1 +2 (2—*) : 
sates 
The other conditions to be imposed, as in Section 
III-B, are that 
4) the only singularities of 0u:/0%, are at points 
3 6:= +1, +m, 0, as wellasat the points {&: = msec ¢, 


a 


QV re eRe AR eee ee oe ee 


(15) 


ia Natt 4 ee | Sete 


F 5) no singularity of 0w:/0¢; may be of higher order 
; than a simple pole, 

3 6) there is an edge condition 0w/d¢=0(¢°) with 6>1 
é as (0, and 

: 7) the point at infinity is an ordinary point. 


- It is of interest to examine the function in the de- 
~ nominator in (15). This function is regular everywhere 
- in the complex {; plane except on the real axis. It has 
_ branch points at (:=-+m, +1, and the branches of the 
radicals are chosen so that it has no zeros. The singular- 
ity at (1 = —™m is not one of those allowed under Condi- 
tion 4), so we must factorize this function in a manner 
which enables us to remove this singularity from the 
- solution without changing its complex form on the real 
¥ axis, form<& <1. 


E. The Factorization of the Complex Function 


Consider the complex function 
7 ies m? 1/2 


which is the analytic continuation of the function de- 
fined on the segment of the rela axis m <&<1. The prop- 
erties of L(¢) =InM(§) are that 
1) as |{] > ~, L(Y) =066-); 
2) LCC) is ae in the infinite strip m<RI(f)<m; 
3) LS) i is a real function of ¢ within the same strip, 
‘since the continuation of L(¢) is 


nfs (GE)"/ hh 


and 
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4) L(¢) is single valued in the cut plane with one cut 


joining the points —m, —1 and another the points 


+m, “Pl: 


If we take a rectangular contour C as shown in Fig. 8, 


o,+iN 


o, tiN 


Z plone 


o,- iM o-iM 


Fig. 8—The contour C of integration in the complex Z plane. ~ 
with sides joining the points 01 +7iN, o2.+iN, o.—-iM, 


and o:—12M, then for —m<o, <RI(z) <o2<m, we are 
able to use Cauchy’s integral to state that 


i L(z) 
aes Ke 


A 


z. 
oni é 


Here the integrand is sufficiently small as | 2| — oc to 
allow the limiting process, VN, M—o, to be carried 
out separately at the upper and the lower end of the 
rectangle. The contribution from the ends of the rec- 
tangle is vanishingly small, so we may replace the con- 
tour integral by the sum of two line integrals 


1 fps peel bs €)) 1 outs = Ee) 
UNG lie Siar hae xgs 2 
OTS ctike 2 ne QU tig, ioe ee ert 
ST) LA) 


Each line integral L_(¢) and L4(f) is uniformly con- 
vergent for values of ¢ taken within the infinite rect- 
angle | RUS) / <m. Taken separately each integral may 
be continued analytically into a complete half-plane, 
since L_(¢) is regular for RI(¢) <m, and L4(§) is regular 
for Rif) > —m. 


Now since 
1 g1— i L(z) 
ie | dz 
i(f) = rare Dear 
1 C | Lio + in) L(oi— in) Ja 
Se 5 Se Ae habe eed 
Qa Gist 2p Gl Oa NG 


and since in | z| <m, L(z) is a real function of z, for real 
values of ¢ the integrand is the sum of complex con- 
jugates, and the integral is therefore real for any real 
value of (> —m. Likewise L({) is real on the real axis 
for ¢<m. 
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We may therefore write 
exp — L_(S) = exp — L4(5)/M(®), 


and we see that the function on either side of this equa- 

tion is 

1) regular in the half-plane R/(¢) <m, 

2) real on the real axis in RI(f) <m, 

3) has the branch points and the complex behavior 
of [M(o) |-1in the half-plane RI(§) >m. 


It is also easy to show that L,(—f) = —L_(§); this is 
a consequence of the even nature of the function L(z). 

In its present form, the integral L1(¢) is not very 
suitable for computation. However, we may add to this 
line integral one for which the integral is taken round a 
semicircle of infinite radius. The path of integration is 
thus closed without changing the value of the integral. 
The integrand has branch points at z= —m and z= —1, 
within the contour. The path of integration may now be 
deformed into a loop encircling the cut, so we find that 


aL,(f) 


= if tan! [(z2 — m?)'/2/mk(1 — 2)1/2|dz/z + ¢. (17) 


m 


(16) 


This integrand may be expanded in an ascending series 
of powers of (m+¢)7—!; the integration of the coefficients 
of this expansion in ascending powers of (1—m) is then 
easily carried out. 


F. The Solution in the Elliptic Region 

The expression which represents the solution to the 
problem and which satisfies the conditions in Section 
III-D may now be written down. The most general 
is that 
fs exp — L4(f1) 

mR(A = (eo eit + u(y? = m?) 112 

f — 1/2 
A+B (* : ") 


1 


(1 — m sec ¢) ee) 


where the function L,(f:)has been defined in Section 
III-E. The problem which remains is to find the disturb- 
ance in the elliptic region \ <c, 0<@<a. Now (18) has 
been derived for general values of ¢; in the lower half- 
plane by means of the principle of analytic continuation, 
and we may in turn continue this solution into the up- 
per half ¢2 plane, because the solutions in these two re- 
gions are linked across the line OA, on which ¢,=mbo. 

Across this line OA the continuity conditions may be 


written in the form 
ae Bee ty aor, 
1— me? Xe) 


Of 


OS1 


Oto” 


OT1 
Te) 


(19) 
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Since on the corresponding section of the real axis 
0<fo<m, 


Jor exp — Ly(61) 
: Of N mk(1 — £12)? + (m? — §1?)1? 
{* — iB(m — suse on 
(¢1 — msec ¢) \ 
it follows from (19) and (20) that 
duos exp — Ly (mts) 
nh ie ee eee 
Of. mk(1 — m%o2) 1/2 + m1 — £52) 1/? 
1 — m%2?2\1/2 
A— lt 7 4 


(f2 — sec $) av 


on the section of the real axis 0<& <1. 
The function 


1 1 a, ¢2? 1/2 " 
{1 + (5 — a) \ exonts bile 


is regular in the half-plane R1(¢2) </; it is real on the 


bei 


real axis in this domain of regularity; and it has the © 


complex behavior and the branch points of the function 


—1 
res —( $2? Je 
1 — m5? 
in the half-plane R1(f2) > —1. 


As in the case of the other elliptic region we expect 
the function 0w2/0f2 to have the properties that 


1) it has singularities at {&=0, +1, +1/m, and + 
sec $; 

2) the point at infinity is an ordinary point; 

3) it is imaginary on the real {2 axis when {2>1/m, 
f2<—1, and it is real on the real {2 axis when 
<0. 


There is, however, a branch point at {= —1/m in the 
expression on the right-hand side of (21). The only pos- 
sible way in which (18), which has the correct behavior 
in the lower half-plane, may be continued into an ex- 
pression correct in the upper region is to take A =0; 


there is, therefore, only the constant B which remains — 


to be found. 


G. The Determination of the Constant B 


It will be remembered that in Figs. 4 and 5, we have 
distinct representations of the problem for the cases in 
which m sec @<1 and in which m sec ¢>1 In the case 
of supercritical incidence shown in Fig. 5, we may use 
the method of residues to reiate the aistoneaniey on 
the sonic circle either at the point T or at the point E; 
we find the same result in each case. It follows that 


iain ain. 

| ns 

| © 
© 


OT a eS ee ee ee ee ee ee ee eS Se ee 


2m?k tan d 
~ tang + k(m? sec? @ — 1)1/2 


B exp — L,(m sec $)(sec ¢ — 1/sec ¢)}/2 


$ m|{ tan p + k(m? sec? ¢ — 1)'/2}(m sec — 1)" is 
and hence that 
B sin ¢/2= 21/?mk exp + Li(msec ¢) tang. (23) 


In the subcritical case with m sec ¢ <1, the disconti- 
nuities at the points D and E£ in Fig. 6 are related because 
DE is a characteristic line in the hyperbolic region. At 
point D the discontinuity in s2 as \ increases is found by 
the continuity condition to be As,=m?k(Ag—1), where 
Ag is the jump in the function g across the line DE. The 
discontinuity As, at the point £ is given, for increasing 


0, by the equation As; =1-+Ag so that 


As. = m?k(Asy com Dy (24) 
The real part of the residue when we integrate the func- 
tions 0a,/0f1 and 0w2/0f2 round small semicircles with 
centers at the points (:=sec ¢@ and (2=m sec ¢ deter- 
mines the quantities As; and Ase. We find that 


iB exp — Li(m sec.9) [(sec @ — 1) sec ]*/ 


sss, (25) 
eee [mk(1 — m? sec? ¢)/? + im tan ¢|(m sec ¢ — 1) 
and that 
m'Aw, = — Awe(1 — m? sec? ¢)'/?/tan ¢. (26) 
From these equations it follows that 
mAs; tan @ + Aso(1 — m? sec? $)1/? = (27) 
so that 
2m?k tan 

pe ee, (28) 

tan ¢ + k(1 — m? sec? ¢)1”? 

2 1 ee 2 2 1/2 

ee ae) 

tan ¢ + Rk(1 — m? sec? ¢)"/ 

and 

B sin 6/2 = 21/*m*k exp L,(m sec ¢) tang. (30) 


A comparison between (26) and (27) and the corre- 
sponding discontinuities T and 1 —Rin the supercritical 
case, which are defined by (14), is instructive. It shows 
that modified Fresnel coefficients R* and 7* given by 
the equations 7*=As, and R*=1-—As, may be used in 
the subcritical case to determine the discontinuities 
within a disturbance at the front DE of the reflected 


pulse. 
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These discontinuities are overshadowed however by 
the logarithmic singularity which occurs at the front 
DE. If in (18) we may write 00/061 = F(&1)/$1 —m sec 
when H(m sec ¢) is imaginary, then there is only a dis- 
continuity in w as ({:—m sec ¢) changes sign. As soon 
as H(m sec $) becomes complex at this point w; must 
have a real part which is 0[In|¢:—m sec ¢| | as im 
sec ¢; this state of affairs arises in the case of total re- 
flexion and the logarithmic singularity must be con- 
tinued across the whole front DE. 

Eqs. (18) and (21), with A =0 and with B determined 
by (22) and (29), give explicit formulas for the deriva- 
tives of the functions w; and we. From these formulas it 
is easy to write down the expressions for both the spatial 
and the time derivatives of the condensation s in the 
elliptic regions; the values of s or the values of the 
velocity components may then be found by numerical 
integration. 


H. The Case in which ¢2> 


In the preceding sections we have examined the case 


in which the initial disturbance passes into the medium 


in which the velocity of propagation is the greater. The 
reverse situation, in which m>1, is also of interest. 

For the initial situation shown in Fig. 5, we find the 
solution in the hyperbolic region. This solution is shown 
in Fig. 9. In particular, we can see that the value of s 


Fig. 9—The solution in the hyperbolic region 
of the (A, @) plane with a<c. 


on the sonic circle in medium 1 is 


g (ui— 0), for 0>0>—y, 

Te LOD Wa 10 Soe 
and 

0, for =x > 0 >> 7; 


where y=sec-!m and x =sec—'m sec ¢. 
In medium 2 on the sonic circle the value of so is 


1-E OR or 0 0:<" 4, 


and 


2 tore @ < 0-< 7. 
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The quantities T and R are the Fresnel coefficients 
defined previously in (14). 

The triangle ABC, which results from the refraction 
of the disturbance in the elliptic region of medium 2 
which travels at grazing incidence, is now in medium 1. 
Now the conditions to be imposed on 02/02 across the 
line AB is that . 

4 1 — (es 1/2 
2/62 = P(F2)/1 i or -) 


where P({2) is a function which takes real values on the 
real ¢; axis when 1/m<RI(f2) <1. To remove the un- 


wanted branch points at the points {= —1/m, —1, we 
must introduce the factor exp + M(m2), where 
M0) i ee dz bi 
= tan ee . 
Brathan J) mk(z — 1) at¢ 


This function is derived exactly as in Section III-E and 
its properties are very similar. We may now write down 
an expression for 0w2/0f2 which satisfies all the necessary 
conditions, and as before, we are only left with one 
constant to be determined. Thus 

or dws — 


aes B exp M4(mf2) 
le | -(*)" 
ma atceerees (sere | 
Ro Nm Sr 
ee - a 
j m2 
(1 = £27)"(F2 — sec ¢) 


It is necessary to make 0w2/0f_ imaginary on the real 


(32) 
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I. The Perfectly Soft Half-Plane 


When we consider the problem in which s vanishes at | 
the surface of the half-plane, there is only a slight change 
in the method of solution. To satisfy this boundary con- 
dition the reflected pulse must annul instead of reinforce 
the incident pulse. The initial situation must be changed ~ 
accordingly, as in Fig. 10. For the solution in the hyper- — 
bolic region in the various cases we may refer to 
Figs. 6, 7, and 9, if we reduce the amplitude of the dis- _ 
turbance behind the front ER by 2. 


"uniform disturbance , 
of amplitude | 


undisturbed region undisturbed region 


undisturbed region 


Fig. 10—The initial state for a perfectly absorbing half-plane. 


Within the elliptic regions the vanishing of s on 
§6=+7 means that 0s/OX\=0 on the line X\<c, 0= +7. 
Hence 0w/0¢ must be imaginary on the real axis for 
—1<,<0. All the conditions of the problem may be 
satisfied by 


1 =e 1/2 
ee L4(¢) ( : *) 


1 


$2 axis when 0<{2<1/m to avoid introducing branch = 
e . e . ny 2 (35) 
points which give an incorrect solution. On applying 1 tit (SP ERO TE 
the continuity conditions across OA we find that ra tates ty Ma ee eee) 
Oo1 iB exp M4(61)(1 — §1/$1)*”” 
mr — = — ) (33) 
Of1 1 1 Mm — 62 ule 2) 1/2 
gt an Jane (f1 — m sec ¢) 
and this expression satisfies all the required conditions. and 
The constant B, which is found by the method of resi- 
dues, is given by Ow 
m kar — 
B = 2m exp Ofs 
m sec h + 1721/2 
— M.(m sec $)(sec ¢ — 1) tan¢ [mee ey! 1 — mt.\1/? 
msec gp — 1 (34) A exp — Ly(mf») (7) 
2 
This completes the description of the calculation of re 7 1 "6 Ve 535) 
the velocity and condensation (or pressure) derivatives Le os Cae (S2 — sec ) 
— mM 2 


in the acoustic problem, when the angle of incidence, as 
shown in Fig. 5, lies in the range 0<d <7/2. The results 
are directly applicable to the electromagnetic problem 
in the magnetic mode, with a perfectly conducting 
half-plane, provided that we take the constant k to de- 
fine the ratio of the dielectric constants of the two media 
instead of the density ratio. 


No solution which has an imaginary part on the in- 
terface between the two elliptic regions is correct, since 
it must then, according to the continuity conditions 
(19), contain unwanted branch points in one medium or 
the other. 
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2m? exp L,(m sec ¢) tan ( 
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When m sec $>1, the constant A must take the value 


m sec b ) Z 
———_——_—— m — 1). 
msec d + 1 USES : 
When m sec ¢>1, total reflexion is expected, and 
_ when we use the method of residues to find the con- 
stant A and its relation to the jump across the front re- 


_ flected on the interface, we find that this value for A is 


unchanged. 
When m>1, as in Fig. 9, the results in the elliptic 
regions are that 


m'7rdw2/ O62 
hee 1/2 
A exp My (mt) ( : ) 
$2 
SG = Sa ae OSI SRE CERN  Beeeee (37) 
E nee -(—*) ‘|e sec ¢) 
k \m2 — 1 ; 
and 
10w1/O061 


m — " 
1 


A exp M,(s1) ( 
ee 88) 


1 /m? — f12 
E a (“= ms ) |a — msec >) 


Here A must have the value 
sec o(sec d — ae exp — M,(msec ¢) 


39 
sec d@ — 1 &) 


2m? tan 6| 
m? sec? ¢ — 1 

These results may also be used in the electromagnetic 
problem in the electric mode, with a perfectly conduct- 
ing half-plane, if we take s to be the quantity Z./uc’, and 
if we replace the density ratio k by the ratio of the per- 


~ meabilities u of the two media. 
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IV. CoNcLusIon 


By assuming dynamic similarity in the solution, we 
have found explicit formulas for the derivatives of the 
field components in a series of pulse diffraction prob- 
lems. These results show clearly how the pulses are 
propagated and also how a refracted disturbance is set 
up even in the case of total reflexion. A most interesting 
result is that the dynamically similar solution for the 
problem of diffraction by a half-plane r>0, 0= +7 has 
the same form of solution on the half-plane @=0 within 
the smaller sonic circle, whether the media in the two 
regions 0>6>—7 and 0<@<z7 have distinct properties 
or not. This statement is the immediate consequence of 
the fact that 0w/0¢ is either real in the absorbent half- 
plane problem or purely imaginary in the other case. 
The results in the homogeneous medium follow directly 
from (11) and (13). Thus, for the reflecting half-plane 
the pressure is constant, and for the absorbing half- 
plane the normal velocity vanishes on a steadily ex- 
panding section of the half-plane 6 =0. 

The method described may also be used to analyze 
the case in which the incident pulse passes into a me- 
dium in which the velocity of propagation depends on 
the direction of motion of the disturbance. 


BIBLIOGRAPHY 

[1] J. W. Cragegs, Proc. Roy. Soc. (London) A., vol. 237, p. 372; 1956. 

[2] J. W. Craggs, J. Fluid Mech., vol. 3, P. 176; 1957. 

{3] F. G. Friedlander, “Sound ‘Impulses,” Cambridge University 
Press, Cambridge, Eng.; 1958. 

[4] F. G. Friedlander, Quart. Jt Mech., vol. 4, p. 344; 1948. 

[5] J. Meixner, Inst. Math. Sciences, ‘New York Univ., New York, 
N. Y., Res. Rept. E M 72; 1954. 

Koll te 18%, Keller pe iN. Blank, Commun. Pure Applied Math., vol. 4, 


pe Zo 195a. 
G. N. Ward, “Linearized Theory of Steady High Speed Flow,” 
Cambridge University Press, Cambridge, Eng.; 1955. 


The Field of a Pulsed Dipole in an Interface 
C. S. GARDNER} anp J. B. KELLER{ 


ABSTRACT 
\ VERTICAL electric dipole in the plane inter- 


face between two semi-infinite homogeneous 
dielectric media is switched on at £=0. The re- 


- sulting electromagnetic field is determined by a new 
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method based on a new representation of the field of a 
point source as the superposition of the fields of line 
sources. The field of a line dipole is found by using, first, 
the conical flow transformation, and then a Jonkowski 
transformation which leads to a function-theoretic 
problem of the Riemann-Hilbert type. This problem is 
solved explicitly and an explicit expression is obtained 
for the point dipole field at points of the interface. The 
results are finally compared with those of others. 
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Diffraction by a Half-Plane with a Special 
Impedance Variation* 


J. SHMOYSt 


Summary—This paper deals with the diffraction of a plane elec- 
tromagnetic wave incident on a variable impedance half-plane, at 
right angles to the edge. The problem is dealt with by a method 
closely related to separation of variables in parabolic coordinates. A 
class of solutions of the wave equation is obtained in this manner; 
the boundary conditions which may then be imposed on the half- 
plane are investigated. These boundary conditions can be chosen in 
such a way as to permit arbitrary values of reflection and transmis- 
sion coefficients for the half-plane far away from the edge. The de- 
pendence of the diffraction pattern on these coefficients will be dis- 
cussed. 


HIS investigation deals with the diffraction of a 
“ee wave by a variable impedance half-plane. 

The purpose of the study is to find some imped- 
ance variation for which an exact solution of the diffrac- 
tion problem exists, and then ascertain whether this 
solution can be interpreted in terms of geometrical 
optics. The solution found is a slight generalization of 
that used by Raman and Krishnan. 


The method used is based on the fact, discovered by 


Lamb? and exploited more fully by Hanson,’ Brillouin,’ 
Bouwkamp® and Karp,® that the wave equation can be 
solved by separation of variables in a mixed coordinate 
system consisting of parabolic cylinder and cartesian 
coordinates. If we look for solutions of the wave equa- 
tion in two dimensions: 


Vu + ku = 0 (1) 


of the form 
u(r) = ek tf(aE + Bn), (2) 
where £ and 7 are parabolic cylinder coordinates (Fig. 1), 
E = v/2r sin (6/2) (3) 
n = /2r cos (6/2), (4) 


then we find that there are two solutions for every direc- 
tion of the vector k. One of these, however, contains an 


* The work done in this paper was sponsored by the AF Cam- 
bridge Research Center, under Contract No. AF-19(604)-4143, and 
M.1.T. Lincoln Lab., Cambridge, Mass., Subcontract No. 96 under 
Contract AF-19(122)-458, PO. No. 1096. 
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York University, N. Y., Res. Rept. No. EM-50; April, 1953. 

6S. N. Karp, “Reflection and transmission by a class of curved 
dielectric layers,” to be published. 
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Fig. 1—Physical configuration and choice of coordinates. 


incoming cylindrical wave and must therefore be dis- 
carded. For the remaining solution 


a/8 = tan (4/2), (5) 


where 6) is the direction of k 
k,/k:z — tan Ao. 


The function f in (2) is a Fresnel integral. The solution 
of a diffraction problem must consist of two terms of 
form (2), one in which k=Kine, and one in which 
k= kre. The most general solution of the wave equation 
containing the appropriate plane waves, and only an 
outgoing cylindrical wave, is then 


u(r) 


exp 1k—x cos 6) — y sin 09) 


|h +i), i esa | 
V2r cos (0—0) /2 


+ exp 1k(—«x cos 0) + y sin 60) 


6 + gr i “ esta). (6) 
Vr2 cos (0469) /2 


The four arbitrary constants in this solution are simply 
related to the amplitudes of incoming and outgoing 
plane waves contained in the solution. Thus, if the inci- 
dent wave amplitude is 1, the reflected wave amplitude 
is R (see Fig. 2), the transmitted wave amplitude is T 
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Fig. 2—Geometric-optical regions. (a) Incident wave domain. 
(b) Reflected wave domain. 


and there is no incoming plane wave in the direction 
Kreti, then 


(T — 1)/Vk/xi 

— R/Vk/ni. (7) 
_ This differs from Raman and Krishnan only in the 
_ added term due to transparency of the screen. 


The diffracted field, or the cylindrical wave contained 
in (6) is given by 


fo=1 fi 
go=R = 


et(kr—3r/4) 


“att = ———— 
a Oe 


0 — &% 


Ja — T) sec + Reece"). (8) 
We see that slight variations in the reflection and 
transmission coefficients do not have a pronounced ef- 
fect on the diffraction pattern. 

A plot of the diffraction pattern for a wave incident 
normally on a perfectly absorbing half-plane with 
_R=0, T=0 is shown in Fig. 3, together with the pat- 
terns for the perfectly reflecting half-planes, R= +1, 
T=0, and the half-plane which absorbes perfectly all 
“angularly propagating” waves (Sommerfeld’s “black 
screen”). For the latter, the expression in the square 
brackets in (8) is replaced by 47/ [7?—(0—0)?]. One 
notes the close agreement between the patterns for the 
two types of absorbing surfaces. 

So long as the half-plane is not opaque, 7.e., 70, the 
problem of diffraction by such a half-plane cannot be 
stated as a boundary value problem. Since we have been 
dealing with the scalar problem, it is necessary to iden- 
tify the scalar u with a field component. In the trans- 


cad bed hy ee 
0 
l 
- , AB 


ERR 
ay ae i 


— 


Bi 


WAN 
BES 


Fig. 3—Diffraction patterns of conducting and absorbing half-planes. 


verse magnetic case (H parallel to the edge of the half- 
plane) «=H, and the normalized surface impedance is 


_ du/dy 


tku 


ZIM — 


(9) 


y=0 


where the upper or lower sign is to be used on the upper 
(y=0+) or lower (y=0—) side of the half-plane. In the 
transverse electric case (E parallel to the edge), u=E.,, 
and the normalized surface impedance is 


thu 


Z, 1% = 
du/dy 


== (Sea 


y=0 


(10) 


We can now interpret the solution given by (6) and (7) 
as a solution of a boundary value problem involving a 
half-plane with a certain variable surface impedance. 
The surface impedance is the following, 


ZIM = y,TE — (; = AE: sin 0 
\ aos 


Lr én tp (nr oe) 
— r sin — ex tkr cos? — 
2, 2 e 2 
= ‘ (11) 
aes A 
tkr ® (+ a/2kr cos 5) 


Zz 
w(s) = [exp (ie*ar. 
While this is the general result, valid for all angles of 
incidence, reflection coefficients, and distances from the 
edge, we wish to point out several properties of this 
impedance function. First, the distance dependence 
along the half-plane enters through the factor kr, so 
that the electrical radian is a natural unit of length. 
Second, the surface impedance tends to a constant very 


$90 
rapidly as we move away from the edge. On the illumi- 
nated side, the surface impedance tends to 
1—R 
1+R 


(12) 


| sin 60| , 


the impedance of an infinite plane which would produce 
a reflection coefficient R. On the shadow side 


(13) 


Zi™ = a = s()\i 


The variation of the impedance along the half-plane 
both on the illuminated and shadow sides is shown in 
Fig. 4 for the special R=0, 7.e., perfect absorption on 
the lit side. At the edge Z,TM &. 

Finally, let us consider the special case 09=7. In this 
case the wave is incident along the half-plane, and the 
expression for the impedance reduces to 


een @ = 5 1\/2kr 
1+ R/ ikr&(0) 


be = - *) a/ Qe iar! 
ALR) Vrkr 


(14) 


It is noted that the impedance varies in this case like § 


1/-/kr. The diffracted field is 
ei(krtr/4) 


6 
Uaite = ———— (1+ R) es . 


2+/2kr a 


When we examine (14) and (15), we can see that the 
diffraction pattern is independent of the character of the 
surface, 7.e., the value of R. The impedance at the edge 
is infinite, far away from the edge it tends to zero. If the 
normalized impedance Z™, tends to zero so rapidly 
that one radian away from the edge it is already much 
smaller than 1, 0.1 for example (7.e., R~1), then the dif- 
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Fig. 4—Surface impedance variation on an.absorbing half-plane. 


fracted field is practically that (within 12 per cent) 
which would exist if the impedance were zero all the 
way to the edge. If, on the other hand the impedance 
drops off relatively slowly, z.e., R~ —1, so that at one 
radian it is still much greater than 1, then the diffracted 
field is almost the same as if the impedance of the half- 
plane were infinite. 


_* 
7 
ae 
oo 
i 
i 


TORN LN LO eRe TN Oe Ne ene ee eR ee 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


S91 


A New Method for the Determination of Far Fields with 


Applications to the Problem of Radiation of a Line 
Source at the Tip of an Absorbing Wedge* 


S. N. KARP} anp F. C. KARAL, JR.t 


; Summary—A new simple operational method for the determina- 
tion of the diffracted far field for wedges with impedance boundary 


_ conditions is presented. The exterior angle of the wedge is 27 —1/2n, 
_ where nis an integer. The excitation may be either an incident plane 


wave or a line source. The method is described in detail for the case 
of an absorbing wedge with a line source located at the tip. Several 
examples are given to illustrate the method. It is also shown that the 
method can be applied directly to the classical problem of perfectly 
conducting wedges. 


I. INTRODUCTION 


N this paper we present a simple method for the 
| determination of the diffracted far field for wedges 

with impedance boundary conditions. The excita- 
tion may be either an incident plane wave or a line 
source located at the tip of the wedge. The latter case is 
emphasized. The impedance boundary condition con- 
sidered here is valid for the case of an absorbing surface. 
By an absorbing surface we mean a plane surface or 
screen that absorbs a maximum amount of radiation for 
certain angles of incidence of an incoming plane wave. 
The method to be described, however, is not restricted 


to absorbing surfaces but also applies to surfaces that 


support surface waves. Several examples are given to 
illustrate the method. It is also shown that the simple 
method developed here can be applied directly to the 
classical problem of diffraction by a perfectly conducting 
wedge or half plane. 

The impedance boundary conditions prescribed on the 
wedge surfaces are given by 


1 ou 
— -—+)u=0, d= 0, (1) 
r oO 
Ou 
mL = 0, G=a, (2) 
00 


where u is the z-component of the magnetic vector, 7 and 
6 are the usual polar coordinates, a is the angular space 
for which the solution is desired, and ) is a constant char- 
acteristic of the wedge surface. 

When the surface is absorbing, the value of } is giv- 
en by 


(3) 


where & is the free space propagation constant and s is 
a real positive parameter characteristic of the absorbing 
material. If the parameter s is restricted to lie between 


= tks, 


* The research reported in this document has been sponsored by 
the AF Cambridge Research Center, Air Res. and Dev. Command, 
under Contract No. AF 19(604)5238. . : 

+ Institute of Mathematical Sciences, New York University, New 


York, N. Y. 


0 and 1, the screen absorbs all radiation for some partic- 
ular direction of incidence and partially absorbs radia- 
tion for other angles of incidence. Hence the absorbing 
surface under discussion here can act like a black screen 
for certain directions of incidence. For additional infor- 
mation on absorbing surfaces see Karal and Karp [2], 
and for information on diffraction by black screens see 
Baker and Copson [1]. 

The problems treated here are not separable because 
of the mixed boundary conditions. It is possible, how- 
ever, to introduce an operator L which defines an auxil- 
iary function Lu=v, such that the auxiliary function 
satisfies the wave equation and simple homogeneous 
boundary conditions on both wedge surfaces. Once the 
auxiliary function is found, and this is not difficult, the 
original field could be determined by solving a partial 
differential equation. The boundary conditions in the 
original problem and certain necessary continuity con- 
ditions are then imposed, allowing one to obtain an 
exact formal solution valid for the entire region of 
physical space. This basic idea is due to Stoker [9] and 
Lewy [8] and has been adapted by the authors to the 
solution of problems in diffraction theory. (See [2]-[6].) 
However, if only the radiated far field is desired, it is 
possible to proceed in a simpler and more direct manner 
which completely avoids the detailed formal analysis 
which is quite lengthy and complicated. It is this simple 
and powerful method that is one of the main results of 
this paper. The other new results relate to the excitation 
of an absorbing wedge by a line source at the tip. 

In Section II we determine the operator L that trans- 
forms the original impedance boundary conditions into 
simpler boundary conditions involving an auxiliary 
function whose solution is known. In Section III we 
make use of this operator and examine the problem of 
an incident plane wave striking a wedge of angle 7/2n 
(exterior angle 2r—m/2n), where x is an integer, when 
an impedance boundary condition is prescribed on the 
upper wedge surface and a Neumann condition is pre- 
scribed on the lower wedge surface. The radiated far 
field is determined as a quotient of two trigonometric 
expressions. The numerator contains a set of unknown 
constants. The denominator has a corresponding num- 
ber of zeros which would lead to undesirable shadow 
lines in the pattern. The constants in the numerator are 
then so determined as to eliminate these inadmissible 
poles or shadow lines. 

The principal section is Section IV. In that section 
we determine the radiated far field of a line source 
located at the tip of a wedge of exterior angle 21 —1/2n 
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when an impedance condition is prescribed on the upper 
face, and a Neumann condition is prescribed on the 
lower face. 

Section V is devoted to illustrative examples of the 
general result of Section IV. 

Section VI demonstrates how the method we have 
described can be employed in the direct derivation of 
the diffraction pattern for perfectly conducting wedges. 
In order to illustrate a certain alternative which is avail- 
able in the application of the preceding method, we de- 
termine various constants in the far-field amplitude for 
diffraction by a perfectly conducting half plane and for 
a right-angled wedge by the use of the reciprocity 
theorem rather than by the method of regularity (i.e., 
avoidance of undesirable poles or shadow lines) which 
we exploited in the preceding sections. 


II. DETERMINATION OF OPERATOR 


In the problems that follow we shall need an operator 
L that transforms the impedance boundary condition 
given by 


1 Ou 
le 00 + \u“ = ; ? = 0, (4) 
Ou 
a = 0, 6=a, (5) 
into the simpler boundary conditions given by 
7= 0, 6 = 0, (6) 
Ov 
=A = 0, 6=a. (7) 


From Stoker’s paper on water waves [9], we are led 
immediately to the following operator 


ea Maeeoreey (8) 


where 


cy =e elit) A On (9) 


and D is the complex operator d/dz. D has the value 
0/dx along the real axis, and the value 0/0 (iy) along the 
imaginary axis. Hence, the appropriate operator for a 
wedge of internal angle r/2n with an impedance bound- 
ary condition on the upper surface and a zero normal 
derivative condition on the lower surface becomes 


if 0 
age TL jsin 7? © + cos? ae Ne 
p=1 


10 
TmOn n Oy ( ) 


The transformation that simplifies the original bound- 
ary conditions (4) and (5) is 


Vi) Dn. 


(11) 
We make the important observation that the same 
operator and transformation applies to the case of a 
wedge of twice the exterior angle when the lower face 
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has the same impedance boundary condition as the 


upper face. This fact follows immediately from sym- 
metry. 


III. DirFRACTED FAR FIELD DUE TO AN 
INCIDENT PLANE WAVE 


Consider a wedge of angle 1/2n, where 7 is an integer, 


defined by the surfaces 0 =0 and @=a as shown in Fig. 1. — 


y 


INCIDENT 
PLANE WAVE 


yp 


IMPEDANCE BOUNDARY 
CONDITION PRESCRIBED 
ON WEDGE SURFACE 


PERFECTLY CONDUCTING 
SURFACE 


6=a 


Fig. 1. 


In the angular region 0<@<a we assume that we have 
free space. A plane wave uz, whose magnetic vector is 
linearly polarized in the z-direction, is incident on the 
wedge. If the angle of incidence is @) and the direction 
of the normal to the plane wave front is as shown in 
Fig. 1, then 


ur = Upe~#& cos #o+y sin 69) 


(12) 


where Uj is the magnitude of the incident plane wave 
and the time dependence e-*”' is omitted for conven- 
ience. We assume that the boundary conditions on the 


wedge are given by 


1 Ou 

Re haha ; 6=0, (13) 
Ou 
< = 0, 6= a, (14) 


where w is the z-component of the magnetic vector and 
\ has already been defined. It is easily shown that in two 


dimensions the field component wu is independent of z 
and completely determines the electromagnetic field. 


The field component H,=u satisfies the wave equation 


(V? + k*)u = 0 (15) 


where V? is the rectangular Laplacian and k is the propa- 
gation constant of free space. In addition, u is required 
to be bounded as the edge is approached. From EUR 


a 


: 


f 
1 


(10), and (11) we obtain the form of the incident plane 


wave in the transformed problem. We have 


vy = Voe-#@ cos Weg Sin 69) (16) 
where 
‘ nr {. (pT 
Vo = ikUy [[ {sin (7 + 0) + sin at (17) 
p=1 n 
and 
\ = 7k sin 44. (18) 


The quantity u in the far field can be written as the 
sum of two terms. The first term can be found by using 


geometrical optics and is composed of incident and re- 


flected waves. The second term is due to the diffracted 
field. We have 


U = (U)geom + (u)aite (19) 


where (#)geom is assumed to be known and (u)aits is to 


be found. The transformed quantity v can be written in 
the following form for large r 


0 = (0)geom + [(v)aiss]e + [(r)aite]s. (20) 


_ The first term can be found exactly by using geometrical 


optics and (10) and (11), and is assumed to be known. 
The diffracted far-field solution of the transformed 
problem which is finite at the edge of the wedge and is 
denoted by the subscript F is assumed to be known and 


3 can be obtained by standard methods. The far-field 
solution of the transformed problem which is singular 


at the edge of the wedge, and is denoted by the sub- 
script S, is the asymptotic form of! 


gn—1 — 
( (2p — 1)n 
[ols = Do pH se Hosen sin ————-6- (21) 
p=1 Nic 1 


The far-field expression for the finite solution is given 


by 


ww) 2 
[(v)aitsle ~ /— etkr—i(r!4) BO, Bo) (22) 
awkr 
where 
Boe, 90) 
= : wp 
= kU B(6, %) I] fsin & + 0) + sin a} (23) 
p=1 n 
and 


1 The series must be terminated at p=2n—1 in order to BSE the 
previously required finiteness of u at the edge, as can be seen from 
the number of differentiations required in going from 1 to v. 
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B is the far-field amplitude for the boundary valve prob- 
lem in (6) and (7) due to a unit amplitude incident plane 
wave. The far-field expression for the singular solution 
is given by 


2 ant n(2p — 1 
[(v)aits]g = y/ etbr—itr/4) > Ze, atti Ue (25) 
wkr p= n— 1 


where 
Con a= Cog in Gr—) /An—1] 4/2 


(26) 


We expect a priori that the far-field representation of the 
original field u is of the form 


Ve 
(u) aitt = a eri] 47, (6) 
wkr 


where #(@) is unknown. Consider now only the diffracted 
part of the far-field expressions. We have 


(27) 


(v)aite = L{ (ae) aise} (28) 
or 
[(v)aitele + [(v)aitels 
im fe) 
=— TL {sin —+c ac —— at (u)aits. (29) 
p=1 n OX 
But in the far field 
Be ag | F : 
— = cos 6 — — — sin @— = cos #— = ik cos8, (30) 
a or r 00 or 
a a iene ake 
—- = sin 0 —+—cos@— = sin@— ~iksin#@, (31) 
oy Of 4st 00 or 
and hence, 
[(v)airele + [(v) aire] s 
n T (6) 
= — |] {sin (2 +- a) —— at (u)aist. (32) 
ail n or 


If we substitute (18), (22), (25), and (27) into the above 
we obtain 


, 2n—1 2 a 1 
(=) | Be. 60.) + >> Zon sin igen) | 
k p=1 i (a 1 


- (33) 


n(0) = 


II sin (“? + a) — sin | 
p=1 n 


al 
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The constants Z,, are as yet unknown. 
Notice, however, that the denominator of (33) 
vanishes for certain values of 6. Let the roots of the 
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bn alter. *% 


inadmissible shadow lines.? Hence the numerator of 
(33) must vanish at the roots 6; of the denominator. 
Therefore we can write 


Decciiber 4 


equation ee 
2 
_ inet —— gilkrtr/4) 
Il sin (= -+- a) == Sin | = 0 (34) (u) aitt bee é Uo 
p=1 n 
a 1 
be denoted by 8; where 7 is an integer. There are 2n—1 II {sin (= i 0) + sin Oa} Nan q 
values of j [z.e., there are 27—1 roots of (34) whose Pel n (35) 
values are given in (64) | in the interval 0<0@<2r—1/2n n (. (pr ; 
and at these roots there must be no poles of #(6). The TI sin (7 a s) -— sin 0,> Aen-1 
reason that the far-field amplitude #(@) can have no in- 4 
finities at the roots of (34) is that these would contribute where 
B(0, 60) ele ae 6 Se Pepe ecg 
sin sin - ++ sin (4n — 
oy 4n—1 n—1 4n—1 
= n 
B(@i, 8 sin sin 3 - sin (4n — 3 
(81, 0) eet ecics ( er Bear 
SRG.) Asie Be Pain 3 B in (4n — 3) B. |’ Se 
; sin sin 2 - sin (4n — 
ace Antes ae Aes 
ea i ne ena ya in (4n — 3) — 
ae sin n—-1 sin 3 ——— Boi--- — 3) —— Bon— 
fon ey ees dg de A ae re 
ae in 3 in (4n — 3 
sin sin . = 
flee UE eas er eee 
. nN B ° 3 4 
sin sin Oo. 5] es = 
Aon-1 i 4n oe 1 : Y | id 1 Ba ae ( ie ) 4n c= 1 Bs (37) 
sin a B eines) E in (4 “ 
n— sin we 4 ‘ ae a 
aoe 2-1 Sl eit Bon-1 sin (4n 3) Finals) Bon—1 


Aon—1 = (2)?@2-D@—Dsin x1 sin x2 sin x3 - 


-[cos? a2 — cos? x1] [cos? x3 — cos? a1] [cos? 24 — cos? ai] s+ 


[cos? ”3 — cos? w2|[cos? 24 — cos? x9] - « 


The roots 6; are here regarded as being enumerated in 
some arbitrary but fixed order. We first consider the de- 
terminant Ao,_;. It can be shown that its value is given 


by 


- sin Xon-~1 
[cos? won-1 — cos? x1] 
- [cos? ven—1 — cos? xo 
[cos? 4 — cos? as - - - [cos? x2n-1 — cos? xs] (38) 
[cos? s2n-1 — cos? Xon—2 | 


2 Tn view of the previously noted restriction (s real, 0<s< 1), only 
real roots occur in (34). For more general values of s, complex roots 
can occur (as for example, for the case of surface waves). A similar 
analysis can still be applied, though in more complicated form. 
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where 
<6 
x = a 3 
"4a —4" &) 

; A principal minor of the numerator is of the form 
9 (—1)*B(G;, 40) 
E sin ¢ sin 3¢ - sin (4n — 3)¢ 
J sin 4 sin 32 sin (4n — 3)ay 
q sin #2 = sin 3x9 sin (4n — 3)x2 
4 is “oes , : (40) 
4 sin %j-1 sin 3a;_1 sin (4m — 3)aj_1 
r sin vj. sin 3x44 sin (4% — 3) aj 
4 : ; : 
f sin wont sin Btn - ++ sin (4n E Deon 
_ where 
: abi (41) 
: = 
; 4n—1 
7 


Note that the jth row is omitted. Expanding the above 
as before we have 


So i Bilin 


(—1)'BG,, 6) (2)2@2-D@—D sin @ sin x1 sin X2- - 


-[cos? x1 — cos? 4] [cos? %2.— cos? $] ae 


- Sin %j1 SIN %j41° °° SIN Xen-1 


[cos? «;1 — cos? $]| cos? xj11 — cos? 4] - - 


-[cos? x2 — cos? «| - - + [cos? x;_1 — cos? x1] [cos? xj41 — cos? x] - - - 
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- [cos? aan-1 — cos? | 


[cos? aen_1 — cos? «| 


[cos? %on—1 — COS? %on—2|. (42) 


- Dividing numerator by denominator, and cancelling all 
common terms, we obtain 


(u)aitt = y 2 girs, ” — sin ee sin pals i 
wkr 4n —1 4n —1 4n —1 4n —1 


is ee 
4n —1 


c (6 + 80. + 6) nr | 
— cos 
ee — = 4n — ae 4n—1 


[cos? a2 — cos? ¢][cos? x3 — cos? 6] - - 


- [cos? an1 — cos? $] 


(Bi — 90) = 90) 


Paes aS 4n —1 


[cos? «1 — cos? é|[cos? 23 — cos? 4] - - 


coe + = naw ] [cos? 22 — cos? x1] [cos? x3 — cos? mi] - + - 
— cos —— 
aed [= 


[cos? van_1 — cos? x1] 


+ [cos? van-1 — cos? $] 


re — 8 n gas nr i St ge tee 
[cos — COs 7 - | [= SE Gd [cos? a1 — cos? «2|[cos? x3 — cos? x2] 


Ape 
= [cos “Es = oD — eo rad i ee z Bs 


- 


pen 


[ 
[cos? a1 — cos? ¢][cos? x2 — cos? 6] - - 
[cos? 1 — cos? «| [cos? x2 — cos? x3] - - 


[cos? x2n1 — cos? x2] 


+ [cos? san1 — cos? 4] 
+ [cos? xan-1 — cos? x3] 


(43) 
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We can write (43) in a different form involving only 
sines. Further simplification yields the following com- 
pact expression: 
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Il {sin (7+ 2) + sin a} 
p=1 n 


(u)aite = 1s ebertnl4) Ty re aah sin poset sin oe sin Bain 
i V «kr 4(4n — 1) 4n — 1 An — 1 4n — 1 Tr sin (= i ) aren ah 
p=1 n : 
il 
as n(@— Oot) . nO@—O—7) , nO+4%+7) , n(6 + 4 — 7) 

eee Gamer tex Din toe a ee 

2n—1 1 

a nl; — 8+) . n(B;— 9 —7) , n(Bj+O+7) , n(B; + 4 — 7) 
ee eee 2(4n — 1) Oe th ae 
ce (Peet) ets aed) 
Jie 4n —1 ee 4n —1 
(oxi) 


RBs 07) Bp a Bj) 
n sin 
4n — 1 4n —1 


This result is the diffracted far field due to an incident 
plane wave for a wedge of internal angle 7/2n (1.e., in 
an external angular space 27 —7/2n) when an impedance 
boundary condition is prescribed on the upper face and 
a Neumann condition is prescribed on the lower. It is 
also the result for the diffracted far field for a wedge in 
an external space 4r—7/n(0<0<4r—7/n) when the 
same impedance boundary condition is prescribed on 
both surfaces, provided the incident wave arrives along 
the line of symmetry of the wedge. 


IV. -DIFFRACTED FAR FIELD DUE TO A LINE 
Source LOCATED AT THE TIP 


Consider now a wedge of angle 7/2n, where n is an 
integer, defined by the surfaces 9#=0 and 6=a as shown 
in Fig. 2. In the angular region 0<9<a we assume that 
we have free space. A magnetic line source is located at 
the tip of the wedge and has coordinates x =0, y=0 (see 
Fig. 2). We assume that the boundary conditions on the 
wedge are given by 


1 Ou 

Piet ee (45) 
Ou 
hilt le a (46) 


where u is the z-component of the magnetic vector and X 
has already been defined. The field component H,=u 


satisfies the wave equation 
(V? + k?)u = — 4n8(x — 0)8(y — 0) (47) 


where V’ is the rectangular Laplacian, k is the propaga- 


(44) 


tion constant of free space, and 6 is the Dirac delta 
function. 

The radiated far field is found in a manner similar to 
that used for the incident wave plane. Again we first 
introduce the operator 


(48) 


where 


LINE DIPOLE 
SOURCE Se 


IMPEDANCE BOUNDARY 
CONDITION PRESCRIBED 
ON WEDGE SURFACE 


ie 
2n 


PERFECTLY CONDUCTING 
SURFACE 


Fig. 2. 


V = CnH,™ (kr) sin nd (50) 


“since the solution of (47) is given by the Green’s func- 


| = inHy (kr). (51) 
1 the above equations H, (kr) is a Hankel function of 

he first kind of order m and the subscript S indicates 
hat these are source terms; c, is a normalization con- 
stant. The solution of the transformed problem is 
given by! 


? = CrnHn™ (kr) sin n0 


21 (2p—1)n 
+1)) toll tap aya/ tawaay (Rr) sin eee 6 (52) 
p=1 n—1 


Bad pas the far-field representation 


4 

E. oe 

4 (0)s5 © Cn (= Er ran! Ne ter !2) sity 20 
3 awkr 

4 


2n—1 


2 
+ ecto ei(kr—r/4) 2 ts 


kr p=1 


ore 


n(2p — 1) 


Bio oo 
4n — 1 ey) 


a “exp (-i 


_ n(2p — 1) 2) 
~ 3 sin 
4n-—-1 2 


Bcc vyr denotes the far-field form of v. We expect 
et that the far-field form of the original function 


woe 
(1) py =~ = ei(kr—w/4) n(0) 
awkr 


where 7(8) is unknown. If we now consider the far-field 
form of v we have 


w= — I {sin (2 +0) = - ban (65) 


(54) 


4 
: 
i 
| 


p=1 Lg 
: no 
sin 70 sin 
4n—1 
‘ : mB. 
sin nB1 sin — sin 3 
4n—1 
Non-1 = a 8 sin mB 
sin nB2 
4 4n — 1 
, . MB2n-1 
sin MBon—1 sin 
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Substituting from (54) and (55) we obtain 


2n—1 
Cre!) sin nf + >> Cp 
p=1 
(-i n(2p — 1) ) n(2p — 1) 
-exp SS 0) ae 
4n—1 2 4n —1 


=—ik Il {sin (= oe a) — sin a} n(8) (56) 


p=1 


where we have set 


\ = tk sin 61. (57) 
Hence 
(u) sz = yee et (kr+m/4) (—) 
akr k 
2n—1 2) =< 1 
E sin 70+ >) fon Pear | 
p=1 n—1 
Faia ee ee (58) 
TI] sin (7 2 +0) — sin | 
p=1 n 
where 
Bo Cnet er !2) (59) 
aes — 1) =) 
Ean = a . 60 


Using the same argument as in Section III, we note that 
(u)s¢ can be written in the form 


ee 
—— gilkrt+m/4) 


U = 
COV a 
©) 
k Non— 
- 1 (61) 
Il sin (= -E a) — sin | pe: 
p=1 n 
where 
tf) no 
» ++ sin (4m — 3) 
4n—1 4n — 1 
np 
a - ++ sin (4n — 3) : 
4n—1 4n—1 
nBo |, (62) 
ik Be? Ora) : 
n—1 ret 
: A Ake 
ea - sin (4n — 3) Be 
4n—1 4n —1 
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’ nb : mp1 
sin sin 3 
4n — 1 n—1 
: NB» 4 nB2 
sin sin 3 
Aon—1 = An — i} i 1 
peer 16 Crea rao NB2n—-1 
sin sin 3 
4n — 1 n— 1 


In the above determinants the 8,’s are the (2n—1) roots 
of (34) which lead to inadmissable poles and these are 
given by 


T 
b= Oi m+ — (4 — 4), te Sa re ee (Js 
nN 
T 
Brie = —i +—(n—5), s=1,---n-—1. (64) 
n 


By using a procedure similar to that in Section III we 
have at once that 


(u) 7 = / i eilkrtn/4) 
kr @ 
ID sin (= ate ) — sin | 
p=1 nN 


sin 10 fn a STS 
| + = ox g 
ne pee 10; 
sin sin ———— 
l 4n—1 4n—1 
et 1(Br— 8) (Bp + 8) 
n sin 
(p47) (65) 
ay n(By — B;) _- n(Bp + Bj) 
n ———— sin —————— 
aon 4n —1 4n —1 
where 
: il 
(Gy) nt a (66) 


§ The calculation involves noting that 


im y) (kr) —> Mnge et (kr-+1/4) 
wkr 


and 


a il 
II sin (+0) = — — sin né. 


p=l 2Qr-1 
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y 


np 4 
Se ene é 
sin (4n he rE . 
a 
Senn ; 
Sn Ce ea (63) 
NBon— 
PAY Clete ee | a 
4n—1 : 


The above constant @, can be found by considering the 
limiting case of 6:=0 (A=0) where the solution is 
imH,(1)(kr) independently of 1.* This result is the dif- 
fracted far field due to a line source located at the tip 
of a wedge of angle 7/2n (exterior angle 2m —7/2n) when 
an impedance condition is prescribed on the upper face 
and a Neumann boundary condition is prescribed on the 
lower face. (It is also the result for the diffracted far 
field for a wedge of exterior angle (4r—7/n) when the 
same impedance boundary condition is prescribed on 
both surfaces.) 


V. APPLICATIONS 


A. Right-angled Wedge Excited by a Line Source Located 
at the Tip with One Absorbing Face and One Perfectly 
Conducting Face. 


For a right-angled wedge 1 =1. The appropriate root 
is Bi =0,-+7 where 0<0,<7. Using (65) we find that the 
desired radiated far field is given by 


G5 
=i SED ne 
k 3 


(2) 57 = 4/ : erin) eee 
akr [sin ( + 6) — sin 6,] 


f sin 0 
| Wat och 
sin — sin — 
3 3 


sin By 


(67) 


where ¢;= —7k. 


B. Forty-Five-Degree Wedge Excited by a Line Source 
Located at the Tip with One Absorbing Face and One 
Perfectly Conducting Face. 


For a forty-five-degree wedge, » =2. For an absorber, 
the appropriate roots are B:=6:+7, Bs =7/2—6, and 
B3 =3r/2-+6,. Using (65) we find that the desired radi- 
ated far field is given by 


~) 


eS he ae Le Oe 


ee 


urate." 


me petit A 
pS hon tN sg 


Tee RON Pee TEL ee ee eee 


‘em 


i a* 


RES eT RT Ce SEEN TERNS SNM CREE ete St ma eye 


. 


E Use + Uy + k’u = 0, 


VI. APPLICATION OF METHOD TO SIMPLE BOUNDARY 
CONDITIONS AS IN THE CASE OF PERFECT CONDUCTORS 


The method employed above can also be employed 


- with modification in treating the more ordinary classical 
_ diffraction problem, arising in the case when both wedge 
- faces are perfectly conducting. Here we illustrate the 
_ method in the cases of a half plane and of a right-angled 
wedge. 


_A. Diffraction by a Perfectly Conducting Half Plane 


Consider the problem described below: 
(70) 
(71a) 


O=0 < Zr. 


u& = et (zeos Ooty sin 60) + outgoing wave. 


1LSe 
u(— 0, ¥) = etk(a cos boty sin 60) aa 3 < Oo re + =a (71b) 


= u(x, 0) = 0, eo 0: (72) 
Su finite at x = 0, y = 0. (73) 
Here’ we let —17 <0) <7. 
Let : 
u 
y = — — ik cos Ou. (74) 


Ox 


Then »v is an outgoing wave function, which obeys the 


4 The definition of the angle @ employed in this section differs 


from that used in earlier sections. Henceforth @ means the angle be- 
__ tween the direction of travel of the plane wave and the positive x-axis 
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( é\ 96 
: —) sin — 
(u) py = —— gilkr+m/4) k i 
wkr eae A 
sin (= + s) = sin | [sin (r + 6) — sin 6,1 
ae mae ig) 2 
poh Loar ce (82 — @) sin $e (82 + @) sin - (63 — @) sin - (83 + 8) 
ee Dae or mee. ees ry, 2 
sin ae sin a sin s (82 — B:) a (82 + Bi) sin = (83 — B,) sin re (83 + B1) 
Pee nite 2 ee rer 
ee. sin ie (81 — 8) sin ae (81 + @) sin = (63 — 6) sin e (63 + 6) 
Beh 20am ed Pd: Se aca 2 
sin —— sin — (61 — 2) sin — (6, + 62) sin — (8, — B2) sin — (83 + Be) 
7 i i 7 i 
aw oT: aed 2 
ee ae (61 — @) sin a (61 + 6) sin es (82 — 6) sin = (62 + 8) 
ane B =. 0 <2 2 may 2 oo 
sin —— sin — (61 — Bs) sin — (81 + Bs) sin — (Bz — 63) sin — (Bo + 83) 
rg 7 mi 7 if 
where radiation condition. Also, from (72) and (74) we have 
ek“ /2) 0 (69) that v(x, 0)=0, «>0. Therefore (72) implies that the 


most general form of v is given by 


0 = >> dnHnj2(kr) sin f 6 (75a) 


n=l 
where the a, are to be determined. Now (74) shows that 
v= 0(u/x) near the origin; therefore (73) and (75a) imply 
that u—0 at origin, and also that a, =0, ~>1. Therefore 


0 Ou 
v = 41(60) Hijo (kr) sin — = — — ik cos Oou. (75b) 
2 Ox 
We have yet to determine a}. 
Now let 
UuU = Ugeom ar uh (76) 
and assume that 
uO) — Hy“ (kr) u(6), r— © (77) 
where 
i Aare eh 
Hy (kr) = 4/ eihr—i(m/4) (78) 
awkr 


Eq. (77) holds for almost all fixed 0. We also know 
that (74) holds, and that 


0 1 
y— Ay (kre? /% a, sin — + 0 ~;). 79 
0? (kr) 1 ‘i a (79) 
But 
F) Speers ood 
— = cos? — — — sin§—; (80) 
x or r 00 


$100 


while for large r, 
0 FT 1) (f Ait6°>(br) + 0(—=) 
= Hie(br) ~ ibEfo(br) + 0( Ze). 


i 1 
— Ay (kn) ~ 0 (<3). (81) 
r yl? 
Therefore, for functions of the type illustrated in (77) 
and (79), 0/dx—ik cos 6. Using (74) and (79) the co- 


efficient of H»)™ in (79) now becomes 
0 
aye~*r/4) sin mi = ik(cos 6 — cos 60) u(6). 


Hence, 


0 
a4 sin — e7i(/4) 


u(6) = (82) 


ik(cos 8 — cos 4) 
where, according to (77), (6) is the (physically interest- 
ing) complex far-field amplitude of the diffracted wave. 
The @ dependence is quite explicit. We need the con- 
stant a1, which may depend only on 6. To emphasize the 
dependence on the angle of incidence we rewrite (82) as 
follows: 


6 
41(0o) sin — ¢—*(r/4) 


Nes) = a0) 83 
EATS A, ik(cos 6 — cos 49) 3) 
Now by reciprocity 

ud, 60) = u(Oo se TT, hs T). (84) 


Here we have employed the convention that angles 
of incidence lie in the range (—7, 3). Applying (84) to 
(83) we find that 


+7 


a,(0 — =) sin 


6 
@1(89) sin — 
1(o) 5 


ik(cos 8 — cos 4) 7 ik| cos (0 + ) — cos (6 — x) 
A + Tv 


a,(0 — m) sin 


= Sk GnIC OM See 85 
ik(cos 8 — cos 0) (85) 


1.€., 
(80) _ a(9 — 7) 
ee az = constant (86) 
sin sin — 
2 
or 
90 
@1(4) = a,(0) Dae (87) 
Go 8 
cos — sin 4 ein] 4) 

WOs00) = (=the lM), (88) 


ik(cos 8 — cos 6) 
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Here we have used (87) with a value of a1(0) obtained in ~ 
the next paragraph. , 
In order to determine a1(0) we let >=0, and employ — 
(75b) and (74). We integrate (74), subject to (71b), and ~ 
find that | 


u = er + a,(O)e* i ety (E, y) dé (89) 
where 
) bie? By pice 
x(x, y) = Hije™ (Rr) sin 7 > — is/ e*r sin ee 
r—>o, (90a) 
We have, therefore, 
x(#,0)=0, #*>9, 
2 etitlzl (00b) 
, 0) = —447 — , 4905. ARG 
oe wk VW |x| 


Imposing the boundary condition (72), and using (90b) 
we get for x> 0, 


0 p- 
0 = et + ax(0)em f (—i) (/— 
| €|=00 us 


e2%klEl d(—k| £|) 


Vale 3 + {95} 
Hence, finally, 
i nee io Nice 
a,(0) = Fees J v7 ar| = — ike *@/) (92a) 
so that 

vot Mares eae 

i cos— sin — 
u(0, 6) = 2 (92b) 


(cos 8 — cos 4) 


The result is that for diffraction by a half plane under 
the condition (72), the field for large r is given by 


sat Saree 
9 2 COS—— sil =— 
-_—_—_ e— t(r/4) pikr 


u— Ugeom ae 
awkr 


ee 
(cos 6 — cos 4) Ce 


Similar analysis shows that when 0u/dy =0 is required, 
the screen has the form 


Uu — Ugeom 


_ 9% i] 
Sif) == COS —— 


? pape é 
4/ eaitriDelr (constant) 
akr ik(cos 8 — cos 8): 


The analysis given above through equation (75b) can 
be traced back to Lamb [7], in the case of normal in- 
cidence (9=7/2), although Lamb omits (75a) and 
merely postulates (75b). No explicit formulation of the 


Bi TI Be he te 


Dio 


ee ite 


ye Se ee ee ee re ee 


se Tee 


1959 


SS aes ee 
a 


ee Eee LE ee eT aL Eee ae ee RS Ny ee ee tee See et 


edge condition was available to him. After obtaining 
(75b) Lamb expresses it in the form (again for 09=7/2) 


On tel © OU Coe 6 
cos 6 — — — sin @ — = (constant) —= sin — - 
or r 00 Jr 2 


However, Lamb integrates the first order partial differen- 
tial equation to obtain the usual Fresnel integral expres- 
sion for u. The form of the resulting solution is then 
generalized to be valid for arbitrary 60. 


_ B. Diffraction by a Perfectly Conducting Wedge 


The present procedure can also be employed in the 
case of a perfectly conducting wedge. 

For example, consider the problem of diffraction by a 
perfectly conducting right-angled wedge. 


ther + Uyy + k?u = 0. (95) 
u = e**@ cos Goty sin %) + outgoing waves. (96a) 
U = Ugeom at infinity. (96b) 
u(x, 0) = 0, ee >i (97a) 
u(0, y) = 0, sm Os (97b) 
u finite at x = 0, y = 0. (98a) 


_ Let 


e2 
ze (<< + k? sin? 0) u. (98b) 


3? 
a (= + k? cos? i) = ay? 


Ox? 
The two expressions are equivalent by (95). Then the 
geometric or plane wave part of v is zero. Again, »=0 on 
the faces of the wedge, and v must not be too singular 


_ to prevent u from being finite at the edge. Hence 


20 40 
S (00) H2/3\) (kr) mee + @2(00) Has (Rr) pare ’ 
3a 
Oats (99) 
so that for r> ©, 
= 20 
v > Ho (kr) [ sa) sin rf 
46 
+ e~ i213) q0(B9) sin = | (100) 
Therefore, 
| 20 a) 
e-i(t/3)q4(8o) sin — + e*@7/9a9(90) sin — 
(0,00) = ; . (101) 
lids — k?(cos? 6 — cos? 4») 
Now let 
aye?!) = ay, ace i(27/38) = ae. (102) 
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Hence 


(40) sin — + «g(60) si Bd 
Q@1(09) Sin 3 as( 0) ey 
2 

=-— Ec — m) sin ai (09 + 7) 


sv crs(@t ia} sin = (6 Es »| (103) 


since u(6, 60)=u(O0+7, 0—7m) because of reciprocity. 
Now let 6=6,-+7, and deduce 


iD 4 
(0) sin 3 (Ao + 1) + a2(02) sin (Ao + 1) a) 


or 
—ai(0 
a2(9o) = seamen (104) 
2 cos 3(4) + 7) 
Thus, substituting in (103), 
20 
cos — 
sin — ay(6, a 
gry cos 2(0) + 7) 
2 cos 2(0) + 
= — a;(6 — x) sin— (0) + 7) E — een . (105) 
3 cos 36 


Letting 6=7, one obtains 


—ay;(0) sin 2(6) + 1)[1 + 2 cos 2(@ + 7)] 


6 — 
ai( ) é or E si 1 | 
ae 3 2 cos $(4 + =) 
— 2a1(0) 4 
Sys Baad Sea PeennaN 106 
V/3 1 3 (00 + 7) (199) 
Hence 
2 at 
0, 6 Sy ee. eee 
u(8, Ao) = k?(cos 2 6) — cos 2 6) 
rae 20 26 
Sink——=COSaa 
mi) eee ae 
Set Demin <= in a ant a 
3 2 cos 2(@) + 7) 
or 
4a;(0) 
0,00). = Se 
u(8, 80) 3 
pe dl agh hain doles Flt) SI ioe 


k?(cos® 0) — cos? 6) 


The constant a;(0)/k® is a pure number as the form 
of (108) shows. This number can be obtained by using 
the same sort of procedure as was used in the case of a 
half plane. 


$102 
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some New Forms of Huygens’ Principle* 
V. H. RUMSEY} 


Summary—Several theorems are derived by using the reaction 
concept. They apply to single frequency sources of finite extent, and 
to fields which are finite and continuous on a hypothetical closed sur- 
face S whose inside or outside is source-free. 

1) The field on the source-free side of S is uniquely determined 
by the normal components E, and H,, on S. 

2) For measurements on the source-free side of S, the primary 
source can be replaced by any of the following secondary sources 
on S: 


(a) Normal electric and magnetic dipoles in free space. 

(b) Normal electric and magnetic quadrupoles backed by a me- 
dium which makes E,,=0 and H,,=0. 

(c). A certain combination of electric and magnetic normal di- 
poles and quadrupoles which gives zero field on the source 
side of S. 


The prescription for (a) requires the solution for the field of the 
primary source when it is inside a cavity on whose walls E,=0 and 
H,,=0. The surface densities of the various components of secondary 
sources (b) and (c) are given in terms of the free-space primary 
field. The formulas are comparatively simple when S is plane. 

Many applications are cited including a combination of multipoles, 
consisting of vertical electric and magnetic dipoles, which is equiva- 
lent to a horizontal electric dipole. 


I. INTRODUCTION 


UYGENS proposed his famous principle in con- 
nection with optical effects. At the time, the 


electromagnetic nature of light was unknown, 
and consequently the original statement of the prin- 
ciple appears rather vague to the present-day reader. 
However, it turns out that the idea behind Huygens’ 
principle is confirmed by field theory and thus applies 
not only to optics but essentially to any part of physics 
which can be treated by some type of field theory, such 
as gravitation, elasticity, acoustics, electricity, mag- 
netism and many more. We therefore begin with a state- 
ment of the principle which applies to any of these 
phenomena, as follows. 

Given some source denoted by g, we imagine a hypo- 
thetical surface .S which encloses g. Then there is a 
certain source A which when spread over S gives the 
same field outside Sas g. In other words, A is equivalent 


to g for all points of observation outside S. The equiva- 


Jent or Huygens’ source A is not unique: the different 
forms of A give different internal fields but all give the 
same external field of course. 

Although this is intended to be a theoretical study, 
the widespread practical applications of Huygens’ idea 
should be mentioned. It will be seen from our state- 
ment of the principle that the first step in any applica- 
tion is to pick some closed surface S which separates the 


* This work was supported in part by the Office of Naval 
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active part of the system (the source) from the passive 
part. As an illustration, consider the problem of design- 
ing an aircraft antenna for a certain radiation pattern, 
for example the pattern of an elementary dipole. Any- 
one who has made measurements of aircraft antennas 
would soon become convinced of the utter impossibility 
of doing this at, say, 10-cm wavelength, because the pat- 
tern of a single antenna on the aircraft is very compli- 
cated and adding more antennas seems to make it worse. 
Yet a solution exists, and Huygens’ principle tells us 
what it is: taking S as the surface of the aircraft, which 
we assume to be closed and perfectly conducting, S 
must be covered with tangential magnetic dipoles of 
surface density K= E Xn where Lis the field of the dipole 
whose field is to be simulated. The current interest in 
stereophonic sound suggests another example. In this 
case the active part of the system is the orchestra; so we 
can take S as an imaginary cubicle surrounding one of 
the audience. The next step is to construct an actual 
model of this cubicle making sure the inside is the same 
as it was in the orchestra hall. Then the listener seated 
in the cubicle will hear the orchestra exactly as it was in 
the hall, if the walls of the cubicle are covered with loud- 
speakers hooked up so as to reproduce the original dis- 
tribution of normal velocity or pressure over S. Again, 
to produce an even 70°F in a room, the walls must be 
covered with heaters (or coolers) so as to maintain 70° 
at the walls. The temperature anywhere inside will be 
exactly 70° no matter how hot or cold it is outside. The 
problem of reproducing a picture in three dimensions, 
which is of current interest to the film industry, is an- 
other example. If the screen surrounded the audience we 
would have our closed surface S which can now be 
thought of as a window separating the viewers from the 
picture. Then we would get a result which is optically 
indistinguishable from the real thing if we could project 
onto S the same distribution of light as in the real case. 
There is no end to the applications, and, in the light of 
practical experience, the results predicted by the prin- 
ciple are in many cases amazing. 

The literature on Huygens’ principle [1 ]|—[8] goes back 
to 1690, but the material which refers to electromagnetic 
waves is practically confined to the twentieth century. 
It is a rather difficult subject and the reader will find 
considerable differences between the references cited. 

The principle is probably most familiar to radio en- 
gineers under the name of Schelkunoff’s equivalence 
theorem although Schelkunoff pointed out that Larmor 
originated this particular theorem. On the other hand, 
mathematicians would probably think of the subject as 
a collection of theorems which state how the field on one 
side of a closed surface is uniquely determined by its be- 
havior on the boundary. 


: 


$104 


In the present paper, the subject will be approached 
from the point of view of the reaction concept [9]. 
Since this method is probably unfamiliar to many read- 
ers, the reaction approach will first be explained by 
showing how it is used to derive some of the established 
forms of Huygens’ principle. The method will then be 
used to obtain some new results. 

Turning now to the specific case of radio waves, sup- 
pose that the medium is uniform, e.g., free space, and 
that Sis an infinite plane (which is not a closed surface 
but, as we shall see, the principle still applies). Then 
some of the established forms of Huygens’ principle are 
as follows: 

1) A consists of tangential electric and magnetic di- 
pole distributions of surface densities J, and K, where 


iin i. and YK = Ly Xn, (1) 
E, and H, denoting the electric and magnetic fields at S 


due to g (i.e., the primary field) and m denoting a unit | 


vector normal to S pointing away from g; 

2) h is a tangential magnetic dipole distribution of 
surface density 2K,; 

3) his a tangential electric dipole distribution of sur- 
face density 2J;. 

The first form gives zero field on the left, whereas 2) 
and 3) plainly do not. Note also that 1) requires a 
knowledge of both tangential EF, and tangential H,, 
whereas 2) or 3) require either tangential EH, or tan- 
gential H,, respectively. 

Alternatively, using the Hertz potential method [10]- 
[17], we would express the field to the right of Sin the 
form 


Eos E+ Ry and:.H, =H¢+ Hn (2) 

where 

Em = V X nfm 
and from Maxwell’s equation 

—ZHn = VX Em; 

H.= VX nfe 
and from Maxwell’s equation 

VE.=VX H,, (3) 


the scalar functions f,, and f, being the Hertz potentials. 
In words, (2) and (3) state that the field is represented 
as the superposition of a transverse electric (TE) part 
(#.H.) and a transverse magnetic (TM) part (Ewe 
TE and TM being defined with respect to the n axis. 
Note that (3) suggests that E, and E,, are the fields of 
certain distributions of electric and magnetic dipoles 
pointing in the direction normal to S. 

Now let us compare these two ways of representing 
the field to the right of S. First note that form 3) of 
Huygens’ principle is similar to the Hertz potential 
method (3) in this respect; they both express the field in 
terms of two complex scalar functions, the former in 
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terms of the tangential components of H, at S and the 
latter in terms of f, and f.. They differ in the respect 
that the equivalent source in 3) consists of tangential 
electric dipoles, but in (3) it consists of normal electric 
and magnetic dipoles. This suggests that if (3) is valid 
in general we ought to be able to find a form of Huygens’ 
principle in which A consists of normal electric and mag- 
netic dipoles. The study of such a theorem for an arbi- 
trary surface is the main purpose of this paper. 


Il. THE REACTION METHOD 


Maxwell’s equations for a single frequency can be 
written in the phasor form 


-VXE=ZH+K 
VXH=YE+J 


Z=jout+r (4) 
Y = jwe +o (5) 


in which E and H represent the radio wave field, Z and 
Y the environment, J and K the source; E, H, J, and K 
are complex vectors. The source functions J and K rep- 
resent the densities of electric and magnetic current 
moment, or let us say simply the electric and magnetic 
dipoles. Let J,K, and J,K, denote two different sources, 
E,H, and E,H; denoting the corresponding fields. Let 


ihre f i if _ Ue By~ Kel, 6) 


the integral being taken over all space, 7.e., over the 
source a, since there is no contribution where J, and K, 
vanish. Then it can be shown that 


(ab) = (ba) (7) 


(ab) =$ (. xX Ey X H,)+ndS (8) 


with these provisions. 


1) The sources do not extend to infinity or, more pre- 
cisely, the integral in (6) is finite. 

2) Zand Y are scalars (isotropic medium). 

3) There is some loss (or radiation). 

4) In(7),Z.=Z,, Ya= Ys everywhere; z.e., the sources 
a and b are in the same environment. 

5) S separates a and 5; 7.e., on one side of SJ,=0, 
K,=0 and on the other side J,=0, K,=0. The 
unit normal vector 7 points from a to b. 

6) In (8), the environment for b is the same as in (6), 
but for a it is the same only on the side of .S where 
a is situated; it can be different on the other side 
(obviously a and b can be interchanged in this 
statement). 


If aand bare on the same side of 


0=§ (EnX Hy — By X Ha) nd (9) 
8S 


provided that Z,=Z, and Y,= Y; on the other side of S. 
The complex number (ab) is called the reaction of a 
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on 5. It continually arises in theoretical work and so 
it is convenient to give it a name, “reaction,” and a sim- 
ple notation, (ab). It can be thought of as a fundamental 
observable which represents the coupling between 
sources a and 5; ¢.g., if b represents a unit current gen- 
erator connected to an antenna, (ab) is equal to the volt- 
age it receives from a. The property which we shall use 
frequently is that if 


(at) = (b1) 


for all test sources t, then sources a and b are equiva- 
lent; e.g., E,=E, and H,=H, everywhere. This follows 
immediately by taking ¢ as an electric dipole of unit 
moment so that, by (6), (at) becomes the component of 
F, parallel to the dipole moment at the location of the 
dipole. 

As an example of the reaction method, take a in (8) 
as the primary or given source g in the discussion of 
Huygens’ principle and S as the hypothetical surface 
which encloses g. Take b as a test source t located some- 
where outside S. Then, with a minor rearrangement of 
the integrand, (8) takes the form 


(gt) = $ [(n X H.)-E:.— (Ee X n)-H,JdS. (10) 


But, from (6) we see that if A consists of the surface 
densities J; and K, of electric and magnetic dipoles on 
S, by definition 


(ht) =$ Unk — Ky-H,|ds. (11) 


Therefore if 
J,=nXH, and K,;= £, Xn, 
(gt) = (ht) 


for all ¢ outside S. 

In other words, the Huygens’ source A is equivalent 
to the given source. Similarly by taking ¢ inside S, (8) 
shows that (At) =0; 7.e., A has zero effect inside S. Thus 
we have established form (1) of Huygens’ principle, 
mentioned earlier. Note that the derivation is valid for 


the general heterogeneous isotropic medium: it can be 


extended to the anisotropic case by using a more general 
formula for the reaction [9]. 

-A quicker way of getting this result is to argue as fol- 
lows. Consider the field which is equal to E,H, outside 
S and zero inside S. Then the boundary conditions at S 
require the electric and magnetic dipole distributions 
given by (11). However, this kind of argument assumes 
that such a field can exist, whereas the method preceding 
(11) does not depend on this assumption. 

To show that S can be replaced by an infinite plane, 
take S as the surface of a hemisphere consisting of Sp 
the plane part and S¢ the curved part. Then we have to 
show that the contribution from k, the part of hon Sc, 
becomes insignificant for large radius. Thus, consider 


Rumsey: Some New Forms of Huygens’ Principle 


S105 


CKL = a (Jn: Ei — Ky Hi dS by definition 
Sc 


= iL (n X H,-E; — E, X n-H,)dS_ from (11). 
Sc 


But at large distances R from g and ¢ 


oa 1 
nX E, = 4/ oH + of | (n being radial) 


nX Ey = t+ of =| 
Y R? 
assuming a uniform medium at large R. Therefore, 
(kt) ~ 0 | =| 0 
R 


as was to be proved. 

The other forms of Huygens’ principle mentioned in 
the introduction are obtained by using condition 6). 
For ease of reference, let us take b inside S (and a out- 
side therefore). Put Y,= © outside S: this is allowed by 
condition (6). Thus, 0 is in cavity with n X E,=0 on the 
wall S, but a is in free space (for example). The field of 
b is therefore not the same as in free space and to dis- 
tinguish it we use the subscript 1. Thus, Ey:/%j1 repre- 
sents the field of b in the cavity. Then (8) gives 


(ba) = ¢ n X Hy: E.dS = ¢ E,Xn-HydS (12) 
8 S 


where 7 points away from b. 

Consider b as the test source in this relation. Then if 
c represents the surface density of magnetic dipoles K, 
where 


K, = E, X n, where n points away from a; (13) 
(ba) = (bc); for any b inside S. (14) 


Note that (ba) refers to free space and (bc): refers to 
the cavity. The physical interpretation of (14) is, there- 
fore, that cin the cavity gives the same field as a in free 
space. Thus, we obtain a Huygens source consisting of 
magnetic dipoles K=EXn backed by a perfect con- 
ductor (Y= ~). (This result can be obtained more di- 
rectly as follows. It is known that tangential £ is dis- 
continuous at a tangential magnetic dipole sheet K by 
the amount ~XK. Therefore if one side of the sheet is 
a perfect conductor, on the other side tangential E must 
equal 1X K. Thus, the magnetic dipole sheet K = E, Xn, 
backed by a perfect conductor, reproduces the same 
tangetial E on Sas E,. However, this argument assumes 
that tangential E}on S specifies the field uniquely, 
which can be established by a similar argument [18], 
[19].) When Sis an infinite plane and the medium is uni- 
form, the method of images shows that K backed by 
Y= is equivalent to 2K in free space [18], [19], 
which gives form 2) of Huygens’ principle mentioned 
in the Introduction. 
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Returning to (12) now consider a as the test source. 
Then if d represents the surface density of electric di- 
poles 


(15) 
(16) 


Ja =n X Hoy, where n points away from a; 
(ba) = (da) for all a. 


Hence, d is equivalent to b: the Huygens source con- 
sists of the electric dipoles Ja=nX Hpi in free space. 
Now since E;iH1 is the field of a in a conducting cavity, 
minus Ja is the current induced in the wall. (This form 
of Huygens’ principle can also be deduced from more 
elementary considerations for, assuming that the total 
field beyond the wall is zero, the field of the wall cur- 
rents must be equal and opposite to the free-space field 
of a for all external points.) The form 3) of Huygens’ 
principle mentioned in the Introduction is obtained by 
taking S as an infinite plane and using the method of 
images. This gives »XHa=2n XH, and, thus, we ob- 
tain form 3). Note that “inside” and “outside” can be 
interchanged; 7.e., these forms of Huygens’ principle 
apply to internal or external regions. 

It may seem that the reaction method is a rather 
heavy handed way of getting these results because they 
can be derived by using simpler methods. There are two 
objections to these simpler methods, however. One is 
that they are not rigorous; the other is that they cannot 
be extended to the case of normal dipoles. 

Analogous results are obtained by a like modification 
of Z instead of Y (or by takiug Y=0 instead of Y= ~). 
More generally, by taking Z= ~~ over part of S and 
Y= oo over the rest, we obtain A in the form of tan- 
gential electric dipoles over part of S and tangential 
magnetic dipoles over the rest. This leads to the theorem 
that the field is uniquely determined by the boundary 
values of tangential E over part of S and tangential H 
over the rest, as follows. If g; and g2 are two sources 
having these boundary conditions in common, then it 
follows immediately that (git) = (get) for all t;7.e., g and 
&2 are indistinguishable on the source-free side of the 
boundary. 

Although the condition »XE=0 at a perfect con- 
ductor is well known, it is seldom well proved in the text 
books, and since this is clearly a key point, some com- 
ment may be worth while. To prove the point it must 
be deduced from the Maxwell equations (4) and (5) by 
considering the limit as Y~ on one side of a surface 
S. One way of doing this is to show that the intrinsic 
wavelength \—-0 as Yo. Then, relative to X, S is ef- 
fectively plane, provided its radius of curvature is finite. 
Hence, the problem is reduced to consideration of a 
plane boundary which can be analyzed fairly simply. 

In summary, the method described in this section 
consists of the following steps: 

1) Apply some appropriate boundary condition on 
the field of source b to the reaction integral (8). 

2) Manipulate the result so that it has the standard 
form for the reaction with source a. Treat a as a test 
source to get an equivalence theorem for the source b. 
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3) Treat b as a test source in this relation to get a 
uniqueness theorem in terms of the boundary values of 
Fyand Ay. 

4) Manipulate the result of 1) so that it has the 
standard form for the reaction with source b. Treat bas 
a test source to get a different type of equivalence 
theorem. 

In the following sections we will carry out these steps 
for the boundary condition 2: E,=0 and n- H, =0. 


III. Tue BouNDARY CONDITION n-E=0, n-H=0 


The preceding section suggests that to investigate 
whether the field can be uniquely represented in terms 
of n-E and n-H at S, we should consider a sheet of 
sources which gives a prescribed discontinuity in n-E 
and n-H backed with a medium which makes n-E=0 
and n:H=0. In this section we consider the possibility 
of such a medium, the main point being to show that the 
imposition of the boundary conditions »-E=0 and 


-n-H=0 on S is consistent with the Maxwell equations 


(4) and (5), and is similar to the more familiar boundary 
conditions at a perfect conductor. 

It follows from (4) and (5) that if J/=0 and K =0, the 
normal components of YE and ZH are continuous, 1.e., 


n+ VoEo = n:-VE 
and 
n:ZoHo = n-ZH, 


the subscript zero denoting the free-space side of the 
boundary. Taking Yo and Zp to be finite scalars, it fol- 
lows that if m-£)=0 and n-H)=0, then x- YE=0 and 
n-ZH=0. If we take Y and Z to be tensors, these equa- 
tions do not necessarily imply Y=0 and Z=0; we have 
E-Yn=0 and H-Zn=0, where Y denotes the transpose 
of Y. We see that these equations can be satisfied for 
any E and H provided Yn=0 and Zn=0, giving three 
restrictions on the nine components of Y or Z. For ex- 
ample, if m represents the z coordinate, Y..=0, Y.,=0 
and Y,,=0, but the first two rows of Y are arbitrary. 
The medium which makes -E=0 and n-H=0 at its 
boundary is therefore not unique, but then neither is a 
“perfect conductor” unique because Z is arbitrary. 

By considering the problem of an arbitrary plane-wave 
incident on the plane boundary z=0 of material with 
Z:;=0 and Y,;;=0 except the diagonal terms Zu, Zo, 
Z33, Yu, Yoo, Ya, it is easily verified that the propagation 
constant in the normal (or g) direction tends to infinity 
as Z33—0 and Y3:—0 regardless of Zu, Z, Yu, and Vx, 
except for normal incidence. (The solution of the prob- 
lem for the case of waves traveling down a waveguide 
is given in the Appendix. It is found that the propaga- 
tion constant tends to infinity for every mode, and 
therefore the transmitted field dies out with infinite 
rapidity for any incident field.) The solution for an ar- 
bitrary source above such a medium is given explicitly 
in Section VIII. The propagation within the medium 
thus meets the conditions for geometrical optics and a 
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curved boundary can therefore be treated as locally 
plane. That normal incidence is exceptional is to be ex- 


_ pected because E-n and H-n then vanish everywhere, 


and obviously the imposition of the boundary condition 
E-n=0 and H-n=0 has no effect. With this exception 
(which applies only to the infinite plane boundary) we 
see that the medium is effectively unique in the same 
sense that a perfect conductor is effectively unique. 
(Section VIII shows that this exception is insignificant.) 

We shall now show that if n-E=0 and n-H=0 ona 


closed surface S, then 


nXE=nXVo and »X H=nX Wy; _ (17) 


1.¢., the tangential components of E or H can be ex- 
pressed as the gradient of a scalar. To prove (17) we take 
a curvilinear coordinate system in which nm forms the 
first unit vector. If the external medium is isotropic, it 
follows from n-H=0 that 


wVXE=(VXE) 
| ee a (aE) 0 
: hohs L Ou2 ee OUu3 Saeed | 
dg 
oe h3E3 = — and Iino =-— 
Ou3 Ouse 


which is equivalent to the first of (17). The second fol- 
lows in like manner. 


IV. FORMULAS IN TERMS OF 1: FE AND n-H 


We now apply the boundary conditions n-F,=0 and 
n-H, =0 to the formula 
(ab) -$ (Ea X Ay — Es X Ha)-ndS. (18) 
S 


Then, since (ab) involves only the tangential compo- 


nents of E; and H,, according to (17) we can replace Ey 


by Vd, and H; by Vy. Now the term 

EX Hy-2 = He XK Vien 
(WV X Es — V X WoEa):n 
= (—WZH. — V X Woks)“ n. 


Il 


Therefore, 


ge X Ay:ndsS = a 
s s 


assuming yy is single valued. Similarly, 


g te x Ey: ndS a -$ Vo, Ea: ndS. 
Ss Ss 


Substitution of (19) and (20) in (18) gives 


(19) 
(20) 
(21) 


(ab) = (You Ea — Z,n-H,)d5, 
s 


which expresses the field of a in terms of n+ Ea and (eee 
on S. It shows that the field on the source-free side of coy 
is uniquely determined by 7-£ and n-H at S, for if a 
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and dz represent two sources which have the same 
boundary values of »-E and n-H, (21) shows that 
((a1—a2)b)=0 for all b on the source-free side of the 
boundary. It will be noted that ¢, and yy are not unique 
because they are defined by »XE,=nXVo, and 
nXH,=nXVd>y. That this makes no difference to the 
surface integral in (21) is easily verified. Corresponding 
to this flexibility in the choice of ¢, and yy there are the 
restrictions 


¢ Yn-E,dS = 0 and g Zn tds = 0 (22) 
s Ss 


on 2: E, and n-H, which follow from the Maxwell equa- 
tions (4) and (5). 

As a simple application we can use (21) to prove the 
impossibility of an isotropic source. If there were such 
a thing, it would give uniform 2-£ and n-H on the sur- 
face of a sphere. But, as we have just seen, this is incon- 
sistent with Maxwell’s equations. Therefore, n-E and 
n-H must be zero and (21) shows that this means the 
field must be zero. 

The physical interpretation of (21) is seen by compar- 
ing it with the fundamental formula for reaction (6). 
Eq. (21) states that b is equivalent to a surface density 
gy Y of normal electric dipoles and a surface density 
¥Z of normal magnetic dipoles in free space. Note that 
¢, and y are determined by the tangential components 
of E, and H; at the boundary which makes n- E, =0 and 
n-H,=0. Thus, to find the equivalent density of normal 
dipoles, we first imagine source b to be inside a cavity in 
such a material as to make n- E, =0 and n- H,=0 at the 
cavity wall. Then assuming the field beyond the cavity 
wall to be zero, which can be justified by considering the 
plane boundary in the manner indicated in Section III 
(see the Appendix), the field due to the sources induced 
in the wall must be equal and opposite to the field of b. 
The induced sources must therefore consist of the nor- 
mal electric and magnetic dipoles —@,Y and —WZ (a 
result which is verified directly in the Appendix). The 
determination of this form of Huygens’ source requires 
the solution to the cavity problem described above and 
evidently can be carried out only when S is a particu- 
larly simple surface. For example, if S is the cross section 
of a lossless waveguide (S is then effectively closed) and 
the incident field is a TE mode, the normal dipole dis- 
tribution induced on the surface of the anisotropic 
boundary turns out to be proportional to the longitu- 
dinal component of H in the incident mode (see the Ap- 
pendix). In this case (21) states that the field radiated 
from the open end of such a waveguide is the same as if 
we put this distribution of longitudinal magnetic di- 
poles in the opening and removed the primary source. 

There are some problems for which ¢ and y are not 
single valued. For example take a coaxial line made of 
perfect conductors. Suppose that the field is the TEM 
mode (for which E,=0 and H, =0, being in the direc- 
tion of the axis). Then if we choose S to be normal to the 
z axis in between the conductors, as illustrated in Fig. 1, 
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Fig. 1—The closed surface S is chosen so that, at every point between 
the coaxial conductors, the normal z is parallel to the 2 axis. 


the normal components of E and H vanish everywhere 
on 5S, or so it seems. The vanishing on the part of S be- 
tween the conductors is due to the choice of S, and the 
vanishing on the rest is due to the fact that the field in a 
perfect conductor vanishes. If this be so, it is clear that 
the theorem does not hold, because here we have a 
nonvanishing field with n»-E=0 and »-H=0 on S. Let 
us turn to the function y introduced in (17). We imagine 
our artificial medium, which makes E,=0 and H,=0 at 
its surface, to be placed just outside of S. But since 
£,=0 and H,=0 everywhere, this has no effect. Thus 
the E and ZH in (17) are apparently the actual values. 


Then 
p Weal = Heal sel) 
c Cc 


the current on the inner conductor, if C encircles the 
inner conductor. This shows that y is not single-valued 
and consequently the proof of the theorem does not 
apply. 

While this argument is consistent, it is open to ques- 
tion because the field has a singularity just inside the 
inner conductor; the vector VX H behaves like a Dirac 
6-function and therefore the equation - VXH=0 is 
meaningless. In effect, we did not treat S as a closed 
surface, but as two parts, without considering what hap- 
pens on the boundary line between these two parts. The 
problem of the singularity can be approached by start- 
ing with conductors which are not perfect and taking 
the limit as c— ~. Now the boundary condition n- H=0 
n:E=0 is no longer without effect because the TEM 
mode cannot exist for finite conductivity. In this case, it 
is easy to check that the theorem applies without ques- 
tion. The result for the perfect conductor thus depends 
on whether we introduce the boundary condition 
n-H=0 n-H=0 before, or after, taking the limit 
TO, 

In summary, (21) states that any source can be re- 
placed by a distribution of normal electric and mag- 
netic poles spread over the closed surface S, provided the 
field is finite and continuous on S. (The equivalence 
applies only on the source-free side of S, of course). It 
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also shows that the field is uniquely determined by the 
boundary values of »-E and 2-H subject to the same 


provision. 


V. NorRMALLY DIRECTED QUADRUPOLES 


We have seen that by considering a as a test source, 
(21) gives a form of Huygens’ principle in which the 
Huygens source consists of normally directed dipoles in 
free space. Alternatively, we can consider b as a test 
source but then the right side of (21) is not in a standard 
form so that the physical interpretation is not clear. It 
turns out that (21) can be put into the form of the reac- 
tion with a certain quadrupole distribution. We there- 
fore take up the properties of quadrupoles in this sec- 
tion. 

The general quadrupole can be taken as two dipoles 
of moment +> separated by an amount represented by 
the vector m, as illustrated in Fig. 2. Thus, if q repre- 
sents an electric quadrupole and ¢ a test source, 


(qt) = E,(A)-p — E(B) -, 
where E,(A) =field of ¢ at point A. 


B 


=P 


Fig. 2—A quadrupole consisting of two dipoles. 


Thus, as A tends to coincide with B, 


tay ea ee 1 se zag “eee 
where 6x, dy, 6z are the components of m. Therefore, 
(gt) = m-V(E:-p). 
If p and m are both parallel to , 
(qt) = Qn: VE in, 


where Q represents the strength of this normally di- 
rected quadrupole. Thus, for a surface density f, of such 
quadrupoles 


(qt) = Tan e VE.,dS. 


over f. 7 


(23) 


Take a system of curvilinear coordinates with n as the 
first unit vector. Then in the conventional notation _ 


(24) 


(dropping the subscript ¢ for the present). 
Now V: VE=0. 
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Therefore, 14 
re ios OYE, VE; Pads (ial) + 1 
hy Ou, hihohs Ou hihzhs 
0 ce) 
E (Ashi Y E>) + an (hyhe rE) |. (25) 
Note that 
n-VXF= | — (A3F3) — ue (ha | ; 
hohs L Ou2 Ou3 
Therefore, if 
F=nX VE, (26) 
nVXF= E (Ashi VY E2) + ae (hohy rE) |. C7) 
h2hz Ou OUus 


Substitution in (25) gives 


VY oF, &E, oY 
Ty uy hy Oy 
(or he VE 3 1 
ph suk 
Sey oF. 
hy 
Therefore, 
Baewhee Eval raed x(n Xm YE). (28) 


We now introduce the boundary condition 


E-n= k= 0. (29) 


Thus, the quadrupole layer q is on the surface of a ma- 
terial which makes normal E vanish. Then from (28) 
(29) and (23), 


a) = al ha. - nok x Fas. (30) 


Now 


ae ae (4) 
Aes le, Mec, (31) 


(This implies that f is a function of position in three di- 
mensions, whereas fa, when we introduced it in (23), was 
a function of position on S. To apply (31) in (30), we 
therefore take f at points on S equal to f,.) Integration of 
the normal component over a closed surface eliminates 
the first term. Thus, (30) and (31), give, 


w= fbr 


now taking the surface to be closed. We now introduce 
the boundary condition 


(32) 
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which we saw gave 
nX E=nX Vo 


[see (17) ]. Thus, f, is now backed by the medium which 
makes n-£=0 and n-H=0. From (26), then, 
F = Yn X hVo (33) 


Vh 


cs E x v(=)| Stes 
= n-VbX | vn x “(=)| 


= mV X 6Yi| nX v(=)| — on:V 
Vh 


x Ea x V (<)). 


Substitution in (32) eliminates the first term, giving 


(qt) = = $ ba-v a | nvm x v(2)]. 


This has the same form as the first term in (21). Evi- 
dently the second term can be expressed in terms of the 
analogous magnetic quadruple distribution. Hence, (21) 
gives a Huygens source consisting of surface densities f 
and g of normally-directed electric and magnetic quadru- 
poles backed by the medium which makes -E=0 and 
n-H=0,f and g being given by 


v(=) X Fen = v(=) xX (1 X VAYV¢)-n 


(34) 


| =-—YE,-n, (35) 


1 


a 


n-E, and n-H, being the normal values of the free-space 
given field. It will be noticed that (35) and (36) are un- 
affected by the addition of a constant to f/mY for 
g/mY; so, like @ and p in Section IV, f and g are not 
unique. But again this does not lead to any lack of 
uniqueness in E or H because it follows from (28) that 
a quadrupole density f=Y on a closed surface which 
makes E, =0, gives zero field. 

Eqs. (35) and (36) can be written more concisely by 
introducing the surface operator Vr where 


1 O(h3h A O(hyhn A 
ee [ Se 


n-V X | vian x v(- 


nV X | Zin x v( — ZH,:n; (36) 


hihohs Ouse Ou; 
Gn 0Vie te OV, 
Vr =— —+— . 
he Ou2 hs 0u3 
Then 
Vr VV ( u ) a (37) 
LAST: Vik he 
g ZH on 
VrZV = =: (38) 
< (=) hy 


S110 


For example, if the given field is the mth TM mode ina 
waveguide parallel to the z axis, taking S as a cross sec- 
tion of the waveguide gives 

Ean = Em, and Hy, = 0, 


where 
Vr Em: — vie re ene 
20 


cutoff wavelength 
In this case, 4; =1; and thus from (37) and (38), 
VE ms 


2 
m 


I 


Km = mode number 


(39) 


and gm = 0. 


Thus, the mode is generated by the quadrupole dis- 
tribution VEnz/Km? backed by the boundary which 
makes n-E=0 and n-H=0. 

When the surface S is plane, the effect of the bound- 
ary conditions is easy to work out. Fig. 3 shows an elec- 
tric dipole in front of a plane boundary on which n- E=0 


n-H=0. Since the dipole is in the normal direction, 


n-I1=0 everywhere. We see that an equal and opposite 
image gives n- E=0. Fig. 4 shows what this result gives 
for a quadrupole: we see that the image of the quadru- 
pole is the same as the object. When the quadrupole is 
on the surface it is therefore the same as one of double 
strength in free space. Thus, in our example of the previ- 
ous paragraph, the mode is generated by the quadru- 
pole density 2 VE,,./K,? spread over the cross section of 
the waveguide. 

By the same kind of argument, it is easily seen that a 
normal magnetic quadrupole on an ideal metal plane 
(nXE=0) is equivalent to one of double strength in 
free space. Thus, for such a source there is no difference 
between the boundary conditions n-E=0 and n-H=0 
and the boundary condition nx E=0. Now consider a 
circular waveguide connected to an aperture in a metal 
plane so that its open end forms the aperture. If only 
TE modes are present, the argument of the previous 
paragraph shows that the radiating aperture is equiva- 
lent to a distribution of magnetic quadrupoles in free 
space. Thus, we can construct a practical magnetic 
quadrupole antenna by exciting the waveguide with the 
lowest TE mode for which £ is circular and uniform 
around the axis. From symmetry it can be seen that the 
diffraction at the aperture will not generate any TM 
modes, and, thus, the condition for pure magnetic 
quadrupole radiation is satisfied. The electric field every- 
where is parallel to the metal plane. To simulate a point 
quadrupole, the diameter of the waveguide would have 
to be small compared to the wavelength, which would 
require dielectric loading of the waveguide. 

Fig. 5 shows how dipole and quadrupole antennas can 
be constructed by using shunt or series excitation. In 
practice they will give a mixture of the various electric 
and magnetic dipole and quadrupole effects: to avoid 
this, //d and \/] should be as large as possible. The elec- 
tric antenna is coaxial. The magnetic antenna is a split 
cylinder, which in the case of the quadrupole is bisected 
except for a thin connection on one side of the split. 
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AND nN-H=0O 


—_> 


DIPOLE 


Fig. 3—The image of a normal dipole in a surface where n-E=0 
and n-H=0 is out of phase with the dipole. 


oe 
QUADRUPOLE 


Fig. 4—The image of a normal quadrupole in a surface where 
n+ E=0 and n- H=0 is in phase with the quadrupole. 


ae 


(c) 


Fig, 5—Dipole and quadrupole antennas. (a) Electric dipole; (b) 
poe quadrupole; (c) magnetic dipole; (d) magnetic quadrupole, 
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VI. BouNDARY CONDITIONS FOR NORMAL 
DIPOLE AND QUADRUPOLE SHEETS 


Now that we see how a source can be replaced by nor- 


_ mal dipoles or normal quadrupoles over a closed surface, 
_ it is of interest to work out the properties of such sur- 
3 face sources. The dipole case can be solved by first show- 
_ ing that a surface density U of normal electric dipoles 
_ on aclosed surface is equivalent to a surface density 


(40) 


U 
K=nxv(—) 
4 


of tangential magnetic dipoles. Then it follows that 


_ tangential H, normal ZH and normal YE are continuous 
and tangential E is discontinuous, by the amount 
_ —Vr(U/Y) in the direction n. The boundary conditions 


on kt 


for a surface density of normal magnetic dipoles are 


exactly analogous. Note that since n- YE and n-ZH 
are continuous, a normal dipole sheet, backed by a 
medium which makes ~-E=0 and n-H=0, gives a 
field for which n-E=0 and -H=0 on S. It follows 
_ from the theorem of Section IV that the field is zero 


everywhere. This is analogous to the result that a sheet 


- of tangential electric dipoles, backed by a perfect con- 
_ ductor, gives zero field. 


The sheet of normal dipoles has a simple connection 
with the Hertz potentials f, and fm introduced in (2) and 
(3). Obviously, normal electric dipoles do not react with 
the TE field generated by f.. The effect on the TM field 
is represented by a discontinuity of (— U) in Ofm/dn, fm 


~ being continuous. However, the Hertz potential method 


is limited to certain coordinate systems [15] and to a 


uniform medium. 
For a surface density F, of normal electric quadru- 


F poles, it can be shown by using (28) that 


F, F, 
= $E,-| Yinv Ew ds): | (44) 
(at) | “(=*) ie 


The last term represents the reaction between the test 
source t and a sheet of normal dipoles and can therefore 
be transformed by (40) to read 


tof [sore 


FWV-:-nV 
Hen x v(“) las. (42) 


This shows that the electric quadrupole density F, is 
equivalent to tangential electric dipoles 


Jo ) 
= hyVV (43) 
y= m¥ve( 
and tangential magnetic dipoles 
F,V-nY 
K=nxve( 2). (44) 


The tangential electric dipoles give a discontinuity in 
tangential H of amount 
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SLE 
mVV ( He ) x 45 
1 ey aN nN, ( ) 
and a discontinuity in normal YE of amount 
Py 
—MVr-| Vr )]; (46) 
hyV 


as we saw in (37); tangential E and normal ZH are con- 
tinuous. The tangential magnetic dipoles give a discon- 
tinuity in tangential E of amount 


V-nY 
piles 
y2 

but no discontinuity in n-ZH or tangential H or 
n- YE. Thus, Ff, gives a discontinuity (45) in tangential 
H, a discontinuity (46) in normal YE, a discontinuity 
(47) in tangential Z, and continuity of normal ZH. The 
magnetic quadrupole sheet is analogous. In cases where 
the Hertz potential method can be used, the sheet of 
normal electric quadrupoles has no effect of f. and gives 
a discontinuity F, in fm and a discontinuity — F,V-n in 
Of m/On. 

The term V-Y in (44) has an interesting effect where 
the curvature of S is very large. For example, V:n=1/p 
for a cylinder of radius p. Then we see from (44), that 
K~1/p so K- as p—0. This means that at an edge, 
the surface density K becomes a line density concen- 
trated on the edge. By taking Y to be uniform, we find 
that the line density M (or “edge current” as it is some- 
times called) equals (A/Y)VF,, where A is the wedge 
angle. 


(47) 


VII. A CoMBINATION OF DIPOLES AND QUAD- 
RUPOLES WHICH GIVES ZERO ON ONE SIDE 


We saw in the Introduction that the combination of 
J, and Kj, in (1) gave the primary field on one side of S 
and zero on the other side. This suggests that an appro- 
priate combination of normal dipoles and quadrupoles 
might give the primary field on one side and zero on the 
other. To investigate this possibility we replace the 
normal dipoles and quadrupoles by the equivalent 
tangential dipoles J and K given in Section VI. Thus, 
if U and V are the surface densities of normal electric 
and magnetic dipoles, and F and G are the surface densi- 


ties of normal electric and magnetic quadrupoles, then 


7) 
ny 


V 
Us ve(>) x m+ invvo( 


+ ve(—") xn (48) 
and 
U G 
K=nxX ve(5) F nave) 
FV -nV 
tuxve(—), (49) 
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We see that (48) and (49) can be written in the form 
J=VrP X n+ VhVr0, 
K=n x VrR + ZhiV 7S, 


(50) 
(51) 


where PORS are independent functions if UVfg are in- 
dependent. Now we know that if J=nXH, and 
K=E, Xn, as in (1), the proposition is proved. It there- 
fore remains to show that we can always find PQRS so 
that any J and K are represented by (50) and (51). 

Clearly it is sufficient to consider J alone since K has 
the same form. From (50) after some manipulation, we 
obtain 


Vr: (~) = Vr:YVrQ on S. (52) 
Let Q be a solution of (52). Let 
J’ = hYV70. (53) 
Then 
ase (- = “) 3 
hy 
whence it follows, after a few steps, that 
J—J'’=VrPXn (54) 


where P is an arbitrary function. On substitution from 
(53) for J’, this gives J in the form (50). Hence, given 
any continuous vector function J defined on S, we can 
always find P and Q to fit the representation (50), and 
the proposition is thereby proved. 

From (52) with J=n XH, we get 


GaaVV CO = Vr: € A =) 

hy 

a Meera 32 aa (58) 
hy hy 
or since 

F 
Of Vh, (56) 
inva V0 is )- aes (57) 

Vhy 


which is the same as (37). Thus, F=f, as defined in 
Section V. (58) 


The function P in (50) can be found by using the 
identity 


n 
ve (" x ve) =0 for any ¢. 
1 


(59) 
Thus, from (50) putting J=n XH, 
H VrP 
Vie = — Vp: 
: =) : ( a) a 


which determines P from tangential H. By (49) and 
(50), V and G are found from i 


Vi GV-nZ Vi gv-nZ 


=— = — 61) 
‘ re Le rh Ze ( i. 
and by (38) g is found from 
hyVr-ZV (=) - ZH 
gs i T hiZ Ne 
Similarly, from (51) with K=EXn, 
E ) | 
Vr- Sn ee 62 
i Can. ‘ is — 
and 
U V-nV | 
R=— ° 63 
ee (63) 


Thus, the combinationof normal electric and magnetic 
dipoles U and V and normal electric and magnetic 
quadrupoles f and g gives the primary field on one side 
of S and zero field on the other, if f and g satisfy (37) and 
(38), and Uand V satisfy (60), (61), (62), and (63). 

This result simplifies considerably if S is plane, be- 
cause /;=1 and therefore 


OF, 
Vr-E = * 
On 
Hence, 
Vrf= — VE, Vr'g = ZA (64) 
OES. 
Vr7eU — 5 Y = VVr-E 
On 
OH, 
VrV=—-—Z \aa = ZVr-H. (65) 
n 


Since the combination gives zero on one side of .S, we 
can introduce a perfect conductor (1x E=0) on that 
side. This annuls the contributions from V and f and 
doubles the contributions from U and g. Thus, the Huy- 
gens source can be taken as the electric dipoles 2U and 
magnetic quadrupoles 2g in free space. As an example, 
consider diffraction through a hole ina plane metal screen. 
On the screen H,=0 and 0F,/dn=—Vr-E=0, so by 
(64) and (65) we can take U=0 and g=0 on the screen. 
The diffracted field is therefore the same as the field of 
the electric dipoles 2U and magnetic quadrupoles 2g in 
the aperture location but with the screen removed. 

From the previous paragraph we see that the Huy- 
gens source can be taken as the combination of 2U and 
2g in free space. Now in Section V we found that the 
Huygens source could be taken as the combination of 
2f and 2g. It follows that U is equivalent to f and V is 
equivalent to g for a plane surface. Thus, the Huygens 
source can be taken alternatively as the combination of 
electric dipoles 2U and magnetic dipoles 2 V. 


. 
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These results have some applications in the general 
problem of direction finding with an antenna consisting 
of an aperture in a horizontal metal surface. The direc- 
tion of an incoming wave is to be found from the varia- 
tion of received voltage, as the antenna is rotated 
around a vertical axis. One of the key problems in this 
type of measurement is known as polarization error: in 
essence the calibration depends drastically on the polari- 
zation of the wave unless the antenna is designed. very 
carefully. Now if the antenna is equivalent to an array 
of vertically-polarized electric dipoles it will pick up 
only the vertically-polarized component of E, regardless 
of the direction of the incoming wave, as for example in 
the Adcock direction finder. It is thus free of polariza- 
tion error. The condition for this is V=0, or from (65) 


OH, 


on 


C= 


or 0 = Vr-H, 


which is’satisfied by any TM mode. Similarly, if the di- 
rection finder is to pick up only the horizontal E com- 
ponent, the aperture field must satisfy 

aE, 


C= or 
on 


0=Vr-E 


which is satisfied by any TE mode. For an arbitrary 
antenna the polarization error is the result of the com- 
bined contributions from the electric and magnetic ver- 
tical dipoles, which are given by the formulas in this sec- 
tion. 

Returning to the surface of arbitrary shape, let us see 
what is the effect of an ideal metal backing (nX E=0) 
on the combination of electric and magnetic dipoles and 
quadrupoles denoted by UVf and g at the beginning of 
this section. As we have seen in Section II, the result is 
equivalent to tangential magnetic dipoles K on the 
metal surface, K being given in terms of UVfg by (49). 
The first and third terms of (49) represent normal elec- 
tric dipoles of density 


fV-nY 
Y 


The second term represents normal magnetic quadru- 
poles of density g. Thus, there is a certain distribution 
of normal electric dipoles and magnetic quadrupoles on 
a metal surface of arbitrary shape which is equivalent to 
the primary source. In practice, it would take the form 
of an array of coaxial waveguides for the electric di- 
poles and circular waveguides for the magnetic quad- 
rupoles as described in Section V. 


VII. A MuLTIPOLE COMBINATION OF VERTICAL 
DIPOLES WHICH IS EQUIVALENT TO A 
HoRIZONTAL DIPOLE 


One of the consequences of Section IV is that there 
exists a distribution of vertical dipoles on a horizontal 
plane which is equivalent to a horizontal dipole. This 
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suggests that there might be a combination of vertical 
dipoles, in multipole formation at the same point, which 
is equivalent to a horizontal dipole. To investigate this 
possibility we take the horizontal dipole in free space 
and pointing in the x direction, the z direction being 
vertical. 

We wish to find a combination of electric and mag- 
netic multipoles composed of dipoles pointing in the z 
direction, which is equivalent to an electric dipole 
pointing in the x direction. Since any z-directed electric 
dipole gives zero H,, the contributions to H, must come 
entirely from the magnetic multipoles. We therefore 
seek a magnetic multipole combination which gives the 
same H, as the x-directed electric dipole. In the same 
way we adjust the electric multipole combination to 
reproduce E,. Then it follows from the Hertz potential 
method, or from Section IV of this paper, that all com- 
ponents of E and H, for two different sources, are equal 
if E, and H, are equal. 

Let c represent the magnetic multipole combination 
and d the electric dipole. If ¢ is a z-directed unit mag- 
netic dipole, 


(id) = — Ha,(at t) 
(tc) = — H.,(at i). 
Therefore, we require 

(td) = (tc) (66) 
for all positions of t. Now 
(id) = (dt) = E,2(at d) (67) 

sing d to have unit moment, and 
lic) = (ct) = aH + b oFiefipas Oe kare (+ 7 
Ox oy Ox 

92 gitmtn 
si otha creep ia (68) 
where abc: ++ @€+-:+ p--+- are unknown coefficients: 


only H,, occurs in (68) because we take c to consist of 2- 
directed magnetic dipoles in all possible multipole ar- 
rangements. Thus, the first term represents a dipole, and 
the second a quadrupole consisting of two opposing di- 
poles separated by an infinitesimal shift along the x 
axis. Since ¢ is a g-directed unit magnetic dipole, 


e718 r 


12 (8? = YZ) ana?) 


Tr 


(70) 


Substitution from (69) and (70) in (67) and (68), 
combined with (66) gives 


0 1 / @ 0 
fa -H(S +e \(ars2---)o a 
oy Z \ 02" Ox 


S114 


This is to be true for all positions of t, which means for 
all values of 7 in $(r). By choosing the coefficients a, 
b+ ++, wecan put the right side of (71), which is (ct), 
into the form 


a/ e ab atd 
ae ea *) (setae tas ) ae 
Then (71) is satisfied for all ¢, if 
a2 Gee 
b = Bap + SOD ereroiar (a2 + Bas) apenas 
or 
1 
ag = B 
ao 1 
Uriah teaig 
na (0%) . 1 
ih eh ae! (73) 


From (70), (72) and (73), recalling that 6? = — YZ, 


1 (1 eo fe Isa? \= 
1S AI 1 fg el ay Rae ; 
a) ¥ bo 2 Oe Ge Oe oy 


We now define this to be the reaction (ct) with an ar- 
bitrary test source ¢t, thus specifying c uniquely. The 
first term represents a quadrupole consisting of two 
opposing z magnetic dipoles separated in the y direc- 
tion: the next term represents a quadru-quadrupole 
and so on. Hence, the source c so defined gives zero E, 
and the same H, as a unit x-directed electric dipole d 
at the same point. 

It remains to find another multipole combination 
which gives zero H, and the same E£, as the unit x di- 
rected electric dipole d. We therefore take t as a unit z- 
directed electric dipole and make 


(td) = (tb) (75) 


for all positions of t, where b represents the desired 
multipole combination. In this case, 


(dt) = Et, (at d) 


(74) 


1 0% 
VY dxdz 


» OF 


Curent (at d) 


(bt 
Ox'dy"dz”" 


I 


(76) 


(taking 6 as a combination of z-directed electric dipoles 
because this gives zero H4) and 


bu = =| + 8° "1 
iam V O22 a*|6. ( ) 
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Thus, (75) gives 


02 oltmtn 5p 
28S Cm | eo] 7B 
0x02 ax'dy™dz" L dz? 
Hence, we choose Cim, so that (76) reads . 
ONt2E, 
bi) = —_—_—: (79) 
¥) ete " aeN+lax 


Then (78) is satisfied if 


= 
N=0,2,4+-* 
which gives Cy = (—1)%/?6-—? as in (73). 
We now define the multipole combination b by (79) 
for an arbitrary test source t. Thus, 


5 1 E i= 02 zs 10" J 
i) =— Sf Ss es ——— ae ote . 
pe B? B* 027 020% 


OF 0g? 
The first term represents an octupole consisting of z- 
directed electric dipoles with a shift in the z direction 
and a shift in the x direction, and so on for the other 
terms. 
Finally, since the combination of c and b gives the 
same E, and H, as d, it follows that for any test source f, 


(di) = (ct) + (bt); 


(ct) and (bt) being specified by (74) and (80). We have 
thus represented a horizontal dipole as a combination 
of vertical (electric and magnetic) dipoles concentrated 
at the same point. 

This result enables us to solve the problem of an ar- 
bitrary source above a plane on which 2-E=0 and 
n:-H =O, a problem which was raised in Section III. The 
method of solution is as follows. The source can be split 
into vertical and horizontal dipoles and, by the results 
of this section, the horizontal dipoles can be replaced by 
vertical dipoles in various multipole arrangements. 
Now the method of images can be applied to the vertical 
dipoles (it cannot be applied to horizontal dipoles be- 
cause of the peculiar boundary conditions). It will be 
found that the image of a vertical dipole is equal and 
opposite to the object. The image of a vertical vertical 
quadrupole is the same as the object but for a vertical 
horizontal quadrupole it is opposite. In general, it will 
be found that a horizontal displacement of a vertical 
dipole has no effect on the phase of the image and a 
vertical displacement introduces a phase reversal. Com- 
paring (74) and (80), we see that (80) has one more ver- 
tical displacement; 7.e., an extra differentiation in the zg 
direction. Thus, the image of the equivalent electric 
multipoles 6 has one more phase reversal than the 
image of the equivalent magnetic multipoles c, assuming 
the primary source consists of electric dipoles. (If their 
phases were the same, these images could obviously be 


(80) 


¢ 
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combined to give a horizontal dipole image.) Specifi- 
cally, the image of a unit horizontal electric dipole is 
represented by b—c, where b and c are the sources de- 
fined in (80) and (74). 
In this way, we obtain an explicit solution to the 
problem of an arbitrary source above a plane on which 
_£-n=0 and H-n=0. The existence of such a solution, 

which satisfies Maxwell’s equations and the boundary 
conditions, demonstrates that the boundary conditions 
are consistent with Maxwell’s equations. This point 
was covered in Section III by a completely different 
_ approach, an approach which, however, left some ques- 
tion as to whether the solution for an arbitrary source 
_ was unique, because a plane wave at normal incidence 
‘is unaffected by these boundary conditions. Since we 
_ have found that the reflection is perfect (7.e., the images 
_are all of magnitude equal to the object), this fact does 
not affect the result for a source of finite size. 


APPENDIX 


THE BounpbAry ConpiTions £,=0 H,=0 
APPLIED TO WAVEGUIDE MopEs 


Suppose that a waveguide is blocked by a uniform 
medium which extends over z>0, the region z<0 being 
filled with air. Let the medium be anisotropic as de- 
scribed in Section III so that the environment param- 
eters Y and Z are represented by tensors. In rectan- 
gular coordinates, with the z axis as the waveguide 
axis, we take Y and Z to be diagonal; 2.e., 


41 = 22. =a 233 = p 
Yu = Vo b V33 = q. 


(81) 


_ As we saw in Section III, E,=0 and H,=0 at the 
boundary of this medium when p=0 and g=0. How- 
ever, in order to understand the properties of this pe- 
culiar medium, we start with finite values of » and g 
and then see what happens as they approach zero. The 
problem is to find the field due to a wave traveling 
‘down the air filled portion (<0) towards the boundary 
at z=0. 

As a preliminary, let us see whether the Hertz poten- 
‘tial method works in the anisotropic medium. We try a 
solution in the form 


B=VTXY. (82) 


Then from Maxwell’s equation, 
oT 
eer i Xa avy 
% 


Assuming an exponential variation with z of the form 
exp 2, we have, on using (81), 


of of 
=l —— > y => a 83 
oH, OY - aH. a 5 (83) 
ps = V2f-—y'f (84) 
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The remaining Maxwell equation 
YE=VX4H 
gives, on substitution for E, Hand Y, 
0 cia) 
pele ioate 2 B eae 
oy p oy a oy 
0 t 0 0 
pois gp yee 
OL <p Ox Ox 
Romer dhe Samo ed 
a Ooxdy a oxdy 
These equations are satisfied if 
v2 y? 7? 
E-E4E aya 
p p a 
Putting f =e F (xy), we have 
VF + PF =0 (85) 
where 
7 
kh? = p— — pb. (86) 
a 


It follows that the Hertz potential method is valid. 
The mode numbers & are fixed by the boundary condi- 
tions at the walls of the waveguide. For a rectangular 
waveguide of height A and width B, : 


In\? Mr \* 
w= (=) =i —) for Lor M = 0,1, 2,3,2 73% 


Since k is thereby fixed, it follows from (86) that 


Y=27 as p— 0, 


and if p and a are pure imaginary, as in a lossless me- 
dium, y is pure real. Thus, as p—0, all modes die out 
exponentially with infinite rapidity, even though there 
is no loss. The effect of letting p—0 can be pictured as 
similar to the effect of introducing perfectly conducting 
filaments parallel to the z axis and very close together. 
This is like subdividing the waveguide into many small 
waveguides each of which would have an extremely 
high cutoff frequency. In the limit, any frequency 
would be cut off, resulting in the exponential decay of 
all modes. 

Suppose that the incident wave is a TE mode so that 
it can also be represented by a Hertz potential func- 
tion. Since the tangential components of E and H must 
be continuous at z=0, the transverse function F must 
be the same for the incident, reflected, and transmitted 
waves. Thus, we can write for the Hertz potentials f, 


250 fo = (Ae + Be) F(xy), (87) 
22 0 f = Cer (xy). (88) 


Tangential E and H are continuous if f and (1/a) 
(Of/dz) are continuous, where a is defined in (81). 
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Hence, 
A+B=C, 
yC 
a (A —B)=—- 
ao a 
Therefore, 
ee Se) 
Be eer (89) 
yo +7 
2 / 
vo + ¥ 
ay’ =¥ ayo = Yo. (91) 


Let us take a =a, since it is the effect of p that is of 
interest. Then since y>— © as p—0, 


Has een (92) 
BELTS (93) 
Y 


These equations show that E,=0 and E,=0 at the 
boundary, which, therefore, looks like a short circuit to 
a TE mode. For z>0, we find E, and E,=0; H, and H, 
are finite, but H, is infinite. From (84), (85), and (86) 


pH, = — R°CF(xy)ev® p-o0,y>— ©. (94) 
This singularity in H, corresponds to a sheet of normal 
magnetic dipoles. For p40, the volume density of these 
magnetic dipoles is finite. It can be found by comparing 


the equations 


VX E=-ZH VX H=YVYVE (95) 


and 
VX E=-K;:-2H VXH= Y.E4+ Ji. (96) 


The first pair applies to the medium characterized by 
Y and Z, and the second pair applies to air, character- 
ized by Yo and Zo. The field, represented by E or H, 
is the same in both cases. It follows that 

K; = (Z — Z)H, J; = (VY — YVo)E. (97) 
The interpretation of (96) is that the combination of 
the primary source and the magnetic and electric di- 
poles K; and J; in air is equivalent to the primary 
source in the presence of the medium YZ. Thus, K; is 
the volume density of current moment of the induced 
magnetic dipoles. From (97), 


Kx oe (p 7 po) H.—- = poH, 
pok?C 


= F (xy) ev? from (94) 
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‘ 
bok from (93) 


=> 


aia te F(xy)ev? 
4f 


2 
—s pia 2A 23 F(xy)ev* from (96). 
a0 ay, 
Therefore, 


i Ki.dz—> — 2AyoF (xy) since po = 4. (98) 
0 Ms - 


The induced source is thus equivalent to a surface 
density —2AyoF(xy) of normal magnetic dipoles. For 


an incident TM mode, the result is obviously the anal-_ 


ogous distribution of normal electric dipoles. For an 
arbitrary incident field, we combine the TE and TM 
parts and thus we get an explicit formula for the func- 
tions ¢» and yz in Section IV. Since we have found that 
the field beyond the surface is zero, we see that this an- 
alysis checks the fact that the field of the sheet of nor- 
mal electric and magnetic dipoles is equal and opposite 


mite er wee 


(12S Sir eee 


.. 


& 
+ 
r 


; 


to the incident field, a fact which we discovered in Sec- 


tion IV to be true for a surface of arbitrary shape. 
When the cross section of the waveguide tends to 


infinity, the mode expansion goes over into a Fourier 


integral representation, and thus becomes a general 


representation for the field of an arbitrary source in 


front of a plane boundary. The spectrum now includes 


the exceptional case of normal incidence, but this com-— 
ponent is an infinitesimal fraction of the whole spectrum — 


(for any finite source). This provides an alternative 
explanation of why the case of normal incidence does 
not upset the results of Section IV. 
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A Solution to the Equiangular Spiral Antenna Problem* 


V. H. RUMSEYt 


ABSTRACT 


and yet retain the essential features of the fre- 


. ee ORDER to simplify the mathematical problem 


quency-independent modes,!? we consider an an- 


_tenna consisting of an infinite number of conducting 


filaments, uniformly spread around a cone 6=6 , each 
filament being a spiral of the form r=exp (—a), r 


] 


6 and ¢ being conventional spherical coordinates and a 


teal constant. From the symmetry of the problem it is 
_ apparent that we can consider solutions which vary with 
_¢ as exp (jn) where j?= —1 and 7 is an integer. The 


case #=1 is approximately equivalent to the balanced 
excitation of a practical two-conductor self-comple- 


1959. 


A mentary antenna.!:? For the sake of illustration, con- 
sider the case of the plane structure (@9=7/2). From 
_ the symmetry with respect to this plane it will be found 
that the boundary conditions for the tangential elec- 
_ tric field E are the same (apart from a constant C) as for 
_ the tangential magnetic field H at all points on the plane 
_as it is approached from one side. On passing through 
the plane, tangential HE must be continuous and tan- 
- gential H discontinuous. Therefore, the constant C has 
_ the opposite sign on the other side. Since the boundary 
conditions on tangential E (or H) determine the field 
- uniquely, we therefore consider solutions of Maxwell’s 
_ equations for which 


E=CH (1) 


_E and H being complex vector functions of position.’ 


It is found immediately that such solutions exist if 


C= +jnH n ~~ 377 ohms. (2) 


/ They can be expressed in terms of a single scalar in sev- 
eral ways, of which the following has proved most use- 


ful. 
+ pV X 2U2e+tVX VX 2U 2 z2<0 


(3) 
(4) 


where E; and EF; denote the fields on either side of the 


Fx 
Ee 


* Sponsored by the U. S. Army Signal Corps under a contract with 
the University of California, Berkeley, Calif. 
t+ University of California, Berkeley, Calif. . 
1V. H. Rumsey, “Frequency independent antennas, IRE Con- 
RD; 1957. 
Beet. Denon “The equiangular spiral antenna,” IRE TRANS. 
on ANTENNAS AND PRopaGATIoN, vol. AP-7, pp. 181-187; April, 


3 V. H. Rumsey, “General Antenna Analysis with Specific Refer- 
ence to Frequency Independent Antennas,” University of California, 
Berkeley, Calif., Electronics Res. Lab. Rept.; April, 1959. 


antenna and U, and U?2 are solutions of 


VU + BU =0. (5) 


Tangential E£ is continuous and tangential H discon- 
tinuous at z=0 if 


OU; 
Oz 


OU, 
Oz 


Cy = — U2 and 


atz = 0, 


(6) 


which means that U2 is the negative reflection of U; in 


-x=0. Tangential E parallel to the filaments vanishes 


and the current (represented by the discontinuity in tan- 
gential H) flows along the filaments if 


= 0?U in OU 0U 
a(—* jnv + )-2 ~+8 : 
p Opd0z p OZ Op 


atz = 0-(7) 


for all O<p< ~~; p, ¢, and z being the cylindrical coor- 

dinates. This equation combined with the boundary 

conditions at y=0 and r= ~ completes the specification 

of the problem in terms of Ui. Eq. (7) can be solved by 
taking the Fourier Bessel transform. The result ob- 

tained by B. Cheo is expressed by 


U,= ent f fly)e- 87, (Bpy) ydy (8) 
0 
i ee 
ues E Rey rer rr (9) 


where J, is the Bessel function of order . The radiation 
pattern can be calculated from the transform by using 
the method of stationary phase. The result obtained by 
W. J. Welch is 


ei”? tan™(9/2) 


Oe earaeee aT et aha (10) 
(tan @) (1 + ja cos 6) !ti(@/e) 


It follows directly from (1) that the pattern is circu- 
larly polarized for all @ and ¢. The boundary condition 
that tangential E parallel to the filaments be zero en- 
sures that the pattern goes to zero in the plane of the 
antenna. For n=1, (10) shows that the beam sharpens 
with decreasing a@ with a maximum along the 2 axis, 
6=0. For n> 1, (10) gives a conical beam which sharpens 
with increasing 7 or decreasing a. 

The current distribution is being worked out on a 
computer. It is known exactly for points near the input 
terminals from the static solution, which gives a uni- 
form line density of current traveling along the filament 
with the velocity of light. 
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General Theorems on the Transmission Coefficient from a 
Transmitting to a Receiving System 


JEAN ROBIEUXt 


Summary—Some theorems on the transmission coefficient from 
a transmitting to a receiving system will be presented. They can be 
considered as very general theorems in physics, since they can be 
applied to fields other than electromagnetic theory, such as wave 
mechanics and fluid mechanics. In electromagnetics they have been 
applied to the theory of surface waves and to propagation problems, 
particularly tropospheric scatter propagation. 


existing when unit power normalized wave is 

radiated by transmitter antenna A. Let F:,H2 be 
the complex field existing when unit power is radiated by 
antenna B. The receiver antenna is linked to the de- 
tector by a transmission line matched at each end. The 
field in this receiver transmission line when unit power 
is radiated by A is the field of normalized wave propa- 
gating from the antenna to the detector multiplied by a 
complex number Ty:= Te", which is the transmission 
coefficient from A to B. Ty)? is the received power when 
a normalized wave is transmitted, and 6 is the phase of 
the received wave. In the same way the transmission 
coefficient from B to A can be defined. 

If S: is a surface immediately close to the receiver 


| ET E,H; be the complex electromagnetic field 


Tu=-f Ex et Wx By ds (1) 
If S; is a surface close to the transmitter 
To = <f@ X H+ Hz X E,)-ds. (2) 
If € and @ are symmetric 
V-(E. X H2 + Hi X E2) = 0. (3) 


Therefore, in this case, 
a oi: 1 Oe ten see ee 
T= Tn =— f Ex a+ Ts x Bs) ds, (4) 


S being any surface surrounding B completely without 
surrounding A. 


t Campagnie Generale de Telegraphie Sans Fil, Paris, France. 


The preceding relationships are of great interest be- 
cause the medium is not necessarily homogeneous as it 
is in the Kirchhoff and Kottler relationships. Eqs. (1) 
and (2) assume no restriction on the medium between 
A and B. Eq. (4) allows heterogeneity of any kind if € 
and w are symmetrical. Huygen’s principle is a particu- 
lar case of these very general and rigorous relationships. 

Two important cases are encountered for which € and 
@ are not symmetrical; therefore, T2471. 

In electron tubes it is found that 


ee cara feu = f (Eyie — E2i;)d0, 


V being the volume between A and B, and % and @ being 
the currents produced by normalized waves transmitted 
by A and B. 

In the ferrite case, 


Tw Ta = if Ho: (Ay x H»)do, 


H being the unit vector in the direction of the applied 
magnetic field. This last relationship has also been found 
by Heller at the Lincoln Laboratory, Massachusetts 
Institute of Technology. 

Relationships giving the variation of T with respect 
to frequency can be found. If € and w are symmetrical, 
this relationship has a simple form: 

Yea | Fe es en ee 
—=— = al (Ey-€- Ee = H,-@: He)dv. 
dw Pals 

Using (4), I made the first demonstration in the early 
months of 1956, in the case of a surface wave problem. 

These theorems can be considered as very general 
ones in physics. They can be extended to fields other 
than electromagnetic theory, such as wave mechanics 
and fluid mechanics. In electromagnetics I have used 
them to develop a theory of surface wave and propaga- 
tion problems, particularly concerning tropospheric 
scatter propagation. A synthesis of all the work will be 
published in the Annales de Radioélectricité. 
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j On Helmholtz’s Theorem in Finite Regions* 

E J. VAN BLADEL} 


DIGEST OF PAPER 


HERE has been some discussion recently as to 
Bl wat: constitutes a complete set of eigenvectors for 
4 a cavity, much of the discussion being concerned 
with multiply-bounded and multiply-connected regions. 
In the present paper, the completeness of the sets which 
“have been commonly used in the literature is proved by 
examining the transformation 


©: Vet Sh 


with f perpendicular to the boundary surface, and 
div /=0 thereon. The spectrum, and the eigenvectors, 
of the transformation are identical with those of an in- 
_tegral operator, and the completeness is proved for that 
operator. The eigenvectors are shown to be of two types: 
solenoidal and irrotational. The expansion coefficients 


* The full paper is available as a MURA Rept. No. 440; Decem- 
ber, 1958. 

+ Midwestern Universities Research Assn., and Dept. Elec. 
Engrg., University of Wisconsin, Madison, Wis. 


of any vector @ (not necessarily an electromagnetic 
field) are given. The irrotational terms form a term 
grad y, perpendicular to the boundary, and the sole- 
noidal terms a term curl 7. The irrotational term is found 
to be zero for a solenoidal vector provided, in the case 
of a doubly-bounded volume, its flux through each indi- 
vidual surface is zero. The solenoidal term is zero for a 
vector @ with zero curl, @ being, in addition, perpendicu- 
lar to the boundary. 

Similar conclusions are reached about the complete- 
ness of the eigenvectors relative to the boundary con- 
ditions: f tangent to the boundary surface, curl f per- 
pendicular to the latter. Irrotational and solenoidal 
eigenvectors group each other, in the expansion, in 
terms grad 6 and curl #, where w# is perpendicular to the 
boundary. The term curl # is absent when the vector is 
irrotational. The term grad @ is not automatically zero 
when the vector is solenoidal. Many of the quoted re- 
sults have been mentioned in the past. The purpose of 
the paper was to prove them in a rigorous fashion. 
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The Synthesis of Large Radio Telescopes by the 
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Use of Radio Interferometers 
M. RYLE,} A. HEWISH,t| anp J. R. SHAKESHAFT} 


Summary—An outline is given of a method of simulating the re- 
solving power of large radio telescopes by a process of synthesis, 
in which use is made of measurements taken with smaller structures 
arranged in different configurations. The method has been applied to 
the construction of some large radio telescopes at Cambridge. 


a broadside array, may be considered as the vector 

sum of the currents induced by an incident field 
in each of the individual elements of the array. In the 
case of a paraboloidal reflector the summation is ef- 
fected at the focal point. When the direction of an in- 
cident wave does not coincide with the normal to the 
aperture plane, the induced currents in the elements of 
the aperture have a progressive phase shift which gives 
rise to the usual directional properties of the aperture. 
By adding the currents with their phases suitably ad- 
justed it is possible to alter the direction of principal 
response of the aperture. This feature can be of great 
importance in systems where physical tilting of the ar- 
ray is impossible. 

If one could measure, separately, the currents induced 
in each part of the aperture by moving a small antenna 
across it, then vector addition of the currents would give 
exactly the same result as that obtained by the use of 
the complete aperture. It is not possible to measure the 
phase with a single small antenna, but by using two 
small antennas connected as an interferometer the rela- 
tive phases may be determined and the addition per- 
formed. Vector summation carried out in this way is the 
basis of a method of producing large apertures which 
may be called “aperture synthesis.” 

An alternative way of considering the principle fol- 
lows from the fact that a simple interferometer, con- 
sisting of a pair of nondirectional receiving elements con- 
nected to a receiver, gives a response proportional to one 
Fourier component of the two-dimensional distribution 
of radio brightness over the sky. By taking a series of 
measurements in which the spacing and orientation of 
the interferometer are varied it is possible to determine 
the two-dimensional transform and hence, by Fourier 
inversion, to derive the brightness distribution. The re- 
solving power increases as the separation of the an- 
tennas increases, or in other words, as the synthesized 
aperture increases. 

Fig. 1 represents an aperture sub-divided into a 
number of small elements. If the current induced in the 
nth element by an incident plane wave is written as 
I, e*» where ¢, is the phase of the wave at that element, 
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Fig. 1—The division of a large aperture into pairs of small 
elements, many of which are equivalent. 


then the total power output P is given by 
P« > Ine#n- ay T,e7 1 
N N 


x a ee a : Tae I5 cos (om ae Gn). 
N N 


If the NV elements are all of the same size the first term 
is simply N times the power derived from a single ele- 
ment, and the other terms are proportional to the out- 


| 
| 


lai aa 


put of a phase-switching receiver [4] connected to ele- 


ments m and m through equal cables. A measurement of 
the power from a single element, suitably combined 
with the outputs from a phase-switching receiver con- 
nected to a pair of elements which are arranged succes- 
sively to cover all possible combinations of positions, 
then gives a result exactly equivalent to that obtained 
by using the whole large aperture. If the summation is 
carried out with the phases properly adjusted the direc- 
tion of maximum response may be varied as if the aper- 
ture plane had been tilted. It is possible, without taking 
further observations, to scan the synthesized aperture 
through an angle limited only by the beamwidth of the 
small elements. In order to do this it is necessary to 
measure also the terms Im I, sin(¢m—n) by connecting 
the elements in phase quadrature to a separate receiver. 

It is clear that many of the arrangements of the ele- 
ments A and B are equivalent and need not be repeated. 
A procedure for obtaining the different terms without 
repetition is shown in Fig. 2, where one element, A, is 
kept fixed and the other, B, is moved over a rectangle of 
approximately twice the area. This enables the total 
number of observations to be reduced from N?, where NV 
is the number of possible positions of a small element in 
the original aperture, to approximately 2N. 


ESHA RES ay 


_ Fig. 2—By keeping element A fixed and by moving element B to 

| occupy each of the small squares in turn all combinations of spacing 
and orientation possible in Fig. 1 are obtained. To duplicate the 
totality of arrangements in Fig. 1 the weighting factors shown at 

_ the right and below must be used to multiply the observations 
made when B is in the respective rows and columns. 


_- To derive results equivalent to using the full aperture, 
the different terms must be added with a weighting 
factor appropriate to the number of repetitions of each 
configuration of the elements. The form of the weighting 
function appropriate to each position of the element B 
is also indicated in Fig. 2. Where synthesis is performed 
with no repetition of the arrangements there is no loss 
_of information but the sensitivity is reduced. This may 
be no disadvantage at low frequencies when the signal 
strengths of radio sources are comparatively high. 

In practice it may be convenient for the elements A 
and B to have different shapes, and for one of them to 
~ extend over the complete width of the required aperture 
so that the synthesis is performed in one dimension only. 
A system of this type is shown in Fig. 3. The element A 
must then have a tapered distribution of excitation alon- 
its length. It will be seen that this arrangement, when 
synthesized, is closely similar to the Mills Cross antenna 
[3]. Advantages of the one-dimensional synthesis are 
that there is only one antenna moving in one dimension, 
the time of observation is reduced and the computation 
(which it is convenient to carry out with an electronic 
machine) is less complicated. 

It is necessary to consider how the synthesized aper- 
ture compares with a conventional aperture in regard to 
observation time and signal to noise ratio. Since a syn- 
thesis requires many observations it might be thought 
that the observing time is muchlonger. The extra time 
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Fig. 3—Method of synthesis in one dimension using elements 
A and B of different shapes. 


required for repeated observations is, however, com- 
pensated for by the fact that the beamwidth of the small 
elements is larger than that of the complete aperture, 
so that more sky is being observed at any one time. 

It has been shown [2] that when a square aperture 
side D is used to survey the sky, information is lost if 
the angular intervals at which the beam is directed are 
greater than \/2D, where d is the wavelength. 

The total observing time required to scan a solid 
angle Q with this aperture is then 4D?/)?-Qr where T is 
the integration time constant of the receiver. If the 
same region of sky is scanned with the equivalent syn- 
thesized aperture obtained by using small elements of 
side d, the time required for each of the 2D?/d? arrange- 
ments is 4d?/\?-Q7. Thus the total observing time is 
approximately 8D?/\?-Qr (for the same receiver time 
constant), which is only twice that required if the com- 
plete aperture were used. If the synthesis is performed 
in one dimension only, the observing time is no more 
than that time required when the complete aperture is 
used. 

In both of these cases, if none of the observations is 
repeated, the signal to noise ratio is decreased by a fac- 
tor approximately equal to the square root of the num- 
ber of different arrangements used in the synthesis. 

It should be noted that these arguments are only ap- 
plicable when the area of sky surveyed is larger than 
the beam of the small elements. 


PRACTICAL APPLICATIONS 


Three radio telescopes have been built at Cambridge 
using the principle of aperture synthesis; all of them are 
transit instruments because of their size, and all are at 
frequencies low enough for the sensitivity to be ade- 
quate without repetition of observations with the par- 
ticular configurations. 

The first, at 38 mc, was constructed in 1954 by Blythe 
[1] who was able to synthesize a map of the sky as seen 
bY.a.3+><3 beam. 

A similar instrument [5] having a pencil beam 47 min- 
utes of arc between half-power points at 38 mcis nowin 
operation. It is illustrated in Figs. 4 and 5. One element 
of the interferometer consists of a corner reflector 3300 
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Fig. 7—(a) The dimensions of the 178 me radio telescope. 
(b) The equivalent interferometer. 


y Fig. 8—A view, looking west, of the fixed element Fig. 9—A view of the movable element of the 
| of the 178 mc radio telescope. 178 mc radio telescope. 


Fig. 10—A portion of a map of the sky at 178 mc 
showing some weak radio sources. 
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feet long and 40 feet wide. The movable element meas- 
ures 100 feet by 40 feet and may be moved through a 
distance of 1700 feet along a north-south line. The in- 
strument hasa synthesized aperture equivalent in resolv- 
ing power to one of sixty acres, and in sensitivity to one of 
one and a half acres. At the total cost of £3000, each 
square yard of equivalent aperture is worth about three 
cents. A portion of a map of the sky as seen by this 
telescope is shown in Fig. 6. 

The other new instrument [5] is an interferometer for 
the study of radio stars at 178 mc. It is illustrated in 
Figs. 7, 8, and 9. The fixed antenna consists of an east- 
west array of dipoles 1450 feet long, supported at the 
line focus of a parabolic reflector 65 feet wide. The re- 
flecting surface is constructed of horizontally strained 
wires supported by 34 towers and it may be directed, 
mechanically, to different elevations. The movable ele- 
ment, of similar construction, is 190 feet in length. Each 
of the six towers is mounted on rails and may be driven 
for a distance of 1000 feet along a north-south line. 

The synthesized beamwidth is 18 minutes by 25 min- 
utes of arc between half-power points, which is equiva- 
lent to the use of two apertures each measuring 800 feet 
by 500 feet. The cost was £50,000 or about 2 dollars per 
square yard of equivalent aperture. 

Fig. 10 shows a map of a small portion of sky as seen 
by this instrument. The calculations have been carried 
out with the aid of EDSAC, the electronic computer at 
the Mathematical Laboratory, Cambridge. 
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To sum up, the advantages of the method of aperture - 
synthesis are: 
a) economy—-since less physical structure is renered: 


b) 
c) 


pattern in declination, 


readily changed in the calculations in order to 
adapt the beam for different purposes. 


Features that may be disadvantageous are: 


ees | 


& 
B 


: 


the ease of altering the direction of the reception i 


flexibility—since the weighting factor can be ; 


a) the method requires the brightness distribution — 
to remain unchanged during the period of obser- 


vation and it is therefore of limited application in 
solar observations, and 

b) it is only efficient when surveying a compataaas 
large area of sky. 


A detailed account of the radio telescopes and the 
methods of observation will be published elsewhere. 
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Experimental Test of a Stepped Zone Mirror for Microwaves* 
G. TORALDO DI FRANCIA}, L. RONCHI}, anp V. RUSSOF 


Summary—This paper is concerned with the construction and the 
experimental test of a stepped zone mirror, whose theory has been 
previously developed. According to the theory, this mirror is free 
from spherical aberration for any value of the angular aperture and 
at the same time is corrected for coma. The only monochromatic 
aberration which cannot be eliminated is astigmatism. 

A model of the mirror has been built to operate with \=3.2 cm. 
The focal length is 86.4 cm and the angular aperture 120°. The 
test has given results in perfect agreement with the theory within a 


_ total field of about 40°. Special astigmatic receivers have been de- 


signed and built to eliminate the effect of the astigmatism. It is be- 
lieved that the mirror may be used as a fixed antenna for radio 
astronomy. 


INTRODUCTION 


le HE THEORY of a stepped zone mirror of the type 
considered here has already been developed.!? It is 
a microwave device, having the general shape of a 
spherical mirror with zonal steps. This mirror is essen- 
tially a diffraction grating. The introduction of the 
steps allows a perfect correction for spherical aberration 
and for the offense against the sine condition when the 
object (or the image) is at infinity. In agreement with 
optical theory, there is no coma! of the first order with 
respect to the field angle. 

A meridional section of such a mirror is shown in Fig. 
1. The reflecting zones are sections of coaxial parabo- 
loids, confocal at C. The intersections of the paraboloids 
with an ideal spherical surface 2 centered at C are 
circles whose centers, Mi, Meo, --- lie on the symmetry 
axis CV. It is required that 


VM, = MiM, = M.M; = (1) 


where » is an integer and \ the wavelength. This device 
is, of course, a “grating” of the generalized type. It may 
be shown? on the basis of “parageometrical” optics® that 
when a plane wavefront normal to the axis impinges on 
the mirror, the mth order diffracted wave [where 1 is the 


* The research reported in this document has been sponsored in 
part by the Air Research and Development Command, U. S. Air 
Force, under Contract AF 61 (052)-67, through the European 
Office, ARDC. 
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1950. 
2. Ronchi and G. Toraldo di Francia, “An application of para- 
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formance of mirror aerials,” Marconi Rev., vol. 19, pp. 119-140; 
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5G. Toraldo di Francia, “Electromagnetic Waves,” Interscience 
Publishers, Inc., New York, N. Y., p. 232; 1955. 


Fig. 1—Meridional cross section of the stepped zone mirror. 


same integer appearing in (1)] isa perfect spherical wave 
centered at C. Moreover, it is a consequence of the 
theory of sawtooth gratings that the other diffracted 
waves are of negligible intensity. 

The aberrations of the mth order wave were theoreti- 
cally evaluated in terms of the field angle 2 and of the 
semiaperture 0. 

A mirror of the type described has been built in order 
to test within what limits the theory is in agreement 
with experiment. 

The mirror has the following specifications: focal 
length, R= 86.4 cm; angular semiaperture (as seen from 
C), 0=60°; and intended wavelength, \ =3.2 cm. Conse- 
quently, diameter D =150 cm—~47 2. 

The points M; appearing in Fig. 1 and (1) have been 
determined by putting \=3.2 cm and m=1 (with this 
value of m, the chromatic aberration has the smallest 
possible value). The total number of zones is N=14. 
The central zone and the first two zones around it are 
sections of paraboloidal surfaces, while the other zones 
have been realized as sections of conical surfaces; this 
approximation is justified because these zones are very 
narrow, being of the order of one wavelength. 

The zones are made of an aluminum sheet, 1 mm thick 
and are supported by a wood frame (see Fig. 2). Conse- 
quently, the zones are insulated from one another. 
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Fig. 2—The mirror on its platform. 


Fig. 3—The feed. 


The feed used is represented in Fig. 3. It is simply con- 
stituted by a rectangular waveguide, of standard dimen- 
sions, having at one end two small chokes. A light frame 
of wood and bakelite supports the feed in the desired 
(adjustable) position in front of the mirror. 


WAVEFRONT TESTS 


As a first step, the mirror was tested with a wavefront 
plotter described elsewhere.® 

For a given value of the field angle Q, the feed was 
placed, as shown in Fig. 4, in the horizontal plane con- 
taining the axis CV. The distance from the mouth F of 
the feed to V will be denoted by p and is of the order of 
R. The equiphase lines of the reflected field were deter- 
mined in the same horizontal plane. By varying the 
value of p, the shape of these equiphase lines is varied. 
The value pr of p, for which the equiphase line is closest 
to being a straight line, specifies the position of the 
tangential focus for the field angle Q. 

Fig. 5 shows the locus of the tangential foci deter- 
mined in this manner, and also shows some reflected 


* P. F. Checcacci and V. Russo, “Prova sperimentale del funziona- 
mento di alcune lenti di configurazione per microonde,” Tech. Note 
10, Contract AF 61 (514)-903, April, 1957, found in Alia Frequenza, 
vol. 27, pp. 92-107; April, 1958, 


Fig. 4—The mirror and the feed. 


Fig. 5—Equiphase lines (wavefronts) emerging from the mirror. 


wavefronts, varying from 0° to 35° for Q, and for an 
electric field polarized in the horizontal plane. The 
wavefronts can be considered as straight lines for a 
great part of their extent. The “bends” appearing at the 
ends are to be ascribed to the diffraction caused by the 
finite dimensions of the mirror. 

In order to perform a comparison with the theory, 
we recall (12), (13) of Ronchi and Toraldo di Francia.? 


R cos? Q 
2cosQ —1 


pr = 


(2) 


This equation represents in polar coordinates a line 
which is shown in Fig. 6, where it is denoted by T. The 
comparison between theoretical and experimental 
values of pr is made in Fig. 7, where, for convenience, 
pr and @ are used as rectangular coordinates. The ex- 
perimental results are represented by crosses, and the 
theoretical predictions by a continuous line. The agree- 
ment is fairly good, within the limits of experimental ac- 
curacy, up to the value 2~20°. 


Deccnbes : 


q 


Fig. 6—Theoretical loci of the sagittal focus (.S), tangential focus 
(T), and middle focus (M), 


Fig. 7—Comparison between the theoretical locus of the tangential 
focus and that determined experimentally. 


The locus of the sagittal foci has not been determined 
because of experimental difficulties. 


RADIATION PATTERN TESTS 


Another set of measurements has been carried out on 
the radiation patterns of the mirror for different field 
angles. 

The setup for these experiments is that commonly 
used for plotting the radiation pattern of an antenna 

_ (see Fig. 8). It consists of a transmitter T which pro- 
vides a plane wave impinging on the mirror 2. The mir- 
ror is placed on a rotating platform P in such a way 
that the axis of the mirror is horizontal and remains 
horizontal during rotation. The incident “rays” are also 
horizontal. Following optical nomenclature, the hori- 
zontal plane containing the axis of the mirror will be 
termed the “meridional” plane. The rays belonging to 
the meridional plane meet at the tangential focus, while 
those belonging to a plane perpendicular to the merid- 
ional plane and through the “principal” ray meet at the 

sagittal focus. 
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Fig. 8—Setup for plotting radiation patterns. 


The mirror is equipped with a receiver F (the same 
waveguide used as feed in the preceding experiments) 
which can be moved both in the vertical and horizontal 
directions. The signal from the receiver is amplified and 
then detected. 

The measurements are taken in the following man- 
ner. First the receiver is placed in the neighborhood of 
the meridional plane. Let Q be the angle between the 
axis of the mirror and the secondary axis on which the 
receiver is located; let p be the distance from the receiver 
to the vertex of the mirror. In order to measure Q, the 
base of the mirror is rotated until maximum signal is ob- 
tained; in this condition the direction of the incident 
wave makes the same angle 2 with the axis. The axial 
position (Q=0) is determined by symmetry, 7.e., by re- 
quiring that the two positions +92 and —Q give the 
same result. 

The receiver is then moved along a vertical line; the 
output will pass through a maximum when the receiver 
intersects the meridional plane. This maximum value 
obviously depends on the values of Q and p. By varying 
p, one determines the distribution of the intensity along 
the secondary axis corresponding to the field angle Q. In 
order to make this measurement more reliable, from 
time to time we have compared the signal from the re- 
ceiver with a reference signal directly derived from the 
transmitter by means of a directional coupler (DC) and 
a coaxial cable. This reference signal is amplified and de- 
tected by the same instruments as is the signal from the 
mirror. 

The results are shown in Figs. 9 and 10, which corre- 
spond to vertical and horizontal polarizations of the 
electrical field, respectively. Output power is plotted 
against p. 

From these curves, we can derive the value p of p 
which, for a given value of 2, corresponds to maximum 
intensity. The value of p, with the experimental uncer- 
tainty, is plotted vs Q in Figs. 11 and 12, for the vertical 
and horizontal polarizations, respectively. In the 
same figures, the theoretical curves of the middle 
focus pu and of the tangential focus pr are shown. The 
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Fig. 9—Intensity plotted vs p for a number of values of Q; 
vertical polarization. 
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Fig. 10—Intensity plotted vs p for a number of values of Q; 
horizontal polarization. 


95 ecm) 


values of p follow the curve of the middle focus well up 
to = +17°.7 For values of © larger than ~17°, the ex- 
perimental curve of maximum intensity bends toward 
the theoretical curve of the tangential focus. 

Figs. 11 and 12 do not show any substantial difference 
between horizontal and vertical polarization of the elec- 
tric field. 

To determine the loci of the sagittal and tangential 
foci, it is useful to recall the geometrical optics descrip- 
tion of astigmatism. All the rays of the beam first meet 
the tangential Sturm line, and then the sagittal Sturm 
line. The tangential Sturm line is (in our case) vertical 
and its middle point is the tangential focus, while the 
sagittal Sturm line is horizontal and its middle point is 


7 This value of 2 is in a very good agreement with the results 
described in the preceding section. 
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Fig. 11—Comparison between the experimental curve of best focus 
and the theoretical loci of tangential and middle focus (vertical 
polarization). 
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Fig. 12—Comparison between the experimental curve of the best 
focus and the theoretical loci of tangential and middle focus 
(horizontal polarization). 


the sagittal focus. It is now clear that the tangential 
Sturm line will be located where the reflected beam has 
minimum width in the horizontal direction, while the 
sagittal line will be located where the beam has mini- 
mum width in the vertical direction. 

The cross sections of the radiation pattern in the 
vertical plane have been determined, point by point, by 
moving the receiver along a vertical line for various 
values of p and Q, and by plotting the intensity as a func- 
tion of the distance from the point of maximum in- 
tensity. The measurements have been made for both 
vertical and horizontal polarization of the electric field. 
The results are shown in Figs. 13 and 14, respectively, 
where the half-power width is plotted against p for 
different values of 2. Then, by plotting the value pmin 
corresponding to minimum half-power width vs Q, we 
obtain the experimental surve of the sagittal focus, as 
shown in Fig. 15, where the theoretical curve of the sagit- 
tal focus is plotted for comparison. There is good 
agreement between theory and experiment within the 
whole considered range of Q. 
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Fig. 13—Half-power width of the principal lobe in the vertical plane 
plotted vs p for a number of values of © (vertical polarization). 
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Fig. 14—Half-power width of the principal lobe in the vertical plane 
plotted vs p for a number of values of 2 (horizontal polarization). 
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Fig. 15—Comparison between theoretical and experimental 
loci of the sagittal focus. 
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Fig. 16—Half-power width of the principal lobe in the horizontal 
plane plotted vs p for a number of values of (vertical polarization). 


The cross sections of the radiation pattern in the 
horizontal plane were determined by means of a pen 
recorder (see Fig. 8) coupled to the rotation of the plat- 
form. The half-power width was determined for a num- 
ber of values of p and Q, for both vertical and hori- 
zontal polarization of the electric field. The results are 
shown in Figs. 16 and 17, respectively. Then the values 
Of pmin corresponding to minimum half-power width 
(together with their uncertainty) were plotted vs Q in 
order to obtain the experimental curve of the tangential 
focus. The comparison with the analogous theoretical 
curve is made in Fig. 18. It appears that the agreement 
is good up to the value |Q| ~15°, after which the experi- 
mental line bends towards the theoretical line of the 
middle focus. 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


S 

iey 

La 
ee 


2°. 
Re 22°20) 

5 
& tr $s 

4° : @ A 
“NS ¥ 
aa 
gf a 
Ss Bs Ce ‘ 

2 = 17°40 

i) 
$ 
NS 
oN 1° a 
S 
FY 

2° 
‘ | 
S 40 

1 
x 


Q= 6°40" 


Sy 


8 9 e (cm, 


Fig. 17—Half-power width of the principal lobe in the horizontal plane 
plotted vs p for a number of values of © (horizontal polarization). 
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Fig. 18—Comparison between theoretical and experimental loci 
of the tangential focus. 


CONCLUSION 


In order to see the meaning of the obtained results, it 
will be useful to recall some results of the theory of dif- 
fraction of an astigmatic wave. 

So long as the wave aberration is very small (first ap- 
proximation theory), the “best focus,” or the point of 
the wave axis where the intensity has the highest value, 
coincides with the middle focus, 7.e., with the point mid- 
way between the tangential and sagittal foci. This co- 
incidence is borne out very well by Figs. 11 and 12. 

The question may arise concerning the stopping of 
this coincidence at an angle somewhere between 2 = 15° 
and = 20°. Now the total oscillation AW of the wave 
aberration for a given aperture and field can be evalu- 


8G. Toraldo di Francia, “La Diffrazione della Luce,” Edizioni 
Scientifiche Einaudi, Boringhieri, Torino, Italy, pp. 476-482; 1958. 
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ated by means of (18) of Ronchi and Toraldo di 
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Francia. In our case, we have computed Table I, 
giving the values of AW in wavelengths for different 


TABLE I 
Q 10° IY 20° DS 
AW/» 0.39 1.00 2.02 3.56 


values of 2. The value of AW passes from 1 to 2 wave- 


lengths precisely in the range 15°—20°. Therefore one 


should expect the first approximation theory to cease to 
be valid somewhere in that range. 

Moreover, the dependence of the intensity on p, as 
shown in Figs. 9 and 10, is in agreement with the results 
of the first approximation theory (see Toraldo di 


_ Francia’) for small angles. 


It would seem, therefore, that the behavior of the 
mirror, at least for small field angles (Q<20°), is in per- 
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fect agreement with that predicted by the parageo- 
metrical theory. 

One possible discrepancy is that shown in Fig. 18. The 
position of the minimum half-power width in the hori- 
zontal plane does not coincide with the position of the 
tangential focus. However, we wish to emphasize the 
fact that, according to Ronchi and Toraldo di Francia,? 
there is some higher-order coma which affects the tan- 
gential, but not the sagittal Sturm line. In other words, 
all the rays pass exactly through the sagittal Sturm line, 
but only approximately through the tangential one. It 
therefore appears justified that the minimum half-power 
width in the vertical plane coincides with the sagittal 
line, while some discrepancy may be observed between 
the position of the minimum half-power width in the 
horizontal plane and the tangential line. 

Finally, we want to emphasize the interesting result 
that very little, if any, difference is found between the 
results with vertical and horizontal polarization. 
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Preface to the Surface Wave Papers 
JAMES R. WAITt 


N VIEW of the current theoretical and experimental 
interest in electromagnetic surface waves, several 
sessions were devoted to this subject. In the present 

context, surface waves are regarded as any wave which 
glides along an interface between dissimilar media. With 
this in mind, active workers in the field were invited to 
submit papers representative of current research in this 
general area. In addition to the authors whose papers 
are contained herein, V. A. Fock, Val. Talanov, L. A. 
Weinstein, and M. A. Miller of the USSR and Z. God- 
zinski of Poland were invited to participate; unfortu- 
nately, they were unable to attend. Three other well- 
known authorities on surface wave phenomena, B. van 
der Pol of Holland, and N. Marcuvitz and F. J. Zucker 
of the U.S.A. were also not present; the former two be- 
cause of illness and the latter because of the pressure of 
other work. The absence of our distinguished colleagues 
was keenly felt. 


+ National Bureau of Standards, Boulder, Colo. 
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Following the sessions, a round-table discussion was — 
held. The participants were chosen from the surface 
wave authors. The topics considered were: 1) influence ; 
of curvature; 2) implications of impedance boundary — 
conditions; and 3) spatial modulation of the surface © 
properties. No attempt was made at this time to set up 
a classification of surface wave types. The discussion, © 
however, provided an excellent opportunity to air vari- — 
ous viewpoints in the field. , 

For the next General Assembly of URSI, to be held in — 
London in 1960, asummary report on the properties and 
classification of surface waves is to be prepared. Much 
of the material presented at the symposium is to be dis- 
tilled and issued as a working document for distribution — 
at the meeting. To assist me in this task are N. Marcu- 
vitz (U.S.A.), F. J. Zucker (U.S.A.), L. A. Weinstein 
(U.S.S.R.), H. M. Barlow (U.K.), and A. L. Cullen 
(U.K.), who make up the other members of the working — 
group appointed at Boulder at the last General As- 
sembly. . 
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Anatomy of ‘Surface Waves’’ 


; S. A. SCHELKUNOFFt 


Summary—The triple quotation marks in the title and elsewhere 
in this paper indicate that the enclosed words are used to denote the 
wave types enumerated in Table I. The purpose of the paper is to call 
attention to the fact that as a group these wave types have no impor- 


_ tant physical properties in common. Calling these wave types by the 
“Same name, even with qualifying adjectives, encourages one to 


assume that the most significant physical properties of one wave 
type are shared by other wave types. This has caused, and will con- 


_ tinue to cause, we believe, serious misunderstandings. It is strongly 
_ urged that this loose use of words be abandoned. Another solution is 


possible. We could wait until everyone realizes that the term ‘‘‘sur- 


_ face waves’’’ has become devoid of significant meaning and that it 
_ is equivalent to just ‘‘that thing.” 


INTRODUCTION 


OR obvious reasons the same word conveys dif- 
Ptecene meanings to different individuals. Hence, 

some “noise” in communication between us is 
unavoidable. As long as the noise level is relatively low, 
we manage to understand each other reasonably well. 
When the noise level becomes high, serious misunder- 
standings are inevitable, and needless as well as waste- 
ful controversies may arise. Such a situation has arisen 
in microwave theory in connection with the so-called 
surface waves.”’ 


HISTORICAL BACKGROUND 


It was Lord Rayleigh who discovered that in a semi- 
infinite elastic medium a source of finite dimensions 


- excites two kinds of waves: 1) “space waves” which 
_ spread in all directions and 2) “surface waves” which 


spread along the boundary. If the medium is nondissipa- 


tive, it follows from the principle of conservation of 
energy that at large distances from the source, the 
' energy density in a space wave varies inversely as the 


square of the distance from the source and in a surface 


_ wave inversely as the distance. Surface waves seemed to | 
_ be “attached” to the boundary of the solid and tended 
_ to follow it if it were curved. 


In the time of Marconi’s famous experiments and 
prior to the discovery of the Kennelly-Heaviside reflect- 
ing layer, there was much speculation about possible 


» existence of similar kinds of electromagnetic waves. It 
- was already known that electric waves had a tendency 


to cling to parallel wires (“Lecher wires,” as they were 
called) and thus could be guided around corners. Did 
the surface of the earth have a similar tendency to cap- 
ture some of the energy from an antenna and guide it 


; into the shadow, thus explaining Marconi’s success? 
_ That was the question. (See the Appendix.) 


+ Bell Telephone Labs., Murray Hill, N. J. 


TABLE I 


. Zenneck Surface Wave (interface at half-space) 

. Sommerfeld Surface Wave (dipole overconducting half-space) 

. Norton Surface Wave (dipole over conducting half-space) 

. Sommerfeld Axial Surface Wave (imperfectly conducting cy- 

lindrical wire) 

. Harms-Goubau Axial Surface Wave (dielectric-coated wire) 

. Plane Trapped Surface Wave (dielectric-coated plane conductor, 

corrugated surface, or other inductive boundaries) 

f ee Trapped Surface Wave (same as above in cylindrical 

orm 

. Plane Quasi-Trapped Surface Wave (stratified conductor when 

the surface impedance has both a resistive and inductive 
component) 

9. Cylindrical Quasi-Trapped Surface Wave (same as above in 

cylindrical form) 

. Azimuthal Surface Waves (on dielectric-coated and corrugated 
cylinders and spheres for propagation in the azimuthal direc- 
tion 

Composite Axial-Azimuthal Surface Waves (same as above when 
propagation has a component in both the axial and azimuthal 
directions). 
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‘“SURFACE WAVES”’ SPROUT LIKE MuSHROOMS 


In the half-century that followed the question, the 
answer had been at first “Yes,” then “No,” and a con- 
troversy began. At the same time many other types of 
‘“surface waves”’ appeared on the scientific scene, and 
at present one cannot be sure whether two different 
writers ascribe to their ‘“surface waves”’ the same essen- 
tial physical characteristics. It is a regrettable fact that 
clear communication among workers in the field does 
not exist. At a business meeting of Commission VI 
during the URSI General Assembly in Boulder, Colo- 
rado, a working group was formed to look into this mat- 
ter and see what could be done. Dr. James R. Wait, 
chairman of the group, prepared the above prelim- 
inary list of wave types which at some time or another 
have been described by some writers as ‘“surface 
waves.”’ 


INCIDENCE OF PLANE WAVES ON A 
PLANE BOUNDARY 


It will be easier to understand the various kinds of 
waves in Table I in the light of propagation of plane 
waves in two semi-infinite, nonmagnetic, nondissipative 
media, separated by a plane boundary. Subsequently 
we shall consider the effect of dissipation and of curva- 
ture. To be more specific, let us assume that above the 
plane boundary is vacuum and below it a dielectric 
with the index of refraction 


Mp = (¢/€0)*? (1) 


when there is no dissipation, and more generally the 
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“complex index of refraction” 


a + jwe\1/? € plan Niue 
(SEP Ck 
Jweo €0 WED, 


where 7o= (Mo/€0) 1/2 and a, €, €o have the usual meanings. 
Normally, plane waves incident on the boundary either 
from above or from below are partially reflected from it 
and partially transmitted across it. However, under cer- 
tain circumstances, either the transmission or the re- 
flection is total. Thus, if the H vector is parallel to the 
boundary there exists an angle of incidence for each 
medium, the “Brewster angle,” when the transmission 
is total [Fig. 1(a) and 1(b)]. This case is of interest in 
connection with wave types 1 and 2 in Table I; z.e., 
in connection with Zenneck and Sommerfeld wave 
types.! There is also an angle such that for all angles of 
incidence @ which are greater than the critical angle ¥,, 
the waves incident from below will be totally reflected 
regardless of the orientation of the H vector as shown in 
Fig. 2(a). 


ToTAL TRANSMISSION Across A PLANE BOUNDARY 


Fig. 1(a) represents schematically the incidence at 


the Brewster angle from above. This angle is given by 


SIN 0, = My(mp? + 1)71/2, 


(3) 


The corresponding angle of refraction may be obtained 
from 


sin 0g = (mp? + 1)71/2, (4) 


It is not surprising that 63 is the Brewster angle for 
waves incident from below, and that the corresponding 
angle of refraction is 6,. From this reciprocity it follows 
at once that in the case of a dielectric layer of any thick- 
ness, 1, imbedded in vacuum [see Fig. 1(b)], the waves 
incident at the Brewster angle go through the layer 
without “seeing it.” Similarly they will pass through a 
layer of vacuum in a dielectric medium without seeing 
it. Furthermore, the Brewster angle 7s independent of 
the frequency of the waves. 

It is also clear that if the bottom boundary of the 
layer is a perfect conductor, the waves will be reflected 
only at this boundary, as shown in Fig. 1(c). For all 
other angles of incidence the reflection will be multiple 
and will take place at both boundaries. 

Suppose now that the dielectric has a small conduc- 
tivity o and that 


oAno K 21n,p?, (5) 


”H. M. Barlow, “Surface waves,” 


Proc. IRE, Ih 46, y = 
1417; July, 1958, vo pp. 1413 
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where \ is the wavelength in vacuum. This inequality 
is satisfied when the attenuation of plane waves passing 
through a layer of thickness equal to the wavelength 
im the dielectric is much smaller than 7 nepers. The ef- 
fects of o on the Brewster angle and the angle of re- 
fraction turn out to be of the second order. If the inci- 
dent waves are uniform plane waves—that is, if their 
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amplitude is constant in any plane perpendicular to the 
rays—there will be small reflection. In this case the 


_ Brewster angle is the angle of minimum reflection. How- 


ever, if the incident plane waves are inhomogeneous 
there exists a condition for no reflection. It is known 
that the rays of inhomogeneous plane waves in a 
vacuum are straight lines along which the phase change 


is maximum and the amplitude remains constant. The 


planes perpendicular to the rays are equiphase planes. 
In these planes there exists one direction in which the 


-amplitude does not vary, while in the perpendicular 


direction the amplitude change is maximum. The condi- 
tion of no reflection would occur when the attenuation 


constant in this direction is? 
a = gono(n,? + 1)-3/? csc 6. 


(6) 


The exponential rate of attenuation with the increasing 


_ distance from the interface (upward) is a sin 6,. Let us 
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note that a is small and independent of \ [subject to 
condition (5) ]. Let us also note that if condition (5) is 
satisfied for a certain wavelength, it is satisfied for all 
shorter wavelengths. 

The inhomogeneous plane waves continue to be at- 
tenuated as they pass through the dielectric medium. 
In this case some of this attenuation is due to dissipa- 


7 tion of energy in heat. In the case of a layer of finite 
_ thickness, the waves below the layer will grow in am- 


plitude in the downward direction. This is evident at 
once from the fact that in vacuum the amplitude along 
the rays is constant. Likewise, in the case of reflection 
from a perfectly conducting boundary [Fig. 1(c) ], the 
reflected waves above the layer will grow in the upward 
direction. 


ToTAL REFLECTION AT A PLANE BOUNDARY 


We shall now turn to the case of total internal re- 


- flection (Fig. 2). The critical angle is given by 


(7) 


and is independent of the frequency. For all greater 
angles the reflection is total. The waves above the plane 
are evanescent and the attenuation constant in the 


sin 3, = 1/n,, 


~ vertical direction is 


(8) 


Note that @ increases with the frequency, while in the 


a = (2r/\){a,’ sin? & — 1)1/?. 


~ case of Brewster incidence a, as given by (6), it is inde- 


pendent of the frequency. 

In the case of a dielectric layer of finite thickness / 
[Fig. 2(b) ], the total internal reflection will take place 
at both boundaries if it takes place at one. For most 
angles of incidence there will be a destructive interfer- 
ence. It is only for a certain infinite but discrete set of 


2 The effect of ¢ on the Brewster angle of incidence is of the second 
order. ~ 
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angles that the interference is additive and not de- 
structive. The waves become “trapped.” For vertical 
polarization the “characteristic angles” may be ob- 
tained from Schelkunoff’s equations,? where the com- 
plete solution is given for either plane or radial cylin- 
drical waves. For our purposes we need only his equations 
beginning with (21)-(23). Eqs. (21)-(27) determine all 
the characteristic or “trapped modes” and the corre- 
sponding angles of incidence. One set of trapped modes 
is not affected by an insertion of a perfectly conducting 
plane in the middle of the layer [Fig. 2(c) ]. The angles 
of incidence for this set may be expressed in terms of a 
numerical parameter # as follows: 


sin} = np, [1 + np? tan? (6/2) |*/? 


“[1 + mp~* tan? (6/2) |-1”*. (9) 


The various modes correspond to the following ranges of 
pb: OS p<m, In9<p<3r,-++ 2nr<f<(2n+1)r. The 
parameter # is related to the ratio of the thickness of 
the dielectric layer to the wavelength 


Wd = (2ar)-\(my? — 1)-¥?H[1 + mp4 tan? (6/2) |", (10) 


The second set of trapped modes is determined by the 
same equations with “cot” appearing instead of “tan.” 

Let us consider in particular the first mode corre- 
sponding to 0<f<rm. As # varies from 0 to 7, \ varies 
from infinity to zero [see (10) ]. From (9) we find that 
sin @ varies correspondingly from 1/n, to unity. Hence 
vd varies from the critical angle 0, to 7/2. The rate of 
evanescence of the waves in vacuum [see (8) ] .varies 
from zero to (27/A)(mp2—1)?. That is, the waves in 
vacuum become more rapidly evanescent as decreases. 
As \ decreases, the energy associated with the waves is 
drawn more and more into the layer. An increase in / 
is equivalent to a decrease in X. 

If the dielectric layer is slightly dissipative, there will 
be a slight attenuation in the direction of propagation. 
This will be a first-order effect. The effect on the char- 
acteristic angle of incidence &@ will be a second-order 
effect. Likewise, the effect of o on the rate of evanescence 
of waves in vacuum will be a second-order effect (for 
well-trapped waves). The first-order effect on waves in 
air will be a small phase constant, so that some energy 
in the airwaves will pass into the layer. For well-trapped 
waves, however, the energy that is dissipated in the 
layer is already there. 


ContRAST BETWEEN TOTAL TRANSMISSION 
AND TOTAL REFLECTION 


Thus the situations shown in Figs. 1 and 2 are radi- 
cally different when the dielectric layer is nondissipative 
or slightly dissipative. In the first case the waves in 


3S, A. Schelkunoff, “Electromagnetic Waves,” D. Van Nostrand 
Co.. Princeton, N. J., pp. 429-430; 1943. 
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vacuum are plane, or for small o they are essentially 
plane, and pass through the layer without seeing it. 
The Brewster angles in vacuum and in the dielectric 
are substantially independent of \, subject to (5) which 
is true for sufficiently short waves. The phase constant 
in vacuum, 27/\, increases as \ decreases, while the 
rate of evanescence given by (6) is small and independ- 
ent of \ and the thickness of the layer. In the second 
case the waves in vacuum are always evanescent, and 
the rate of evanescence increases as ) decreases or as the 
thickness / of the layer increases. In the former case, one 
might say that a small o introduces an “anomalous at- 
tenuation” at right angles to the direction of propaga- 
tion of waves in vacuum. In the latter case, a small o 
introduces an “anomalous phase constant” (and anoma- 
lous velocity of propagation toward the layer) into 
otherwise purely evanescent waves. Also, in the former 
case the waves merely pass through the layer, and in 
the latter they are trapped by it. 


RADIAL WAVES. INCIDENT ON A PLANE BOUNDARY 


The case of radial waves is no different from the 
others. In free space an infinite current filament carrying 
progressive waves generates radial waves. Near the fila- 
ment the field is largely reactive, but at greater dis- 
tance the “rays” will make a constant angle with the 
filament. If a dielectric layer is introduced perpendicu- 
larly to the filament, there will generally be reflections 
at both boundaries of the layer as well as transmission 
through it. However, if the angle which the rays make 
with the axis equals the Brewster angle, there is no re- 
flection and the transmission is total (Fig. 3). On the 
other hand, if this angle is larger than the critical angle 
of total internal reflection and if it is given by (9) for 
the wavelength determined by (10), then the waves will 
be trapped. In this case the current in the filament out- 
side the layer should be attenuated with the increasing 
distance from the boundaries in accordance with (8), in 
order to make the wave a pure trapped wave (Fig. 4). 

The effects of small dissipation in the dielectric are 
the same as for plane waves. - 


RADIAL WAVES INCIDENT ON A 
CYLINDRICAL BOUNDARY 


The case of radial waves incident on a cylindrical 
boundary is essentially the same. In Fig. 5 we have an 
electric current filament on the axis of a dielectric rod. 
For a certain phase velocity of current we shall have 
total transmission. For certain other velocities there 
may be, depending on the ratio of the diameter to the 
wavelength and the index of refraction, total in-phase 
reflection (Fig. 6). In such cases the intensity of the 
field would become infinite for a finite current, and a 
finite field can be excited by a dipole. 

The case of a dielectric-coated wire is essentially that 
of a portion of a dielectric-coated plane [Fig. 2(c) ] 
folded into a cylinder, 


Fig. 3. 
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H1GHLY CONDUCTING LAYERS 


For the present purposes we shall call a dielectric 
layer “highly conducting” if : 


oAno > 2rn,’, (11) 


in contrast to (5). This condition is satisfied even for — 
small a if \ is sufficiently large. For metals it is satisfied 
for all radio frequencies. 

When the inequality (11) is satisfied, the real part of 
the Brewster angle is 


Tv 
a = sk (x/odno)"?, (12) 


or nearly 90°. The attenuation of the inhomogeneous 
wave in vacuum is small: 


a = 2n(a/or8n)!/?. (13) 


In this case, the real part of the Brewster angle is seen 
to depend on the conductivity and the wavelength. 
Otherwise the situation is not different from that exist- 
ing in the case of nondissipative and slightly dissipative 
layers. Fig. 7 shows schematically a radial wave inci- 
dent at the Brewster angle on a metal plate with a hole 
in it. Of course, the angle the incident waves make with 
the plate is greatly exaggerated. From the point of view 
of geometrical optics, the plate has no effect on the wave 
generated by the filament—there is no “back-fire” into 
the upper region except for the inevitable diffraction 
around the edge of the hole. 

For an elevated dipole (Fig. 8), the cone of rays mak- 


J 
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Fig. 8. 


_ ing the angle 6, with the axis of the dipole traces on the 
_ plane a “boundary circle” separating the region where 
the reflected waves reinforce the incident waves from 
E the region where they weaken them. At the circle the 
4 reflection coefficient is minimum (0.41+). Incidentally, 
(12) gives the real part of the “Brewster angle” for the 
_ inhomogeneous waves. In the case of the dipole the in- 
q cident waves in a limited region are substantially uni- 
_ form, and the angle of minimum reflection, if we still 
4 call it #,, has (for metals) a factor of two under the 
" square-root sign in (12). These details, however, are 
F unimportant for our purposes. 
_ If the dipole is right over the plate, as in Fig. 9, the 
_ pencil of rays making the angle 0, with the axis again 
_ separates the region in which the image of the dipole 
f reinforces the free space wave of the dipole from the 
_ region where it tends to destroy it. The effect of the 
image extends to the surface itself. Thus, near the dipole 
q the field will vary inversely as the distance from the 
_ dipole, while “far away” it will vary inversely as the 
square of the distance. The “far away zone” should 
somehow be related to 4r—0,. An order of magnitude 
may be determined from the conditions prevailing in 
the case of an elevated dipole. The radius of the circle 
_ of minimum reflection depends on the height of the di- 
_ pole and on 4r—6,. But it may be conjectured that 
_ when the height becomes less than 4/2, or possibly 4/4, 
the radius becomes substantially constant. Hence, 
“far away” means at distances much greater than 


d = (cd8n0/8r)1/?. 


Little needs to be said about “trapped” waves in metal- 
lic media. They are attenuated extremely rapidly. 


- 
} 
:. 
3 
7 
‘ 
;. 


oe 


(14) 


RAS Stee 4 how 


A DIpo.te In A NONDISSIPATIVE OR SLIGHTLY 
DISSIPATIVE LAYER 


Let us now return to a nondissipative dielectric layer, 
and assume a dipole inside it (Fig. 10). In an infinite 
“space, the dipole pattern is a toroid. If the layer is very 

thick compared with the wavelength, we could deter- 
mine the pattern, more or less, with the aid of geomet- 


rical optics. 
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Waves traveling in directions within the “Brewster 
cone” will be partially transmitted and partially re- 
flected at each boundary. Along the Brewster rays the 
transmission will be total. In directions outside the 
Brewster cone but inside the critical cone of total in- 
ternal reflection, the waves will again be partially trans- 
mitted and partially reflected. In the directions outside 
the critical cone, the reflection at each boundary will be 
total. In particular, in directions surrounding those 
given by (9) and (10), there will be a cumulative effect 
due to the right phase relationships, and normally 
spherical annual beams will be converted into radial 
beams, or trapped beams. 

The problem can be formulated exactly with the aid 
of Sommerfeld integrals for the dinole field.4 From the 
exact formulation we learn that the representation of 
the spherical wave in terms of plane waves includes in- 
homogeneous plane waves as well as uniform plane 
waves traveling in all directions. The presence of the 
inhomogeneous waves which are attenuated in the 
vertical direction and whose velocities in the radial di- 
rection are less than the velocity of uniform plane waves, 
accounts for the fact that trapped waves can be “stirred 
up” by a dipole above the layer—a fact incomprehen- - 
sible in the light of pure geometrical optics. The stirring 
up of trapped waves by a dipole is analogous to the 
stirring up of free oscillations of a system by an im- 
pressed impulse of force. Mathematically both phenom- 
ena are associated with the poles of the reflection coeffi- 
cient (or certain impedance functions). The Brewster 
effect is associated with the zero of the reflection coeff- 
cient or the “matching” of characteristic impedances. 


SEMITRAPPED WAVES ON A PERFECTLY 
CONDUCTING WIRE 


In free space, electric and magnetic fields are gen- 
erally diffuse. In the vicinity of a thin charged wire, on 
the other hand, the electric field is highly concentrated, 


4 Ibid., pp. 413-417, 428-431. 
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as is the magnetic field in the vicinity of a thin wire 
carrying current. Hence, we suspect that a thin wire 
will exhibit a tendency to trap electromagnetic energy 
and guide it. This is indeed the case. Fig. 11 shows sche- 
matically a quarter-wave antenna connected to one 
terminal of a generator and a semi-infinite wire to the 
other. Some of the energy will be radiated away and 
some trapped by the semi-infinite wire. However, if the 
wire is perfectly conducting and if its radius is finite, 
the current at large distances from the generator will 
vary inversely as the logarithm of the ratio of the dis- 
tance to the radius of the wire. Thus, the energy in the 
vicinity of the wire will be slowly diminishing, and the 
field will be spreading farther and farther from the wire. 

Even a thin layer of the dielectric coating will convert 
this semitrapped wave into a fully trapped wave. On 
the other hand, the resistance in the wire will have the 
opposite effect. In addition to the expected loss of 
energy in heat, at large distances from the generator 
there will be a tendency for the wave to break away 
from the wire as in the case of spherical waves over an 
imperfect ground. 

In this case of an imperfectly conducting wire (un- 
coated), the current will vary at first more or less as it 
does in a perfectly conducting wire (there will be some 
attenuation); but at very large distances, the current 
and the field around the wire will vary inversely with 
the distance from the generator. Thus imperfectly con- 
ducting wires eventually lose their “grip” on the energy. 


CONCLUSION 


We have discussed at some length the behavior of 
plane and radial waves at plane and cylindrical bounda- 
ries across which the index of refraction is discontinu- 
ous. We have been concerned, in particular, with the 
conditions of total transmission and total reflection. At 
the Brewster angle of incidence the vertically polarized 
waves are totally transmitted. If the waves are not ver- 
tically polarized, the reflected waves will be horizontally 
polarized since the other component will be totally 
transmitted. Sharp spherically divergent beams aimed 
in the Brewster direction will be largely transmitted 
across the boundary, with some reflection. The same 
would be true of beams falling on a spherical boundary 
of large radius. Sharp beams aimed in the Brewster dj- 
rection at a large, dielectric-coated, prefectly conducting 
sphere will generally pass through the dielectric and will 
be reflected from the sphere—but there will be small 
multiple reflections off the axis of the beam. 

We have also examined the case of total internal re- 
flection and the consequent trapping of waves. This 
occurs in the dielectric layers or cylinders when the 
waves are incident on the boundary from the dielectric 
side at certain angles larger than the critical angle of 
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total internal reflection. When the index of refraction is 

large, this angle is only slightly larger than the Brewster 
angle. Hence, even fairly narrow spherical beams aimed 

at the Brewster angle may excite trapped waves, al- 

though a considerable fraction of power will be trans- 

mitted across the boundary. 

Trapped waves follow slow bends in dielectric layers 
and rods, although some energy escapes. 

Referring to Table I in this paper, we note that the 
wave types 1, 2 and 4 are associated with the Brewster | 
angle of incidence. Wave types 5 through 11 are trapped 
waves. In highly conducting dielectric layers and 
cylinders, the trapped waves attenuate so fast that they 
represent merely local effects. 

Wave type 3, the Norton ‘“surface wave,”’ is not 
related to any of the above types. This wave was de- 


fined as the difference between the exact field of a dipole 


above an imperfect ground, and the field calculated by 
the rules of geometrical optics. This “wave” does not 
satisfy Maxwell’s equations. 

There is also the term “ground wave” which is used 
by radio engineers to denote the total wave which would - 
have existed on the ground surface if the Kennelly- 
Heaviside layer were absent. The wave reflected from 
the layer is called the “sky wave.” In the primary service 
area for all broadcasting stations operating in the low 
and medium frequency ranges, the sky wave is very 
weak and only the ground wave is important. This 
ground wave has some relation to the Norton ‘“sur- 
face wave,”’ but is not identical to it. The latter vanishes 
for a perfect ground when the ground wave of the radio 
engineer is the strongest. The ground wave has also been 
confused with the Zenneck ‘“surface wave.”’ 

It is this writer’s opinion that the loose use of the term 
“surface wave” is unfortunate and causes a great deal 
of unnecessary confusion. If it is continued, the best 
that one could hope for is that the term will become en- 
tirely devoid of meaning. This writer hopes, however, 
that the classical definition of the term (Lord Rayleigh’s) 
will be restored. Sommerfeld and Zenneck adhered to it 
(see the appendix below), although they have made an 
unfortunate slip in their analysis which subsequently 
confused the issue. In the classical sense, the term 
“surface wave” applies only to wave types 5 through 11 
of all those mentioned in Table I. 
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APPENDIX 


_ The following excerpt from Zenneck’s “Wireless 
_ Telegraphy” shows that Sommerfeld and Zenneck ac- 
_ cepted Rayleigh’s definition of “surface waves” as far as 
the most significant physical properties are concerned. 
- Zenneck writes: 


Instead the facts, according to A. Sommerfeld’s theory, are as 
follows: 

a. Surface and Space Waves.—The waves which emanate from 
_ a transmitter placed in a homogeneous insulating material were dis- 

_ cussed in Art. 20. They are characterized by the fact that energy is 
radiated in straight lines, radially from the transmitter. Conse- 
quently, the energy varies as 1/r? (y=distance from source) and the 
amplitudes of the electric and magnetic field strengths vary as 1/r. 
_ We will refer to these as “space waves” in what follows. 
A different kind of wave is obtained, e.g., with Lecher’s system 
_ {Art. 72c]. Here the waves travel along the wires, following any 
bends they may have. The flow of energy along the wires and the 
amplitude of the waves would remain constant during their progress, 
were it not for the fact that a portion of the energy is consumed in 
the wires (due to Joulean heat developed). This causes a gradual 
reduction in the energy and wave amplitude along the course of 
travel, a phenomenon which is termed “absorption.” We will refer 
to waves of this kind as “surface waves,” as they follow the surface 
of the conductor. 

b. The wave emanated into the air by an antenna at the earth’s 
surface may be conceived as consisting of two component parts, one 
of which is of the nature of a space wave, the other of a surface wave. 
In the former the energy “1/72, the amplitude therefore “1/r; in 
the latter the energy “1/r, the amplitude « 1/4/7. The fact that in 
the latter there is a decrease in the energy as the distance increases, 
in contrast to the wave following a wire—and in addition to and 
entirely aside from such absorption as occurs—is explained by the 
fact that the energy is spreading itself out over ever-increasing circles, 
- as the wave travels its course. 

Absorption of course occurs in addition to this reduction in ampli- 
tude due to the expansion of the wave in space. As each wave ad- 
vances through the air it is accompanied by a wave in the ground. 
And as the ground always has more or less conductivity, the moving 
electric field, constituting the wave, results in the formation of cur- 
rents, just as in the wires of the Lecher system. These currents con- 
sume energy, which is drawn from that of the waves radiated by the 
antenna, so that an absorption occurs in this way. 
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This much is relevant to the classical distinction be- 
tween space and wave types. The next excerpt led to a 
controversy and contributed to subsequent confusion, 
He continues: 


c. While at short distances from the transmitter, the waves are 
almost entirely of the nature of space waves, as the distance increases 
the surface component becomes more and more predominant, as its 
amplitude decreases more slowly than that of the surface component. 


5 J. Zenneck, “Wireless Telegraphy,” McGraw-Hill Book Co., 
Inc., New York, N. Y., pp. 249-250; 1915. 
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That is, the nature of the wave constantly approaches that of a sur- 
face wave. When the distance becomes very great, the surface wave 
may again give way to the space wave, as the former is more rapidly 
absorbed. It is questionable, however, whether this effect is of practi- 
cal importance. 

This change is the more rapid, the shorter the wave-length is and 
the lower the conductivity and dielectric constant of the ground are. 
A calculation of the distance at which the actual amplitude of the 
wave differs by 10 per cent from the amplitude of the space wave, 
results in the following figures: 


Sea water A=2 km. Distance = 20,000 km. approx: 
Sea water A=1 km. Distance= 5000 km. approx: 
Sea water \=0.3 km. Distance= 500 km. approx. 
Fresh water A=2 km. Distance = 4 km. approx: 


The distance becomes still shorter with dry ground. 

Hence, while with sea water for all distances which come into 
consideration—20,000 km. is half the circumference of the earth—and 
for all wave-lengths over 1 km. the waves have the characteristics of 
space waves, with fresh water and even far more so with dry ground, 
they assume the characteristics of surface waves at distances of only 
a few wave-lengths or even less than one wave-length, Hence the 
nature of the wave propagation in this case must not be conceived as 
being the same as that described in Art. 138 over sea water. 


The above quoted conclusion of Zenneck’s is based on 
the original formulas obtained by Sommerfeld. Bur- 
rows’ has pointed out that numerically the transmission 
formulas based on Sommerfeld’s results differ from 
those of Weyl by just the surface wave term P, and has 
made careful measurements which support the results 
of Weyl. 

Subsequently, it became clear that the source of the 
difficulty involving the surface wave term in Sommer- 
feld’s formulas was the double-valued nature of the 
square root terms in the reflection coefficient appearing 
in the integrand. In the mathematical formulation of 
the physical problem, it is essential that the square 
roots be assigned the values whose real parts are posi- 
tive. Subsequent deformation of the contour of integra- 
tion has to be conducted with great care and circum- 
spection. No difficulty would have arisen if the deforma- 
tion were made in a complex plane with an impassable 
cut so that the square roots could take on only their 
principal values. As it happened, the deformation was 
made on a Riemann surface where it is quite easy for 
the reflection coefficient in the integrand to turn into its 
reciprocal. 


6 C, R. Burrows, “Existence of a surface wave in radio propaga- 
tion,” Nature, vol. 138, p. 284, August 15, 1936; also, “The surface 
wave in radio propagation over plane earth,” Proc. IRE, vol. 25, pp. 
219-229; February, 1937. 
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Waves on Interfaces 
GEORG GOUBAUt 


Summary—In wave propagation along plane or cylindrical inter- 
faces a distinction is made between truly guided waves (surface 
waves) and partially guided waves (radiating waves). When dissipa- 
tion losses are involved, surface waves no longer represent the 
asymptotic field near the interfaces at large distances from the 
source. In order to separate them from the total field it is necessary 
to have a criterion for radiating waves which are free of any surface 
wave components. Such a criterion exists in the form of orthogonality 
relations which are the mathematical formulation of the concept that 
an ideal antenna which excites only a surface wave should not re- 
ceive a radiating wave. 


I. INTRODUCTION 
W reren propagation along interfaces between dif- 


ferent media was a controversial subject for a 

period of several decades. The disagreements 

were not only of mathematical nature but also a matter 

of definitions. During the past ten years most of the dis- 

_crepancies and misunderstandings have been cleared up. 

We now have a rather good understanding of the fields 

on interfaces, although there are still basic questions 
open which require further study. 

Someone who is not familiar with this subject may 
ask about the peculiarity of electromagnetic wave prop- 
agation on interfaces and in what respect it differs from 
optical wave propagation. The answer to this question 
is that in any optical experiment, source and point of 
observation are far away from the interface. Under 
these circumstances the wave field is adequately de- 
scribed by the well-known optical refraction and diffrac- 
tion laws. Electromagnetic sources can be placed arbi- 
trarily close to an interface and the field can be observed 
in proximity to it. For such conditions, optical laws no 
longer prevail. The spatial distribution of the energy de- 
livered by the source is greatly affected by the presence 
of the interface, and part of the energy has the tendency 
to propagate along the interface. 

Figs. 1 and 2 illustrate two basic examples of sources 
placed close to an interface. Fig. 1 shows an electric di- 
pole above a plane interface between a nonconductive 
and a conductive medium. Fig. 2 shows the excitation 
of a wire by a magnetic ring current. In this case the 
interface is cylindrical. The magnetic ring current is the 
equivalent of a voltage source inserted into the wire. 
These two examples, though very simple from the physi- 
cal point of view, have been the major subject of the 
mentioned controversy. 
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II. History 


Before we enter into a more detailed discussion on 
wave propagation along interfaces, we will present a 
short historical review. 

Hertz [1], in 1888, was the first to investigate the 
propagation along a conductive wire. He expected the 
phase velocity of the waves to be the same as in free 
space. However, he was not able to prove this, either 
experimentally or theoretically. The experimental diffi- 
culties were caused by the fact that the field was not 
sufficiently confined to the wire. Reflections from the 
walls of the room interfered with his measurements. His 
theoretical approach failed because he treated the wire 
as infinitely thin. Thus, he could not establish approxi- 
mate boundary conditions. 

In 1890, Lecher [2] introduced the two-wire system 
which proved to have much better guiding properties 
than a single wire. The field is more confined to the prox- 
imity of the wires and is not so much affected by the 
surroundings. Lecher’s two-wire system became an im- 
portant device for measuring wavelengths. The two-wire 
line can be considered as the prototype of open wave- 
guides. 

J. J. Thomson [3] first treated the coaxial line in 1893. 
He introduced correct boundary conditions, but, in try- 
ing to solve the resulting transcendental equation, made 
severe simplifications. His end result does not show any 
effect of the wire material on phase velocity and at- 
tenuation of the waves if the radius of the outer conduc- 
tor is made infinitely large. The phase velocity becomes 
equal to the free-space velocity. He, therefore, assumes 
this velocity in his treatment of Hertz’s wire waves. 


a 
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In 1899, Sommerfeld [4] found the first rigorous solu- 


_ tion for the boundary value problem on a single wire. 


He assumed that there was an axially symmetrical, 
cylindrical, transverse, magnetic wave traveling along 
the wire, and was able to satisfy the boundary condi- 


_ tions. The phase velocity of this wave depends on the 
_ conductivity of the wire material and is smaller than the 


free-space velocity. Sommerfeld considered this problem 


_ as an idealized one, stating in his paper that he would 


neglect the effect of the “return current” in his analysis. 
He also suggested that this treatment may be considered 
as a supplement to Thomson’s investigations. Sommer- 


gz feld, as well as Thomson, thought that their results 
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were applicable to Hertz’s wire wave, assuming that in 
Hertz’s experiments part of the current returned through 
the walls of the room. Today we know that Hertz’s ex- 
perimental set-up was not appropriate to excite a wave 


of the kind investigated by Thomson and Sommerfeld. 


In 1900, Mie [5] succeeded in solving the boundary 


value problem for a two-wire line consisting of identical 


wires with finite conductivity. He obtained two solu- 
tions: one describing the Lecher wave, and the other a 
wave with in-phase currents in both wires. 

Plane waves guided by a plane interface between an 
insulator and a good conductor were first investigated 
by Uller [6] in 1903. Zenneck [7], in 1907, recognized 
the bearing of these studies on the propagation of radio 
waves along the earth. He investigated the case where 
one half-space is a pure dielectric and the other half- 
space is a dielectric which is more or less conductive. 
Zenneck was quite aware of the limitations of his results. 
However, he succeeded in explaining several character- 


_ istic phenomena which had been observed in radio wave 


transmission. 

Harms [8], in 1907, extended Sommerfeld’s work to a 
wire which is surrounded by a dielectric sheath. His 
work had been initiated by an observation of Slaby [9] 
who found that the resonance length of an antenna 
built of a heavily insulated wire is shorter than that of 
an antenna made of bare wire. However, the conditions 


in Slaby’s experiments were not adequate to excite a 


wave of the type investigated by Harms. 

Hondros [10] in 1909, extended Sommerfeld’s work in 
another direction. Sommerfeld considered only one pos- 
sible solution of his boundary value problem. In today’s 
terminology, his wave is called the “fundamental mode.” 
Hondros investigated the higher modes, which have ex- 
tremely high attenuation since most of the energy is 
inside the conductor. As a continuation of this work, 
Hondros and Debye [11] investigated the higher mode 
solutions for a nonconductive dielectric cylinder in 1910. 
All these modes exist only above a certain cutoff fre- 
quency which is determined by the diameter of the 
cylinder and the dielectric constant. The field of the 
fundamental mode, the so-called dipole mode, which has 
no cutoff frequency was derived much later by Schel- 


kunoff [37]. 
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In 1909, a major step forward in the theory of wave 
propagation along interfaces was made by Sommerfeld 
[13] when he solved the problem of a dipole radiating 
above the plane interface of a nonconductive and a con- 
ductive medium. Here, for the first time, the source was 
taken into account and a complete solution of a bound- 
ary value problem was obtained. All the previously dis- 
cussed solutions were incomplete, since they only con- 
sidered boundary conditions at the interfaces but not at 
the source. The question as to whether these solutions 
could be physically realized remained unanswered. 
Sommerfeld obtained his solution in the form of a com- 
plex integral. The integrand of this integral comprises a 
pole, and the field associated with this pole describes a 
cylindrical Zenneck wave. Thus, Sommerfeld divided 
the total field into two parts: a surface wave of the type 
investigated by Zenneck, and a space wave. 

In 1919 Weyl [14] treated the same problem in a 
somewhat different manner. He arrived at the conclu- 
sion that Sommerfeld’s separation of the field into a 
surface wave and a space wave was arbitrary and that 
there is no Zenneck wave excited. From this time on, 
there appeared a large number of papers pro and con 
the Zenneck wave. Until a few years ago when various 
kinds of surface waves became of practical interest, the 
majority of investigators decided against the Zenneck 
wave. 

Wave propagation along a spherical interface was 
first treated by Watson [15], in 1918, with the assump- 
tion that the sphere is a perfect conductor, and by Van 
der Pol and Bremmer [16], in 1937, for a finitely con- 
ducting sphere. The latter case is of fundamental im- 
portance for the propagation of radio waves along the 
earth. 

A rigorous approach to the excitation problem of a 
wire by a concentrated power source was first made by 
Hallén [17], in 1938. His results and also those of King 
[18], Schelkunoff [19], and of others who studied the 
same problem, did not show any evidence of Sommer- 
feld’s wire wave. Since there was no experimental evi- 
dence of Sommerfeld’s wave, and since their results were 
in agreement with experiments, the opinion of most ex- 
perts was that this wave, like the Zenneck wave, is un- 
real. Both waves are closely related in that the former 
transforms into the latter if the radius of the wire ap- 
proaches infinity. 

It is impossible to quote in this short historical review 
all the important contributions to the problem of wave 
propagation along interfaces. I therefore mentioned only 
those which I consider as the “milestones” on the road 
leading to our present understanding of the waves along 
boundaries. 


III. SURFACE WAVES AND RADIATING WAVES 


The quoted literature demonstrates quite clearly that 
no attention had been given to the structure of the 
source. As far as sources had been included in the theory, 
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they were of the most elementary types, namely dipoles 
or concentrated voltage sources. No doubt, any source 
can be thought of as composed of distributed dipoles 
and the corresponding field as the superposition of the 
fields excited by the individual dipoles. However, this 
procedure yields little insight into the special properties 
of the fields on interfaces. 

Although it is obvious that different sources yield dif- 
ferent fields, we can distinguish between two basically 
different kinds of waves, namely “truly guided waves,” 
like the Lecher wave or Sommerfeld’s wire wave, where 
the entire energy is confined to the proximity of the 
interface, and “partially guided waves,” where the 
energy propagated along the interface decreases be- 
cause of radiation into space. In both cases, there may 
be losses caused by absorption within the media. The 
first kind of wave is called, in this paper, “surface wave” 
and the second kind “radiating wave.” 

If a boundary value problem has surface wave solu- 
tions, it isa matter of the structure of the source whether 
one or the other kind of wave is prevailing. 

It is obvious that any separation of a complex field 
into components is more or less arbitrary in that there 
are various points of view under which a separation 
may be performed. The separation discussed in this 
paper is very useful in cases of open waveguides like 
two-wire lines, single conductor surface wave transmis- 
sion lines, and dielectric rod waveguides, where simple 
sources can be devised which substantially excite only a 
surface wave. In other cases, like the wave propagation 
along the earth, this kind of separation is of little practi- 
cal value since present-day antennas excite fields which 
differ greatly from a Zenneck wave. A separation as pro- 
posed by Norton [38] is much more appropriate here. 

Since the term, surface waves, is now used for various 
kinds of fields near interfaces, it shall be emphasized 
that the surface waves considered in this paper are non- 
radiating waves as mathematically defined in Section IV. 

The following examples may demonstrate the differ- 
ence between surface waves and radiating waves from 
the physical point of view. 

Consider first a plane interface between a dielectric 
half-space and an ideal conductor as in Fig. 3. The 
source may be a vertical electric dipole located at, or 
above, the interface. The field within the dielectric half- 
space can be considered as the superposition of the direct 
field of the source and the field of the image of the 
source. Although the resulting field near the interface is 
a wave propagating parallel to the interface, it is usually 
not called a guided wave. If we wish to classify it in one 
of the two categories of waves, we have to classify it asa 
radiating wave. 

If the interface is curved, as shown in Fig. 4, the field 
along the interface beyond line of sight is a diffraction 
field. But this diffraction field differs from that which 
is observed behind a diffracting edge in that there is a 
continuous or differential diffraction taking place. In 
this case, we may speak of a guided wave because the 


field near the interface depends primarily on the curva- — 
ture of the interface. It isa radiating wave since part — 
of the energy which passes through an area S above the — 
interface (see Fig. 4) is radiated into space. 

As a third case, we consider an infinitely long wire of © 
infinite conductivity excited by a magnetic ring current 
(see Fig. 5). Here the guiding effect is much more pro- 
nounced than in the preceding case. The energy travels 
substantially along the wire, but the field strength at the — 
surface of the wire decreases with increasing distance 
from the source and approaches zero at infinity. In 
other words, the wave which is excited on the wire is 
attenuated because of radiation. This is a clear-cut case 
of a partially guided or radiating wave. 

Now we assume that there is a second wire parallel to 
the first one, also having infinite conductivity (Fig. 6). 
This case is basically different from the preceding one in 
that the field strength near the wires approaches a finite 
value at infinity. In other words, the coupling of the 
second wire prevents the energy from being completely 
radiated. This appears obvious if we consider the prob- 
lem @ priori as an excitation problem of an ideal two- 
wire line. It is not at all obvious if we consider it from 
the viewpoint of a coupling problem. The total field can 
thus be divided into two components: a surface wave, 
namely a Lecher wave, and a radiating wave. Either of 
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these two waves satisfies the boundary conditions at the 
wires. Both together are required to satisfy the bound- 
ary conditions at the source. The power delivered by the 
source is the sum of powers propagated by the two 


Thus far we have considered only lossless structures. 
Now, we assume that the wires of Fig. 6 have finite con- 
ductivity. To avoid unnecessary complications we fur- 
thermore assume that the wires are alike and are 
excited by two identical, but oppositely directed, 


sources as indicated in Fig. 7. In other words, we con- 


sider symmetrical excitation of an actual two-wire line. 
The only remaining idealizations are that the line is 
infinitely long and perfectly straight. By virtue of the 
push-pull excitation, the radiation is reduced as com- 
pared to the preceding case, but there is still some radia- 
tion present. The existence of a surface wave and its 
amplitude can only be deduced from the exponential de- 


- crease of the field along the wires. The amplitude at in- 


finity is no longer finite because of the losses in the wires. 
There is another basic difference between this case and 
the preceding one. The power delivered by the sources 
can no longer be expressed by the sum of the powers 
propagated by the surface wave and the radiating wave. 
But, as before, each of the waves satisfies the boundary 
conditions at the wire and both are required to satisfy 
the conditions at the sources. 

Now we replace the two sources by a single magnetic 


‘dipole as indicated in Fig. 8, still maintaining push-pull 
excitation. In this case, the coupling between source and 
line is greatly reduced, particularly if the dipole is moved 


farther away from the line. The direct radiation of the 
dipole becomes the prevailing field, and the field near 
the line may not have any similarity to a Lecher wave. 

Under these circumstances, the question appears 


justified as to whether there is still a surface wave pres- 


ent. We cannot answer this question by measuring the 
field distribution. Strictly speaking, we cannot even do 
this in the preceding case with rather ideal excitation 
conditions for a two-wire line because the assumed ex- 
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ponential field decrease is not exact. Since there is only a 
gradual difference between the two cases, it would be 
illogical to assume the presence of a surface wave in one 
case and not in the other. Therefore, we have to accept 
the fact that the surface wave is still present even if we 
may not be able to detect or separate it. 


IV. DEFINITION OF SURFACE WAVES FROM THE 
MATHEMATICAL PoINT oF VIEW 


Surface waves, from the mathematical point of view, 
are particular solutions of the wave equation, which 
exist in certain boundary value problems where homo- 
geneous or stratified media are separated by plane or 
cylindrical interfaces. These solutions describe cylindri- 
cal waves whose propagation vector is parallel to the 
interface. In the case of cylindrical interfaces, the waves 
propagate parallel to the cylinder axis, and in the case 
of plane interfaces, the propagation is radial. Plane 
waves may be considered as asymptotic solutions of the 
latter case. 

Only such solutions have physical meaning which can 
be realized experimentally. The only requirement for 
this is that the power propagated by the wave is finite. 
In all solutions where this condition is satisfied, the 
field decreases exponentially at large distances from the 
interface. An exception is the ideal two-wire line whose 
field decreases with the square of the distance. But, 
since all materials have losses, we can disregard this 
case. 

An ideal source for a surface wave on a cylindrical 
structure is a layer of electric and magnetic dipoles ap- 
propriately distributed over a plane perpendicular to 
the cylinder axis. The dipole densities P and M, respec- 
tively, are given by the relations, 


joP =—(HsXn), joM=(EsXn), (1) 


where Eg and Hyg are the field vectors of the surface wave 
at the plane, and m is the unit vector parallel to the axis. 

Surface waves on plane interfaces require a cylindrical 
layer of dipoles, the axis of this cylinder being vertical 
to the interface. The dipole densities are also given by 
above relations. In this case, 7 is radially directed. 

Although the field of a surface wave decays exponen- 
tially in directions perpendicular to the interface, it still 
extends to infinity. The required dipole layer can there- 
fore be simulated only within a finite area. For this 
reason, a surface wave never describes the complete 
field in an actual excitation problem. However, if a finite 
volume of the total space is considered, the deviation of 
the actual field from that of the surface wave can be 
made arbitrarily small if the source is made large 
enough. But far away from the source, its limitation in 
size always becomes apparent because the asymptotic 
field is never determined by the surface wave but by the 
radiating wave, except if there are-no losses. 

It shall be emphasized that the phase velocity of a 
surface wave has no bearing on its realizability. The 
existence of the Zenneck wave has sometimes been de- 
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See TABLE I 
nied because its phase velocity is greater than that of 


light. The phase velocity of a surface wave can be 


greater, equal, or smaller than c. Barlow and Karbowiak Lian aires ft 
[30] demonstrated on a cylindrical dielectric rod with Sele, a rraees f 
appropriate losses an axial symmetrical surface wave IDEAL DIELECTRIC rai: 
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V. STRUCTURES WHICH HAVE SURFACE 
WAVE SOLUTIONS te 


A summary of surface wave supporting structures in- _) EERE UENE eens ere [20]-[22] 


cluding some literature quotations is given in Table I. 
Surface wave solutions are also obtained for corru- 


gated metal surfaces or periodic structures like a column oo Alt ets 

: i : r * 
of alternating dielectric and metal disks. When the cor- *®% RRS SS 55 CONDUCTIVE DIELECTRIC 
rugations are small or the periodicity is short compared 
to the wavelength one can introduce average boundary B. CYLINDRICAL INTERFACES ‘ 
conditions. In this manner, the surface wave is charac- 
terized by a well defined propagation constant like any ; oe 

rr a) [4] 

other surface wave. The correct boundary conditions, REAL CONDUCTOR 


however, require the wave to consist of a bundle of 
waves with a spectrum of propagation constants. To my 


knowledge, that such a bundle has no radiating com- b) a — ti as BS [8] [23] [24] 


ponents has not yet been proved. CONDUCTOR 


VI. RELATION BETWEEN SURFACE WAVES : 
AND RADIATING WAVES ) WY, Q Two-wire vine 19] 


(SYMMETRICAL) 
The separation of the field on an interface into a sur- 
face wave and a radiating wave may still appear arbi- 
trary or at least unsatisfactory if we have no method for 4) Y) Y, TWO-WIRE LINE [25] 
separating the two field components. Even if we do not ee nat 
insist on an experimental separation, we would like to 
have at least a mathematical relation which enables us 


to determine the amplitude of the surface wave if the e) A bali ayo [26] 
total field is known. We cannot rely on the asymptotic 
behavior of the field since every physical structure has 
losses and since there may not be any range in which the 
z 3 : 27]-[2 
field is substantially determined by the surface wave. f) O geet Sta Saas 
N AGAINST GROUND 


In order to perform the desired separation, it is nec- 
essary to have not only a definition for a surface wave 
but also a definition for a radiating wave. Such a defini- 
tion is obtained from the following consideration. Con- 9) a Clan epee: sian 129] 
sider an ideal antenna which excites only a surface \ CONDUCTING PLANE 
wave. We postulate that such an antenna, used as a 
receiving antenna, should not respond to a radiating aR 
wave. The mathematical formulation of this condition h) a [11], [37], [12] 
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leads to the following orthogonality relations between 
surface waves and radiating waves. 
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where Es, Hgand Er, He are the field vectors of the sur- 
face wave and the radiating wave. The integration is 
extended over an equiphase surface of the surface wave. Foy UNISOTRGPIC SEASE | 
These relations have been derived by means of the rec- 
iprocity theorem and are valid for the waves on cylin- 
drical interfaces as well as for those on plane interfaces. 
They can be easily verified on lossless structures where 
the surface waves determine the asymptotic field [32]. 
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The same orthogonality relations hold for closed 


_ waveguides between the various wave modes or between 
_ any mode and the remainder field. They also apply to 
_ waveguides with losses where orthogonality with re- 


spect to power is, in general, no longer valid. 

Above orthogonality relations uniquely define a radi- 
ating wave which contains no surface wave component. 
If there are more surface wave modes in existence, the 
relations must be satisfied for every mode. In this case, 
the surface wave modes are also orthogonal to each 


' other [33]. 


VII. ExcITATION OF SURFACE WAVES 


By use of the above orthogonality relations, the 


3 amplitude of a surface wave can be easily determined 


by means of the reciprocity theorem. For instance, for a 
surface wave on a cylindrical structure which is excited 
by an electric or magnetic dipole, one obtains the ampli- 
tude [32] 
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with 


N= f (Bs X Hs)nds, (3) 


where Z£,, H, are the field vectors of a surface wave of 


unit amplitude (without the propagation factor). 
In Sommerfeld’s problem on the radiation of a verti- 


cal dipole above the earth, the amplitude of the Zenneck 


wave is [34] 
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with 
h’ = he'/e, k? = wep = h? + y’, (4a) 


where Ao is the unit amplitude of the radial electric field 
component £, of a unit Zenneck wave 


(E, = Aoi, (yr) e—i@t-hz) 
and 2 is the height of the dipole above ground. ¢, e’ and 


p, nw’ are dielectric constant and permeability of air and 


ground respectively. 
If the dipole is below the surface of the earth (z)<0), 
the amplitude of the Zenneck wave becomes 


—jh’ 20 
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with 
(Ab) 


An ideal source for the Zenneck wave is a cylindrical 
layer of dipoles whose distribution is given by (1). If 
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the diameter of the cylinder is assumed to be very small, 
one can easily verify that (4a) and (4b) yield the correct 
amplitude of the Zenneck wave. 

It shall be emphasized again that if there are losses 
involved as in the case of the Zenneck wave, the total 
power is not the sum of the power transmitted by the 
surface wave and the power transmitted by the radiat- 
ing wave. 

The excitation of a surface wave is always connected 
with simultaneous excitation of a radiating wave. This 
is true for the Lecher wave as well as for any other sur- 
face wave. However, the radiated energy can be made 
very small if the source is appropriately designed. In 
order to excite a surface wave efficiently, it is, in general, 
necessary to build up a field which matches that of the 
surface wave. Efficient excitation is a matter of “field 
matching” and not, as one can find occasionally in the 
literature, a matter of “impedance” matching. Imped- 
ance is an ambiguous quantity in that it is not uniquely 
defined. 

In certain cases, efficient surface wave excitation can 
be achieved without field matching. A well known case 
is the two-wire line which can be excited by a concen- 
trated source, with very little radiation if the distance 
of the wires is small compared to the wavelength. Two 
other interesting cases have been investigated by Cullen 
[35] and Brown and Stachera [36]. Cullen studied the 
excitation of plane surface waves on a dielectric cov- 
ered metal plane by means of a line or slot source. 
If the source has a certain height above the surface, a 
launching efficiency of about 95 per cent should be ob- 
tainable. Brown and Stachera investigated the excita- 
tion of a dielectric covered wire by an annular slot in a 
metal wall terminating the wire. They also obtained a 
theoretical efficiency of 95 per cent. The measured ef- 
ficiency was about 65 per cent. In both these cases, the 
supplementary field which is required to meet the 
boundary conditions at the source is primarily a reac- 
tive field. The excitation is therefore substantially fre- 
quency dependent. 

Another way to excite surface waves on cylindrical 
structures without field matching is to build a resonator 
consisting of a section of a surface waveguide termi- 
nated at both ends by large metal plates. Such resona- 
tors are frequently called “open cavities” or “parallel 
plate cavities” and are used to measure transmission 
losses of surface waveguides. If the line section is made 
many wavelengths long, the resonance of the radiating 
wave is practically not detectable. 


VIII. SomE REMARKS ABOUT THE ZENNECK WAVE 


The existence of the Zenneck wave has been disputed 
so much in the literature that it may be excusable if a 
few more remarks are added to this subject. The dispute 
originated in the attempt to extract from the mathe- 
matical solution of a problem more answers than there 
were questions when the problem was formulated math- 
ematically. 
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If one formulates the problem of a dipole radiating 
above a plane interface, one can only expect a solution 
which describes the total field of the dipole, no matter 
what mathematical method one uses. There is no obliga- 
tion from the physical point of view to use complex 
variables for solving the problem. The fact that the 
problem is more accessible to a rigorous treatment, when 
solved in the complex plane, is a purely mathematical 
matter and one cannot expect this method to yield more 
information than a treatment with only real quantities. 
If Sommerfeld had solved the problem by use of real 
quantities only, it is unlikely that the question as to a 
surface wave and a space wave would ever have arisen 
(except perhaps now) since the actual field of a dipole at 
the interface differs substantially from that of the sur- 
face wave. 

The fact that the answer to a given problem can be 
written in terms of a complex integral whose integrand 
comprises a pole, does not @ priori mean that this pole 


has physical meaning. Even if this is the case, there is 


still no obligation that the-integration has to be per- 
formed in such a manner that the pole is included. 

In order to separate the field into two components, it 
is necessary to define both these components. Defining 
only one, namely the surface wave, is not enough. How- 
ever, I believe that the orthogonality relations quoted 
in this paper should fill this gap and present a satisfac- 
tory basis for the separation. 
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Summary—In approaching a discussion of this matter, it is most 
important to ensure general agreement about the particular features 
that characterize the so-called surface wave. An attempt has been 
made to formulate in simple and unambiguous terms a definition of 
this form of wave, distinguishing it from the various other waves 
known to be associated with an interface between two different 
media. It is maintained that there are really two closely allied aspects 
of the problem of surface wave propagation, one of which is more 
- particularly concerned with launching the wave from a given aerial 
over the surface and the other with the capabilities of that surface in 
supporting such a wave. The present paper deals with the latter 
consideration in relation to surfaces slightly curved in the direction 
of the propagation of the wave. 

Recognizing the evanescent character of the surface wave field 
distribution over the equiphase surfaces and the important part 
played by the inclination of these surfaces with the normal to the in- 
terface when power is transferred across it, a method is discussed of 
calculating the radiation which arises when a wave of this kind circu- 
lates around a highly reactive supporting surface of cylindrical form. 
It is concluded that when the surface has a finite loss there will be a 
particular radius of curvature for which no power is transferred 
across the interface. 


I. INTRODUCTION 
ee attempts have been made [1] to define 


in unambiguous terms what is now widely recog- 
nized as a surface wave. As the name implies, such 
a wave must be associated with an interface between 
two different media, or, in other words, there must be a 


_ recognizable surface on which to support the wave and 


it is therefore of the kind we call a guided wave. Bearing 
this in mind, we might perhaps suitably describe a sur- 
face wave by saying that it transmits no power away 
from the supporting surface except that which is re- 
quired to supply losses associated with the wave in the 
surrounding media. As a corollary to this statement, we 


_ should define radiation as power transmitted by a field 
~ not identifiable as a characteristic mode of the wave- 


guide structure. 

Most of the common forms of surface wave are E 
modes which have a component of electric field in the 
direction of propagation, but~there are also H modes 
and hybrid EH modes supported by cylindrical guides. 
To satisfy the surface wave criterion that the only 


, power directed away from the supporting surface must 
be absorbed by losses arising from the wave in the media 


on each side of the boundary, we can offer an equivalent 
specification simply requiring that either the electric or 
magnetic field component which is tangential to the 
supporting surface have an evanescent distribution 
over the corresponding equiphase surface. In formulat- 
ing this specification as a possible alternative means of 
defining a surface wave, due regard has been given to 
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the fact that the various field components of any such 
wave may have different equiphase surfaces. All that 
is really necessary to meet the requirements is that, at 
any particular point, one of the field components which 
is tangential to the supporting surface have the evanes- 
cent structure which is the essential characteristic of a 
surface wave. 

When the supporting surface is straight in the direction 
of propagation of the wave, it is generally a compara- © 
tively simple matter to ascertain whether there is a 
solution to Maxwell’s equations representing a field dis- 
tribution of the surface wave form. If there is such a 
solution, it seems justifiable to conclude that the corre- 
sponding surface wave can be supported by the surface 
in question and, moreover, that a radiating aperture of 
infinite area is required to guarantee that the wave can 
be launched. We know from experience in other cases 
that a particular wave mode can often be quite strongly 
excited even when the radiating aperture is of a much 
smaller area than the cross section of the wave which it 
is required to launch. This is particularly true for a 
resonant structure like a hollow metal waveguide where 
there is a pronounced predisposition to the formation of 
certain defined wave modes. It is less true of surface 
waves, but there is, nevertheless, the same kind of tend- 
ency because these waves are also characteristic modes 
of the guiding structure. Much work has already been 
done [2], both mathematically and experimentally, to 
establish the degree to which surface waves can be ex- 
cited over a given surface when different radiating sys- 
tems are used. This is, of course, a very vital aspect of 
the surface wave problem because it is of little use to 
know that a particular surface is capable of supporting 
a surface wave if there is no known radiator of manage- 
able dimensions capable of exciting it with reasonable 
efficiency. Nevertheless, it must be emphasized that 
there are these two aspects of the problem, namely 
launching and support, which can quite legitimately be 
independently discussed. 

When the supporting surface is curved in the direc- 
tion of propagation of the wave, another important 
factor is introduced because in these circumstances there 
is always a tendency for radiation to be set up. If we 
imagine a surface surrounded by air and purely reactive; 

e., lossless, then, no matter how small the curvature, 
it is impossible to avoid radiation. However, for highly 
lossy surfaces which must also be reactive, it may be 
possible to balance the power which would be radiated 
from the corresponding ideal surface against some of the 
power required to supply the losses in the actual sur- 
face, and thus eliminate transfer of energy across the 
interface. We will first discuss a possible physical picture 
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of the mechanism of radiation when a surface wave is 
supported by a cylindrical surface, and then proceed 
to calculate the radial and circumferential power. 


Il. THE AZIMUTHAL SURFACE WAVE 


To provide for the support of a close approach to the 
Zenneck form of inhomogeneous plane wave outside 
a cylindrical surface of very slight curvature (see Fig. 1), 
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Fig. 1—Coordinate system and field pattern outside 
supporting surface. 


it is essential that the surface be highly reactive, storing 
the energy of a trapped wave from which leakage occurs 
as the wave progresses. Elliott [3] has examined the 
behavior of this kind of azimuthal surface wave when 
it is associated with dielectric-coated and corrugated 
cylindrical metal surfaces. His analysis leads to sur- 
prisingly small values of circumferential attenuation, 
and although there is reasonable correlation between 
some values of the propagation coefficients for the two 
types of supporting surface, curious inconsistencies 
seem to arise when these coefficients are small. No doubt 
the difficulty lies very largely in the approximations that 
have to be made in trying to get a manageable solution 
without departing too far from the very exacting condi- 
tions of any practical application, but there also seems 
to be a lack of recognition of the part played by any 
field reflected from outer space when the cylindrical 
symmetry is disturbed. The author has discussed [4] 
this aspect of the problem of the circulating surface 
wave in an attempt to trace the physical processes from 
which radiation arises in a practical case and to es- 
timate its magnitude under prescribed conditions. The 
aim of the present paper is to develop the argument fur- 
ther, by taking into account the effect of a field reflected 
from outside the surface and by progressing to a calcu- 
lation of both the radial and circumferential components 
of power. 


A. Field Equations 


Consider the cylindrical coordinate system shown in 
Fig. 1, with field components E,, Ey and Hy, there being 
no change in the y direction. Assuming that there is a 
sinusoidal time variation et and a homogeneous me- 
dium of permittivity e, permeability 4 and conductiv- 
ity o, we find that 
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Or? 
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1 oH, 


> T?’H, = 0, 
or 


r? 
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where the field component H, is now dependent upon ~ 


space coordinates only, and 
T? 


— jou(a + joe). 
Hence, 


H, = Afi(Ofe(r), (3) 


€ 


and for a circulating wave travelling in the +6 direction, 


we have 
ful) =", (4) 
From (1), (3), and (4) we therefore get . 
v 
to which the general solution! applicable here is 
fo = BiH, (Tr) + BoH_,(T?), (6) 


where both » and T are, as a rule, complex. 

Since we are concerned with a surface wave, the field 
distribution in the neighborhood of the surface must 
closely approach an evanescent structure. Thus, if the 
radius of the surface is 7,, we must-have | Tr.| <|»| by 


(2) 


only a few per cent and |»| of the order of 100 upwards. — 


In these rather difficult circumstances, we can apply 
Liouville’s approximations to the Bessel functions over 
the limited range of interest to show that B,H,@ (Tr) 
represents the outgoing or “incident” field which de- 
creases as r increases, while B,H_,“ (Tyr) is the corre- 


sponding “reflected” field. The presence of anysuch — 


reflected field implies a physical discontinuity disturbing 
the progress of the incident field. The field components 
can be written as 


Hy = H,+ + Hy = €**[C\H, (Tr) + CoH (Tr)], (7) 


Eo = Egt + Ee 
| e738 


«| lo i Hone rary} 
a + jwe r 


- oa} ee Howie THT) | (8) 
and 
Bde ee Be | 
r(o + jue) 
-[CiH,®(Tr) + CoH_,™(Tr)] (9) 


We shall see later that the field in the vicinity of the 
curved surface can never be purely evanescent, and that 
even when there is no reflected field some radial flow 
of energy must occur. Thus, with a lossless medium out- 


Since H_»“ (Tr) =e”"H,® (Tr), there is only a constant factor 


between these two forms and the first is preferred in this solution, 
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_ side the surface and a corresponding real value of T, the 


quantity v is still complex, providing for the appropriate 
circumferential attenuation of the wave. It will be ob- 


_ served that v and the complex coefficients C can be de- 


termined from the matching at r=r, of the correspond- 
ing tangential components of electric and magnetic 
fields above and below the surface. 

Radiation from the circulating surface wave is ac- 
companied by a backward tilt of the equiphase surfaces, 
resulting in a departure from pure radial distribution 


of the field. The wave impedance of the “incident” field, 


looking radically out from the surface, transforms to the 
corresponding wave impedance at r= and conse- 
quently with a perfectly smooth transition in a ho- 
mogeneous medium no “reflected” field would arise. In 
a practical case, however, there is likely to be some dis- 
continuity outside the surface and although in those 
circumstances the “reflected” field itself may be of no 
great significance, its presence can have important 
consequences in increasing the power radiated. If we 
think of the wave pattern between adjacent equi-phase 
surfaces as stationary in space, the conditions closely 
resemble those of the Eo: waveguide beyond cutoff, in 
which any “reflected” field from the termination pro- 
vides for a flow of energy towards it. To investigate 
this effect in the present application, we will suppose 
that the surface wave field transforms to a plane wave 
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Fig. 2—Backward tilt of equiphase surfaces 
accompanying radiation. 


at a finite height above the surface and that the re- 
flection coefficient p, at the supporting surface is propor- 
tioned to the angle of tilt +7 of the equi-phase surfaces, 
measured from the radical direction. (See Fig. 2.) 
Thus for small angles, 


Ps = — Po, (10) 


where po is the reflection coefficient arising from the 
complete transformation of the surface wave to a plane 
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cylindrical wave and 7 may be positive or negative ac- 
cording to whether the power flows toward or away from 
the surface. 

Also for simplicity, we shall suppose that the medium 
above the surface is air and that, compared with the 
real part, the imaginary part of v is sufficiently small, 
to enable the latter to be neglected without causing 
serious error in writing down the equations to the field 
distribution. Before proceeding on this basis to a cal- 
culation of the power in the field, it is perhaps of interest 
to consider (5) in terms of the complex values of T and p. 
Suppose that 


(11) 


then, it is clear that both a and £ are inversely propor- 
tional to r when p is constant. 
From (2) and (11) we get 


jv = ar + jr; 


2 
G — =) = wwe — juuo — (8? — a?) + 7208, (12) 
r 
and, for the particular condition 
wc = 2a8, (13) 


the expression in (12) is purely real. 

Unfortunately, this condition can only be established 
at one particular radius and consequently does not yield 
any simplified solution to the wave equation. 


B. Calculation for the Power Radiated 
The radial power density , is given by 


br = Re [EoH,*], (14) 
where H,* is the complex conjugate of H,. 
t 3 ioe C.H_,™ (Tr) 
H+ C,H,® (Tr) 


and suppose that C; is real; then, using (7) and (8) with 
o =0 and remembering that 


IAT + Y(Tr) = J(Tr).-+ YT). 2 (16) 
with 
2 
VATr)Jri(Tr) — IAT”) Vi4i(Tr) = ies i) 
alr 
we get from (14) at the surface wherer=r,, 
2Cy 
p= — [1 - | pe |? 
TEs 
vee a eli +9} |, (18) 
where 
i U, + Us — IAT re) JF vai Tre) 
a VeCE#,) -Vy41(Tre), (19) 
QO = Qi+ Q2 = J_(Tr)J-1(Tr,) 
+ Y_,(Tr,) Y.1(T?,), (20) 
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T = wV/ Moto = a 
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(21) 


and p, is given by (10). 

If, when looking radially outwards from the surface, 
the wave impedance in the absence of any reflected 
field is Z+ and the free space wave impedance is Zo, we 
can write 


Zo) — Zt 
po = | pole? = : ; (22) 
Liga 2a 
Now 
ie 
Lom 4 as (23) 
€0 
and 
(2) 
gt j | ed 
Re IX+ = —— = = Tr ? (24) 
er Serle ROUT 
where 
2 
ie eben, Se (25) 
moveots{Iy(Trs) + Y,°(Tr.)} 
and 


2s aes : V,°(Tr.)} 


Vv 
Ly - 
Tr; 


Since the surface impedance must have a very large in- 
ductive component (of value —X+), we can neglect Rt 
compared with X+ and we then find 


{J.2(Tr.) + va(Pr)} |. (26) 


| oo] = 1. (27) 


Within the range of interest near the surface the Liou- 

ville approximations to the Bessel functions can be ap- 

plied because the condition 
(Tr)?[(Tr)? + 40? 


<1 28 
4[»2 — (Tr)?]8 Se 


is easily satisfied in the cases of interest. Thus, 


il ev (M-1) Tr, J 
Be Sei ( rn “a 
and 
oa) 
where 
M=V/1 — (Tr,/v)?; (31) 


and, for the large values of » with which we are con- 
cerned, 
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Vi= (=) vim. 
é 


If, for example, 4) = 0.0314 m.with 7,=1 m, we have 


? 


T = 200, and taking v as one or two per cent greater than — 


(Tr.), it is easy to see that — Y,(Tr.)>J,(T7.) so that 
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1+ M 
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WE s en ¥ 
or since M<1, 
Xtw — 1.72( é ) ag (=) (34) 
WEN s WEQ, 
with 
go ~ /120° (35) 
Taking 7 as a purely real angle, 
ps| =| po| (10a) 
and 
ds = Go. (36) 


Using (27), (35), (10a), and (36) we can therefore re- 


write (18) as 
2C 3nTrs 
fi-- Phos a]. @n 


TWE Ns 


pr 


The first term in this expression represents the power 
radiated as a result of the curvature of the surface, irre- 
spective of any “reflected” field. The second term is the 
power thrown back by direct reflection of the surface 
wave field in its conversion to a free-space cylindrical 
wave, and will generally be quite negligible. The third 
term, which, as a rule, is also quite small but is some- 
times important, provides for the additional radial 
power arising from the superposition of the “reflected” 
field on the “incident” field, as in a cutoff waveguide with 
a mismatched termination. It will be observed that 
since 7 is negative for a backward tilt of the equiphase 
surfaces, this condition corresponds to enhanced radia- 
tion as would be expected. 
From (7) and (15) we have 


H, = [Cie-*°H,®(Tr)][1 — | p| ef]. (38) 


Taking into consideration that p is porportional to n 
which is a very small angle, we can neglect the effect of 
p=|p|e in (38) on the tilt of the equiphase surfaces, 
and for the purpose of calculating 7 we can write 


Ay = CaJ/JP(Tr) + OV ACL4) - en OH), (39) 
where 
+Y,(Tr) 
t Sse 
an (yr) 7(TP) (40) 


and r is the angle of deviation from pure radial distribu- 
tion subtended at the center of curvature of the sup- 
porting surface. 


—_ 
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Thus 


eee 2 ue \ (41) 


Or Fe £n) 


In order to get a better idea of the relative magnitudes 
of the terms in (37), it will be helpful to take a numerical 
example and compute the various quantities with the 
help of the Liouville approximations to the Bessel func- 


tions. 


Thus, using (29), (30), (31), and (32), together with 
the corresponding expressions for the order (v+1) and 
their counterparts of negative order, after inserting the 


_ appropriate values in (19) and (20), we find that 


itz 


esa) 
Sera bah o 
ea ar Ut) S 
iY 


ifs 
‘aac bal @ 
Peta) pit = 
oes 4Tr, 
ae ( irs i: 
CE 1 45 
OS Sara ES Hs aEH Gaede 
where use has been made of the approximations, 
i+ M M? 
ere (46) 
eM 
and 
M We 
x mi (47) 


~it+ 
1+ uM 2 


where V/ has the value 


eT) 
zee pl 


_ for the Bessel functions of order (v-++1). 


These approximations are only valid for M<1, and 
over a comparatively small range of values of Ci r,) 
relative to v. 

Suppose that we again consider the case of Ay = 0.0314 
m (i.¢., f=9.56X109 c/s) so that T=27/Ao = 200, and 
that we make calculations for y=205, with r,=1 m 
amd r7,=1.01 m. Although it is difficult to get accurate 
numerical values, it is hoped that the calculations will 
be sufficient to show the relative importance of the 
different terms and the principal factors on which the 
radiated power depends. 
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vy=205: 
a) When r,=1m, (41) gives 


= — 3.5 degrees at the surface 
and from (37) we find that 
pr = 1.2CP[1 — 3.7 X 10-8 + 0.55] = 1.8602. 


b) When 7,=1.01 m, then n= —2.16 degrees at the 
surface 


and 


pr = 1.19C2[1 — 1.4 X 10-8 + 0.378] = 1.64C,2. 


It will be observed that at the supporting surface, the 
angle of tilt 7 of the equiphase surfaces decreases as 1, 
increases and that the power radiated behaves in much 
the same way. Under the conditions postulated, the 
third term in (37) representing the component of the 
radial power density arising from the field reflected from 
outer space, is quite significant, but some of the quan- 
tities in this expression change so rapidly with 7, that a 
closer analysis is necessary to establish precisely the 
importance of the “reflected” field in this respect over a 
wider range of values. 

C. Calculation for the Power Circulating around the Cy- 
lindrical Surface 

The circumferential power outside the surface is 
given by 

10 
Ps ={ Re [—£,H,*|dr per unit length in 
tak the y direction, 


48) 


and, for the purpose of calculating this quantity, no 
great inaccuracy arises when we neglect the reflection 
terms in (7) and (9) for the field components. 

Assuming that the medium outside the surface is air, 
we find that 


vCy? 


WE 


Pia fee [sr + “ var | dr (49) 


and, therefore [5], 


Cy 


0 
Via [7 r{ Ings\ Tse <5, ea dots Juntt 


2weg 


0 
+ J,2(Tr) + ees a Y,(T7) 
y 


— Y,(Tr) - Yara} + Y,?(Tr). (50) 


In applying (50), we use the large argument approxi- 
mations for the Bessel functions when ro and the 
Liouville approximations together with those given by 
(46) and (47) when r=r;. This leads to a rather long 
and involved expression for P» but it can be simplified 
without serious error if we remember that vy = Tr, to give 

Fi= ee [1 — K], 


WEo 


(51) 
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; { v re vTrs a (52) 
Ty 3201) ) | 


For the case already discussed in which \y)=0.0314 m 
T=200, r-=1 m, and v=205, we find that K =0.0027 
and P,=1.88C;?. 


D. Rate of Attenuation of Circulating Wave Due to 
Radiation 


Under the particular conditions considered, it is clear 
that reasonable approximations are obtained if, in place 
of (37) and (51), we write 


2672 
r ~ (37a) 
TTWE0T s 
and 
Gy2 
et a ie tt (51a) 
WE 


On this basis, the circumferential attenuation of the 
wave which arises from radiation (see Fig. 3) is 


is) ( Po ) 
QS 1086 | =a 5 
2 2 P» — pr 53) 


SUPPORTING 
SURFACE 


Fig. 3—Radial and circumferential components of power. 


and, since || 
pr 2 ‘ i| 

Ps fe ws | 

we get forr,=1m | 
a = 4.4 db/m. 


Although (54) only applies over a very limited range of | 
values of 7,, it is apparent that @ increases rapidly as 7, 
decreases. | 


III. DiscussION ON THE EFFECT OF THE FIELD 
REFLECTED FROM OUTSIDE THE SURFACE 
IN RELATION TO THE POWER RADIATED 


It is well known [1] that two highly reactive flat 
parallel surfaces separated by a distance which is large 
compared with the wavelength, will support waves of — 
the Zenneck type in association with each surface (see 
Fig. 4). If the surfaces are both lossless, the power 
carried by the fields is entirely tangential, but when 
they have finite losses there will be a component of 
power directed toward each surface and the adjacent 
equiphase planes will be tilted forward. In addition, 
energy will flow towards the surfaces as a result of the 
reflected evanescent field which is incident on them. 
With only one surface, the Zenneck field would be ex- 
pected to extend to an infinite distance from it and the 
presence of the second surface must clearly disturb that 
distribution of field in such a way as to set up a sup- 
plementary flow of energy which is in the nature of 
radiation from the first surface. 


Alalalallny 
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Fig. 4—Hybrid Zenneck-TEM wave between highly 
reactive parallel plane surfaces. 


Between adjacent equiphase planes stretching across 
from one surface to the other, the field approximates an 
evanescent E mode of the kind supported by parallel 
metal plates and with a mismatched termination to pro- 
duce a reflected field accompanied by the flow of energy 
towards it. Indeed, we can think of this mechanism as 
the means whereby radiation is set up by obstacles 
which, remote from the supporting surface, must nec- 
essarily disturb the smooth progress of the wave. 

When the supporting surface becomes slightly cylin- 
drical, the field pattern outside it remains of similar form 
but assumes a divergent distribution with the equiphase 


1959 


= 


surfaces tilted backwards by a small angle from the 
radial direction. As shown in Section II, the field is no 
longer purely evanescent and the conditions require a 


flow of energy outwards from the surface, irrespective 


4 of the existence of any reflected field. 


IV. DIscUSSION ON THE EFFECT OF LOSSES IN 
THE SUPPORTING SURFACE 


In order to support a surface wave on a cylindrical 


_ surface we know that it must be highly reactive so that a 


substantial proportion of the energy associated with the 
wave is stored within the surface. As the wave pro- 
gresses, some of this energy passes across the supporting 


- surface and is thereby radiated. There is, however, a 


ee a eee 


m1 
= 


aN ee ae 


7 


SOAS Wp 


CN 
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considerable amount of energy also in the field outside 


the surface. When the medium below the surface is 


lossy, it must absorb power from the wave, and in the 
case of a flat surface, the process involves a forward tilt 


_ of the equiphase planes and a flow of energy across the 


interface into the surface. A very slight curvature of the 


- surface tends to reverse that flow of energy and it seems 
- reasonable to conclude that there must be a condition 


for which no energy passes in either direction across the 
supporting surface. Since, in these circumstances, there 
is bound to be some radiation as well as absorption of 
energy by the medium below the surface, there will be a 


_ progressive attenuation of the field both outside and in- 
_ side the surface. 


V. CONCLUSIONS 
The problem of calculating the power radiated by a 


surface wave circulating around a cylindrical surface 


and the corresponding circumferential power is a diffh- 
cult one because it leads to expressions that cannot eas- 
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ily be evaluated. By using some approximations, solu- 
tions have been obtained which should be applicable to 
a limited range of values. The analysis helps to eluci- 
date the physical mechanism that characterizes the be- 
havior of this form of wave. 
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Guiding of Flectromagnetic Waves by Uniformly Rough Surfaces* | 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


Part I 
JAMES R. WAITT 


Summary—A simple derivation is given for the reflection of 
electromagnetic waves from a perfectly-conducting plane surface 
which has a uniform distribution of hemispherical bosses whose 
electrical constants are arbitrary. The spacing between the centers 
of the bosses is taken to be small, which is the justification for 
neglecting the incoherent radiation. An approximate boundary con- 
dition is developed which must be satisfied in an average sense by 
the tangential fields on the reference plane. 

The excitation of surface waves on the rough surface is then dis- 
cussed. It is indicated that to a first order, a rough surface of the kind 
described here possesses an inductive surface reactance and will 
support a trapped wave. The effect of finite conductivity of the bosses 
is to damp exponentially this trapped wave. 


INTRODUCTION 


ANY theoretical aspects of the reflection of 
MV electromagnetic and acoustic waves from 

; rough, uneven, and corrugated surfaces have 
been discussed [1]-[10]. A favorite approach is to con- 
sider the surface as composed of a large number of inde- 
pendent elementary mirrors [11]. Models consisting of 
semicylindrical or hemispherical bosses on an infinite 
plane have been treated in extensive fashion by Twer- 
sky [12|-[15]. He also treats a model consisting of a 
random distribution of arbitrary protuberances on an 
infinite plane and takes into account multiple coherent 
scattering to obtain reflection coefficients [16]. By 
utilizing an energy balance relation, he then obtains 
differential cross sections on the assumption that the 
multiple incoherent scatter can be neglected. When the 
dimensions and the separations of the individual irregu- 
larities of the surface are small compared to the free 
space wavelength, and at near grazing incidence, the 
specular or coherent component of the scattered field is 
much larger than the diffuse or incoherent component. 
This limiting case has also been investigated by Biot 
[17], [18], who considered reflection of a plane wave 
from a flat perfectly conducting surface with a uniform 
and dense distribution of small hemispherical bosses. 
It is the prime purpose of the present paper to consider 
the response of such a surface to a dipole field, and to 
study the characteristics of the trapped waves which 
may exist near this surface. 


THE SINGLE HEMISPHERICAL Boss 


It was suggested by Lord Rayleigh [1] that the field 
scattered by a semicylindrical boss on a perfectly con- 
ducting plane is the same as that scattered by a com- 
plete cylinder from both the incident wave and its geo- 


* The research reported in this paper has been sponsored largel 
by the AF Cambridge Research Center, Air Res. and Dev. Corie 
Bedford, Mass. 

{ National Bureau of Standards, Boulder, Colo. 


metrical image with respect to the plane. This idea was 
extended to the hemispherical boss by Twersky [1213 
In the present case, the boss is also considered to be 
hemispherical in form and is small compared to the 


December | 
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wavelength. The incident field is locally uniform and © 


induces an electric moment M* in a direction parallel 
to the plane (see Fig. 1). More specifically, 


Vie Ea le 


and 
i 
M* = — — a®T* 
2 


where E and H are the resultant values of the incident 
and image fields at the center of the boss of radius a. 
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Fig. 1—Single hemispherical boss showing induced 
electric and magnetic dipoles. 


TI and I* are factors which account for the electrical 
properties of the boss; they are chosen so that T=I'*=1 
for infinite conductivity. It is easily deduced from a 
previous analysis [19] or elsewhere [12], that 


= A 
¢ , “) " A(s) 
LE gw 2 


= 3 
a + tew (3) 
Be 
LEgwW 
and 
bs A(g) 
(a 
i iue Mo 2 
are (4) 
(=) - 4 
Ko 
where 
sinh g — g cosh g + g? sinh 
1@ =e 
sinh g — g cosh g 
g? 
me emierer eS 
1 — gcoth g ; (9) 
g = linw(o + jew) |*/2a; 


(1) 


(2) 
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o,€,and u are the conductivity, dielectric constant and 
permeability of the homogeneous spherical boss, and € 9 
_ and Mo are the dielectric constant and the permeability 
of the surrounding lossless medium (z.e., the air). 

The above results are valid for a<free space wave- 


oo (€ — ic/w) — €9 


4 ) (a eas 

a (e * io/w) + 2€9 (6) 
a 

4 =f: Mm a alas P Pde (7) 
4 2 ue Duo 


~ which could be obtained directly from potential theory. 
In most cases of interest, the permeability contrast is 
small (7.e., wo) and the conductivity of the boss ma- 
terial is sufficiently large (i.e., o>>eow) ; thus (3) and (4) 


ver 


reduce to 
ae (8) 
and 
3 3 coth g 
r*=1 + — — —_—__,, (9) 
8” g: 
where 
aye 
Bee irt= 2) = 


~ and 6 is the “skin-depth” defined by 


2 1/2 
s=( ink 
Tow 


-Itis seen that if a>6 (z.e., | g| > 1); 
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reo1—-——1. (10) 
§ 
If, on the other hand, a<6 (i.e., | g| 1), then 
2g? 2° 
Ee * ~ — — —— + terms in g’, g’, etc. (11) 
- : BAT de sts 


It can thus be concluded that for electrically small 
bosses of finite conductivity, the factor I corresponding 
to the strength of the induced electric dipole can be re- 
placed by unity in most cases. However, the factor 1D 

‘corresponding to the strength of the induced magnetic 
dipole, in general, has.a magnitude less than unity and is 
~ complex. A detailed numerical study of the induced 
magnetic dipole case has been given in a previous paper 
and the reader is referred to it for further information. 


FORMULATION OF THE BOUNDARY CONDITIONS 


It is now assumed that there is a uniform distribution 
of N hemispherical bosses per unit area (see Fig. 2)oi he 


1 The complex quantity I* is to be identified with 3 (p+7q) in the 
quoted reference [19], where numerical values of p and q are given 
as a function of u/mo and (oupw)! 2a. 
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reference plane (z=O) 
mea S 
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Fig. 2—A section of the surface containing a uniform 
distribution of hemispherical bosses. 


electric and magnetic Hertz vectors II and II* are given 
respectively by integrals over the surface of the reflect- 


ing plane. 
I -{f NM (e-**/r)da 


Ii* -{f NM*(e—*"/r)da 


(12) 
and 
(13) 


where 7 is the distance from the observer to the vari- 
able surface element da. Denoting the scalar ¢ as any 
rectangular component of II or II*, the integrals to con- 
tend with are of the form 


¢ = p(e-*"/r)da, 


where p is the corresponding rectangular component of 
NM or NM*. Following the suggestion of Biot, the 
distribution of p in a vanishingly small region near the 
plane behaves as a source of Newtonian potential. Thus, 
from potential theory or from integration of (14), 


0d 
—=— 2x0 | 
2=0 


where z is the coordinate normal to the surface. The 
corresponding vector forms are 


(14) 


(15) 


Or or* 
— = — 27NM and = 
OZ OZ 


— 27NM*. 


(16) 


For the distribution of bosses being considered here, (1) 
and (2) must be modified as follows: 
M = (E+ EB)a'P (17) 
and 
M* = —3(4 + #H’)a*I* (18) 


where E’ and H’ represent the fields radiated by the 
dipoles themselves. The general boundary conditions at 
z=0 are then conveniently written 


orl 


ate aE ET (19) 
Oz 
and 
* 3 
w= +l a+r (20) 
OZ 2 
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where v= 27Na/3 is the volume of hemispherical boss 
per unit area and has dimensions of length. 

The boundary conditions stated by (19) and (20) 
were first given explicitly by Biot [17] although they 
are implied in the work of Twersky. [12] They are to be 
satisfied in an average sense over the reference plane 
which is conveniently taken as z=0. Furthermore, they 
are limited to small bosses since only the induced di- 
poles are considered. This is valid if the average dimen- 
sions of the bosses are small compared to the mutual 
spacing. For a dense distribution of bosses, the multi- 
poles and the close range interaction may be important. 
Such effects have been considered by Biot [17] and 
will not be mentioned further in the present paper. 


REFLECTION OF A VERTICALLY POLARIZED WAVE 


A plane wave is considered to be incident at an angle 
6 on the plane z=0. The electric vector is contained in 
the plane of incidence; 7.e., the xz plane (see Fig. 3). The 


x 


Fig. 3—The cross section in the xz meet showing the 
incident and total reflected H, component. 


field resulting from the incident and the reflected wave 
on a smooth perfectly conducting plane has only a y 
component of the magnetic field and is given by 

H, = Hyer? + e-**)e-% (21) 
where u=1k cos 0, \=k sin 0, and Hy is a constant. The 


corresponding component of the electric field is obtained 
from 


teow OZ 


The field due the bosses can be derived from the Hertz 
vector II, which has only a z component, and from II*, 
which has only a y component. Thus 


? OES 
H,/ = k?Il,* — teow — - (23) 
Ox 


The boundary equations (19) and (20) can now be 


written 
/ 
a — a(E, + E/) = (= + “*) (24) 
and 
all,* a* 
es Sap: (a 5) (25) 
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where a=3vI' and a* =3vI™. ‘Differentiating both sides 
of (23) partially with respect to y and using (24) and — E 


(25) to eliminate II, and II,* leads to / 
a 9? : 
a Ce ee 
4 Ox? 2 | 


| 
which is the required boundary condition for the tan-— 
gential magnetic field at z=0. Since H,+H,’ satieien 
the wave equation, the boundary equation can be also 
written 


é Rk? 0? 
2 Oz? 


(26b) 
Oz! 
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The coherent field scattered by the uniform dist 
tion of bosses is also a plane wave. Therefore 
H, = Boe. (27) _ 

The boundary condition as stated by (26b) now leads © 
readily to the relation 


Hy + Hi! = Ro (28a) 
where 
2u — (a*k? — 2ad? 
a aa aeare (28b) 
is a reflection coefficient. For an incident wave 
Bete? (29) 
the reflected (specular) wave is thus given by 
HR ,e“*e-™*, (30) 


when it is remembered that u=7k cos 06 and A= sin 0. 
Numerical values of the amplitude and phase of R are 
readily computed from (28b). When the bosses are per- 
fectly conducting, 


= Vi 30 


and the resulting equation for R is agreement with 
Biot [17]. It is noted that at grazing incidence R ap- 
proaches —1, corresponding to a phase reversal of the 
reflected wave. In general, however, the finite conduc- 
tivity of the bosses requires that the complex definition 
of a*(=3vI"*) be employed, although a can still be re- 
placed by 3v. 

Eq. (28b) may also be obtained as a special case of 
Twersky’s general result [16] when an appropriate form 
for the scattering function of a single boss is employed. 


EXCITATION BY A DIPOLE 


The previous solution for an incident vertically 
polarized wave can readily be generalized to the case of 
excitation by a vertical electric dipole. The behavior of 
the field for grazing angles and the existence of surface 
waves are then discussed. 


With respect to a cylindrical coordinate system (p, 


¢, 2) a vertical electric dipole, of length ds and average 


current I, is located at z=h (see Fig. 4). The perfectly 


x 


Fig. 4—A vertical electric dipole over the uniformly rough surface. 


conducting plane surface, located at z=0, possesses a 
distribution of hemispherical bosses of radius a. The 
direct or primary magnetic field of the dipole and its 
image in the perfectly conducting plane has only a @ 
Berponent H, and is conveniently written 


H ees 2: 
$ at, 
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= [(z — h)? + p?]1/? and R; = [(z + h)? + p?]1/2 


This suggests that the field due to the bosses can be 
; written in the form 


EMR ee ee eee 
= 
_ 
ct 
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H,' = me eey 
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where the scalar y’ is a solution of the wave equation. 
The function ¥ can be written in the integral form 
[20] 


a Ver et See 


y= iy Teculena + et ]To(Ap)(A/u)dd — (33) 
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where Jo(Ap) is a Bessel function of order zero with 
argument X. As is well known, this integral can be inter- 
preted as a spectrum of plane waves with angles of in- 
cidence @ which are generally complex, since \= sin 8 
_ takes all values from 0 to ©. In further analogy to the 
_ previous section, the function y’ is expressed in the form 


Lie i ia 


ee ED 


4 ss J “WlQen TJ o(Ap)(A/u)dr (34) 
; ; 


where Wo’ (A) is as yet an undetermined function of A. 
The boundary condition given by (26), developed for 
_ the tangential magnetic field, also holds for the functions 


Wand yp’: 


k? 0? 
— = (2 ~ nak au +) at z=0. (35) 
Oz 2 02? 

Application of this boundary condition along with (33) 
and (34) leads readily to 


1 + yo'(r) (36) 


= R,(a) 
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where as expected, R,(A) is given precisely by (28b), 

which was derived for plane wave incidence. 
The total magnetic field H,' is thus formally given by 
Hy = 


epee 
ap” (37) 


where 


ekRo 


v= 


i f RearerserQ/upralroyan. (38) 


The evaluation of the above integral is facilitated by 
converting R,(A) in the following way (noting that 
u?=)?—k?); 


2u — (a*k? — 2d?) 
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where 
Romer sire aves a K) 
nn OTe as 
and 
a® 1/2 
om E ‘ a(1 _ =) (a) | 
2a 
This leads to 
etkRo e eR1 
see zt 40 
y R R + it yr (40) 
where 
De pee tRA, 
i ee ee a) WE ONAN 41 
a ee u(u + ikA) ‘ a(ne) fae 
tkA» 


= e¥t™)\To(Ap)dd. (42) 
0 u(u + ula iRAs) of ) ( 
Now because of the initial assumption of small rough- 
ness, | ka| K1, and thus | A,|>>1. Eq. (41) for y1 can now 
be evaluated by the conventional saddle point method 
to give 


ee | Ai S 1 
vie KLA:+C  21(1 + C/Ay)? 
1-3 eR 


+ ppd + C/a)® 
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subject to kRo>1, and where 


—ikA;’ Zk 


ie aingl (Gs 


pie 
1 

It should be noted that the contribution to the integral 
¥, from the pole at u= —7kA; or ath} == —tkvV/A;?—-1 
> — 7A, leads to a term which varies as p~!e~#@Me-h Arp, 
which is heavily damped in both the z and p directions 
and is thus of no physical interest. The terms contain- 
ing inverse powers of #: can be neglected, since Aj? 
and RR are both large. Thus 


(Fa wkRy 


2 Ai 


>— (44) 
PEAR GON Te 


v1 


The evaluation of the integral for ~2 is not quite so 
straightforward since, in view of the smallness of Ao, the 
pole of the integrand at u= —ikA, or ath=kv/1 —Ad? is 
very near the branch point at\=k. The necessary modi- 
fications of the saddle point method to treat general 
integrals of this type have been devised independently 
by Van der Waerden [21] and Clemmow [22] in 1950. 
In a previous paper by the author [20], the method was 
applied to an integral which is identical in form to Yr. 
It thus follows that 


ip, ET a 
; opens eR: 
where 
C\2 ikAs?R, 
w=—{1i+ ~) (46) 
Ao 2 
and 
F(w) = 1 — i(rw)'/?e™ erfc (iw'/2) (47) 
where 
2 ee 
erfc (Z) = —— e-* dx (48) 
qr il2 Z 


is the complement of the error function of (complex) 

argument Z. The above formula for y2 is valid at large 

distances (7.e., RR>>1) and for reasonably small values 

of A(z.e., | As| <0.1 say). Furthermore, the real part of 

A: is to be positive although it can be vanishingly small. 
The final result thus reads 


e~tkRo 9) Aq 
= |= Sn 
Ro RA aC 
2 Ao en hRy 
ire ral ~ F(w)] | = (49) 


In the case of vanishing roughness | Ai] > 2 and 
| As| —0; thus F(w)—1 which leads to 


e~ ikRo 


Ro 


C= ikR 1 


Ry 


(50) 
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as it should. Eq. (49) is also simplified somewhat in the 
case when the source dipole and the receiver are near_ 
the surface such that C can be replaced by zero. Then 


Ee ikp 7 


t ine h == aay (51) 
” = F(p) where p= — > Aste. 


ae |: 
macs ) 


i 
: 
: 


This equation is completely analogous to the case of — 
propagation over a flat homogeneous earth. The anal-_ 
ogy is complete if A, is replaced by Z/120a where Z is — 
the surface impedance on the flat ground plane [20]. 


This supports the idea that a uniformly rough surface 


of the type described can be characterized, at least in a 
partial sense, by a surface impedance. An alternate der-_ 


ivation of (51) is given in the Appendix. 


DISCUSSION OF THE SURFACE WAVE 


To illustrate the nature of the general solution and to 
demonstrate the existence of a surface wave an asymp- 
totic solution is now developed. When | w| 4, 


F(w) & — 2i(aw)"e- 1 3 3-5 
US RLY IO) aa ec 
2w 2°w —2*a 
3-5-7 
ipo (52) 
Thus in the asymptotic sense 
e-ikRo en ikRA 
yo = Ry a re 
Ro Ri 53 
Se peed pees cat eS 
K \Ao + C/L 2w 2?w? 22 ws 
m oN ee | eit: 
24w* | Ry 
4 Ag —ikRy 
— i=( ) re 
K \A. + C 1 
where 
DTN 2 
Rpm iet ee ee (54) 
K Ai+C K As+tC 


R, is the same specular coefficient as in (28b) since 
C= cos 0. 

The third term in the expression for W is of the nature 
of a surface wave. For small values of C this term pre- 
dominates if the losses on the surface are small. For 
example, if 

Az = i| As| (55) 


corresponding to 


I‘=[*=1, the third term behaves like 


“) 


-exp [—R| Aa| (a + 2)]. 


(56) 


p7/2 exp | i (1 ch 


(97) 
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This illustrates that the surface wave component has a 
_ phase velocity which is (1-+] A,2| /2)-1 times the free 
_ space velocity and the wave is heavily damped in the 


vertical direction. ' 
To illustrate the influence of losses the defining equa- 
tion for A; can be written 


pe =|! 3 4/1 = a(1 es =) cae | (58a) 


_ if the bosses are of finite conductivity and are non mag- 


netic; 7.e., a=3v and w=po. Since ky is small, the equa- 
tion can be further approximated by 


r 
=) ste 
2 


For very high conductivity or for higher frequencies 


Ape i(1 = (58b) 


_ (t.e., 6a), the skin depth 6 may be small compared to 


the dimensions of the bosses; then 


3 3 6 
pe 21 —- —214+ —%—1)— 
g 24 a 


and consequently 


(59) 


_ The surface wave term now behaves like 


9(kv)? 
p/? exp | -i#( =f ; )o | 
3k?v 


Ls Seta 
“exp | - po kp =| exp | - ; 


which is exponentially damped in the p direction. 

The other special case of interest is at the low fre- 
quencies where the dimensions of the conducting boss 
are small compared to the skin depth; then 


eal 21 ( = 
jig) san oh 
so that 


= a by h i (=) (62) 
“ji ae (2s i t par : 
Ass i3te 1 ~(=) igher terms in : 


The corresponding behavior of the surface wave is thus 


"exp | —ik(1 + = (ee) 


-exp | - ~ (s)he) | exp (—3k?0(h + z)], (63) 


(ht |, (60) 


(61) 


which is also exponentially damped in the p direction. 
When the radius a of the bosses is comparable to the 
skin depth, it is necessary to employ the more general 
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relation for A; which, for ku1, can be written in the 
form 


Az & kog + i3kv (: — *) (64) 
where p and q are tabulated as a function of (cuow) 2a 
(or /2a/6) and w/o in a previous paper [19]. For the 
whole range of a/6 the quantities p and q are real and 
positive. Thus, in general, the effect of finite conductiv- 
ity is to attenuate significantly the surface wave, where- 
as it will not appreciably modify the specular com- 
ponent. 


EXTENSION TO HoRIZONTAL POLARIZATION 


The above analysis deals exclusively with vertical 
polarization. For plane-wave incidence, the extension 
to horizontal polarization is simple, as pointed out by 
Twersky [16] and Biot [17]. In the case of a plane wave 
incident on a perfectly conducting plane surface at 
z=0, the electric field is given by 


1 De = Ele? — e-uz|e-ae (65) 


and £,=E,=0. As before, u=72k cos 6 and A= sin @ for 
an angle of incidence 0. The coherent wave which re- 
sults from the uniform distribution of hemispherical 
bosses is written 


Ey! = Ep'e-e-™ (66) 


where Ey’ is yet to be determined. Only induced mag- 
netic dipoles are now present, since the electric dipoles 
induced are cancelled by the conducting plane surface. 
Thus EL,’ can be derived from a magnetic Hertz vector 
which has only an x component II*, in the manner 


orl,* 
0z 


E,’ = — ipow (67) 
The specific boundary condition as obtained from (20) 
now reads 


oll,* * 
ae etl hat eck (68) 
0z 2 
Since 
y= 12 
wo Oz 
and in view of (67) it readily follows that 
* (OE. OE,’ 
ff = - <( Ui ) at r= 0 (69) 
2X02 Oz 


is the required boundary condition. Application of (69) 
to (65) and (66) leads immediately to 


Ey’ — Eo = Riko (70) 


where R, is the reflection coefficient given explicitly by 


ua* + 2 
a Seley 


(71) 
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where a*=30I*. The results for normal incidence may incoherent or scattered radiation is always justified if — 


be checked by noting that, for 9=0 
tha* + 2 


pone 


Ri = R, = (72) 


Since a* is small, R, is very near —1 for all angles. 

The corresponding solution for a small horizontal 
loop or vertical magnetic dipole over the rough surface 
is readily carried out by using the same method as 
above for the electric dipole. For a small loop of area 
dA and carrying a current J, the resulting electric field 
has only a ¢ component E£,', and is given formally by 


iuqwldA @ 
Et = pnp hid eats RELA (73) 
4or Op 
where 
e—tkRo os) 
w= 4 i; Ralde“(d/u)To(dp)dd, (74) 
0 0 
where 


Ro = [le — Wt + p*P”, 


and where R,(A) is given by (72). Evaluation of this 
_ integral by the saddle point method leads readily to 


e*Ro =2+ ikatC e~#R1 
ote <8) 
Ro 2—ika*C Ry 
where 
zgth 


Ri = [(@ — 4)? + p?]"? and C = 


Ry 


In view of the smallness of a*, this can be written in the 
form 


en ikRo —ikR1 
o> R — (1+) R, (76) 
where v is a small quantity given by 
vp = ika*C = 3ikvI*C. (77) 


For highly conducting bosses, '*221; thus the main 
effect of the roughness is to advance the phase of the re- 
flected wave by 3 kvC radians. 

It is noted that in the case of horizontal polarization 
there is no surface wave, and for oblique incidence the 
influence of roughness (within the scope of the assumed 
model) is generally much smaller than for vertical polar- 
ization. 


CONCLUSION 


The above analysis considers only the coherent part 
of the reflection from a rough surface. The neglect of the 


the mutual spacing between the bosses is small com- 


pared to the wavelength [23]. In fact, for highly ob- — 


k. 
: 


lique incidence and surface waves, the secondary radia- j 
tion from bosses separated by distances even compar- — 
able to the wavelength are also in coherence. Further — 
support to this concept is given in the appendix where ~ 


an alternative derivation is carried out. 


The present analysis is being extended to curved con- © 


vex surfaces which possess a roughness in the sense de- 
scribed above. The propagation of waves between con- 
centric rough surfaces is also being considered. For- 


mally, the method is to apply the boundary conditions © 
stated by (26a) and (26b) as generalized to the ap- — 


propriate orthogonal coordinate systems. An example 
of this approach is used in the treatment of the radia- 


tion from a magnetic line source in the presence of a © 


corrugated cylinder [30]. 


APPENDIX 
INTEGRAL EQUATION APPROACH 


As a matter of interest, an alternative derivation is — 


now carried out which yields an integral equation for 
the attenuation function for wave propagation over a 
rough surface. The source is considered to be a vertical 
electric dipole which is in close proximity to the z=0 
plane. Over this plane is a distribution of electrically 
small hemispherical bosses of finite conductivity. The 
vertical field near the z=0 plane and averaged over this 
plane can be written in the form 


tpwlds 


E(x, y) = e~*?F(p) (78) 


where Jds is the current moment of the source dipole, F() 
is an unknown attenuation function, and p= (x?+y?) 1/2, 
For a perfectly conducting flat plane, in the absence of 
bosses, F(p) would be unity. 

The quantity F(p) is assumed to vary slowly within a 
wavelength and also within a distance which includes 
many obstacles. The total field e,’ scattered by one 
obstacle can be expressed in the form 


es! (x! pats eel, 3 1 Bee Dif tl»! , 
BMS Tp | oe es 


where i,’ and 1,’ are unit vectors in the r’ and p’ direc- 
tions respectively (see Fig. 5). Eq. (79) is obtained by 


(source) 


Fig. 5—The xy plane and the coordinate system 
for the integral equation approach. 
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considering the electric and magnetic dipole moments 


_ induced in the boss by the total average field. I'* is de- 
fined by (7), and as mentioned it can be replaced by 
unity for perfect conductivity. The field E,'(x, y) scat- 


- tered by all the bosses is then 


E,'(z,9) it N(x, y)ec(x, y")dx'dy’ (80) 
S 


where the integration is carried out over the whole 


_ ground plane and where N(x’, y’) is the distribution of 
‘obstacles per unit area which can be regarded as a func- 
- tion of x’ and y’. The total average field is thus? 


tpwlds 


E,(x, 0) = 


€or Be (e; 0): (81) 


™p 
which, on eliminating common factors, is transformed 
to 
en tk (r’ +p") 


F(x, 0) = 1+ef N(x’, y’) 


r'p! 


jes 
x alt ayy iti! | F(x’, y')dx'dy’ (82) 


where 


@ = [@)? + ')?)? and r= [(@ — #’)* + (y')*]. 


This is a two-dimensional integral equation for the at- 


_tenuation function F(x, 0). The major contribution to 
_ the double integral occurs when the phase of the expo- 


nential term is nearly constant, since the others are 
relatively slowly varying. With this in mind, the expo- 
nent is expanded in a power series in y? as follows: 


rtp Saw t+ |x — «’| 


eee 


where terms containing y‘, y® are neglected. If 0<x’ <x, 


it is seen that 
il 
v segs oh? 


a 


gr (84) 


r+)’ 


but if x’<0 or if x«’>x, the quantity r’+ ’ is rapidly 


varying with x’. The integration over x’ can thus be 


- taken from 0 to x. The integration over y’ requires 


evaluating integrals of the form 
ae 2 2 
(a) =f PU, yewor'dy’ (88) 


where. 


2 There is no loss in generality in taking y=0, 
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and where P(x’, y’) is a slowly varying function of age 
It is clear that I(x’) can be approximated by 


foo 
I(x!) & P(x’, 0) if ei uy! 
~ P(*’, 0) 


= ee ne Fe 
Via 09 4 a 


Using these results, the two-dimensional integral equa- 
tion is now reduced to the one-dimensional integral 
equation 


(86) 


tRx\ 1/2 72 A(x’) F(x — x! 
yay Fe = +) 
0 


F(x) =1— (= ape a Tr 


24 
where F(x) = F(x, 0) and where 
me 
sl 


is a function which is a measure of the roughness along 
a line connecting the source dipole and the observer. 

When the distribution function A(x’) is a constant it 
becomes identical in form to the quantity A» as defined 
by (58b). The resulting integral equation now has the 
form 


ika\ 1? pe 
2a 0 


This integral equation has been studied extensively 


(87) 


A(a’) = i2rka* N(x’, 0) (1 — 


F(x — x’) 


—__——_—_—. dy, 
[x’(@ — a!) | 


(88) 


[24|-[29]. From the published work it immediately 
follows that 
F(x) = 1 — i(wp)'/e erfc (ip'/?) (89) 
where 
ik 
= Age 
wh 


which is equivalent to (47) and (51). 

The integral equation approach thus gives results for 
the attenuation characteristics which are essentially 
identical to the early method, provided kv is small com- 
pared to unity, It is rather interesting to note that in the 
earlier derivation it was necessary to assume that the 
spacing between the bosses is small compared to wave- 
length. From the latter results, however, this restriction 
appears to be overly stringent for grazing or highly ob- 
lique incidence. The restriction on boss spacing for 
grazing incidence is that the attenuation function 
should vary slowly in a distance which includes many 
obstacles. 
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: Guiding of Electromagnetic Waves by Uniformly Rough Surfaces* 
4 Part II 
JAMES R. WAIT} 


a 


: Summary—Using the model of a single rough surface described 
r. in Part I, the influence of curvature is considered. The starting point 
a is a residue-series solution for a vertical dipole over a sphere with an 
if arbitrary surface impedance. It is shown that the curvature has a 
_ profound influence on the nature of the surface wave, although it 
_ uniformly approaches the conditions for a plane boundary as the 
_ radius of curvature approaches infinity. 

a The propagation between the space bounded by two parallel uni- 
i formly rough surfaces is also considered. This is treated first for plane 
_ boundaries and then for concentric spherical boundaries. The latter 
' model is useful in explaining certain experimental data on the 
_ terrestrial propagation of VLF radio waves. 


Z- 


y INTRODUCTION 


gation of waves along a uniformly rough surface is 
; briefly discussed. The model chosen is a spherical 
_ surface which has a distribution of hemispherical 
4 bosses. The guiding of waves in a parallel plate region 
_ with uniformly rough walls also is considered. Finally 
__ the guiding of waves in a region bounded by two concen- 
_ tric uniformly rough surfaces is mentioned. Because of 

limitations of space the solutions are only outlined. 


4 [: this sequel the influence of curvature on the propa- 


: SURFACE WAVES ON A CURVED BOUNDARY 
ee WITH UNIFORM ROUGHNESS 


_ The boundary condition stated by (26a) or (26b) in 
- Part I may be applied to any surface whose mean curva- 
- ture is small. For example, if the plane boundary con- 

sidered in Part I is now imagined to be a spherical 
_ boundary with a distribution of hemispherical bosses, 
~ the relevant boundary condition reads 


0 Rk 0? 
— Ayt = |a* — — i — a) | (90) 
or : (. 2, 2 or? ‘ Ka 


where the spherical coordinate system is (r, 6, ¢) and 
_ the spherical reference boundary is r =a (see Fig. 6). 
Using the method of separation of variables, the re- 
sultant field for a radial electric dipole at r=b may be 
expressed in the following manner: 


tkIds 0U 
4r 00 


ig" 3 (91) 


where | 
U=U,+ U, 
* The research reported in this paper has been sponsored largely 


by the AF Cambridge Research Center, Air Res. and Dev. Command, 


Bedford, Mass. 
+ National Bureau of Standards, Boulder, Colo. 


Fig. 6—Vertical dipole over a spherical surface which 
has a uniform distribution of bosses. 


and 
ie hina (Rr) h,@ (kb); r <b 
U.= 2n + 1)P,(cos 0 92 
2 ( ue ) Vin) (Rr) hin (RB); r > 6 Se 
has the proper source singularity; 
U, = >> (2n + 1) Ankn® (kr) Pn(cos 0) (93) 


n=0 


is the secondary field and satisfies the boundary condi- 
tion at r=aif 


aed hn (Ra) E thy, (x) — =] 


th hyn? (Ra) Lin! xh, (a”) — iAy 
= thy) (x) — =| 
a=ka 


94 
In’ xh, (”) — ide oe 


In the above In’ is the logarithmic derivative, A; and As 
are as defined in Part I, and h,“(x) and h,(x) are 
spherical Hankel functions of the first and second kind 
respectively, of order and argument x. 

The Watson transformation [31] is now applied to 
these harmonic type series and this results in a residue 
series representation (without a remainder integral be- 
cause A, 1/2=A-—n-12). The function U is thus propor- 
tional to 


(v + 1)h, (kb) hy, (kr) P, [cos (rw — 6) | 
X sin rvM'(v)[h, @ (ka) |? 


v 


(95) 


where M’(v) =[dM(y)/dy],.. and v is a solution of 
M(x) =0 where 


M(v) = [In’ xh, (x) — iA,|[In’ xh, (x) — ie], (96) 


evaluated at x= ka. 
Making the usual approximation that /,((x) may 
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be represented by Hankel functions of order 4, the root 
determining equation may be written 


[3 2/3 [(1/3)(—2r.)*/?] 
Fs PHCG/3)(— 209 


+ (—2r)1" | =0 (97) 


II ae 


fates 


where 
vy — ka 
(ka) 3 


eae 


Sas 5) = ———— and 
(ka)*/3A 


Bereaoiar. 


61 Te 


The subscript s is affixed to 7 in such a way that the 
mode of lowest attenuation is s=0 and s=1, 2,3,---, 
corresponding to a progressive increase of attenuation. 
Since in most cases | A,| >>1 and | As| K1, only the roots 
corresponding to 7=2 need be considered since those 
corresponding to j7=1 are modes of relatively high at- 
tenuation. With this simplification, along with the re- 
placement of the Legendre function by the leading term 
in its asymptotic expansion, one arrives at 


follerirex 


U & 2U0(—2mriX)1/? 3(2)————_ 98 
o(— 2X)" DAs (98) 
with | 
X2— rey? H1js[1/3(X.2 — 27.)?/?] 
Pe [=| . (99) 
—2r, Fy)3[1/3(—2r,)3/?| 
where 
Ids 
o=— » h=b-—a, 2=r—-a 
Atriwead 
X = (ka)9 =X, = (ka)*/8(2z/a) 3? (100) 
and 


X;, = (ka)*!8(2h/a)2!2, 


The preceding equations are identical in form to those 
derived by Van der Pol and Bremmer [31] when modi- 
fied to a spherical boundary of surface impedance equal 
to 120mA2 [32]. The physical behavior of the problem is 
somewhat different though, because of the highly reac- 
tive nature of the surface. For example, the modal equa- 
tion from which the modes of low attenuation are ob- 
tained is 


ba(3Z)M? = 6?8!8Hy/5(Z)/Hoj(Z) (101) 


where 
Z = (1/3)(—2r)3/2, 


When —27r< arg Z<zand | Z|>>1, the right hand side 
of the preceding equation may be replaced by an asymp- 
totic expansion; thus 


/ 
Pe rare SS iu 
6Z 144 2? ' 648z3 


which leads to the root 4 


1 5 
fe (1- bt ‘TEP Rs 
2652" 8 


valid for 4r/3>arg Ae>7/3. This yields a term in the 
residue series which behaves as 


(102) 


Ee ikaé Ga it/X 


(a0) 1/2 


A2? 5 
exp| —itas (1-2) (1-02 ie | 
a 2 8 


= (a6) 1/2 OE 


As 5; approaches zero or ka— @ the field has the proper- 
ties of a surface wave on a plane with a distribution of 
bosses. 

This surface wave mode is the dominant one when 
the losses are small, since A, has a large imaginary part. 
The main influence of curvature in this case is to re- 
tard the phase, since 6,’ is approximately a negative real 
quantity. 

In addition to the root 7’, there are other modes on 
the curved surface which can be obtained by perturba- 
tions of the solutions of 

H2);3(Z) = 0 as | 8| — 20 
and 
Ayjs(Z) =0 as |6| 30. 


These are well known from the Van der Pol-Bremmer 
[31] theory, and for the two respective cases are: 


1 1 
Te = Taleo Sie a pope a aan 
27s ,c002 87s ,c052” 
(s = 0, bps ee (104) 
and 
Tales: Ca Ota b= 37,0 0° + 364 cies 
(o =O, 52, 302-9: (105) 


From the “tangent approximation” it follows that 
rae A 3u(s +P} rere, 
and 


72,0 #{3x(s + 3/4)}2/8e-H/8, (5 = 2,3,4,---), 


(s = 2,3,4,-+-) (106) 


(107) 
For s=0 and 1 the more accurate values given by 


T0,0 = 0.808e-*7/8 
T1o = 2.57 1e inl 


T0,0 = 1.856¢—*/3 
T1,0 = 3.245¢—*/8 


should be employed. 

The influence of curvature can be displayed more 
clearly by using an alternative representation [32], [33] 
for the field which may be derived from the residue 
series quoted above. It reads 


Li NY ait) Bee 


PRONE Ce ci ECT RE ee Oe DEN RCN a Ee 


Ee EN eT eT Me COT Lene eee Re ve 


eae aa 5,3 4 
Fae SOP) — = ft — itapo? — + 2p FOO 


5 a 4 — Umpo)?(1 — po) — 2po 
>: po? 
=l Pash = (fe — 1) F(p9 | 
+ terms in 62°, 52!2, etc (108) 
where 
F (po) = 1 — i(apo)'2e-% erfc (ipo1/?), (109) 
—ikaé 
Po = A2*, 
and 
1 
go a ee 
ka(iAe)® 
The “height-gain” factor G is given by 
GY etikhdsgtibzds (110) 


in the present case. 
It is thus evident that for small curvature (i.e., 


| 6.3 | <1), the field on the spherical surface is indeed 


very similar to that for a flat surface. The curvature 
correction factors are quite complicated but it may be 


noted that if | Po is large, then 


Bis eee 


& 
sa EEF) | 1+ ato + ; ry 


2Uo 


~~ 


= — Gi2(rpo)/*e-Poe**?o, (111) 


To the first order in 6,’, this is the same as (103) above 
directly from the residue series. 


PROPAGATION IN A ROUGH-WALLED WAVEGUIDE 


Another application is the calculation of the fields in 
a parallel plate waveguide whose walls are rough in the 
sense described above. Choosing the usual cylindrical 
coordinate system (p, ¢, 2), the waveguide region is 
bounded by perfectly conducting planes at z=0 and 


_z=H, while each possesses a distribution of hemi- 


spherical bosses (see Fig. 7). The source is a vertical elec- 


( eS ap Volume of bosses per unitarea 
fe] 


-P 


Fig. IA vertical dipole in a parallel-plate waveguide which has 
uniformly rough walls; in the examples considered in the text, 
vp=0 and 2, =v. 


tric dipole of strength Ids located at p=0 and z=h 
where 0<h<H. The volume of the bosses per unit area 
is denoted v, for the boundary z=0, and vz for the 
boundary z=H. The corresponding factors to account 
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for the electrical properties of the bosses are denoted 
To, 'o* and I., I',* respectively. 

As in the single-plane problem, the Hertz vector has 
only a zg component which is proportional to a function 
W. It is defined such that the total magnetic field Hj! is 
given by 
Ids 


where §6 = —.- 
T 


Hs" = = ee yt 
Op 


The boundary conditions written in terms of W are seen 
to be 


yee (oe eee 
— — a — Ss — a t — 
5 0 5 ao ao —3)¥ atize=— "0 


where a; = 3u,I'; and a;* = 30,;*T';* for 7=0, or x. Using 
the same integral representation for the primary field 
as in Part I, the solution is readily obtained. It reads 


v= f FETO—O/war (112) 
0 
where 
eut a R,e-“? eu (H—h) + R,@e—“ AA) 
F(\) = ie a ee CL 8 (113) 
etH(1 — R,R, @)e-2uH) 
and where 
2u — (a;*k? — 2a;d?) : 
R,@ = ————_———— forj=Oorsx. (114) 
26 (a;*k? =e 2a;d7) 
This may be rewritten in the form 
2Ai; 2Ao; 
Ris ee hE ee zy (115) 
K;(C + Ay)  K;(C + Ag;) 
where 
4 
Ay = (L=-K;) and? Ag = ——(1 7p 
Qj a; 
with 
a;* 1/2 
K;= E = a(1 eS ) Gx) (116) 
2a; ; 


where C is now regarded as a new (dimensionless) vari- 
able related to u by u=ikC. Then, on changing the 
variable of integration to S where \=RS and using the 
identity 2J9 =H)? + Ho, it follows that 


k tres SdS 
== [POM ES) (117) 


(eiC 2 ie ig —shCe) (ere (H—h) oe Re (x) g—tkC (H—h)) 


- (118) 
erCa(1 = R, © R, Ee 2#C#) 


F(C)= 
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The integration contour is along the real axis in the S 
plane. If there are no losses, the contour should be 
indented upward at the branch point S= +1 and down- 
ward at the branch point S= —1. There are apparently 
no further branch points so the integral may be evalu- 
ated by summing the residues of the poles in the lower 
half-plane of the two-sheeted Riemann surface. This 
leads to 


oa Sea | 
ac F(C) 


eer oe Hy(hSnp) (119) 
C=Cy 


where C, is the solution of the modal equation 


IRS MR, (x) E72 tkC ne = ent in 


(120) 


for n=0, 1, 2, 3,--+ and S,?=(1—C,2)¥*. The solu- 
tion may be written more explicitly in the form 


T , 
Vise > fat) fn(2)8nH0 (kSnp) (121) 
where 
6 (122) 
oe E re eT 
1 dRhR, (0) R, (x) C=C, 
etkCz 1 R (0) ge tkCz 
fn(2) =i, | aa - A (123) 
DRG Dre lcnc, 


and f,() has exactly the same form as f,(z). In the limit- 
ing case of perfectly conducting walls (7.e., absence of 
bosses), the above reduces to the well known form 


v' = — Do en cos (kCyh) cos (RCn2)Ho(RSnp) (124) 


Tv 
h 
Where 67—1, €,=2, (n=1, 
C,= (rn/kH). 

The properties of the modes are now investigated. To 
simplify the algebra, one wall of the guide is taken to be 
perfectly conducting and smooth. Thus Aij=~ and 
Aso=0 or R,“ =1 and A;,=A; and Ay, =A, where 


aes 


for non-magnetic bosses. The modal equation then be- 


comes 
E i =(= ae =] PEC TF 
ae 4 nH — p—i2nn 


In the general case, it is apparently necessary to solve 
this equation by numerical means. Two limiting cases, 
however, can be readily treated. Remembering that for 
small roughness | A;|>>1 and | A,| <1, it is assumed that 
for the first limiting case |Co| <«]A| and Cn >| Ao| 


2, 3,°---) and where 


4 
Ai, = =|1 + 
6 


7 
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The approximate form of the mode equation then 
becomes 


(C,/Ax) + (A2/Ca) + ikC,H = inn (126) 


which may be solved for C, to yield 
Be: 
ae \ kH 
1 
thas 
4 


A= H(1+ 


5 ED NL is 1/2 
Sy a) | \ (127) 


(wn)? 


where 


ikHA, ). 


The positive sign before the radical is chosen since C, is 
to reduce to (1m/kH) as A,—0 and A; ~~. For n=0, 


this simplifies to 
Ae 71/2 
So = E — i=] = 
kH 


For n>0, (127) may be simplified (if | Ak H| «1 and 
| AikH|>>1) to 
2As 1/2 
oa 
kH 


s=[\-G)- 


for 2. = 1, 2, 356 +a 


which to a first order does not depend on A. If in addi- 
tion to kH|A2| <1 also 
TN 2 
eee 
kh 
it is possible to write 


| As | 
kH 
an \ 2712 
kH 
4 €n Im. Ag E (=)]~ 138 
2kH kH 
€é, Re. Ag E (=)]~ 
2kH RH 
where €9=1 and e,=2 for n=1, 2, 3,.- - -. The latter 
two expressions are appropriate for small roughness and 
for modes which are not near cutoff. It is interesting to 
note that the phase velocity (proportional to 1/Re. Sp) 
is decreased by the presence of roughness since Im. A, >0. 
Ag expected, the finite conductivity of the bosses pro- 


duces attenuation. 


Another approximate solution can be obtained under 
the conditions 


Ca << [Ay Gand MC ecoltAy| 
which leads to 


(130): 


bail fs ba ee pe 
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Thus For | ka*C,| 1, it easily follows that 
n(n — 3) 
(eo ee (132) Ci (137) 
1 1 ta. _ 
tH ~ i(~+—) (RH — ka*/2) 
Ai A: and 
and Gea C2)iie, 
Sn = (1 — C,2)¥2, If |a*|<«KH 
If (1/A,:+1/A2)<«<kH, one may write amm\? = a® f rm\2 71/2 
Sin SS E — (= = —(=) | ; (138) 
ee pa 1 1/2 kH. H\kH 
a E — Con? — al-+ ~) Cont] : (133) 
RH \A, Ag and if in addition 
and, if in addition a® (=) ce (=) 
1 1 1 H \kH kH 
— + ~) — Con? K1 — Com’, 
As Ai/ kH it follows that 
it follows that ee E ee). ee 
e. Sn = | 1 — ([—— 
Re. S,& [1 — Co,n2]'/? kH 
1 (- + ~) ¢ Tt — Cont} — (=) (= es (139) 
m.({— + — n?'{1 — Con2}-/? — = eas ah ee 
pas : ade 2H \kH kH 
and and 


Ghd 1 
Im. S, = — Re. = + =) Conilt = Cont}? 135 
| (; ee ee Gee, 095) 


1 2 


where 
a(n — 3) 


Con = 
kH 


These latter expressions are appropriate for low order 
modes when the roughness is not too small. It is seen 
that the phase velocity to a first order corresponds to a 
waveguide whose wall is acting as a perfect magnetic 
conductor. The second term on the right hand side of 
(134) is a negative correction to Re. S, and thus tends 
to increase the phase velocity For finitely conducting 
bosses the quantity Im. S, is negative and leads to 
attenuation. It is interesting to note that the low order 
modes and large waveguides are associated with small 
attenuation. 

The excitation of the waveguide by a vertical mag- 
netic dipole can be treated in the same fashion as for 
the vertical electrical dipole. The field has the same form 
as in the electric dipole case and is obtained by simply 
replacing R,“ and R,™ by R, and R,™, respectively, 
where the latter reflection coefficients are of a type given 
by (71). Again restricting discussion to a waveguide with 
one smooth and one rough wall, the relevant modal 
equation becomes 


2+ ika*Cm 
2 tha*Cn 


e7 PkHCm — erm 


(136) 


for m=1, 2, 3,---. 


Im. a* / rm\? TM 2 
In, (=) E (=) ] . (140) 
2H kH kH. 

The behavior of the phase velocity and the attenua- 
tion factor for horizontal polarization has a very similar 
behavior to that of a moderately rough walled guide at 
vertical polarization for low order modes. In general, 
however, if everything is constant the influence of wall 
roughness for horizontal polarization (i.e. T.E. waves) 


is much smaller than for vertical polarization (i.e. T.M. 
waves). 


INFLUENCE OF CURVATURE IN A ROUGH- 
WALLED WAVEGUIDE 


The propagation between two concentric curved sur- 
faces which may both have uniform roughness can be 
treated in a further extention (see Fig. 8). In the case of 
spherical surfaces it is appropriate to employ a mode 
expansion in terms of spherical wave functions. The 
boundary conditions are applied at both surfaces 
(r=a and r=c, respectively). In the case when the lower 


Fig. 8—A vertical dipole between spherical concentric surfaces; the 
upper is uniformly rough and the lower is smooth. 
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surface is smooth and the upper surface only is rough, 
the modal equation for T.M. modes is 


In’ [Rchy (Re) | + 2 hy“ (ka) ty“ (Re) 
fan lie [echy(ke)] + ids) hy (ka) Ite (Re) 


+1=0. (141) 
This is the spherical analog to (125) for the parallel- 
plate guide. On writing y-+3=kaS,, using the second- 
order approximations [34] to the spherical Hankel 
functions, the preceding equation may be written 


(= ae ~*) (= eer =) 
cy =e Ai Ce + As 


H 22 ne 
*exp | -i2k f & ne <5.) is| = eee 
Saar a 


(n= 0,1; 2; “seen 142) 


where H=c—a and 
2H 12 
GAS ie ~ st] : 
a 


The preceding modal equation is valid if Re. S,<1 
and Re. C,>>(2/ka)"3. When (2H/a)<|C,?| the pre- 
ceding form of the modal equation reduces to (125) as 
it should. 

The numerical treatment of the modal equation for 
concentric spherical boundaries is more involved, al- 
though if the curvature is small a perturbation method 
may be employed. This is illustrated for the case of 
moderate roughness such that C,/<«<As. Then to a first 
order in (H/a) the modal equation may be written 


toot 
Gs (~ - ~) + ikHC, + iG(C,) = ix(n— 3) (143) 


1 As 


HOS | RHC, - C,, 
Go CN 


2 A 


When G is replaced by zero the zero-order solution cor- 
responding to the parallel-plate case is obtained. This is 
given by (132). This value for C, is now inserted into 
G(C,) which is denoted Go. Eq. (143) is now resolved to 
obtain the following first-order solution: 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


C (1 pi 
oy =— E == O,n x(n <3 1) 
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Po eee 
H Sear 34 2 San 
Go SS ee eee ) and 
a ICs 2A a Co n 
So,n = (1 % Comer. 
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pee 
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it is possible to write 
Coat 


weed 
Ee oe) oinrg Paes = 
Re: Sy Sneh ( +5) + 4 Gesire eos 
and 
lines ee (—+-) si 
Be ie ere Rk eee as 
3H =) 
dite se 147 
( xe 2a Con? ( ) 


These equations show that the influence of curvature, 
at least for the present example, is to retard the phase 
and to increase the attenuation relative to a parallel 
plate guide. Models, such as the one described above, 
explain some of the observed characteristics of VLF 
terrestrial radio waves which have propagated to great 
distances [35]. 
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Some Theoretical Results for Surface Wave Launchers 
J. BROWN} 


Summary—The design of surface wave launchers is examined 
and it is shown that the efficiency of a launcher of finite size can 
approach arbitrarily near to 100 per cent. For a given size of launcher, 
there is however a limit to the efficiency above which an increase is 
obtained only at the expense of frequency bandwidth. Launchers 
with efficiencies above this limit are classed as ‘‘super-efficient” by 


analogy with ‘‘super-gain” aerials. A general solution for an end-fire 


launcher is also given. 


I. INTRODUCTION 
Wate a surface wave corresponds to a solu- 


_ tion of Maxwell’s equations which is capable of 
, existing independently of any other fields, it is 
now well known that in situations of practical interest 
the surface wave is accompanied by a radiation field. 
The principal reason for this is that it is impossible to 
launch a pure surface wave, uncontaminated by radia- 
tion, unless the field appropriate to the launcher is es- 
tablished over a plane of infinite extent in at least one 
dimension. Practical launchers are necessarily restricted 
to a finite area and the surface wave is then accom- 
panied by a radiation field. The concept of launching 
efficiency! has been introduced to give a measure of the 


effectiveness of a launcher and is defined as the per- 


centage of the total power, leaving the launcher, which 
is associated with the surface wave. Launching efficiency 
is thus a quantity analogous to the power gain of an 
aerial, as it indicates the effectiveness of the system in 
concentrating the power in some desired manner. It has 
been shown that there is no limit to the power gain 
which can be achieved by an aerial of a given aperture 


size. This suggests that, in principle, a launcher of pre- 


scribed size can be designed to have a launching effi- 
ciency arbitrarily near to the maximum possible value 
of 100 per cent. This problem is discussed in Section II. 
In Section III a general solution is given for a launcher 
similar in arrangement to an end-fire aerial. 


II. RADIATION FIELD EXcITED BY LAUNCHER 


Summary of General Results 


The arrangement considered is the general two-di- 
mensional problem first investigated by Cullen.? A sur- 
face of reactance X is positioned in the half plane y=0, 
x >0; and is excited by a launcher which has an aperture 
lying in the half plane x=0, y>0. The only non-zero field 
components are E,, Ey, and H,. E, is prescribed over 


University College, Gower St., London, England. 
in ls Cullen, “The Excitation of Plane Surface Waves,” Mono- 


graph No. 93, Proc. IEE, vol. 101, pt. IV, pp. 225-234; October, 
954, ; 


= 


the launcher aperture as 


E,(0, y) = fly):y = 0. 


The general solution obtained by Cullen can be writ- 
ten as 


is, 9) = = ["[p@ +=" x5] 


ae 
-exp [ity — iV =F a] <A 

2weu : ; 3 

exp |—uy — j8x]P(ju) (1) 
where 

u = weX (2) 
p-VFPe () 
P = : isudy, 4 
®) I fly)eitvdy (4) 


The last term in (1) is the surface wave, and the in- 
tegral, which is identical in form to the expression ob- 
tained by Booker and Clemmow? for the radiation field 
over an imperfect conductor, also gives the radiation 
field in this case. 

The radiation pattern is usually investigated at large 
distances from the source, it then being possible to 
evaluate the integral to a sufficient accuracy by the 
first term of the stationary phase method. This gives, 
for the radiation field, H,*(x, y): 


weexp | — j(kr + 2/4) | 


H® (x, y) = ——— 
(9) V2akr 
jksin@g + u , 
| PG sin 0) + ( aS <) P(-k siné) | (5) 
jksin@ — u 
where 
x =rcos8, y=rsin 0. 


The total radiated power can be obtained by evaluating 
the integral of | HF (x, y) | 2 over the range of angles 0 
to 7/2, while the power transmitted by the surface wave 
is calculated from the amplitude as given by (1). The 
launching efficiency follows. 


2H. G. Booker and P. C. Clemmow, “Sommerfeld theory and 
straight edge diffraction theory,” Proc. IEE, vol. 97, pt.. III, pp. 
18-27; January, 1950. 
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Design of Launchers with Maximum Efficiency 


The problem investigated here is the determination of 
the maximum launching efficiency if the launcher aper- 
ture is restricted to the strip 0<y<ain the planex=0. 
In other words, we restrict the function f(y) to be zero 
for y>a, and we wish to calculate the shape of the 
aperture distribution which will give the highest launch- 
ing efficiency. The line of attack is to consider a set of 
distributions f(y), all of which give the same surface 
wave amplitude, and then to determine which member 
of the set gives the least power in the radiation field. 
The set of distributions considered will be taken of the 


form 


f(y) =faly) + DS anfnly), (6) 


where f.(y) is a function which gives the required sur- 
face wave amplitude, and fi(y), fo(y), - - - are functions, 


_ all of which give zero surface wave amplitude; 7.¢., they. 


represent distributions which give rise to a pure radia- 
tion field only. It will be shown below that a set of such 
functions do exist, and a convenient choice of the form 
of these functions will be made. Our problem is now one 
stage more definite: to choose the amplitudes az, in (6) 
in such a way that the radiation field caused by the 
summation cancels, as nearly as possible, the radiation 
field caused by f;(y). It is therefore obvious that the 
choice of f.(y) is unimportant, since any change in the 
radiation pattern caused by f;(y) can be compensated 
by appropriate changes in the amplitudes a,. A con- 
venient choice for f,(y) is the “chopped surface wave 
distribution,” 


OS478 4. 


(7) 


Detailed expressions for the surface wave amplitude 
and the radiation pattern appropriate to this distribu- 
tion follow readily from the general results already out- 
lined and have been given by Cullen. 


fe(y) = exp (—uy), 


Choice of Aperture Functions 


The problem of finding the aperture distribution in an 
aerial which will produce a prescribed radiation pattern 
has been discussed by Woodward and Lawson.? We 
wish to extend their results to the present case in which 
the radiation from the aperture is modified by the pres- 
ence of the reactive surface. We therefore need to find 
a set of functions f,(y) which will play the same part as 
do the functions exp (2umjy/a) in the Woodward and 
Lawson analysis. The functions f,(y) have already been 
stated to be such that they do not give rise to any sur- 
face wave field. The condition for this follows directly 


_ 3 P. M. Woodward and J. D. Lawson, “The theoretical precision 
with which an arbitrary radiation pattern may be obtained from a 
source of finite size,” Proc. IEE, vol. 95, pt. III, pp. 363-370: 
September, 1948. ; 
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from (1) and (2) as 


[ fo) exp (uy)dy = 0, (8) 
0 

and it is obvious that a wide range of possibilities exist. 
A further necessary condition is that the functions 
should be orthogonal over the aperture; 7.e., that 


f ~ SxoMnlohdy 0 (9) 


unless m=n. Unless this condition is satisfied, the ex- 
pression of an aperture distribution in the form of (6) 
will not be unique. 

A suitable choice of functions to satisfy (9) is 


sin (mry/a):n=1,2,--- 


but these do not satisfy (8). We therefore consider the 
set sin (nry/a+¢,), and select ¢, so that (8) is satis- 
fied; 1.e., 


f sin (nyr/a + ¢,)e dy = 0 
0 


which leads to 


tan dn = — nr/au. (10) 


With this choice of ¢,, (9) remains valid. 

It may be considered curious that the same choice of 
values for ¢, should satisfy both (8) and (9) for there is 
no guarantee that this should be so. An interesting 
sidelight on this point, which in fact led to the above 
choice of functions, is given by asking what solutions 
satisfy Maxwell’s equations and the reactance bound- 
ary condition, and also have the property that the ratio 
of the transverse electric and magnetic fields is constant 
over the aperture. The functions 


exp — jk(x cos 6 + y sin 6) 


have this property in free space, and the Woodward 
and Lawson aperture functions are obtained by se- 
lecting a set of values of sin @ to ensure that the corre- 
sponding functions are orthogonal. For the surface wave 
problem considered here, the functions sin [py +¢(f) | 
exp —jxV/k?—p’x have the required property if tan 
$(p)=—p/u. The f(y) above are of the form sin 
[by +¢(p) ], the possible values of being selected to 
give the orthogonality condition over the aperture. 

An alternative derivation of the functions f(y) could 
be based on finding the orthogonal set which satisfies 
both the wave equation and the boundary conditions. 

The next step is to determine the radiation fields 
corresponding to each function f,(y) = sin (nry/a+,). 


4A. Sommerfeld, “Partial Differential Equati » AN : 
Press, New York, N. Y.; 1949. quations, cademic 


~My 


I = K, 


From (4), 
PAO) = J es exp (jfy)dy 


gested E (Jon) exp i). 41) 


+ ur/a ¢— n/a 
From (10), 
: u — jnr/a 
Di ia 
exp (27 on) rE (12) 
so that (11) can be rewritten as 
2nm exp (—jbn)(u+is) {(—)* exp (jfa) —1} fe 


P,(t)= — 
e (au-tjnn)(@?—n'n?/a? 


The function of interest for the radiation field is 


o— ju 
NAC Kos toe Ge ’ 
(¢) yt ig) 


and this is found to be 


4nrj(u + §6)(—) exp (~ion) sin (Fa) | 
(au + jnn)(@ — n'x*/a?) 


Comparison with (5) shows that we can write the radia- 


- tion field appropriate to f,(y) as 


exp (—jkr) (au + jka sin 6) sin (ka sin @) 
Vkr(k2a? sin? 0 — nx?) 


gs 


This expression has a marked similarity to the corre- 
sponding one in the Woodward and Lawson analysis in 
that H,,,” vanishes when ka sin 06=m7, m being any 
integer except 7. K, is a constant, independent of 7 or 6, 
but depending on , and is given by 


a/8rjwena(—)"} exp] (= —_ 6.) 


n 


(au + jnr) 


The radiation field created by the aperture distribu- 
tion of (6) is 


a ; 8 
He = exp (—Jkr) E sin al a ) 
V/Kr ua — jka sin 0 
ua + 7ka sin 6) sin (ka sin @) 
+ >) anKn wee | (15) 
m8 (ka? sin 0 — nr?) 
where 


he /— wea exp (—ua + jr/4). (16) 
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Maximum launching efficiency corresponds to mini- 
mum total power in the radiation field. The aperture 
distribution for this is found by selecting the constants 
a, to make 


He 
0 


fo Soe, ee me 


k?a? sin? @ — nq? 


2 


do (17) 


sin (ka sin @) 


ua — jka sin @ 


a minimum. 

In this expression, C, an, and K, are complex con- 
stants. Consideration of the real and imaginary parts of 
the integrand shows that for a minimum value the 
phases of C and each product a,K, must be equal; i.e., 
if we write 

C= Cle, (18) 
then, for minimum, a,K,=c,ei where the c, are all real. 

It may be noted that since the K, are complex, the 
amplitudes a, will have different phases, and the opti- 
mum aperture distribution will not, therefore, have a 


constant phase. The expression to be minimized can be 
rewritten as 


m/2 ¢n(k?a? sin? 6 + u?a?) 
ca | 
flies 


a k?a? sin? @ — na? 


sin? (ka sin 6) 
ee EO) 
k?a? sin? 6 + u?a? 

The normal procedure of differentiating with respect 
to the quantities c,, which have to be determined, leads 
to a set of equations which are extremely badly condi- 
tioned. It would thus require enormous computational 
labor to extract any numerical results. It is, however, 
scarcely necessary to perform calculations to determine 
the effect of modifying the distribution from the 
chopped surface wave value. We note, firstly, that the 
pattern corresponding to f,(y) has its largest maximum 
at ka sin 0=nr. If ka<z, this maximum will lie in the 
range of values of sin 6 corresponding to imaginary val- 
ues. This means that in addition to the radiation field 
with which we are concerned, there will be a strong re- 
active field in the vicinity of the launcher aperture. Any 
attempt to increase the launching efficiency above the 
value appropriate to the chopped surface wave will, 
therefore, inevitably increase the reactive field near the 
aperture. Even if ka exceeds 7, it is still true that the 
launching efficiency can be increased only at the expense 
of an increase in the storage field. The reason for this is 
that the terms in (19) whose largest maxima do lie in 
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the region of real angles have these maxima at angles 
where the radiation from the chopped surface distribu- 
tion is already zero. Therefore, there is no point in using 
such terms as they only serve to increase the radiation 
field. Cancellation must be effected by the terms whose 
largest maxima lie in the sin 0 range corresponding to 
reactive fields. 

Since there is an infinite number of constants avail- 
able in (19) to be adjusted, it is virtually certain that 
the integral can be reduced to an arbitrarily small 
value. Therefore, it follows that in principle, the radia- 
tion power can be reduced to an arbitrarily small value; 
i.e., the launching efficiency can be made as close to 100 
per cent as we please. The reactive fields must, however, 
increase very rapidly when large values of m are used, 
since the effectiveness of a unit amplitude term in the 
radiation field region can be seen to be proportional to 
1/n?. The detailed study of the effects of the reactive 


fields can be carried through in the way described by 


Harrington’ for the corresponding aerial problem. 

This situation is closely parallel to that for aerials for 
which the power gain of an aperture of any arbitrary 
size can be made indefinitely large. There is, however, 
for an aperture of a given size, a limit to the gain, and 
any increase above this limit is obtained only at the ex- 
pense of increasing the reactive field. The limit for a 
plane aperture corresponds to a field distribution which 
has constant phase and amplitude over the aperture. 
This aperture distribution is identical to the distribu- 
tion of a plane wave which is the limiting form of the 
radiation pattern when the gain goes to infinity. Simi- 
larly, we can see from (19) that the chopped surface 
wave distribution gives a similar limit on the launching 
efficiency of an aperture of given size. Any change from 
this distribution will either increase the radiated power, 
thus decreasing the aperture efficiency, or it will lead to 
a marked increase in the reactive field. The presence of 
a reactive field near the aperture is objectionable in that 
it leads to a reactive component in the impedance pre- 
sented to the feeder and this restricts the frequency 
range over which satisfactory power transfer from the 
feeder to the launcher can be achieved. 

The term “super-gain” is applied to aerials in which 
the gain exceeds that for the aperture distribution 
equivalent to the plane wave. A similar term, “super- 
efficient,” can be used to describe launchers whose effi- 
ciency exceeds that of the chopped surface wave dis- 
tribution. Super-efficient launchers are inevitably nar- 
row band devices. The slot launcher described by Cullen 
is an example of a super-efficient launcher, and the 
difficulties encountered in satisfactorily matching such 
a system have been described elsewhere.® 


Ba F, Harrington, “On the gain and beamwidth of directional 
antennas,” IRE TRANS. ON ANTENNAS AND PROPAGATION, vol. 
AP-6, pp. 219-225; July, 1958, 

§ J. Brown and H, S. Stachera, “Annular slot launchers for single- 
conductor transmission lines,” to be published in Proc. IEE, vol. 
106, suppl. to pt. B. : 
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III. Enp-FIRE LAUNCHERS 


An attractive form of launcher is the analog of an end- 
fire aerial. Such a launcher could, for example, consist 
of a coaxial line contained within a cylinder over which 
a surface reactance was provided. The corresponding 
two-dimensional arrangement has a reactive surface 
over the half-plane y=0, x>0 as before, while a pre- 
scribed field, for example E;, is defined over the half- 
plane y=0, x <0. The problem involved in calculating 
the launching efficiency is of the type amenable to solu- 
tion by Wiener-Hopf methods. 

As in the other problem considered, the only non-zero 
field components are E,, E,, and H,, and the conditions 
of the problem require that 


jweE, = — uH, for y=0,x > 0 (20) 


where u is defined in terms of the surface reactance 
by (2). 


E, = f(x): for.y= 0, 45.0, (21) 
f(x) being the prescribed aperture distribution created 
by the launcher. The general solution for H, in the up- 
per half plane y>0 can be written as 


Ge fie Seren SY 
H, == [- P() exp [-ite —iVP— Fylde. (22) 


/k?—¢? is defined as the branch which has the value & 
when ¢=0. It will be assumed that & has a small nega- 
tive imaginary part corresponding to a slight attenua- 
tion in the region y>0. 

The conditions (20) and (21) give 


[ (u-iVE—PIP© exp (—stayay = 0, x 0 (23) 


—c 


[ VE=PPO exp (—ste)ae = — 2af(e), 2 <0. (24) 


From (23), we have 


[ue — j/k? — 2) P(E) = LY) (25) 
where L(¢) is a function of ¢ which is regular in the 
lower half plane, Im ¢< — Im k. 

From (24) 


VB = OPC) = FY) Ue) (26) 


where U({) is regular in the upper half plane, Im¢> Imk 


and 


F(s) = fy flx) exp (jta)de. (27) 
If 


f(x) > C exp (ax) as x — «, (28) 
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_ F(§) will be regular for Inmcna From (27) and (28) 


en ei 
aR HO = FOF UO. 


Further, the function 


(29) 


ae 
can be written 
o—() 
o+(¢) 


where o_({) is regular and free from zeros for Im ¢< 
—Im k and o,(§) is regular and free from zeros for 
Im {> Im k. All the functions in (29) are now regular for 
Im k<Im $<-—Im k so that the usual Wiener-Hopf 
technique should be applicable. A difficulty arises, how- 
ever, in that F(¢) is not expressed in a form where its 
singularities are explicit. This complicates the pro- 
cedure for separating the equation into two parts which 
are, respectively, regular in the upper and lower half 
planes. 
Suppose then that 


f(x) = exp [—j8x + az] (30) 
where B isa real constant. 
In this case, 
‘i US a on pecan a (31) 
(96 = 98 +a) 
and (29) can now be split without any difficulty giving 
o+(B + ja) 
LO.=- (32) 
A ies a3) 
when the solution for the field is 
co . ey Cee kh? pore 
aia o4(8 + je) exp (—jfa — jk? — £9) dt. (33) 


Sa a) (ay ko") 


This can be expressed as a surface wave field, arising 
from the pole at jx/#?—{?=u, and a radiation field, as 
in the problem of the excitation of radiation at a dis- 
continuity in surface reactance discussed by Kay.’ Kay 
provides expressions for the functions o+() and o_(¢). 

Now, suppose we consider a general aperture distribu- 
tion satisfying (28). This can be written as 


eee 


fe) = [ A) exp (—s8e+ andes; (34) 
i.e., as a superposition of distributions of the form of 
(30). The field appropriate to this general aperture dis- 
tribution will therefore be given by superposition of the 


solutions in (33); 72.e., 


7A. F. Kay, “Scattering of a surface wave by a discontinuity in 
reactance,” IRE TRANS. ON ANTENNAS AND PROPAGATION, vol. 


AP-7, pp. 22-31; January, 1959. 


Brown: Some Theoretical Results for Surface Wave Launchers 


S173 


Wwe ce - 
ner tel we 
A(pye.(6 +3 oii 
AOnG tie) ep | tes ivi er ee 


(jf — JB + a)(u — j/k? — §) 


This expression provides an exact solution to the launch- 
ing problem which was posed. It is, however, not suited 
for numerical calculations because of the complexity of 
the function o4(8+ja). It might be thought that some 
simplification could be effected by evaluating the inte- 
gration with respect to 6B by a contour method. Unfortu- 
nately, if 8 is regarded as a complex variable, A(8) is 
regular in the lower half plane, whereas o,(8+ja) is 
regular in the upper half plane. This precludes any sim- 
ple evaluation. Eq. (35) can, however, be taken as a 
starting point for the development of approximate 
solutions. 


IV. APPENDIX 
Justification of (1) 


The result in (1) is suggested by the analysis given 
by Booker and Clemmow? and the integral term is 
identical to their result. It might be thought that this 
integral gives the total field, but it can be very easily 
shown that this is not so. Consider, for example, the 
situation when the aperture field corresponds to a pure 
surface wave; 1.é., 


fly) = exp(—uy) =y2 0. (36) 
Then, 
PG) = [exp GF = wy) 
0 
a (37) 
u— jt 
when 
{Ie 1 C= 4 1 
PQ = ——— P(-y) = —— —— 
{-bo% BI OI OE 
ay, (38) 


The integral, therefore, vanishes identically. It can be 
easily verified that the second term in (1) correctly rep- 
resents the surface wave throughout the whole region 
considered. 

Eq. (1) can be derived formally either by a suitable 
extension of the Booker-Clemmow method or by a 
manipulation of the result obtained by Clemmow. The 
validity of the result may be confirmed by establishing 
that: 


1) the expression for H, satisfies the wave equation 
(this is obvious from the form of the expression) ; 

2) the boundary condition jweH,= —uHz when y=0 
is satisfied ; and 

3) E,=f(y) when x=0 and y>0. 


S174 


From (1), and Maxwell’s equations, we have 


— a( -)| exp [—jty —jVR? — 


--~f |? Or 


So, when y=0, 
jwcH, + ui, 


we (°° CF 
epee 207; P(e) + 
ep crralrot 


re AG + ju) PS) + ¢ — ju) P(— )] exp (—j VR? — §x) 
17] J —c0 


Consider 


FSS’ (41) 


oh + iW PC) ex (IVF =P) Gm wae 


and replace ¢ by —f, giving 
== f © jwP(-P) exp (-iVP= Fs) 


If (42) is subtracted from (41), it is seen that the integral 
in (40) vanishes and that boundary condition 2 is sat- 
isfied. 

Also, 


see 


oe +e 


Hence, when x=0, 


1 es C= 4u 
= — P 
ale He uaa 


y 


E,(0, y) 


Now, by inverting (4), we have 


fo) = — PO) exp (—itsoa, (45) 
Decl! ae 
so that 
05) =f) “bub 2uPGu) exp (~u9), (46) 
where 
— i, a P(—1) exp (—ity)dy. (47) 


Since f(y) is zero for y<0, P(f) is regular and of alge- 
braic growth, as | ¢| tends to infinity if Im ¢> —awhere 
@ is some positive quantity. Hence, P(—$) is regular 
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(42) 


(43) 


(44) 


and of algebraic growth as |{| tends to infinity, if 
Im <a. When y>0, the integral in (47) can, therefore, 
be evaluated by closing the contour in the lower-half 
plane, giving 


tl 
— |2mnj X residue at the polet = — jul] 


I, = 
= —j [— 2juP(ju)] = — 2uP(ju). (48) - 
Substitution in (46) leads to 
E,(0, y) = f(y), (49) 


as required by condition (3). 
The expression quoted in (1) therefore satisfies all 
the conditions required. 
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Summary—Both the continuous-wave solution and the pulse 
solution of the Sommerfeld problem can be represented as multiple 


_ integrals which describe cooperating contributions propagated along 
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continuous sets of trajectories. The latter consist of a number of 
rectilinear sections that connect the transmitter and receiver. The 
propagation velocity along each section is in accordance with the cor- 
responding medium. The velocity along section lying in the earth’s 
surface is that of the well-known surface wave. Transient phenomena 
at the receiver start after the arrival of a main pulse along the tra- 
jectory connecting the transmitter and the receiver in accordance 
with ordinary geometric optics, ignoring surface-wave effects. Pulses 


_ along trajectories containing a surface-wave section may arrive 


earlier; however, their joint contributions then cancel each other 


_ until the arrival of the main pulse. 


I. INTRODUCTION 


HE question of the reality of the surface wave 
pl stanly concerns the existence of a special con- 
tribution that has the characteristics of such a 
wave. Such a contribution, if any, then constitutes a 


‘ part of the complete rigorous solution of the problem. 


The most striking property of the surface wave is that 
of its phase velocity. The latter is given by c/my for mu 


_ defined by 


1 1 ae il 
N12" ‘| ny" Np? 


(1) 
where 7; and m represent the refractive indices of the 
half spaces above and inside the earth. 

The role of the velocity ¢/my is particularly clear for 
the pulse solution II,; the latter corresponds to a trans- 
mitter moment with a time dependence proportional to 
a delta function. The pulse solution is simplest when 
both half spaces are assumed as dielectrics so as to have 
real-valued refractive indices m, m2 and my»; this situa- 
tion constitutes a fair approximation for most micro- 
waves. The pulse solution then becomes an elementary 
function if, moreover, the transmitter and receiver are 
placed on the earth’s surface. For this situation, an in- 
vestigation by Van der Pol [1] considers the related 
case of a transmitter moment with time dependence pro- 


~ portional to Heaviside’s unit function; the pulse solu- 


tion defined here is readily obtained from Van der Pol’s 
solution by a differentiation with respect to the time. 

The results arrived at by Van der Pol show explicitly 
the significance of the surface-wave phase velocity 
c/n. In the present paper, we derive representations 
for both the continuous-wave and the pulse solution, 
which clearly show the effect of this phase velocity in 


{ Philips Res. Tate. N. V. Philips’ Gloeilampenfabrieken, Eind- 


- hoven, Netherlands. 
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The Surface-Wave Concept in Connection With Propagation 
Trajectories Associated With the Sommerfeld Problem 


H. BREMMERft 


the case of aribtrary positions of the transmitter and the 
receiver. However, the final expressions cannot be re- 
duced to elementary functions under these most general 
circumstances. 

An originally perfectly sharp impulse, radiated by the 
transmitter, is broadened to a transient phenomenon at 
the receiver. This broadening can be ascribed to delay 
effects suffered by contributions that have traveled 
along different propagation paths on their way from the 
transmitter to the receiver. A section of these paths lies 
in the earth’s surface, but the effect of the correspond- 
ing surface-wave velocity c/m is masked by the inter- 
ference due to the addition of the contributions of all 
paths. Further, the dispersion connected with the fre- 
quency dependence of m2 will lead to another broadening 
if the finite conductivity of the earth has to be taken 
into account. Its effect, as well as that of any absorp- 
tion in the atmosphere, is neglected throughout in the 
present article. We start with the special case of zero 
heights of transmitter and receiver. 


II. A SurRFACE-INTEGRAL REPRESENTATION OF 
THE CONTINUOUS-WAVE SOLUTION, BOTH 
TRANSMITTER AND RECEIVER ON 
THE GROUND 


We assume a short vertical electric dipole at the 
origin (0,0,0), with a moment Me-?. According to the 
Sommerfeld theory, the propagation across the earth’s 
surface (= -+0) then depends on the following expres- 
sion for the amplitudelI of the vertically directed Hertz- 
ian vector: 


I(;'95' +05 @) 
2 ) af oN 2 2 
am Gee NV) ee 
a ky? 0 ko?/r? aca ky a= ki?J/ — ky? 


The wave numbers ki=m (w/c) and ke=m2(w/c) refer 
to the atmosphere (z>0) and the space inside the earth 
(s<0), respectively; both half spaces are assumed as 
homogeneous with a plane interface. In either half space, 
the electric and magnetic fields are represented by 


LC 
ee oe curl curl and A = 7? curl I 
@ 


when using Gaussian units. In what follows, integra- 
tions through poles or branchpoints are avoided by as- 
suming, if necessary, infinitesimal positive imaginary 
parts of the refractive indices and the wave numbers. 

In order to transform (2) into an expression which is 
convenient for our purpose, we consider the two-dimen- 
sional image of (1) in the sense of operational calculus. 
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The latter connects any function h(x, ¥) with an opera- 
tional “image” defined by 


fbr b:) = bibs [ [ dadyeron(x, 9), 


which relation may be abbreviated as h(x, vy) =f(p1, Pe). 
The following general rule for radially symmetric func- 
tions is then easily verified for Re p1= Re 2 =0 (though 
the domain of applicability can be much larger) : 


[ rtoavaF ta /OdA % MmpipafV PP — #23 @) 


f(A) is assumed as an even function. 
An application of (3) to (2) results in a relation which 
can be reduced to the following form: 


dipaersi A: h? 
I(x, y, +0; w) = 4x7 — pipe 


c ny"ky? (ko? = k,?) 
ho?/ pr? + po? + hi? — Ri? pi? + po? + he? (4) 
OS Se SS 0 a aa aa 
pi? + 62? + h? 
in which h=(w/c)my. represents the wave-number of the 
surface wave; the imaginary parts of the square roots 
should be positive or zero. 

The right-hand side of (4) can be split in many ways 
into factors which enable an application of the opera- 
tional rule for composition (or convolution) products. 
In our case dealing with two variables, this rule reads [2]: 


tale 9) + hale, 9) = ff deenin(e, hale — & 9 — 


a fi(i, p2)fo( pr, pe) 
of pipe 


if the component factors satisfy the operational relations 
h=fi and he = fo. 

One out of the many possible factorizations of the 
pip2 function in (4) leads to the following representation 
replacing (2): 


(5) 


IM h? ho2e*1e — f,2etk 
II (x, 4, -+-0; w) = ae ne 
Cny ky?(k2? a ki”) 


hy2e**ie ce ho2ether 
p 


p 


4 
— yp PHO (hp) * 


with p=(x?+y?)/?, The correctness of (6) can be veri- 
fied by determining its operational image with the aid 
of (5), while applying, moreover, the two following im- 
portant relations: 


Pipe 


Ao (hv/x? + y?) esi 44 7 ee, 
pe + pe + 7 


(7) 
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In its turn, these latter relations can be checked with the © 
aid of (3) for Re f1= Re 2 =0, remembering the assump- 


tion of infinitesimal positive imaginary parts of the 
wave numbers. The final “image” of (6) then proves to 
be identical with the right-hand side of (4). 


(8) 


ae 


In view of (5), the composition product in (6) can be ~ 
written out as a two-dimensional integral over the © 
earth’s surface, with surface element dOg=dédn. The ~ 


integrand then depends on the mutual distances TQ and 
QP between the transmitter at 7(0,0,0), the variable 
integration point at Q(&, 7, 0), and the receiver at P(x, 
y, 0). Moreover, we pass from the wave numbers &i,2 
=,/c and h=nyw/c to the refractive indices 1,2, 
and m2. We thus obtain: 
I(x, y, +0; w) 

2M 
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III. A SurFAcE-INTEGRAL REPRESENTATION OF 
THE PULSE SOLUTION, BoTH TRANSMITTER 
AND RECEIVER ON THE GROUND 


We next consider a dipole moment M46(é) instead of 


Me-**', The frequency spectrum of the delta function 
is given by 


1 Cs) 
6) = ~| e *tdy, 
2H Jae 


Hence, the pulse solution II; is connected as follows with 
the continuous-wave solution (9): 


1 ) 
TI,(x, y, +0; %) = | I(x, y, +0; w)e-*'dw. (10) 
Wish 40 


We substitute w=7g. The right-hand side of (10) then 
transforms into the inversion integral of the following 
one-dimensional operational relation connecting g with 
the time variable ¢: 


I(x, y; 4-0; t) = gil (x, y, =U} iq). (11) 


We substitute (9) in the right-hand side of (11), using 
the identity Ho (iz) =(2/mi) Ko(z). The “original” with 
respect to q of the resulting expression can then be ob- 
tained with the aid of the operational relations: 
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q = (2), 


U(x) denotes Heaviside’s unit function (zero for «<0, 
unity for x>0). We also need the “shift rule” [according 
to which a factor exp (—Ag) corresponds, for the two- 
sided operational calculus used here, to replacing t by 
t—d], and the differentiation rule (multiplication by g 
corresponding to the operator d/di). These operations 
lead to the following final result, remembering the inde- 
pendence of the refractive indices 71,2 and my of w (in view 
of our assumption of a negligible conductivity of the 
earth): 
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with the velocity c/m of the upper medium over the sec- 
tion QP. Therefore, the third term of (13) represents 
contributions traveling as a surface wave up to some 
point Q on the earth’s surface, and thence as an ordinary 
wave through the upper medium, directly above the 
earth, towards P. Similarly, the fourth term of (13) rep- 
resents a contribution for which the second section QP 
of the propagation path lies in the space directly under- 
neath the earth’s surface (corresponding to the phase 
velocity c/n). 

This interpretation of the four contributions to (13) 
is represented schematically in Fig. 1, which also indi- 
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Obviously, the first term represents an undistorted 
pulse, propagating from T to P with the phase velocity 
c/m holding for the upper medium; the second term 
corresponds to a similar pulse with the phase velocity 


c/n of the lower medium. In other words, these terms 


can be interpreted as disturbances traveling just above 
and just below the earth’s surface. On the other hand, 
the argument of the unit-function in the third term in- 
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cates the corresponding phase velocities. We observe 
that the succession of the two sections in the third and 
fourth terms may just as well be inverted. 


IV. THE REDUCTION OF THE PREVIOUS PULSE 
SOLUTION TO ELEMENTARY FUNCTIONS 


The two surface integrals of (13) equal the two fol- 


‘lowing elementary functions: 
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dicates a propagation with the surface-wave velocity 
c/ny over the distance TQ, followed by a propagation 


These identities hold in general, provided that both T 
and P are situated in the plane of integration z=0. 


. 
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We shall briefly discuss a derivation of (15), that of 
(14) being completely analogous in view of the sym- 


metry with respect to m and mz. The right-hand side of 
(15) can be put into the form: 
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which admits an easy determination of its g image (with 
respect to #); for the second term, this can be achieved 
by inverting the order of integration in the correspond- 
ing definition integral of the operational calculus. The 
operational image of the left-hand side of (15) can also 
be determined, with the aid of (12) and the shift rule. 
This identity (15) thus proves to be equivalent to the 
following one in terms of the variable g 
dOg 
Hop — -Ky (4 maTQ) ¢ — (n2/c)qQP 


Qe nalniz g—ani2(TP/c)s 
= if en ds. 
NoN2 V/s? — 1 


The left-hand side here constitutes a composition 
product with respect to the coordinates x and y of P 
if T is still assumed at the origin. We next return from 
gq to w=7q, and also from the refractive indices to the 
wave numbers ki.2=(w/c)m,. and h=ny(w/c). We 
then arrive at another identity which can be formulated 
as follows: 


Exp (ihov/x? + y?) 
Vf tte yy? 


EE i 1 ; {2 ths\/x? + ¥? 
WheJ m1 = V/s?» — 1 Vx? + y? j 


Ho (hv/x? + y?) * 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


2 N1 ct 
arc cosh { ——} — arc cosh 
N12 N41 P 
ne Ne Ne ne 
fare cosh (= *) — arc cosh (=) 
N12, N12 G 


Finally, this relation can be transposed, with the aid of 
(5), (7) and (8), into its two-dimensional “image” with 
respect to x and y. This leads to an elementary identity 
in the quantity p:2+.?, which ultimately proves the 
correctness of (15). 

The integral in (13) now depends on the Alera of 
(14) and (15). We assume >; in view of the other 
inequalities m2 </1,2 [see (1)], this difference can be re- 
duced to the further identity: 
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This relation admits a remarkable interpretation. 
Obviously, the effects of the two individual integrals 
[corresponding to the third and fourth terms of (13) | 


start at the moments 


1 
ts = — min (n12TQ + miQOP) 
Cc 


and 


1 
ts — min (12TO + n2QP); 
Cc 


min is meant here with respect to a variation of Q across 
the plane z=0. When taking into account the inequali- 
ties m12<11,2, both instants prove to be identical with the 
time (1/c) m2TP. Nevertheless, the combined effect repre- 


sented by (16) only starts at the later time (m/c) TP. 


Hence, the joint effect of the third and fourth terms of 
(13) (see Fig. 1) is such that no contribution whatever 


remains between the times of arrival of the surface wave 
and the wave propagating through the upper medium. 


We can now evaluate the second-order time derivative 
in (13) with the aid of (16), when also applying the 
properties 

dU (x) 
dx 


= 6(x) and h(x)d(x) = h(0)8(x). 


This leads to the final representation 
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Therefore, the response of a transmitter moment pro- 
portional to a delta function is restricted, on the earth’s 


(17) 


- surface, to the finite time interval between the arrivals 
_ of the waves propagated through the upper medium 
_ (velocity c/n) and through the lower medium (velocity 
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c/n). The solution (17) constitutes the time derivative 
of the response function investigated by Van der Pol [3]. 


V. THE SOLUTION INSIDE THE EARTH REPRE- 
SENTED AS A JOINT CONTRIBUTION FROM 
VARIOUS PROPAGATION PATHS 


The method outlined in Sections II and III can be 


- repeated for T at an arbitrary height /; above the earth’s 
surface, and P above or below it. In the latter case, the 


Sommerfeld theory involves an expression which can 
be represented as follows in terms of its operational 


_ image with respect to the coordinates x and y of the 
- projection P’(x, y, 0), on the earth’s surface, of the re- 


ceiver at P(x, y, 2): 
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This expression can also be made plausible as follows. 
In the special case f= 0 it follows from (4) after a multi- 
plication by (hi?/ke2) exp (i|2|/p2+p2+k2). The 
first factor ky?/ke? originates from the boundary condi- 


tion requiring 


ky II (x, a) “E05 w) az ke7II (x, y; al) w); 


the further exponential factor expresses that the field 


for <0 is obtained from that for z= —Oafter a multipli- 
cation of the p image by exp (—i2./p2+p:2+hk,?). The 
latter factor amounts to a multiplication of II itself by 
the operator 


exp — {iz/d?/dx? + 0?/dy? + ke?},, (19) 


the significance of which is apparent for any part of the 
two-dimensional Fourier synthesis of II(x, y, —0). The 
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operator in question guarantees that II(x, y, 2), derived 
from (18), satisfies both the wave equation for z<0, 
and the radiation condition at z>— 0. The remaining 
factor exp (im/p2+p2+k2) accounts for the influ- 
ence of the finite transmitter height. In view of the rec- 
iprocity theorem, this influence will be the same as that 
of raising the receiver in the upper medium from z= +0 
to z=M; in analogy to (19), the latter raising (taking 
place in the medium with wave number &;) would result — 
in the factor just mentioned. 

One of the possible factorizations of the right-hand 
side of (18) involves the following composition product 
of three factors: 


ne Rio ) 
ke? dhyd2? 


exp (ikav/x? + y? + eh 


20 
Aol ap oats ge 


This relation can be checked by the same method de- 
scribed for the similar relation (6). We then have to 
apply, instead of (5), its extension for three factors, vzz., 


hi(x, y) = h2(x, y) * h3(x, y) 
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The differentiations with respect to #4 and z yield no 
difficulties when verifying (20); in fact, these variables 
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her / pvr + port kv — keV pi? + po? + he? 
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(18) 


are to be considered as parameters independent of the 
operational transformations. 

We can next pass from (20) to a representation in 
terms of a surface integral connected with two succes- 
sive integrations over the earth’s surface z=0. The iden- 
tity to be applied, wz., 


Iy(/x0? + y?) * No(a/x? + y?) * ha(v/x? + yy?) 
z= dO; dO2hi(OQ1)h2(Q102)hs(QePo), (22) 
Pfoeae fe 


holds in view of the radial symmetry of the relevant 
functions h;(x, y) =h:(/x?+y"). In this relation dO; 
and dQ, represent surface elements referring to the two 
independent integration points Qi and Qs, Q2Po the 
distance from Q2 to Po(x, y, 0), and OQ; the distance 
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from the origin to Q:. The application of (22) leads to 
the following alternative expression for the continuous- 
wave solution (20), if we introduce once more the re- 
fractive indices 71,2, m1 and m 
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T(0, 0, fx) and P(x, y, z) represent the transmitter and 
the receiver, respectively. 

The corresponding pulse solution can be evaluated 
according to (11), along the same lines which led from 
(9) to (13). The final result reads: 
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Here we recognize the superposition of contributions 
propagated along trajectories consisting of the following 
successive parts: 1) the section 7P through the upper 
medium, from the transmitter towards an arbitrary 
point Qi on the earth’s surface (propagation velocity 
c/m1), 2) the section QiQ2 thence to another point Q2 on 
the earth’s surface (surface-wave propagation velocity 
c/n), 3) the section Q2P through the lower medium 
towards the receiver (propagation velocity c/m). 


VI. A SIMPLIFIED REPRESENTATION OF THE 
SOLUTION INSIDE THE EARTH 


The reduction of the representation (13) of the pulse 
solution (transmitter and receiver on the earth) to the 
simpler form (17) showed in particular that the starting 
time of the transient phenomenon is given by the arrival 
of the wave traveling through the upper medium, and 
not by the earlier arrival of the surface wave. Similar 
circumstances occur in the half space z<0. The expres- 
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sion (24) would suggest a starting of the transient at the © 


i 
; 


time 
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but an alternative representation discussed hereafter 


demonstrates that the starting time may be postponed, 
due to a complete canceling of the various eontribuln: 
contained in (24). 

The representation in question can be derived from 
the identity 
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in which the II factor in the integrand denotes the solu- © 


tion on the earth’s surface (see Section II) for TP re- 
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placed by Q:Q2. The relation (26) is verified by consider- 
ing the integral as a composition product of three fac- 


tors, the p1p2 image of which can be determined with the © 


aid of (8), (4) and the composition-product rule (21); 
the image then proves to be identical with (18). 

The substitution w=7q in (26) yields, after a multipli- 
cation by q, the g image of the corresponding pulse solu- 
tion [see (11) ]. It involves the following further rela- 
tion, obtained with the aid of the shift rule of the opera- 
tional calculus: 
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We next substitute (17) and then arrive at the follow- 
ing final expression in which the effect of the unit func- 
tions is indicated by an inequality fixing the restricted 
domain of integrations: 
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The domain of integration a this new representation 
indicates the actual starting time, viz., 
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VII. THE PuLsE SOLUTION IN THE HALF 
SPACE ABOVE THE EARTH 


The investigation of the continuous-wave solution in 
this space (Z,>0) can be based on the following pipe 
image for the difference of the total field and the primary 
field (M/c) exp (tkoT P)/TP: 


1 
= 7 min (mTQ2 + n2Q2P), (28) 
. M Ih pip2 
 Useo(%, y, 23 w) = Qari 
4 cm? Ryko? (ko? — ky?) 


_ instead of (25). This latter time points to a first pulse 
_ arriving along the Snell trajectory connecting T and P. 
- In fact, if (28) constitutes a later time than (25), all 
z contributions of (24) arriving between the moments 
- (25) and (28) cancel one another. This situation occurs 
_ in the region outside the cone formed by those rays 
that originate after refraction from the rays leaving the 
transmitter under the Brewster angle. 
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This relation represents, in a condensed form similar 
to (18), the complete Sommerfeld theory for the upper 
half space; it can be made plausible by applying an 
operator analogous to (19) (replacing z by —z and ke by 
ki) to the secondary field on the earth. With the aid of 
(29) we can again derive integral representations for 
both the continuous-wave solution and the pulse solu- 
tion. We are interested in two particular representations 
for the latter that correspond to (24) and (27). Since 
these representations can be verified along the same 
lines as discussed in the previous sections, we only give 
the final formulas, v7z., 
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In the latter expression, 7’ denotes the projection of cancellation by interference of all those contributions to i 


T on the earth’s surface (the origin in the previous com- 
putations), and P’’ the point (x, y, +’) which is on 
the same vertical as the receiver, but at a height 4; above 
it. The fact that P is now assumed in the same half space 
as the transmitter involves the possibility of a represen- 
tation which depends only on a single two-dimensional 
integration over the earth’s surface. 

According to (30), the secondary field can be con- 
sidered as composed of two contributions which can be 
characterized as follows (see Fig. 2): 


Fig. 2. 


1) a first contribution with propagation path TQiQ2P 
via two arbitrary points Q; and Q, on the earth’s sur- 
face. The section Q,Q: refers to a surface-wave propaga- 
tion; 

2) a second contribution with propagation path 
TQ:0203P via three consecutive points Q1, Q2 and Q3 on 
the earth’s surface. The propagation velocities c/n: and 
c/n» along QiQ2 and Q2Qs, respectively, indicate a prop- 
agation through the lower medium (just below the 
earth’s surface) for the first section, and a surface-wave 
propagation for the other section. The order of these 
two sections is irrelevant. 

The other expression (31) comprises two undistorted 
pulses and a transient phenomenon. The former origi- 
nate from 7 and T” respectively. The pulse from T” to 
P"’ can be identified with a propagation along the tra- 
jectory connecting J’ and P with an intermediate re- 
flection against the earth’s surface. 

The transient described by the integral of (31) starts 
at the time 


mM «CC nN, 
—min (770+ QP”) = — T'P”, (32) 
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that is, immediately after the passage at P of the sec- 
ond pulse. A comparison with (30) proves the mutual 


(30) that arrive between the moments 
1 

— min (m1TQ1 + 120102 + 120203 + m103P) 

3 

1 | 

= — min (m1TQ1 + 2120103 + mQsP), (33) 

; 


and (32), provided that (33) is earlier than (32). This — 
occurs in the region outside the cone formed by those 
reflected rays that originate from primary rays leaving 
the transmitter under the Brewster angle (compare 
with the end of the preceding section). 


VIII. FrnaLt REMARKS 


Expressions derived in this article indicate the exist- 
ence of individual field contributions that are propa- — 
gated along continuous sets of trajectories from the 
transmitter T to the receiver P. The pulse solutions can 
be represented in forms [see (13), (24) and (30) ] which 
show the associated delay times explicitly in the argu- 
ment of a Heaviside’s unit function. The trajectories 
may contain a section in the earth’s surface; the propa- 
gation velocity along such a section is that of a surface- 
wave. The transient effects connected with the pulse 
solution always start after the arrival of a main pulse 
propagated along the geometric-optical trajectory con- — 
necting J and P after a refraction or reflection. Con- 
tributions associated with trajectories containing a 
surface-wave section may arrive earlier; however, their 
effects are then cancelled by mutual interference until — 
the arrival of the main pulse. Such a cancellation occurs 
in the regions reached by the refracted and reflected 
rays that originate from primary rays leaving the trans- 
mitter in directions less steep than that of the Brewster 
angle (see the remarks at the ends of Sections VI and 
VII). 

The outlined methods are also applicable to the 
theory of a vertical magnetic dipole. The well-known 
absence there of surface-wave effects is then confirmed. 
In fact, the propagation trajectories here never contain 
a surface-wave section; therefore, the phase velocity 
c/ny of these sections occurs nowhere in the explicit 
formulas. 
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The Transmission Characteristics of a Corrugated Guide 


= 
s 


Summary—The transmission characteristics of a corrugated 
_ guide are analyzed under the assumption that the guide wavelength 
_ is always much greater than the “corrugation constant” (D,+Dz of 
_ Fig. 1). The corrugated guide is, therefore, replaced by a quasi- 
34 homogeneous but anisotropic medium whose dielectric constant and 
_ permeability are represented by tensors. 
It turns out that the corrugated guide behaves much like the 
_ Goubau guide if the corrugation depth is small with respect to the 
- wavelength. Corresponding to the influence of the dielectric on the 
_ Goubau guide, increasing depth of the corrugations increases also, 
on this guide, the attenuation of the waves, decreases the phase 
_ velocity, and increases the field concentration around the guide 
_ accordingly. As a rule, however, the corrugated guide acts as a low 
_ pass whose pass bands are about at k-0.5<d/\)<(0.25+k-0.5) 
_ and whose stop bands are about at (0.25+-0.5) <d/d)<0.5(1+k) 
P (k=0, 1, 2,---, d=corrugation depth, \)>=wavelength of a plane 
- wave in space). 
: Since, in the case of long radio waves, parallel building fronts and 
; mountain ranges may be thought of as corrugated guides, one of the 
results of the paper is the fact that the propagation of waves around 
_ the earth cannot only be considerably curbed by building fronts and 
_ mountain ranges, but can even be suppressed altogether. 


i List OF PRINCIPAL SYMBOLS 


€) = dielectric constant of space. 
Jo = permeability of space. 
Zo= V#o/€o= field impedance of space. 
Z €;=dielectric constant of the dielectric in the 
corrugations. 
k=conductivity of the metal. 
f=frequency. 
w = Inf =angular frequency. 
Bo=2m/Ao=w+/poeo phase constant of a plane 
Wave in space. 
\o= wavelength of a plane wave in space. 
y= +j(6—ja) =axial propagation constant of 
the waves on the guide. 
8 =27/d phase constant. 
a=attenuation constant. 
\=wavelength of the guide modes. 
Vp = phase velocity. 
c=velocity of light. 
a=inner radius of the guide. 
b=outer radius of the guide. 
d=depth of the corrugations. 
D,=width of the corrugations. 
D,=spacing of the corrugations. 
D,+D,=corrugation constant (analogue to optics). 
_ 9 =equivalent thickness of the conducting layer 
of the metal. 
r,6,2=cylindrical coordinates. 
kob =eigenvalue associated with the respective 
mode. 
Jm = Bessel function of mth order. 
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Jm' =derivative of the Bessel function with re- 
spect to the argument. 
Nn= Neumann function of mth order. 
H,, = Hankel function of first kind and mth order. 
H,, = Hankel function of second kind and mth 
order. 
Hn’, Hp’ = derivations, with respect to the argu- 
ment, of the Hankel functions of first and 
second kind. 


INTRODUCTION 
\ PARTICULARLY important problem of commu- 


nicationsis the propagationof surfacemodesalong 

single wiresas well as along thesurfaceof theearth. 

The transmission characteristics of a single wire have 

been investigated in particular by Sommerfeld,! Hon- 
dros,? Harms,’ and Goubau.4 

The transmission characteristics of a plane and cylin- 

drical corrugated guide (see Fig. 1) have been described 
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(b) 
Fig. 1—(a) Plane; (b) cylindrical corrugated guides. 


by Rotman,’ among others. The paper by Rotman’ 
indeed communicates formulas for calculation of the 
phase constants of the modes (e.g., as devised by Cutler), 
but does not present formulas for calculation of the 
attenuation constants. In the propagation of waves 
around the globe, parallel building fronts and mountain 
ranges may often be thought of as a plane corrugated 
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baden, Germany, pp. 177-192; 1948. 

2D. Hondros, “Uber elektromagnetische Drahtwellen,” Annalen 
der Physik, vol. 30, pp. 905-950; December, 1909. 

3F, Harms, “Elektromagnetische Wellen an einem Draht mit 
isolierender zylindrischer Hiille,” Ann. Physik, vol. 23, pp. 44-60; 
May, 1907. : cst Da 

4G. Goubau, “Surface waves and their application to transmission 
lines,” J. Appl. Phys., vol. 21, pp. 1119-1128; November, 1950. : 

5 W. Rotman, “A study of single-surface corrugated guides, 
Proc. IRE, vol. 39, pp. 952-959; August, 1951. 
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guide. Because of the high importance of the corrugated 
guide, the characteristics of this guide will be explained 
in detail in this paper, and formulas will be derived for 
calculation of the attenuation constants. 

It is assumed that the guide wavelength \ always is 
much greater than Di+D, (see Fig. 1). According to 
Piefke® the corrugated guide can then be thought of as 
a quasi-homogeneous but anisotropic medium in the 
range aSrSb (medium 1 of Fig. 1). In medium 1 the 
dielectric constant and the permeability of the guide 
are then tensors; i.e., excitation and field are no longer 
parallel vectors. The introduction of tensors offers the 
advantage that the wave equation can be easily solved 
also in medium 1 and the boundary conditions can be 
easily satisfied. 


RESULTS OF THE ANALYSIS AND 
PHYSICAL EXPLANATIONS 


The Tensors of the Dielectric Constant and the Permea- 
bility in the Anisotropic Medium I 


It is assumed that the inequalities 


Di + Did, Di K Pov | €0/es |, D2>>8 (1), (2), (3) 


hold for the corrugated guide of Fig. 1. Because of the 
inequalities (1) and (2), medium 1 may be thought of as 
quasi-homogeneous but anisotropic.’ Dielectric con- 
stant and permeability are then tensors whose com- 
ponents are obtained from the following consideration: 

Let us visualize in a Cartesian coordinate system an 
arrangement corresponding to medium 1 (see Fig. 2). 
It consists of metal plates which are arranged perpen- 
dicularly to the z-axis and which are insulated from each 
other by a dielectric. Corresponding to Fig. 1, the metal 
plates have the thickness D2, the dielectric has the 
thickness D;, and the separation D,+D, again is much 
smaller than the wavelength (1). 

Now if a plane wave, with the electric field in parallel 
to the plates, strikes the medium in the direction y [see 
Fig. 2(a)] no wave can propagate between the metal 
plates because of (2). With high conductivity of the 
metal in parallel to the plates, the metal-plate medium 
of Fig. 2 is thus a conductor with the conductivity 


D: 
Kp = K ————— 4 
P Dee: (4) 
or the dielectric constant 
En Kp/Jw. (5) 


6 G. Piefke, “Wellenausbreitung in der Scheiben-Leitung,” Arch. 
elekir. Ubertrag., vol. 11, pp. 49-59; February, 1957. 

™ Having discussed the role of the higher modes in the slots, it 
has to be pointed out that they are negligible because of (2). This 
can be checked by the position of the shorting plane in a metal plate 
medium with plate thickness D;=zero. For instance for \=10D; and 
€;=€0, it lies at 1/D,=0.22 from the edge of the medium. See Mar- 
cuvitz, “Waveguide-Handbook,” McGraw-Hill Book Co., Inc., New 
York, N. Y., pp. 289-292; 1951. 
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Metal plates 


ye 
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Fig. 2—Anisotropic medium in the Cartesian coordinate system 
with incident plane waves (schematically). 


In this case, permeability of the dielectric and the metal 
equals that of space. For the permeability perpendicu- 
larly to the plates there holds, thus, 
Uz = Ho. (6) 
If, however, a plane wave with the electrical field 
perpendicularly to the plates strikes the medium in the 
direction y [see Fig. 2(b)], a plane wave can propagate 
between the metal plates. Because of (3), the plates are 
here virtually field-free. Perpendicularly to the plates 
the medium, therefore, represents a dielectric with the 
dielectric constant 


Di+ Dz 
é& = & ————__ > 7 
chp (7) 
The permeability in parallel to the plates is 
D, 5 
Lp = We eee 
P Ko (TMi ay Fe ( ) 


The cylinder-symmetrical medium 1 thus presents in 
a radial and a circular direction the dielectric constant 
€p of (4) and (5) and the permeability py of (8). In an 
axial direction the medium 1 has the dielectric constant 
e, of (7) and the permeability uo of space. 

The tensors of dielectric constant ¢, and permeability 
fi in medium 1 thus have the following form 


é 0 

6&=|0 e (9) 
Oh = 2 
Mp O 

Biss Mp (10) 


+ 
, 
‘ 


‘@ 


‘case of not-rotation-symmetrical 
must always be combined with an E-mode in order to 


_- 


The Propagation Constants of the Individual Modes 


General Considerations: Pure H-modes and E-modes 


exist also, in this case, only with rotation-symmetrical 


fields, just as in the case of circular waveguides. In the 
fields, an H-mode 


satisfy the boundary conditions. The rotation-symmetri- 
cal modes are, therefore, here termed Hy and Ey modes, 
and the not-rotation-symmetrical modes are called 
HE,,-modes (H-type prevailing) and EH,-modes (E- 
type prevailing). Corresponding to the homogeneous 
wire guide, only the Eo-mode can have low attenuation 
also with the cylindrical corrugated guide. Its phase 


_ velocity then is but slightly lower than the velocity of 
light. The Ho, HE,,, and EH,,-modes have very high 


attenuation and are of no practical interest. They corre- 


_ spond to the spurious modes in Sommerfeld.! 


The plane corrugated guide has no Hy and HE,, modes 


-atall, only Ey) and EH, modes. 


If the frequency is sufficiently high, the cylindrical 
corrugated guide corresponds to the plane corrugated 


_ guide, and the propagation constants of the EH,,-modes 


differ but slightly from that of the Eo-mode (see 


— Solutions for | kob|>>{h). 


With a bare copper wire, 7.e., d=0, for instance, there 
is, with a diameter of 10 cm, the difference of 10 per cent 
between the Ey) and EH; modes in the quantities po if 
the wavelength is \»)=0.15 mm. 

The following discussion is restricted to the Ey) mode, 
because it alone holds practical interest. 

Phase and Attenuation Constants of the Rotation-Sym- 
metrical Eo-Mode with €;=€) and Small b/d»: From (42) 
to (49) the following formulas result, in this case, for 
the phase and attenuation constants. 


p= 4/1+(>-) (11) 
2r7o 
Pe ee 
——_—___—__—__ n — 
R dD; — Dz a 
Bes (12) 
2 0.687 
60 In 
~~ 2arb 
for — <1. 
Ao 
Here 
Bear / Oe (13) 
2ra 2k 


denotes the resistance per unity length of the guide 
without corrugations. The quantity 7o is calculated from 


the formula 


2 D b 
sy 21280 (=") eine. 4° 14) 
do Di os De a 
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From (12) there results the special case 
: (15) 
a = 
0.687 
60 In 
d 
for — <1; Di, + De = 2d. 
a 


The factor in (12) multiplied by R/2 can be considered 
as the characteristic impedance Z of the guide. 

Fig. 3 shows, for Di=D2 and €;=€, the quantity 
b/ro as a function of b/AoVlog, (b/a). The significance 
of the radius 79, which was introduced initially in 
Kaden,® resides in the fact that more than 90 per cent 
of the wave energy travels in the space between r=0 
and r=fp. 


ag 
ich. CER bec eda 
cs Saniiiaameatt 


pop 
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Fig. 3—b/ro for the cylindrical corrugated guide as a function of 


b b 
(=) 4/ (-) with D, = Dz and €j = €9. 
Xo a 


Fig. 4 shows, on a cylindrical corrugated copper guide, 
the attenuation a and the radius 79 as a function of 
wavelength (100 to 400 cm) for different b/a and 
D,+Dz, but invariably D,;= D2 and a=0.75 cm. It is 
seen that with increasing wavelength the attenuation 
decreases and the radius 7 increases. It is also evident, 
that with increasing b/a, 7.e., increasing depth of the 
corrugations, the attenuation rises and ro falls corre- 
spondingly. It is interesting that with the constant b/a 


8 H. Kaden, “Fortschritte in der Theorie der Drahtwellen,” Arch. 
elektr. Ubertrag., vol. 5, pp. 399-414; September, 1951. 
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Fig. 4—The attenuation a and the radius yo as a function of the 
wavelength Xo with a cylindrical corrugated copper guide. 


the attenuation falls with increasing D:+D:2 as the 
broken curve shows. The radius 7», however, remains the 
same, for, according to (14), it depends only on the 
ratio (D,+D;)/D1. This decrease of the attenuation is 
due to the fact that the path of the current along the 
guide decreases. In reality, however, the radius 79 will 
slightly increase as well when Di+Dz2 goes up, and the 
attenuation will not decrease so heavily, for the ratio of 
wavelength to corrugation constant falls with increasing 
D,+Dz so that the inequality (1) is less well met. 

For comparison, Fig. 5 shows the attenuation a and 
the radius 7» with a Goubau guide of copper. The dielec- 
tric coating has a relative dielectric constant €/€ 
= 2.5(1—7j4-10-*). The curves are taken from Piefke.® 
The corresponding trend of the curve is obvious. For 
b/a=2 the curves of the Goubau guide agree approxi- 
mately with the broken curve of Fig. 4 and the corre- 
sponding curve for fo. 

Fig. 6 shows, for the cylindrical corrugated guide also, 
the phase velocity as a function of \o. The dimensions 
are the same as in Fig. 4. It is seen that it differs from 
the velocity of light by but a few per cent, which dif- 
ference, of course, increases with rising ratio b/a. 

Phase and Attenuation Constants of the E-Mode with 
the Plane Corrugated Guide: With a plane corrugated 
guide the calculations are simpler so that the funda- 
mental effect of corrugations can be well studied. 

At a fixed frequency the locus of ko/Bo as a function 
of the corrugation depth d approximates a circle in the 
complex plane, as Fig. 7 shows for an example. Because 
of the high conductivity the circle passes here almost 
through the origin of the coordinate system. Most 
values d/Xo) are near that point. The values about 
d/X)=0.25 thus cover most of the circle. For 0.25 
—d/do<X1 there is ko/Bo>>>1, and thus the propagation 
constant y~+ko. For 0.25<d/\)<0.5 no solution 
exists, because ky has here a negative imaginary com- 
ponent (the limits are here not exactly at d/\)=0.25 
and d/h) =0.5, for the conductivity is finite). 


* G. Piefke, “Zur Theorie der Harms-Goubau-Drahtwellenleitung 
aa Meterwellen,” Arch. elekt. Ubertrag., vol. 9, pp. 81-93; February, 
1955. 
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Fig. 6—The phase velocity vp as a function of the wavelength Ao 
with a cylindrical corrugated guide. 
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Fig. 7—o/Bo with a plane corrugated copper guide as a function 
of d/Xo for \yo=200 cm. 


With the exception of the phase and attenuation 
constants for values d/Ao near d/Ay=k-0.25 (k=0, 
1,2,---+),aand Bare available from the formulas 


on 4/1 +( ae AY 
ti a) 


Bo 


d 
1 a eee 
- V sa + Doe =) 


D D 2 
cos” Bod / 1+ (Ca cot oD) 
\ 1 


@ 
I 


(16) 


1959 


_ according to (54) to (57) which follow. Fig. 8 shows an 


evaluation of (17) for Di= D2 and D,+D,=1 cm. With 


the full curve there is here \9)=200 cm, and d is vari- 


+ 
nm 


able. With the broken curve there is d= 20 cm, and y is 


_ variable. While for d=0 the attenuation is very low 


(Sommerfeld wire), it becomes infinite near d/A)=0.25. 


. For 0.25Sd/doS0.5 no solution exists of the wave 


equation. For 0.5 <d/\) <0.75 solutions exist again, for 


_ 0.75 <d/Xo <1 there exist none, etc. The solutions in the 
_ tange 0.5<d/ho<0.75 correspond to those in the range 
~ 0<d/d.<0.25, where, of course, the attenuation values 
_ are lower because of the lower corrugation depth. As 
mentioned above, the limits are not accurately at 


_ d/o=k-0.25 (k=0, 1, 2 - - - ) since the conductivity is 


_ finite (see Fig. 7). 


* 


The corrugated guide thus acts as a band-pass, with 
pass bands about at k-0.5<d/dy<(0.25+k-0.5) and 
stop bands about at (0.25+£-0.5) <d/Ay <0.5(1+2). 

For the more accurate formulas for the propagation 
constants of the various modes refer to the following 
section where the problem is discussed mathematically. 


MATHEMATICAL ANALYSIS OF THE PROBLEM 


The Field Components in the Cylindrical Corrugated 
Guide 


The Field Components for OSrSa (Medium 2): As 
Piefke!’ shows, the field components in medium 2 are 


C, a es Totey) 


cos mp 


Cs {* ze eta 


sin mop 


E, 


H, 


Jwe€s 


sin md 
-- {tif 
cos mp ke 


Im! (Ror) 


Mm 
ees Jatt) | 


*e fe ke? 


fe a | ne s Tn( hor) 


sin mp r ke? 


Joe 


+ C Jat) | m = 0,1, 2,- (18) 


2 


M2€2 


ke = Vw ren + Y? = 4/60 ry 


Ho€o 


=1-)4/—, 


since with metal (e.g., copper) M2=Mo and €=K/(jw). All 
field components are proportional to ee’. These 
factors have been dropped in (18). The radial field 
components are not stated because they are not needed 
to satisfy the boundary conditions. In (18), Ci and Cy 


(19) 


10 G, Piefke, “Die Ubertragungseigenschaften einer Leitung aus 
axial angeordneten, voneinander  isolierten Metallringen,” Arch. 


- elektr. Uberirag., vol. 11, pp. 423-428 and 449-454; October, 1957. 
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Fig. 8—The attenuation a with a plane corrugated copper guide as 
a function of the corrugation depth d and the wavelength Xo 
for D,;=Dz,, D,+D.=1 cm. 


are constants, Ci corresponding to the amplitude of the 
E-mode and C; to that of the H-mode. The upper sign 
in (18) refers to the upper trigonometric function, and 
the lower sign to the lower trigonometric function; e.g., 
the positive sign preceding C, relates in the case of field 
strength Hy to sin m¢ and the negative sign to cos md. 

The Field Components for a<r«b (Medium 1): 
Because of (4) to (10), and corresponding to Piefke,!° the 
field components here are 


sin mop 
B= | | [rsBtm (bar) + Rabtn'(bsr)] 
cos mp 


Fe Ka i [TsH (kur) + Rem (kur) | 
sin mpd 


Je mt Ee 
cosmo) Lkr 


mM Yiz 


(TsHla "(be a3 Rita (bsr)) 


(TH0 Gx) oie Ratna) | 


Sled prea Jeg 
ar fy | + 
sin md 


Jobe 


mM Yee 


Il 


(TsHta Gear 


rk B°€p 


a Rittn(ber)) 


ae (Tat. "(ba am Ratt (tur) (20) 


H 
an 0 YD 


€z ; 
€p 


| es er ( 
Bo V/ €0 ZoD1 2K 
Ds, 
= [tint +9) = bya) 
ky = lp (w"upe» + Y”) & D, + De 
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where Ti, 2, Ri, and R: are constants that must be 
determined from the boundary conditions. The quantity 
ap results from the losses of the metal in the space 
a<r<b. The term (1/Z D1) -Vwpo/2k is the attenuation 
constant of a plane wave in a parallel-strip transmis- 
sion line with the spacing D, and the conductivity x. 
The upper sign in (20) once more relates to the up- 
per, the lower sign to the lower, trigonometric func- 
tion. 

The Field Components for bSrS © (Medium 0): In 
the medium 0 the field components read 


a= finn no 
a a 
sin md Jo€o ; 
H,=- | \ [K; —— Hm’ (Ror) 
cos mm Ro 
+ Ke ue pate Ha? (ba) | 
r Ro? 
Ey = 2 ; oe: Ky Oy) 
sin mp r Ro 
Ese a : Ha (or) | (23) 
0 


m=0,1,2,--- 


ko = Vw*noeo + ¥? = VBo? + 7. (24) 
The imaginary part of the quantity ko must always be 
positive. 


The Equation for the Eigenvalue kob 


Because of the high conductivity « of the guide, the 
asymptotic approximations are inserted for the Bessel 
functions with the argument ka and the Hankel func- 
tions with the argument kyr. It is also assumed that 
the quantity d=b—a is much greater than the equiva- 
lent thickness of the conducting layer of the metal. 
The H-mode traveling from r =a in the direction ry with 
the radial propagation constant ky will then have 
practically vanished at the point r=), and that travel- 
ing from r=6 in the direction towards negative r will 
have equally disappeared at the point r=a. There holds 
thus, 


An (Rub) = Hn ®'(kyb) = Ay (kya) 


= H,,™’ (kya) = 0. (25) 

By satisfying the continuity conditions at the points 
r=a and r=b, and neglecting higher-order terms in 
1/k, and 1/ky, one then obtains 
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m = 0,1,2,+++ (26) 
where . | 
OF _Rzeo Zo | 
Zi, kzeo 0(kxa) ‘ Boez Zr ‘ 
—=j (27) | 
0 Boeéz oF _kneo Zo OF 
a(kza)d(kub) ” Boee Zr O(kxb) 
F = Im(kz@)Nm(kub) — Nm(k2a)Im(k xb) ; 
m 220) 1a ae 
Zr eo Bo 
mad dhe ee 29) 
Zo Ts ( +H) Veo ( ) 
Z. wz, D D 
ROAM siecle EA nt (30) 
Zo Zo De 


With D,=0 and d=0, 1.e, Zz=Z:=Zr1, (26) to (30) 
yield the equation derived in Hondros? for a single wire 

if the high-argument approximations are inserted, in 
that paper, for the Bessel functions with the argument 
corresponding to the quantity koa, and if the term cor- 
responding to the quantity 1/k,? is neglected with re- 
spect to that corresponding to the quantity 1/k,?. 

With m=0, and neglecting the losses, 7.e., Z7=0, 
there results from (26) to (28) the equation mentioned 
in Rotman.® 

For numerical evaluation it is advisable to replace the 
quantity Z;/Zo by approximations. With insertion of 
the large-argument approximations of the Bessel and 
Neumann functions there results, thus, from (27) and 
(28) with d=b—a 

. kre Zo 


1+ — tan krd 
Zi COTS he ee eee 


vag ete 
th Hd 7 ee ta eee 


Reo Zo 
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1 + 7 — tan ked 
Zr 
{eee 
— tan 
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_ In the same way, (27) and (28) yield, with insertion of 
_ the small-argument approximations of the Bessel and 


¥ 


we 


_ Neumann functions, 

- 

i Zr 1 kya 12123 A Rn€o b 

. —|{— — — In ) j In — 

a Zi Zo kra zy kzb Boes a 
2 (ee 8) 
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: m= 0, kerb <1. (33) 
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i Particular Solutions of the Equation for the Eigenvalue kb 


4 Solutions for | kob| K1: Insertion of the equations of 
the Hankel functions for small arguments in (26) yields 


ko Ho (Rod) (gb ye 11235 Ze (34) 
Fy Bo Ho’ (Rob) Bob Rob oe Zuy 
_ for m=0, Hy modes; 
4 Gbteut Aside 27; 
Tes (35) 
“_ Bob Rob Zo 
for m=0, Ey modes; 
(bob)? = mt 4 j po (— - =) (36) 
: Pere Zh 


for m=1, 2, 3, - ++, HEn»- and EH,,-modes 
- Because of the very large Zo/Zy value, (34) and (36) 
' yield only solutions at very low frequencies. Such solu- 
- tions are at variance, however, with the approximations 
in (19), (21), and (22). Since (26) is based on these 
_ assumptions, the solutions gained from (34) and (36) are 
impractical. This means that with |ob|<K1 no Ho-, 
HE,,- and EH,-modes result with v, ~c and low attenu- 
ation. With the Eo-modes however, results with 
| Rob| <1 and Bo>| ko| exist perfectly well, as (35) shows. 
_ This means that the Eo-modes can travel with approxi- 
mately the velocity of light and with low attenuation.” 
Solutions for | kob| >>{7,: After insertion of the approxi- 
mations of the large-argument Hankel functions into 
(26), there results 


(37) 


for m=0, Ho-modes, m0, HE,,-modes, b— © ; 
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5, = z. (38) 
for m=0, Ey-modes, b> ~; 
reece (39) 
Bo Zo 
for m=0, 1, 2,---, EH,-modes, 71, b> 0; 
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For the wire without corrugations, there results 

e =) (41) 
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A solution according to (37) is not possible since the 
quantity Zo/Zy always has a negative imaginary part 
because of (29) and (30). No Ho- and HE,,-modes exist, 
thus, with the plane corrugated guide.!-” 

Eqs. (38) to (41) show that Eo-modes exist on the 
plane corrugated guide and that with very large Bob the 
propagation constant of the EH,,-modes agrees approxi- 
mately with the propagation constant of the Eo-modes. 
With the solution as per (38) to (41), it should always 
be noted that the approximations of (19), (21), and (22) 
must be satisfied and that ky) must always have a posi- 
tive imaginary part. 

Insertion of (31) in (38) yields, with Z;=0, the equa- 
tion for the plane problem mentioned in Rotman.® 


Calculation of the Propagation Constant y 


The Propagation Constant with m=0, €;=€0, | kob| 
«1, and Bob<K1: Eq. (24) yields 


+ 76 4/1 (=) 
aie Pale 


(42) 


With 


(43) 


and 


1 
0 


11 W. O. Schumann, “Elektrische Wellen,” Carl Hanser Verlag, 
Miinchen, Germany, pp. 231-232; 1948. 

2H. Kaden, “Dielektrische und metallische Wellenleiter,” Arch. 
elekir. Ubertrag., vol. 6, pp. 319-332; August, 1952. 
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(42) yields where é 
Sica Ratha. d q 
do \? 2a (0.25 _ <) 
B= Bo 4/1+( ) (46) No. 
2rro 1 — ————__———_ 
g / a 
= 47 2Z, { 
Bor? ae p= (52) 
Eqs. (21) and (29) are now inserted in (33). Subse- ina “Ti ~ 


quently, (33) and (44) are inserted in (35). Because of 
the high conductivity x and (45), the following equations There results, further, 
for ro and ¢ result, then, with consideration of (7): 
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The attenuation constant a can then, at once, be calcu- : a 
lated from (47). Under the assumptions 
The Propagation Constant y with m=0, €;=€0, Di+D ee 
: : : : B 
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Radiation and Guided Waves 
A. E. KARBOWIAKt 


Summary—An analysis is carried out of the field radiated by a 
dipole in an arbitrary medium separated from others by parallel 
plane interfaces. 

The resulting solution in the form of a contour integral is then 
examined in relation to the intrinsic properties of the media involved 
and the position of the antenna. The solution is obtained by splitting 
the integral into pole residues and branch-cut-integral; the latter is 
evaluated by developing it into a suitable asymptotic series. 

It is shown that depending on conditions modal-type propagation 
can take place between the parallel interfaces in addition to radi- 
ation field. Distinction is drawn between proper modes, quasi- 
modes, surface waves, leaky waves and radiation field. All these 
waves are needed in the complete description of the field, and their 
relative intensities are evaluated. 

Extreme cases are considered in which the media involved pass 
into good conductors on one hand and perfect dielectrics on the other. 

Surface waves appear as a particular case of the more general 
problem considered (or as a part of the solution) and they form just 
one piece of a complete jig-saw, though under certain specifically 
simple conditions these waves appear to have some rather unique 
properties. In general (with the exception of perfectly conducting 
tubular waveguides) it is shown that no mode can exist on its own but 
rather in conjunction with other modes (including surface waves) 
and the radiation field. 


List oF PRINCIPAL SYMBOLS 


bi, €;, 0; =constants of the 7th medium 
k;=/u.€; = propagation coefficient of the 7th medium 
Z,=surface impedance 
= propagation coefficient of the /th mode 
K‘*=dipole intensity 
hi = cutoff coefficient of the /Jth mode 
¥,=nth pole wave 
d=separation between the waveguide plates 
t= height of the dipole above the ground plane 
u=decay coefficient 
Z;= Vu; /€;= intrinsic impedance of the ith medium 
Z = (Z:i/Z2) (Ro/ks) 
a, g, b=coefficients 
A=a quantity defined by (40)—(45) 
R;=residue at the ith pole 


INTRODUCTION 
TA eces the earliest days in the history of electro- 


magnetic theory it has been customary to draw 

distinction between “free waves” and “bound” or 
“suided waves.” Yet, from among the great wealth of 
the written information, it is impossible to extract a 
clear distinction between the two types of waves. Free 
waves are thought to be electromagnetic waves which 
spread out, from a source, in a medium of infinite ex- 
tent. Guided waves, on the other hand, are associated 
with boundaries which confine or channel the electro- 
magnetic energy in accordance with the properties and 
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the manner in which the boundaries are distributed. 
Such a distinction, though adequate in many cases, is 
confusing in others. 

The early work of Sommerfeld? is a good illustration 
of the problems involved. In its original formulation, 
the problem is to find an expression for the field at a long 
distance from a Hertzian dipole situated at a certain 
height above a plane earth. The formal solution to the 
problem (in the form of a contour integral) presents no 
fundamental difficulty and the integral expression ob- 
tained is, mathematically, certainly correct; the diffi- 
culty lies elsewhere. The closed form, a rigorous solution 
in the form of an integral, is devoid of physical meaning 
and is incapable of useful and direct physical interpreta- 
tion. 

A more difficult part of the problem is now the inter- 
pretation of the closed-form solution, using suitable ap- 
proximations, and it is precisely from this point on- 
wards that the opinions, methods of approach and inter- 
pretation of the results differ, as obtained by various 
investigators. Sommerfeld himself obtained approxi- 
mate solutions by deforming the path of integration and 
expanding the resulting integral in a suitable asymp- 
totic series. The solution was composed of a “space 
wave” and a “surface wave.” Whereas all concerned 
seem to have understood the meaning and physical in- 
terpretation of “space wave” (radiation), “surface 
wave” became a topic of lengthy discussions for dec- 
ades. 

Many investigators have since examined and re- 
examined the problem in detail,? but apart from a sign 
correction in the early Sommerfeld paper and a dis- 
tinction drawn between “surface wave” and “ground 
wave,” the question of existence of surface waves has 
not been settled. 

More recently solutions have been obtained to a num- 
ber of allied problems? all concerned with the field pro- 
duced by a dipole (point or line) located in the vicinity 
of loss-free structures. It transpires that with such 


1 A, Sommerfeld, “Uber die Ausbreitung der Wellen in der draht- 
losen Telegraphic,” Ann. d. Phys., vol. 28, p. 665; 1909. ; 
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Bell Sys. Tech. J., vol. 16, pp. 35-44; 1957. ; 
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structures there is never any doubt whether the surface 
wave exists or not and quantitative results can be ob- 
tained. 

Because of obvious mathematical difficulties “lossy” 
structures (apart from modifications of Sommerfeld’s 
problem)! have not been investigated in any detail. 
Yet, experimental evidence is such as to suggest that 
Zenneck wave does not exist,’ although surface waves 
over reactive surfaces are an established experimental 
fact.® There is also ample experimental evidence in sup- 
port of the existence of axial cylindrical surface wave 
(Eox) first discussed by Sommerfeld’ and from some of 
the experiments obtained one should conclude that a 
Zenneck wave perhaps is a physical reality.® 

At the same time, it is instructive to observe that 
doubts about the physical reality of guided waves in 
tubular metallic waveguides have never been raised, 
whether the waveguides be lossy or loss-less. 

At this point, one cannot help wondering whether the 
whole question of existence and reality of guided waves 
is more a matter of definitions and the order of the mag- 
nitudes of the quantities involved, rather than distinct 
physical differences; this being the case, what is the 
right way of interpreting the mathematical expressions 
involved? The aim of this paper is to investigate this 
- question and problems connected with it. 


DISCUSSION OF THE PROBLEMS 


The subdivision of a dynamic electromagnetic field 
into radiation field and guided waves is purely arbitrary 
and the only justification for this procedure lies in con- 
venience: convenience of description, formulation of a 
clearer physical picture, etc. Although all electromag- 
netic waves are solutions to Maxwell’s equations subject 
to the boundary conditions (and/or radiation condition 
at infinity) as well as launching conditions, the physical 
reality of any wave could be’ a matter of lengthy philo- 
sophical discussions. 
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* Indeed the reality of some waves, notably the Zenneck wave, 


_~ have been a subject of discussion for decades. 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


ooh eb Sa at 


The reason for this confusion is as follows: On the one 


hand, it can be argued that it is a necessary but not — 
sufficient condition for the existence of a wave-type 


that it shall be independently a solution to Maxwell’s 
equations subject to boundary and launching condi- 
tions; but it is only when, in addition, it can be shown 
that such boundary conditions and launching devices 
can in fact be physically realized, that the wave may be 
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said to exist. On the other hand, it can be argued that — 
the wave-type investigated need not on its own satisfy — 
Maxwell’s equations, but so long as it forms a part of a © 


field, and the latter satisfies Maxwell’s equations, 
boundary and launching conditions, that the wave may 
be said to exist. 


Surely, under these conditions when one is undecided 


on the meaning of the existence of a wave-type, before 
the problem of existence is tackled, the very question of 
existence cannot be answered in a unique and satis- 
factory manner, nor can a useful distinction between 
radiation and guided waves be made. 

In an endeavor to determine what is useful (the only 
valid basis for definitions) we shall restrain from coining 


re 


any definitions until we have reached some conclusions ~ 


from the analysis of a number of representative prob- 
lems. 

In the problems to be investigated, we shall consider 
wave propagation from line dipole (Fig. 1) situated at a 
height ¢ above a plane A separating regions 2 and 3. The 
region 2 is bounded by another plane B parallel to A 
and placed a distance d above it; the line dipole lies 
therefore parallel and between the planes A and B. 


REGION 3 


Fig. 1—The geometry of planar waveguide. 


The co-ordinate axes are placed in such a way (Fig. 1) 
that the plane A contains axes z and y and the line di- 
pole is parallel to y-axis at z=0. 

The semi-infinite region 1 is assumed to be filled with 
a homogeneous medium 1 (constants ju, €1, 01) ; similarly 
region 2 is occupied by medium 2 (constants pe, €2, 02) 
and region 3 is occupied by medium 3 (constants us, €3, 03). 

In section 3, media 1 and 3 are assumed to be perfect 
conductors. In section 4, plane B is regarded as having 
a surface impedance!® Z, and medium 3 a perfect con- 
ductor. 


© A. E. Karbowiak, “Theory of imperfect waveguides; the effect 
"i eo impedance,” Proc, IEE, vol. 102-B, pp. 698-708; September, 
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: In section 5, the case of two different media filling 
Tegions 1 and 2 respectively are considered; medium 3 
is assumed to be perfectly conducting. 

3 A positive time factor exp (jw#) is implied in all rele- 
vant expressions, and the whole electromagnetic field 
(in the half space z>0) is presumed to satisfy the radia- 

tion condition at infinity, since the only source of elec- 

tromagnetic energy is the line dipole, situated close to 

_the origin. 

; THE PERFECT CLOSED WAVEGUIDE 

_ From the symmetry consideration, it is apparent that 

_the only field components likely to be present, in the 

“structure illustrated in Fig. 1 are E,, E,, and Hy. The 

elimination of the components of the electric field 

_vector from the pair of curl equations of the Maxwell 

Beauation leads to the following inhomogeneous wave 
equation for the H, component." 


OH, oH, 
Ox? ~— 2? 


= iret he 


*H, = — jK6(z)6(x — 2) (1) 


_where 


ki =w+/piei is the propagation coefficient 
6 = Dirac’s delta function 
K =dipole intensity. 


- The introduction of the transform 


| 3 H= i eed (2) 
0 
‘into (1) permits an operational solution in the form 
for 0<x<t: 
. H = aye** + dye 

H! = jh(ayei** — bye~*"*) (3) 
‘for t<x<d: 
; H = azei* + boeit 

H! = jh(aze"** — beet) (4) 


where the prime over H denotes differentiation with 
“respect to x and where / is given by 


h? = ko? + a (S) 


Introducing the boundary conditions at «=0 and 

Ex =a [H’(0) =H’ (d) =0] and observing the continuity of 

Hat x=tand that H’(t+0) —H’(t—0) = —jK, the solu- 

tion for H can be obtained. In the range t<x<d, this 
is given by 


cos hi-cos h(x — d) 


: (6) 
h-sin hd 


H=-—jK 


The inversion of this expression yields the value of 


1 Note that all field components are normalized with respect to 
the characteristic papers of the medium (22). 
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Ae thus 

K ¢ +? cos hi-cos h(x — d) 

H, = — ah AE he 
h-sin hd 


Zar J,—-fo 


e-Vdy. (7) 


Evidently, the only singularities of the integrand are 
poles occurring for values of h given by 


nT 
in = — (n= 0, £1, £2, +--+). (8) 


The solution to the integral (7) is, therefore, given by 
the sum of the residues at the poles, h,, enclosed by the 
deformed path of integration as shown in Fig. 2. 


Y— PLANE 


Fig. 2—-Path of integration in the plane of y, 
for a perfect waveguide. 


To each and every value h,, there correspond as 
propagation coefficient 7, given by yn=~~/h,2—k,?, the 
poles in the y-plane. There is an infinity of these poles: 
some of the poles are situated on the imaginary axis, 
while all the remaining poles are distributed along the 
real axis. The integral for the entire field can be re- 
garded, therefore, as an infinite sum of pole residues, 
whose amplitudes are given by 


cos hpt-cos h,(x — d) 


vn = (Hy) n = jK h em =(n 0) 
jK 
AY it ed 9 
Yo hed € "0 ( ) 
thus 
H,=¥= Dvn. (10) 
n=0 


We shall term the component waves y, the pole- 
waves, since their existence is associated with the exist- 
ence of the individual poles. 

Clearly, whether a pole-wave exists or not depends 
on the height, ¢, of the dipole above the plane A: for 
values of ¢ for which cos h,¢ vanishes, the pole-wave 
vanishes, since the intensity of the pole waves is pro- 
portional to this factor. Furthermore, since the poles 
situated along the real axis give rise to evanescent 
waves, for z>>d these waves may be neglected because 
of their very small amplitude due to the factor e~7,’. 
For large values of zg the field is, therefore, almost en- 
tirely given by the sum of pole-waves having their origin 
in the finite number of poles distributed along the imag- 
inary axis. 
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THE IMPERFECT WAVEGUIDE 


If the plane B (Fig. 1) of the waveguide, analyzed in 
the last section, is replaced by a sheet having a surface 
impedance Z,, then the field inside the waveguide will 
still be described by (3) and (4). The boundary condi- 
tions at x =d, however, must be changed to! 


H’ 
|| a Ws (11) 
tak z=d 


where Z, is the surface impedance (normalized with re- 
spect to Z:) of the sheet B. With this change, the field 
inside the waveguide is given by [e.g., (7) | 


K he 274-1/2 
w~*{i-(42)) 
27 h 


fee cos ht cos h(x — d) 
_jo Asin (hd — ys) 


e-vdy (12) 


where 


k 
tany, = 3 = tee (13) 


The integrand of (12) possesses an infinity of poles 
given as solutions of 


d/h +2 — = ne (14) 


or 
; -iseaeee va il ‘ (i = 24) (15) 
.= n= —+—tan!(j—Z,). 
Aci gaa Ree bp 


For small values of Z,, the wave numbers hf, are given 
by a particularly simple expression 


ae earn (16 
page. d a | yee n} 0 : ) 


That is, the wave numbers differ from those of a per- 
fect waveguide (m7/d) by a small quantity 


on( ~ i) 
EAC fe 


The distribution of poles in relation to the path of in- 
tegration is shown in Fig. 3. It will be observed that for 
small values of X,, the solution is basically the same as 
for a perfect waveguide: the poles cluster close to the 
imaginary or real axis, although all poles are complex 
unless Z, is purely imaginary. 
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Fig. 3—Path of integration in the plane oi y, 
for an imperfect waveguide, 


ork 


For convenience, we can, as with perfect Ree 
regard the field as composed of an infinity of pole waves” 
of the form 


Wn = Ane ™, of any 


where y,, denotes the poles which are given by 


Yn = Vin? — bea? es (18) | 

nr \? | 

= (/ (=F) or he? ={ OYn; | 

d | 

= (yn)o + 87, (19) | 

with dy given by | 
1 | 

6 yo (j Zaye (20) | 


The coefficients An ed are, for small values of Zs, | 
given by (9) with h, values given by (16). 

It is important to observe that all poles lie in the first _ 

— quadrant of y-plane, and as with perfect waveguides, — 

all poles (except Yo) are situated below a line drawn — 
parallel to the real axis and passing through the point 
jke, the propagation coefficient of the medium 2. If the | 
medium filling the waveguide is lossy, then k; will be | 
complex (jf will lie off the imaginary axis in the second 
octant of the Argand diagram). Accordingly, all dy 
values will be altered, but the pole-waves as defined — 
above retain their meaning. ) 

If R.(Z,) is small, then all poles will be situated close — 
to the imaginary axis (propagating waves) or close to 
the real axis (evanescent modes), though the “propa- — 
gating waves” are slightly attenuated and the “evanes-’ 
cent waves” suffer a phase change with distance. The © 
subdivision of waves into propagating and evanescent — 
still retains a useful significance. As R.(Z,) increases, 
however, the poles move further and further away from 
the real and imaginary axes, respectively, and the above 
subdivision of waves loses significance, though the con- 
cept of pole-waves as the sole constituents of the total — 
field is valid. Moreover, it is still true that, because of 
their much higher attenuation, waves associated with 
poles situated further to the right of the origin become 
of lesser and lesser significance, as constituents of the 
total field, for greater and greater distances from the 
dipole. 


WAVES IN PHYSICAL WAVEGUIDES 


The Formal Solution to the Problem 


If the regions 1 and 2 are filled with dissimilar homog- 
eneous media 1 and 2, then the field in the region 2 is 
still given by (3) and (4), but these equations must be 
matched to the equations describing the field in region 1. 
This field is given by (x>d) 


H = aze¥@e—4) 


H! = — ague*@4), (21) 


1959 
_ The solution to the set of simultaneous equations 
_ (3), (4) and (21) subject to the boundary conditions of 
_x=0, ¢ and the continuity of the tangential field com- 
- ponents at x=d furnishes the following results for the 


~ coefficients 
Dae 2 bye eVe ((: oo z=) e-ih(d—t) 
Ne 
ae (1 _ Li =) eno) 
h 
TaNOze 
cs — w(t + z=) e-7h4 cos it) 
TN 
b= W (1 —Z =) e2'4 cos it) 
2 Eta Pecos Is (22) 
~ where 
; K/h | 
i W= : (23) 
“ER Nm 
oe 1 EEN ge (1 es =) eihd 
i ( 33 = : h 
75% 
b, 25 ky 


241: = V1/:= intrinsic impedance of medium 1, whose 
propagation coefficient is ky 

Zo = V/u2/@ = intrinsic impedance of medium 2, whose 
propagation coefficient is kz. 


For the purpose of the study of the electromagnetic 
_ field, it is immaterial whether the field is examined in 
region 1 or 2. We propose to examine it in region 2, 
_ where (0<x <#) 


H = a, cos hx. (25) 


Substituting for a, from (22) and inverting the ex- 
pression (25), we obtain 


K +7 cos hx 


nj la, hh 


(1 oe Si =) eih(d-t) + (1 + Fi =) eth (d—-t) 
; ees en : e-vdy. (26) 


(1 ay z=) gihd — (1 Be. *) enihd 
h h 


In this expression for the total field, the quantity Z is 
given by (24) and the wave numbers are connected by 


b= Vo 
kp = =? aa he: 


Evidently, the integrand of (26) possesses branch 
points at y= +jm and an infinity of poles which are 
‘roots of the denominator of (26). When deforming the 
) path of integration (from that running along the imag- 
inary axis of y) for the purpose of the evaluation of the 


(27) 
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integral (26), it is essential to consider the position of 
the poles in relation to the branch cut and to choose the 
correct leaf of the Riemannian plane for the integration. 

This branch of the complex y-plane is named the 
“right Riemannian leaf,” and the remaining parts the 
“wrong Riemannian leaf.” 

The right branch of y is one over which uw and y are 
complex numbers in the first quadrant of the Argand 
diagram (to satisfy the radiation condition). The path 
of integration (Cy) indicated in Fig. 4 is a permissible 
one, provided that the branch point at y=jki and all 
the poles in the right leaf of the Riemannian plane to the 
right of the imaginary axes are enclosed between it and 
the infinity. Notwithstanding that the denominator of 
(26) possesses an infinite number of roots, the path Co 
may (as it usually does) enclose only a finite number of 
poles, the remaining poles being on the wrong Rieman- 
nian branch. The distribution of the poles and their 
position in relation to the branch-cut, which runs to the 
right of the origin and parallel to the real axes (Fig. 4), 
is a function of the constants of the media involved, 
and accordingly we shall differentiate between two 
somewhat distinct cases: 1) medium 2 denser than 
medium 1 [| ka| > | ki| ]; 2) medium 1 denser than. 
medium 2 [] &:| <| Ap| J. 


Y PLANE 
BRANCH CUT 


Fig. 4—A permissible path of integration (Co) 
in the plane of +. 


To simplify matters, nonmagnetic media will be con- 
sidered, so that Z2/Z1=k1/ks. 
Inside Medium 2 Denser Than the Outside Medium I 


Loss-Less Media: In general, the poles are given by 
the roots of the denominator of the expression (26) and 
the equations giving the roots can be put into the simple 
form 


Uu 
1) each tan hd, 


2) as Wy" Ps hy?, 


3) h=Vy+k? (28) 
which can be solved for /, thus 
n 4 
(=) [(ko? — hi?)d? — (hd)?| = (hd)? tan?hd. (29) 
k 


1 
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With loss-free media, kz and k; are real quantities, and 
consequently the only real roots of (29) are given by the 
intersection of the parabola, the left-hand side of (29), 
with the curve 62 tan? 0, where 6=hd. Evidently, there 
are only a few such roots in Fig. 5 (9, 0: and 62) and these 
belong to the right Riemannian leaf. All the remaining 
roots (a countable infinity) are on the wrong Rieman- 
nian branch. The number of roots in the right leaf are 
determined by the relative values of kp and ki as wellas 
the magnitude of d: the larger k, and d and the smaller 
ki, the larger is the number of these roots. With each 
and every one of these roots (ho, 1, he, etc.) there is as- 
sociated a pole (Yo, 71, Y2, etc.) in the plane of y..All these 


poles are imaginary and are located on the imaginary 


axis between the points ji and jke (Fig. 6). 


A-LHS OF EQUATION (29) 
B-RHS OF EQUATION (29) 


Fig. 5—Solution of (29). 


JKg 
Yo 
N 


V2 


BRANCH 
CUT 


Fig. 6—The path of integration in the plane of 7, 
case ky>ki. 


Evidently, the path of integration can be distorted to 
that shown in Fig. 6 and consequently, it is permissible 
to interpret the entire field as made up from a number of 
pole-waves (due to the residues at the poles) and a 
branch-cut-wave which results from the integration 
around the branch-cut as indicated in Fig. 6. 

The integrand of (26) may be put into the form 


u 
cosh(d—f#)+Z ry sin h(d — ?) 
% 
= a ;, ev (30) 
sin hd — Z i cos hd 


with a branch point at yg=jk;. To obtain the branch- 
cut-wave, we integrate (3) around the branch-cut, for 
which purpose we expand it in ascending powers of 
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(Zu/h). This leads to an pasha, series for he field i 
H of the form | 


3 5 | 
ve = He~ gis ne +) +ecr(>)+ fetaris 


The first term of this expansion leads to 


h(d—t 
K coshx cos h(d—t) [cot hd+tan h(d—#)] — 
s/2e oh sin hd 


ia ae 2 
«eisr/4 wa e ih (=) g 3/2 
ko? — ky? ky/ 


that is, the energy density of the wave is proportional to : 
z-* and the wave possesses a phase propagation coeffi- — 
cient equal to &; the intrinsic coefficient of the outside — 
medium. 

The pole-waves are evaluated from the knowledge of 
the residue at the poles. Thus, the mth pole is character- ; 
ized by hn, the mth root of (29). With such a pole, Yn, 
there is associated a residue which gives for the intensity | 
of the waves 


(31). 


ve=Hepr~ 


(32) f 


cos h»x 

hndYn 
lin COS h,(d — t) — Zusinh,(d — 2) 
hy COS hnd + Zu sin hypd 


H, =jK 


em, (33) 

The total field y can therefore be regarded as com- 
posed of the branch-cut-wave Wz and as many pole 
waves y, as there are poles; real solutions to (29). We 
have therefore 


v= Dvitves (34) | 
i=0 

where each y; is of the form y;= 

imaginary number. 

As mentioned above, such a procedure is permissible 
so long as none of the poles is in the immediate vicinity 
of the branch point, because under these circumstances 
the expansions employed do not converge. 

Such a case would arise, for example, if we wished to 
examine the solution for the entire field as ke changes 
gradually from a very large value through all values 
down to the value ke = ky. 

The examination of the integrand shows that for 
ko>>ki, there are a large number of points clustered close 
to the point jk, with some poles distributed between jk» 
and jk; and an infinity of poles on the wrong leaf of the 
Riemannian surface. The poles are arranged in the or- 
der of their magnitude with the pole corresponding to 
the smallest value of h closest to jk, and the pole corre- 
sponding to the largest value of h closest to jk, As ke 
decreases, all poles move towards the branch point jh 
and the poles move one by one (through the branch 
point) to the wrong leaf of the Riemannian surface and, 
therefore, no longer constitute the essential part of the 
solution. Eventually, for sufficiently small values of kp 
in relation to k; and d, there is only one pole left and the 


A,e-% with y; an 


a 
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_ nearer to the branch point (jk;) that this is situated, the 
_ smaller the difference kp —k;. Eventually for ky = ky, even 
this pole is captured by the branch point. In the other 
_ extreme for kx (or 4:0, which comes to the same 
_ thing), all poles collapse onto the one point jke, which 
then becomes an essential singularity: this case, however, 
is of no practical significance. 

The Existence of Pole Waves: In order to study the 
passage of a pole through the branch point, the field 
may be split into pole-waves as contributed by distant 
_ poles, and a wave which is a combined effect due to the 
_ pole nearest the branch point and the branch-cut itself 
(Fig. 7). 


BRANCH 
CUT 


Fig. 7—A permissible modification of the path 
of integration shown in Fig. 6. 


For the pole in the branch-cut proximity, we put 
Ye phere (35) 
where 
|v] <A 
With this substitution in (30), expanding the trigo- 
nometric function about the point y =jk:, Q can be de- 


veloped in a series and integrated. 
For the ath pole, for which we put 


ho = Vk? — ki? = nr/d (36) 
and 
In = to + (5h)n 
the result is 
Ham Ke7i&+02 cos hox- cos ho(d —.t) 
oe (+ erfc (j6V4). (37) 


The subsequent terms of the series contain multi- 
pliers with negative powers of z and can, here, be 


neglected. 


In expression (37), bis given by 
hod 


and 


erfc (x) = f “eFdt. (39) 


Let (R,) be the residue at the uth pole, then (37) will 
be recognized as 


Hn = K(R,)e7*” erfc (jbV/z)/Wm = K(Rn) Ao (40) 


which is the pole-wave with an amplitude factor 
e*erfc(jby/z) /</m =No. 

Because of the relations (36), for values of ke suffi- 
ciently large so that Wk2—k?2>nm/d, 5h is positive 
(the pole is in the right leaf of the Riemannian plane), 
and consequently for large values of z 


wert (iby) ~ 41 = oe ec 
== Erle Pap) tops! a ee ee 
ye Va jlbWi 
that is, for sufficiently large values of zg, the contribution 
from the pole becomes a pole-wave as defined before. 
Whereas for kz, values such that VWk2—k2<nm/d, 6h 
becomes negative and consequently 


eb 


“a erfc (jbv/z) ~ —= (42) 


Jr 2b/3 


that is, the contribution from the pole vanishes.” 
The magnitude of the multiplier A is shown plotted in 
Fig. 8 asa function of ./k,—k, = 6k. 


6k, ARBITRARY UNITS 
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Fig. 8—The magnitude of the multiplier A 
as a function of 6k. 


In the present problem, the pole-waves are commonly 
known as surface waves, and in the light of the analysis 
given, it transpires that the question of existence cannot 
be answered uniquely except for the case of zo, in 
which case for positive 5h (pole above the branch-cut) 
the pole-wave exists [(41) applies], whereas for negative 
5h, the pole-wave does not exist [(42) applies]. For 
finite values of z, however, little meaning can be at- 
tached to the existence of a pole-wave. 

The branch-cut wave exists always and is represent- 
able asymptotically by a series in inverse fractional 
powers of zg [(31) ]. 

Propagation in “Lossy Media”: With physical wave- 
guides, due to the losses, #; and k will be complex, al- 
though if medium 1 is air, then &; may be taken equal to 
ko( =wV/ oe) @ real number). In the latter case, the 
poles in the plane of y are all complex [roots of (28) | as 


12 Asymptotically (42) vanishes as 2-1/2, but there are other terms 
in the Rann for H and these cancel (42) to the order of 2-1/7, 
The remaining terms of the series start with 2~*/? and the series be- 
comes identical with (31) and (32). 
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indicated in Fig. 9, but the integration (26) can still be 
carried out around the path shown in Fig. 9. The solu- 
tion to the problem is again of the type (34) but now the 
individual pole-waves ~; have complex amplitude (a:) 
factors [(33) ] and their propagation coefficients ; (the 
poles) are also complex. Nevertheless, provided that 
none of the poles are in the immediate vicinity of the 
branch-cut, (31) to (34) apply. 


BRANCH 
Cur: 


Fig. 9—Path of integration in the case of a 
waveguide with losses. 


More precisely, however, the contribution of each of 
the poles to the total field is given by 


H, = K(R,)A (43) 


where 


A = e- erfc (jbv/z)//r_~—if Re (b2) <0 (44) 


and 
= e [1 — erfc (bv/z)//z]_ if Re (b2) > 0. (45) 


The quantity R, is as before the residue at the th 
pole. 

We observe that with lossy waveguides (as with loss- 
less waveguides), as k, decreases, the poles one after 
another pass over the branch-cut to the wrong Rieman- 
nian leaf and in consequence of the factor A disappear 
from the solution. However, with loss-less waveguides, 
the poles pass to the wrong Riemannian leaf through 
the branch point itself, whereas with lossy waveguides 
the poles cross the branch-cut to the right of the branch 
point; the nearer the branch point, the smaller the losses. 
The pole-waves are also attenuated waves and therefore 
disappear from the asymptotic solution, leaving the 
branch-cut wave as the only significant part of the field. 

If, in addition, medium 1 is also lossy, then the equa- 
tions as given above are still applicable, although now 
ki is complex. As a result, the branch-cut wave (since it 
contains the factor e~’!*) becomes an attenuated wave. 
Consequently, now the total field is given by (34) with 


vi = Aye = K(R,) Ayer (46) 
Wp = e-ihz ME, Qno Ont) 2p pees ; 


n=1 ! 


(47) 


Whether the branch-cut wave or the pole wave now 
dominates in the asymptotic solution is entirely a mat- 
ter of relative losses in media 1 and 2. That is, if the 
losses in medium 1 are sufficiently high, then pole-waves 
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will dominate for z>. Otherwise, it is the branch-cut — 


wave that describes the field at infinity. 


Outside Medium 1 Denser Than the Inside Medium 2 
If | &:| >| #2|, then (28) again possesses a discrete in- 


finity of solutions, but it is important to observe that if | 
ky and ky are real, then none of the poles are in the right q 


Riemannian leaf. Consequently, there are no pole- 
waves, and the only solution to the field is the branch- 
cut wave.as given by (32). 

Suppose, now, that kz is real (say medium 2 is air, 
ky =ko), but that #: is complex and large. Under these 
conditions, (28) can be solved simply by successive ap- 
proximations, and to the first order of quantities, we 
have for the mth root 


hn = ho + 6h 


on G LENS Es 
5 tO) 
TS d \ No) \x 


V hot — ha® + 2hodh 


I 


Yn 


ho 
= yo + — 6h 
Yo 
if yo + 0 


yo = Vho” — ke’. (48) 


The validity of the above formulas is subject to 
| &o| <| fal. 

The distribution of poles in relation to the branch-cut 
is shown in Fig. 10, and it will be observed that there is 
only a finite number of poles in the right leaf of the 
Riemannian plane. The actual number of poles on the 
right branch is determined by the magnitude of the 


imaginary part of ki. In particular, if 
ky = k(1 — 78) (49) 


then the number of poles on the right branch of y are 
given by the inequality 


BYP ae ee 
ki> (2) Vk? + ho? (50) 
kd 
where hy = 7, or 
kd k\4 
n< ~4/ e(ear(—) — 1, (51) 
1 Re 


It will be observed that even for poor dielectrics, 
there are only very few poles present on the right 
branch. With conductors, however, k is very large 
(ki= (1+ 3) V/xfuc), and 6 is not small. As a result, the 
number of poles on the correct branch is an extremely 
large number, yet finite. As I,,(k:) decreases, more and 
more poles pass on to the wrong Riemannian plane until 
eventually, for Im(k1)=0, all poles are on the wrong 
branch. 

On the other hand, if ph(k:) is kept constant but the 
magnitude of k; is decreased, then all poles move away 
from the real and imaginary axes towards the branch- 
cut, until eventually they disappear. 
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Fig. 10—Path of integration in the plane of y appropriate 
to a metallic waveguide. 


The solution to the field problem is again given, as 


before, by (34), with Wz given Sy (32), and y; given by 


cos h,(d — f) 


ees 
2 Se 


COS Minx €~7"?, (52) 
The remarks given in the previous section are also 
applicable in this case. 


If, in addition, the medium filling the waveguide is 


- lossy, then all the formulas given are applicable, pro- 


vided that for ke the appropriate value is substituted. 
The position of all the poles is thereby altered. 


DISCUSSION AND CONCLUSIONS 


Although it is customary to talk about closed and 


é open guiding systems," it is instructive to observe that 


_such a classification is, strictly speaking, only valid in 


- the limit of perfectly conducting surfaces. A perfectly 


conducting metal tube forms a closed waveguide (but it 
is not a physical reality). Such a waveguide (Fig. 2) is 


characterized at any particular frequency by a finite 


number of nonattenuating propagation modes and on 


infinity of evanescent modes. The latter can be ignored 


at large distances from the source. 

With plain metallic tubes due to the finite (although 
large) conductivity in addition to the infinity of poles, 
there is also a branch point in plane of y. This branch 
point is located at a very large distance from the origin 
on a line passing through the origin at 45° to the real 
axes, and there is only a finite number of poles in the 
right Riemannian leaf with the remaining poles located 
on the wrong leaf. 

As the conductivity decreases, the branch point 
moves towards the origin, and at the same time, more 


13 A coaxial or a tubular metallic waveguide are examples of 
closed waveguides, whereas twin-wire transmission line and single- 
wire transmission line are examples of open structures. 
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and more poles pass onto the wrong Riemannian sheet. 
Simultaneously, all the poles move slowly away from 
the real and imaginary axes, towards the branch point. 
It is important to observe, however, that the number 
of poles on the right branch are determined by the mag- 
nitude of the imaginary part of k; (30), whereas, the 
proximity of poles to the axes is related to the magnitude 
of ki, and if k; were a very large real number, the poles 
would lie on the co-ordinate axes, but none on the right 
branch. 

For these reasons, provided that J,(R:) is a large 
quantity, the treatment of tubular metallic waveguides 
as “closed” waveguides whose walls exhibit small sur- 
face impedance is an extremely good approximation. 
Consequently, in such waveguides, the resolution of 
fields into pole waves (Fig. 3) is admissable. Yet, it 
must be remembered that such treatment neglects the 
branch-cut wave and ignores the fact that mathemati- 
cally, the expansion in terms of an infinity of pole-waves 
is a divergent expansion, and therefore, really not per- 
missible. af 

It has been established that a branch-cut is always 
associated with all physical waveguides, and the general 
form of such a wave is 


3 5 
Wp =| Ginete (=) + gon OL (=) a 


where the coefficients g contain an exponential factor 
exp (—jkz). 

In the far"field, therefore, only the first term of the 
above series needs to be considered, and if the outside 
medium is loss-free, then the field intensities are propor- 
tional to 2, 

All pole-waves have the general form 


Vi = a;-fi(x)- A; exp (— 1.2) 


(53) 


(34) 


where a; is the residue at the pole multiplied by K, and 
f(x) has the form 


fea cosih, ey vit sd 
and 
f(a) =e" if es (55). 
The quantity A; is given by 
A; = e-** erfc (jb/2)/V 4 (56) 


and as such is a function of z and the distance between 
the pole and the branch-cut. In the far field, A; may be 
taken equal to unity if the pole is above the branch-cut 
(right Riemannian surface) and zero if the pole is below 
the branch-cut (wrong Riemannian surface). 

With waves as defined above, there can never be any 
dispute about the existence of a* branch-cut wave 
since this exists with all physical waveguides and the 
position of the branch point is determined by the proper- 
ties of the outside medium (A). Similarly, all pole waves 
with nonzero residue exist, although the proportion of 
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the wave in the total field depends not only on the value 
of the residue but also on the quantity A [Fig. 8 and 
(56) |. Thus, if the pole is above the branch-cut, the 
wave exists with an amplitude almost equal to the resi- 
due, but if the pole is below the branch-cut (wrong 
branch), then the amplitude is extremely small; for 
large enough values of z, the wave may be almost said to 
be absent from the field investigated. 

At this stage, some consideration should be given to 
the relative importance of the contribution to the total 
field from the individual singularities of the basic inte- 
gral (26). In general, apart from other factors, the 
further is a singularity positioned to the right of the 
origin (Fig. 10), the less its relative importance. Thus, 
in the far field, it is permissible to retain a pole y; (for 
instance) and contributions from all singularities posi- 
tioned to the left of y:, and if Re (jk:) happens to be 
greater than re (y,), then to the accuracy considered, 
the branch-cut wave may be neglected. Such a reason- 
ing justifies the surface impedance approach!’ to 
“closed” waveguides and is the reason why the problem 
of existence of guided waves in connection with tubular 
metallic waveguides has never arisen. 

On the other hand, it is useless to argue that a pole 
placed on the wrong Riemannian sheet could be 
brought on to the right sheet simply by deforming the 
_ branch cut B, to B, and regarding the field as composed 
of the pole-wave due to y;4: and a branch-cut wave due 
to Be, and then stating that yi: exists as if it were on 
on the right branch. Such an argument amounts to re- 
definition of branch-cut waves as can be seen from 
Fig. 11; Bis equivalent to B; and therefore 


eee 


In this way, all that has been achieved is a re-defi- 
nition of the branch-cut wave. By similar reasoning, 
the waves associated with Yn, 71, etc., in Fig. 10 could 
be brought to the right Riemannian sheet and given 
significance, despite the fact that these waves (growing 
exponentially to infinity in the positive x direction) 
cannot exist physically. Mathematically, there is 
nothing wrong with such an argument but physically it 
is a useless argument. 

Let us now examine Sommerfeld’s problem in a little 
more detail. In this case, a solution is sought to the 
field problem (Figs. 6, 7 and 9) for the case when all the 
poles except Yo have passed on to the wrong Riemannian 
surface. Suppose that f; is real and k, = ki+q where q is 
a small number. It can then be shown that h= V/2kig, 
u=—jr/j2k,M Gand =jki(1+Mq) where M =2d?+2,-2. 
Consequently, if | ¢| is kept constant and ph(q) is made 
to vary between 0 through 90° to 180°, the pole traverses 
a small arc around the branch point (on to the wrong 


(56) 
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Fig. 12—The passage of the pole over the branch-cut. 
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Riemannian surface) as indicated in Fig. 12. Evidently, — 


ph(q) =0 corresponds to a loss-free reactive surface, the 
point ph(q?) =90° corresponds to a surface having sur- 
face impedance such that ph(Z,) =45° (the case of re- 
sistive earth in Sommerfeld’s problem), and #ph(q?) 
= 180° corresponds to ph(Z,) =0 (the case of dielectric 
earth). Consequently the pole-wave (which can here be 
identified with the Zenneck wave) does not exist in the 
far field of a dipole, in the sense that its amplitude is 
extremely small. 


A Note on NOMENCLATURE 


Waves associated with poles on the right branch are 
termed real waves and those associated with the wrong 
branch the virtual waves. In this way, real surface 
waves are slow waves and virtual surface waves are 
fast waves (e.g., Zenneck wave) but both are true 
guided waves. Waves associated with tubular metallic 
waveguides lose power laterally and can be termed 
“leaky waves.” These can be subdivided into evanescent 
and propagating modes, and provided the losses are not 
too large, the subdivision has practical significance. 
With the exception of the Wo wave, all such waves are 
fast waves, and they are real waves if the poles are on 
the right branch, and virtual waves if they are on the 
wrong branch. 

Pole-waves are defined by (54) and quasi-modes by 
(54) with A=1. 
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Guided Waves on Sinusoidally-Modulated Reactance Surfaces 
A. A. OLINER} anp A. HESSEL{ 


Summary—A rigorous solution is derived for the propagation 
characteristics and field distributions of waves guided by a plane 
surface which possesses a surface reactance modulated sinusoidally 
in the propagation direction. The explicit field amplitudes and the 
determinantal equation for the propagation wavenumber are ex- 
pressed in a continued fraction form which is rapidly convergent for 
all values of modulation. Numerical results are obtained for both sur- 
face wave (modal) and leaky wave (nonmodal) solutions. The rele- 
vance of these studies to high-gain modulated surface-wave an- 
tennas is discussed. 


I. INTRODUCTION 


HE present study of guided waves on sinusoidally- 
modulated reactive surfaces was motivated by 
recent developments in high-gain end-fire an- 


_ tennas of the surface wave type. A customary method 


for improving the gain of surface-wave antennas has 
been to design them according to the Hansen-Wood- 
yard condition. For high gains, however, the surface 
wave becomes necessarily very loosely bound to the 
guiding surface, and the performance becomes sensitive 
to irregularities in the structure. A break-through with 
regard to this difficulty was offered by Simon!? 
several years ago; he showed that gains as high as 
those predicted by the Hansen-Woodyard condition 
for a comparable antenna length, together with a 
tightly-bound surface wave, were possible when the sur- 
face wave structure was modulated along its length. 
Since then, a variety of modulated surface-wave an- 
tennas have been designed, but these designs are 
largely empirical, being a combination of sinusoidal 
modulations, tapers, steps, and in-between variations. 
The theoretical understanding of the control of these 
effects is still limited, and the state of the art is ham- 
pered by this lack of knowledge. 

Thomas and Zucker? have examined the effect of 
modulating the phase velocity of a surface wave by 
employing a spectral representation of the modulation. 
They show that with either a phase or amplitude modu- 
lation, a radiated beam can be produced which is tilted 
at an arbitrary angle with the surface, and may be 
made éend-fire if desired. They did not, however, as they 


acknowledge, study the surface parameters required to 


yield the necessary phase or amplitude distribution. A 


{¢ Microwave Res. Inst., Polytechnic Institute of Brooklyn, 
Brooklyn, N. Y. ee tei i 

1J. C. Simon and V. Biggi, “Un nouveau type d’arien et son 
application 4 la transmission de télevision 4 grande distance, 
L’ Onde Electrique, no. 332; November, 1954. 3 

2J. C. Simon and G. Weill, “Un nouveau type con a 
rayonnement longitudinal,” Ann. de Radioélectricité, vol. VIII; July, 
1953. xe re 
3A. S.Thomas and F. J. Zucker, “Radiation from Modulate 
Surface Wave Structures—I,” 1957 IRE NaTIoNAL CONVENTION 
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start in this direction was made by Pease, who consid- 
ered a dielectric slab, the index of refraction of which 
was modulated very gently in a sinusoidal fashion. The 
approximations employed in his analysis, however, | 
which were made to correspond to slow variations, are 
sufficiently severe as to cast doubt on the practicality 
of his results. The present study, which is a continua- 
tion in this direction, is a rigorous treatment of sinu- 
soidal variations in surface reactance. 

The surface under study is a plane surface possessing 
a reactance that varies sinusoidally in the direction of 
propagation of the guided waves. If the period, or 
spacing, of the modulation is sufficiently small, the 
modulation serves to affect quantitatively the propa- 
gation wavenumber of the surface wave guided along 
it, and to introduce one or more stop bands. If this 
spacing is larger than some critical value, the modu- 
lated surface wave will give rise to one or more leaky 
waves which radiate away from the surface at some 
angle. Because of its relevance to the antenna problem, 
only the E (or TM) waves guided by the surface are 
considered here. 

A solution to the problem is obtained by viewing the 
geometry in terms of modes associated with propagation 
perpendicular to the surface; these modes are discrete 
in character and are specified by the periodicity of the 
modulation. The nature of the impedance boundary 
condition at the surface is such that each of these 
modes couples only to itself and to the next higher and 
lower modes, in contrast to most diffracting surfaces 
which couple all modes to each other. As a result, the 
problem reduces to the solution of an infinite set of 
linear equations in which each equation involves only 
three modes. Explicit expressions for the field ampli- 
tudes of each of these modes (which are equivalent to 
the space harmonics) and the determinantal equation 
for the propagation wavenumber along the surface are 
then expressed in a continued fraction form which is 
rapidly convergent for all values of modulation. In 
addition, a very simple explicit expression for the 
propagation wavenumber is deduced by a perturbation 
procedure that is valid for small modulation values. 

The physical mechanism for the leakage of energy 
away from the surface wave may be regarded in a 
fashion analogous to that for the leaky wave produced 
by a slitted rectangular waveguide, for example. In this 
latter example, the opening offered by the slit permits 
the radiation to escape. In the surface wave case, the 
periodic modulation produces an infinity of discrete 


4R, L. Pease, “Radiation from modulated surface wave struc- 
tures—II,” 1957 IRE CoNnvENTION RECORD, Pt. 2, pp. 161-165, 
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modes of the type referred to above, all of which are 
below cutoff if the modulation period is sufficiently 
small. (An equivalent remark would be that all of the 
space harmonics are slow waves.) If the modulation 
period is increased, one or more of these modes may be- 
come propagating; power is thus radiated away from 
the surface wave itself via the mechanism of a higher- 
order mode introduced by the periodicity. 

The characteristics of the surface wave and leaky 
wave solutions are discussed in Section III. Band struc- 
ture curves are presented for the surface-wave solutions; 
of interest is the appearance of stop bands and the in- 
volved behavior at the band edges. The relative ampli- 
tudes of the various space harmonics are also presented. 
The discussion on the leaky wave solutions includes the 
variation of attenuation and phase constants with mod- 
ulation spacing, or alternatively, with the angle of the 
radiated wave, and the relative amplitudes of the 
various radiated beams and the surface wave. The rela- 
tion to the end-fire antenna problem is also touched 
upon. 


II. ForMAL SOLUTION 


Rigorous solutions are obtained below for the propa- 
gation characteristics and field distribution of waves 
guided by a plane surface which possesses a surface re- 
actance sinusoidally modulated in the propagation 
direction. The reactive plane surface, which is chosen 
as the yz plane in Fig. 1, exhibits a surface reactance of 
the form 


X@) =X, E + M cos (= :)| (1) 


where X, is the constant value of surface reactance 
about which the modulation is made, M and a are the 
amplitude and period, respectively, of the modulation, 
and an exp (jwt) time dependence is chosen. The modu- 
lation amplitude WM is restricted to the range M<1. The 
impedance boundary condition at the plane x=0 is, 
therefore, 


— E,(0, y; z) rs jX (2) H.(0, y; z) x X0, (2) 


where E, and H,; refer to the transverse (to «) electric 
and magnetic fields, respectively, and xo is the unit 
vector in the x direction. 


be a > : 


Fig. 1—Modulated plane reactive surface. 


The waves guided by the surface are taken to propa- 
gate in the z direction, and, for simplicity, no variation 
is assumed present in either the geometry or the fields 
in the y direction. An E and H (or TM and TE) modal 
decomposition is always possible in the x direction for 
this geometry, but, because of the lack of dependence on 
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y, these modes are identical with E and H modes viewed 
in the g direction. In the present paper, only the E mode ; 
solutions are considered because of their applicability 
to surface-wave antennas. 

The total field is viewed in terms of modes defined 
with respect to propagation in the transverse, or x, 
direction. The corresponding vector mode functions — 
h, and e,, which form an orthonormal set, are® 


hi(z) = en(z) X Xo 


iy teks : 2nr 3 
= geal Ce 


where «x is the propagation wavenumber along the sur- 
face (in the z direction), and is related to the transverse 
wavenumber k;, by 


2 2 
im = 4/ (e+), 
a 
n= Os 1 eD Lie, (4) 


k being the free-space wavenumber (=27/A). With this 
notation, the total magnetic field, for example, is 
written 


A ave > T(x) hin(2) (5) 
or 
paca Mi Ie: 
HT (4; 2) =. ¢ 7% = i e7 Gnrla)zgmikine, (6) 


which could alternatively have been obtained via 
Floquet’s theorem. The transverse mode viewpoint is 
chosen here because it permits a clearer physical inter- 
pretation of the solution. 

The mode voltage V, of the mth transverse mode is 


Vals) =f Eu(s, 2)-en8(e)ds (7) 


which, in view of the boundary condition (2), becomes 
at x=0: 


a 2a 
V.(60) = if E + M See | X.H,(0, 2)en*(z)dz. (8) 


When the mode function e, from (3) is inserted into (8), 
and the relation for the transverse mode current Ip is 
recognized to be 


Tn(%) = i HAs, 2)‘ n*(2)dz, (9) 


expression (8) becomes 


; sete 
Vn = 4X1n TIXs Umea + In). (10) 
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_ Relation (10) indicates that the nature of the boundary 
- condition at x=0 is such that it couples each transverse 
_mode to its nearest neighbors, rather than to all of the 


other transverse modes as usually occurs with diffract- 


ing surfaces. 


The determinantal equation for the propagation 
characteristics of the guided waves, whether of modal 
or nonmodal (leaky wave) nature, may be phrased as 
the condition for resonance in the transverse plane. This 
transverse resonance condition states that at any cross- 
section (to x) plane, the sum of the impedances looking 
in both directions away from this plane must equal zero. 
At the x =0 plane, the impedance for the mth transverse 
mode looking toward the plane is obtainable from (10), 


__ while that looking outward is simply 


es sca) eal 


“a 
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(11) 


Combining (11) with (10), one finds for the transverse 
resonance condition 


Pratl nina =-0; n = 0, del sage Tae s) (12) 
where 
Dae E ee | (13) 
en PAL hae . 


The recurrence relation (12) may be viewed as an 


infinite set of linear homogeneous equations for the 


infinite number of unknown modal currents J,. This set 
of equations possesses a nontrivial solution if the infinite 
determinant of the set vanishes. This condition may be 
rephrased in the following manner. Consider the semi- 
infinite set of these equations which begins at any 
finite value of m and contains those equations with 
lower values of ». From the first two equations of this 
set, one can write 


ti 1 


gm.) De — 1 


Drea = 
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Continuing in this fashion for the remainder of the 
semi-infinite set, one finds the continued fraction solu- 


tion 


ot eee eS eee er (14) 


Inti 
From the remaining semi-infinite set of equations one 


has, analogously, 
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It can be shown® that if | Da| >2 for n>, the con- 
tinued fractions (14) and (15) converge; from (13) we 
see that | D,.| ~n for large due to the presence of Rin 
in the numerator of D,. 

In order that the infinite set of equations (12) have 
a non-vanishing solution, (14) must equal the inverse of 
(15). Thus, employing (13) and (4), one obtains for an 
inductive surface the following completely equivalent 
equations, one for each n(=0, +1, +2,-- >): 


J CP ae eas 
ee 
Xf Rk i ka 
be | 
4 ae Pe 
ines {2S oe ee 
Xie! E ¥ ka | 
be M?/4 | 
| iy i) Qar(nr—. 2a? 
1-2 4/1-[ | 
xe Rk i ka 
1 | 
j e wn+i? 
ie 1 — |= | 
BG k ka 
M?/4 | 


, (16) 


I, 


j /1-[-+=] 

Xe k ka 

where X,’=X,./+/u/e. Due to the presence of the addi- 
tional factor of M?/4 in each successive term, the con- 
tinued fractions converge rapidly for all values of 
modulation. For calculational purposes, 1 is set equal to 
zero in (16), and the five terms shown are sufficient to 
yield the solution for the propagation wavenumber x 
to a high degree of accuracy in almost all cases. 

By means of (14) and (15), one may evaluate the 
amplitudes of each of the space harmonics relative to, 
say, Ip. Since the ratio I,/Ip behaves asymptotically for 
large n as 1/n!, the total field clearly converges. Thus, 
the solution presented above permits the calculation of 
the complete field distribution and the propagation 
characteristics to any desired degree of accuracy. ~ 


III. Discusstons oF RESULTS 


The guided-wave solutions to (16) are of two types, 
the (modal) surface waves, for which « is real, and the 
(nonmodal) leaky waves, for which x is complex. When 
the modulation spacing a is small, the guided wave is a 
(trapped) surface wave; when this spacing exceeds a 
critical value, a leaky wave is created and radiation 
occurs. The propagation behavior for each of these two 
wave types is discussed below. 


6 J. Meixner and F. W. Schafke, “Mathieusche Funktionen und 
Sphiroidfunktionen,” Springer Verlag, Berlin, Germany, pp. 89-93; 
1954. 
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A. The (Trapped) Surface-Wave Solutions 


For the surface-wave solution, « is real and greater 
than k, corresponding to a slow wave, and all of the 
constituent space harmonics are also slow waves, with a 
field distribution that decays transversely to the guid- 
ing surface. Alternatively, all constituent transversely- 
directed modes are below cutoff in the x direction, so 
that Rin is imaginary for all , and the total field is con- 
fined to the neighborhood of the «=0 surface. 

It can be shown that the allowed regions for the sur- 
face-wave solutions in a band structure plot is a succes- 
sion of triangular areas with the tips of the triangles 
ending at ka=7, as shown in Fig. 2. Within each of 
these allowed areas, there also exists at least one stop 
band, the width of which is a function of the modula- 
tion depth. Typical band structure curves, for the case 
X,’=1, are presented in Fig. 3 for three values of 
modulation amplitude M. The stop bands are seen to 
occur about ka=7+2n7; within the stop bands, the 
values of x are complex. As expected, the width of the 
stop band is seen to be greater for larger values of M. 


a 


Allowed Region ae Resonance Curve _ 


Boundaries 


kd 


Stop band 
for M=0,2 


0 1.0 2.0 3.0 4.0 5.0 60 27 


Fig. 3—Band structure curves for surface-wave solutions for 
various modulation depths, for X,’=1. 
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The behavior at the band edges of the upper band is also” 
of interest. Although not apparent in Fig. 2, due to the. 


scale employed, the curves turn around at the band 
edges to become parallel to the allowed region bounda- 
ries. ~ 
The effect on the band structure curves of different 
average surface reactance values X,’, for fixed M, is 
indicated in Fig. 4. It is seen that the-curves follow the 
straight resonance lines obtained for M=0 for the 
corresponding values of X,’. The middle curve, for 
X,’=1 and M=0.4, is a duplicate of the middle curve 
of Fig. 3. The curve for X,’=0.2 corresponds to a very 
loosely-bound wave, and, consequently, to a wave with 
a phase velocity very close to that of the velocity of 
light. It is noted that for this case the stop band is very 
small and is located near to the tip of the allowed region. 
Of particular interest is the X,’=5 case, which corre- 
sponds to a very tightly-bound wave. It is seen that 
more than one stop band is obtained for this case. (For 
clarity, the repetition of the curves from one triangle to 
another, required for a complete band structure presen- 
tation, has been omitted.) Thus, as ka increases, the 
wave type changes from a purely trapped surface wave 
to a leaky wave and then back to a surface wave again 
for a band of ka. Such behavior, with associated multiple 
stop bands, is obtained when X,’> +/8. It is easily shown 
that stop bands are present if (2n—1)?—1<(X,’)? 
<(2n+1)?—1. Thus, three stop bands are actually 
present for X,’=5, but since the third stop band occurs 
very near to the tip of the third triangle, it has been 
ignored in Fig. 4. 

The relative amplitudes of the space harmonics con- 
stituting the surface wave are indicated graphically in 
Fig. 5 for the case X,’=1, M=0.4, as a function of ka 
for the lower band. It is seen that to a good approxi- 
mation only the fundamental and a single space har- 
monic (7 = —1) need be considered. It is also noted that 
at the onset of the stop band, the amplitudes of the first 
backward-traveling space harmonic and the forward- 
traveling fundamental are equal, z.e., J1/Ip=1, and 
that the amplitudes of the remaining forward- and 
backward-traveling space harmonics also become equal 
in pairs so as to establish a standing wave. This behavior 
is typical of that occurring in stop bands of periodic 
structures, and affords a check on the analysis. 

As an illustration of the space harmonic content of 
the surface wave as a function of average surface react- 
ance X,’, the ratio I_/Io is plotted as a function of xa 
in Fig. 6 for three different values of X,’, keeping M 
constant. It is seen that the amplitude of the n= —1 
space harmonic increases as the wave becomes more 
tightly bound. The same behavior also results for the 
other space harmonics. 

Since more than one stop band is found to exist for 
the case X,’=5 (see Fig. 4), a plot of the relative ampli- 
tudes for this case serves to indicate the differences in 
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‘space harmonic content that occur in the upper and 
_ lower pass bands and in successive triangles. The rela- 
tive amplitude curves for the first triangle are given in 
_ Fig. 7. It is seen that the curves for the lower pass band 
are similar in form to those appearing in Fig. 5 for a 
_ different value of X,’. The curves in the upper band, 
_ however, have a different form from those in the lower 
_ band. The relative amplitudes for the second triangle 
_ (see the corresponding band structure curve in Fig. 4) 


ce. 


------------- Resonance curves 
for M=O 


Resonance curves 
for M=0.4 ; 


Fig. 4—Band structure curves for surface-wave solutions for 
various average surface reactances, for M=0.4. 
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Fig. 5—Relative amplitudes of the space harmonics of the 
surface wave in the lower band. 
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Fig. 6—Relative amplitudes of the n= —1 Bp naTmonic for 
various surface reactances, for M=0.4. 
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_ are presented in in Fig. 8. It is noted that the space har- 


monic content is quite different in the second triangle, 
and that more space harmonics are required to properly 
characterize the field. 

Since a standing wave is established at the band edges 
of the stop band, certain necessary relations between the 
amplitudes must exist. It can readily be shown that 
these relations are: For the first triangle: 


—=-_>— LOWER’ BAND———__—_ =} UPPER BAND ——>— 


Fig. 7—Relative amplitudes of the space harmonics of the surface 
waves in the upper and lower bands in the first triangle for 


3s =d, => 


i 1 ics of the surface 
ig. 8—Relative amplitudes of the space harmonics o 
ae waves in the second triangle for X,/=5, M=0.4. 
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Paquet gy las Se he her: 


For the second triangle: 
I3= To, T2.= Ty =F dn eee ies 


The upper and lower signs refer to the lower and upper 
bands, respectively. The involved behavior of the curves 
in Fig. 8 is readily explainable in terms of these relations. 


B. The Leaky Wave Solutions 


When ka is raised sufficiently so that a surface wave 
solution is no longer possible, the 7 = —1 transversely- 
directed mode is raised above cutoff, corresponding to 
a propagating wave in the direction perpendicular to the 
surface, while the remainder of these modes are still 
substantially below cutoff in this direction. As a result, 
the value of « from (16) becomes complex. As the value 
of ka is raised further, additional transversely-directed 
modes may become propagating. Each of these modes 
remains above cutoff for only a limited range of ka, how- 
ever, so that only a small number of these modes may 
be propagating for any value of ka. This number is a 
function of the average surface reactance X,. 

If 8, represents the unperturbed value of x, corre- 
sponding to M=0, the value of « in the leaky wave 
region may be written as 


k = B, + AB — ja. (17) 


When the transverse wavenumbers k;, are examined 
consistent with form (17) for x, one finds that those 
transversely-directed modes which are above cutoff 
correspond to outgoing waves in the transverse direc- 
tion, with an exponential amplitude increase in this 
direction if the wave is directed forward and a decrease 
if it is directed backward.All of the other transversely- 
directed modes exhibit the exponential transverse 
decay associated with their cutoff nature, but possess 
a small phase variation corresponding to an incoming 
wave for the forward-traveling space harmonics and to 
an outgoing wave for the backward-traveling space 
harmonics. 

Those space harmonics corresponding to »>0 are 
always forward-traveling waves and always remain 
essentially below cutoff. A given space harmonic for 
which m is negative is a backward-traveling wave which 
is below cutoff (in the surface wave region) or essentially 
below cutoff (in the leaky wave region) for the smaller 
values of ka. If ka is raised sufficiently, the wave changes 
into an essentially propagating wave which first propa- 
gates in the backward direction. As ka is increased 
further, the radiating wave swings up, passes through 
broadside and approaches the forward end-fire position. 
As ka is raised still further, the wave becomes essentially 
below cutoff again and, for all higher ka values, remains 
a forward-traveling space harmonic. 

It is convenient to employ a perturbation solution of 
_ (16) for the rapid evaluation of the complex x value for 
small values of modulation. The perturbation is taken 
about the M=0 value to yield 
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Expression (18) takes into account only the »=0, 1, 
and —1 transversely-directed modes (or space har- 
monics), and yields accurate results except within cer- 
tain narrow ranges of ka. 

A plot of the attenuation constant as a function of ka 
is presented in Fig. 9 for the case X,’=1, M=0.4. To 
this order, the behavior is strongly associated with that 
for the »= —1 transversely-directed mode. Perturba- 
tion formula (18) is inadequate when the radiating 
beam corresponding to the »= —1 term points in the 
broadside direction, or in either the forward or back- 
ward end-fire directions. In these “transition” regions 
more space harmonics are required to describe the be- 
havior accurately. For this reason, the curve of Fig. 9 
avoids both end-fire regions; it should also be under- 
stood, however, that the curve is incorrect in the 
vicinity of broadside radiation, 7.e., around ka=4.4. 

The modulation also serves to alter the guide wave- 
length slightly, and the change A in the phase constant 
computed via relation (18) is plotted in Fig. 10 as a 
function of ka. It is seen that the change is such as to 
decrease B for the smaller ka values, but to increase it 


Fig. 9—Attenuation constant of leaky wave as a function of ka, 
computed to first order, for X,’=1, M=0.4. 


Fig. 10—Change in phase constant of leaky wave as a function 
of ka, computed to first order, for X,/=1, M=0.4. 


as ka is increased. The remarks regarding the inade- 
= quacy of (18) for the attenuation constant apply also 
| to AB. 
_ The amplitude ratios of the space harmonics, or 
__ alternatively, of the transversely-directed modal con- 
stituents of the leaky wave, are now complex, but to 
_ first order, consistent with perturbation result (18), only 
those ratios involving radiating beams are complex. It 


- is found that for all but certain narrow ranges of ka 


_ (corresponding to the above-mentioned “transition” 
_ regions), for which the amplitude of a particular space 


_ harmonic may become large, all field amplitudes are 


_ small except for Jo, J-1 and 1, with I) dominant. 

_ The magnitudes and phases of the relative amplitudes 
_ in the leaky wave region for the case X,’=1, M=0.4 are 
_ presented in Figs. 11 and 12. With regard to the magni- 
~ tudes plotted in Fig. 11, it is seen that only n=1 and 


- n=-—1 terms are significant relative to the fundamental 
- (n=0) over the whole range of ka covered in the figure. 
_ The ratio | I_2/ t 0| remains small except in the vicinity 
- of ka=4.4, which is a “transition” region corresponding 


to broadside radiation for the n= —1 beam. To first 
_ order, this ratio becomes infinite; when more space har- 
monics are taken into account, the resulting more accu- 


a rate calculation yields a finite maximum value. From 
Fig. 12, one notes that the ratios I1/Io and I2/Jy are 


' real. A m phase shift in I_2/Jo is seen to occur at the 
value of ka corresponding to the peak in the magnitude 
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Fig. 11—Magnitude of the complex amplitudes of t 
B ihisiios aftthe leaky wave as a function of ka, computed to first 


order, for X,’=1, M=0.4. 
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of this ratio. Except for this jump, the values of phase 
are seen to be constant or slowly-varying. 

A few brief remarks are made below on the application 
of these studies to the antenna problem. As mentioned 
above, the first radiating beam that appears as ka is 
raised is at first directed backwards, along the surface 
in the negative z direction, as is well-known from array 
considerations. As ka is raised further, this beam swings 
up through broadside and eventually reaches the for- 
ward end-fire position before vanishing. However, 
unless A/A, is greater than three (corresponding to 
X,’>-V/8), at least one additional beam will be present, 
directed at some angle, while the original beam is in the 
forward end-fire position. (If no additional beam is 
present, more than one stop band will occur and the 
appropriate band structure curves are similar to those 
shown in Fig. 4 for X,’=5.) The case for which two 
beams are present is illustrated in Fig. 13. 

It is clear that, by proper choice of the average surface 
reactance value X,’, one can eliminate the presence of 
unwanted additional beams. However, this requires a 
very tightly-bound surface wave, with attendant higher 
space-harmonic content. It is customary to employ a 
less tightly-bound wave, with the result that one or 


PHASE ANGLE IN RADIANS 


ic. 12—Phase of the complex amplitudes of the space harmonics 
pe the leaky wave as a function of ka, computed to first order, 
for X,’/=1, M=0.4. 


ic. 13—Illustration of two radiating beams in the leaky wave re- 
rc Angle 6, is the real part of complex angle 6, defined by 


cos 0=k;/k 
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more additional beams may be present. If a significant 
amount of power is carried by any of these additional 
beams, their influence on the desired radiation pattern 
will not be negligible. While in the presence of radiation 
loss power orthogonality no longer exists rigorously 
between the individual transversely-directed modes, the 
square of the amplitude ratios is nevertheless a reason- 
ably good measure of the power radiated if the attenua- 
tion constant remains small. 

The antenna design may require the radiated beam 
to appear at any desired angle, say at 0,= 30° in Fig. 13. 
For such an angle, away from the “transition” regions, 
the perturbation results are accurate. For the case 
X,’=1, M=0.4, this angle corresponds to ka~6.9, and 
one additional beam is present, at the angle 0, —25°. 
The ratio | I_2/I =| at this value of ka is approximately 
0.14, so that the power radiated by the additional beam 
is only about 2 per cent of that radiated by the desired 
beam. Since this ratio is proportional, to first order, to 
the modulation depth M, the ratio of radiated powers 
would be reduced by a factor of about four if M had 
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a a 


been chosen to be 0.2, rather than 0.4. The attenuation 


constant a thus represents essentially the leakage into 
the desired beam only. The radiation pattern may then 
be determined by standard techniques; if the antenna 
is long and the leakage is slow, a very narrow beam can 
be obtained. 

The motivation for this study was related to forward 
end-fire radiation, 1.¢., 6,=90° in Fig. 13. The same 
considerations discussed above for 6,=30° apply to the 
end-fire case, except for the validity of the perturbation 
expression (18), which affects only the detailed numeri- 
cal values. Thus, the high-gain end-fire antenna of the 
modulated surface wave type is in reality a form of 
leaky wave antenna. With a long structure designed for 
slow leakage, a high end-fire gain is seen to be achievable. 
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On the Excitation of the Waves of Proper Solutions 
KOICHI FURUTSU} 


Summary—An exact and explicit solution is obtained for an elec- 


tro-magnetic field excited by a vertical electric dipole located over a 
flat plane of arbitrary surface impedance Z. Though there are four 
asymptotic expansions, the expansion by Hadamard’s method seems 
to have the most explicit physical meaning. According to this expan- 
sion only the proper solution of the ordinary surface wave can be 
present explicitly on the established condition of arg(Z) >7/4. 

The variation of the field on a spherical surface due to the change 
of surface impedance is investigated by the use of the ordinary B. 
Van der Pol and H. Bremmer formula. In this case, when arg(Z) 
>/3 and | Z| is larger than some definite value | Zo] , one of the 
terms of the formula is found to have the asymptotic form similar to 


the surface wave term in a flat surface case and, when the surface is © 


highly inductive, it becomes the leading term at large distance from 
the dipole. The height-gain factor of this term first decreases rapidly 
with the height up to some point and then gradually increases. The 
growing up at large height is due to the radiation field. On the other 
hand, when | Z|<| Z|, the leading term can scarcely have the cor- 
respondence with that in a flat surface case. 

The propagation of surface wave over a spherical surface across 
several boundaries of discontinuity of the surface impedance is con- 
sidered. The leading term is found to take the simple form as in the 
ordinary transmission line. The results in the case of flat plane are 
derived from these results as the asymptotic forms in the limit of 
infinite radius of curvature of spherical surface. 

The physical meaning of the proper solution such as ordinary 
surface wave is discussed. The physical condition is not the support 


- condition but rather the condition on which, in some domain of space, 


the proper solution becomes the leading term of wave by an excita- 


tion whose dimension is of the order of magnitude of the wavelength , 


or smaller. As in the case of spherical surface, the radiation field and 
the surface wave field are generally inseparable. The physical wave 
will be the leading term of the excited wave itself which may some- 
times be a proper solution, such as ordinary surface wave, and 
sometimes be a mixture with the radiation field. The set of proper 
solutions is not unique.! The Green function of the electromagnetic 
field constitutes the infinite sets of proper solutions of a continuous 
spectrum, by each set of which the observed field at a given point can 
be represented, and in each set of which some members of solutions 
have the properties of surface wave if there is a highly inductive sur- 
face. 

The field strength excited by a dipole is investigated as a function 
of the surface impedance in the case where the surface is a flat plane 
(Section I) or a spherical surface (Section II). The results in the 
latter case are then applied to the surface wave propagating across 
several boundaries of discontinuity of surface impedance (Section 
III). The physical meaning of the waves of proper solutions, such as 
the surface wave, is finally discussed in Section IV. 


+ Radio Res. Labs., Kokubunji, Tokyo, Japan. ] 

-1 The definition of “proper solution” used here is somewhat differ- 
ent from that used in the ordinary eigen-value problem of wave 
equation. Here, a solution is proper if it satisfies the boundary con- 
dition of E-M fields on all the given boundaries and, simultaneously, 
the outward propagating wave conditions at infinity. ‘The proper 
solutions thus defined must be singular at least at a point in space, 
otherwise they would vanish identically in the opened system. This 
situation is the same as in the ordinary surface wave, such as the 
excited Sommerfeld surface wave on a flat plane or cylindrical wire, 
which is indeed singular on the line or plane passing through the ex- 


citing point. 


I. STATEMENT OF THE PROBLEM AND EXact 
SOLUTION IN THE CASE OF FLAT SURFACE 
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E consider here the field excited by an elec- 
tric dipole orientated in the direction vertical to 
a flat surface. Using the cylindrical coordinates 


(x) =(r, ¢, 2) having the origin on the surface and the z- 
axis in the outward normal direction passing through 


the dipole, each component of the field is given by 


1 io lead F) 
Jip A f(r), 


ik €p £ or 


or 
BE. = ie Ho Bie: 
tk € Ozor 
te) ake 
He = — —Y¥W, k= V/equo w. 
Or 


Here, W is the solution of the equation 
(A+ k)¥(a) = — d(x — a1), 
with the boundary condition 


Z=-— (#,/ Hy) 2=0; 


(1) 


(2) 


(3) 


and the outward propagating wave condition at 
z—-+ 0. In (2), the point 1(0, 21) is the position of the 
dipole, and the Z in (3) is the ordinarily defined surface 


impedance. 

The exact solution of £, at the point x2(r, 9, 22), 
E.(%2, x1), takes the form 
(3 sin? @ — 1) 


k 
Eu(%2, %1) = E,°(%2, 1) + ie € a (ER)? 


TiR 
es Sin? 0c" 1 —* 2 isin ¢ sig 
a 

RR 


sin 9 — sin ‘ 
sin 6 + sin ¢ 


+ cos? of 
2 cos? ¢ sin 
sin 9 + sin ¢ 
Here, E,(x2, x1) is the field strength in free space 


Z = Vuo/ecsing, r= Rceosd, 2+2 = Rsin§, 


R= Vr? + (1 + 22)? 


say 


(4) 


and 


(5) 
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The factor F in (4) is given by the integral representa- 
tion very similar to that of Bessel function (Appendix I), 
co— im /2 


F = 1 — ikR(sin 6 + sin £) 
vo 


- exp [ikR cos 6 cos ¢{ cosh wo — cosh y} |dy, (6) 


where 


8 : 
sinh Wo = Sin Oa SG 3 (7) 


cos 0 cos ¢ 


1+ sin @ sin ¢ 
cosh. = ———— 
cos 6 cos ¢ 


The integration path in (6) can be divided into the 
two parts from p> to 0 and from 0 to © —imr/2. The 
contribution from the former part can be expanded in 
power series of RR. For that of the latter part, we can 


use the relation 
2 o—in/2 
H(z) = — — ctr: f ei cosh Yay, 
0 


TL 


jaz@| <>: ®) 
Thus, 
F =1-+ ikR(sin 6 + sin ¢) 


T 
: E ss exp [ikR(1 + sin 0 sin ¢)|Ho®(kz cos 0 cos ¢) 


+ °C, {ikR cos cos t}*]. (9) 
n=0 
Here, ; 
te % 
Cy = i f {cosh Wo — cosh y}"dy, (10) 
lJ 0 
which has the recurrence relation 
1 
oe ig {(2n — 1) cosh Wo Cy1 — sinh? Yo Cro}, (11) 
with 
Co = Wo, Ci = Wo cosh Po — sinh po. (12) 
In the special case of | Yo ai 
law) J 2n+1 
"123-5. Ear nasi che 


In the case where 061, | ¢| <1 and kR>1, it follows 


from, (5) and (7) that WoO + / (€/ po) Z and the function 
F takes the approximate form 


P21 — ikRbo f exp [iZ4R(Wo? — ¥2) Jay 


Vo 


=1-invorr [cfd p= —iERY!, (14 


ivp 


which is the formula ordinarily used. 
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The asymptotic expansions of the function F are gen- 


erally divergent series. However, by the use of Hada- — 


mard’s method, it is possible to modify the asymptotic 
expansions, so that they become convergent series with 
a negligible remainder term. Since the problem of the 
remainder in the asymptotic expansions does not occur, 
these expansions seem to be most important. We shall 
first obtain it and then the ordinary expansions by the 
familiar method. 

From (62) in Appendix I, we have by the change of 
variable 6=u+¢o and by the help of (5) and (7) the 
other integral representation of F: 


«exp if iu —1/2 
rai-f o~{1-— =} 
0 2kR sin? 4(@ + £) 


iu ele 
: {1 — sees du, 
2kR cos? $(@ — £) 


a ees ay | arg [sin 3 + 9)]|- —— 


2 


| arg [cos 3(6—9)]| S (15) 


Tv 
= 
Here, the integration path of u is taken on the upper 
side of all the branch points, as is indicated in Fig. 6. 


(amor tame 
ea ee oie eee |S 
2kR sin? 4(6 + ¢£) { 2kR cos? (6 — . 


~ 2 ica)? 


whose right side is a uniformly convergent series in the 
domain of | 2| <2kR| sin’3(@+ 6) ig Hence, when all the 
branch points are on the lower side of the real axis of 
u, (15) can be expressed by the convergent series and the 


negligible remainder term: 
bail 2 bny(m + 1, 2kR| sin? 4(6 + ¢) |) 
n\(—ikR)” 
+ Olexp (—2kR| sin? 3(6 + ¢) DIF 


arg [sin}(0+] < “ (17) 


Here, y(n, x) denotes the incomplete Gamma-function of 
Legendre 


y(n, x) -{ une", (18) 
0 


and 


2 EG (A een 


-{cosg(@ — ¢)} 2, 


(19) 


ee fe 


ov 


s 
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or 
by = 2-*{sin-? 40 + §) + cos? 4(9 — g)}, 
bs = 2-4{3 sin-4 4(6 + ¢) 
+ 2sin~?2(6 + £) cos-?3(6 — £) + 3 cos-43(9 — ot, 
bs = 3-2-8 {5sin-*4(0 + ¢) + 3sin-43.(6 + ¢) cos? (0 — 6) 
+ 3 sin~?3(@+ ¢) cos-44(6 — ¢) 


Rescps (G1) } oe «, (20) 


Benes s erator — 16 + Oe <1, fe] <1. (21) 


When the one of branch point is on the upper side of 
the real axis, we must add to (17) the contribution by 
the contour C; shown in Fig. 6 which can be expressed 
by the ordinary Hankel function. Thus, 


F = — rkR(sin 6 + sin £) 
- exp [ikR(1 + sin @ sin £)] Ho (RR cos 0 cos ¢) 
_> buv(n + 1, 2kR| sin? 40 + 9)]) 
nem n!(—ikR)” 
+ Olexp (—2kR| sin? 3(6 + £)|)], 
arg [sin 3(0 + §)] = 7/4. (22) 
It is impossible for the two branch points to be both 
on the upper side of the real axis. The inequality in (22) 
gives the support condition of surface wave and, when 
|¢| <1, it gives the same condition as J. R. Wait de- 
rived for the asymptotic expansions of (14).? 
On the other hand, the ordinary asymptotic expan- 


sions are also obtained by the use of (16). The results 
are as follows: 


(i) +/2>arg [sin 3(0+4)| 


F~ — D> dn(—ikR)~. 


n= 


(23) 


(ii) arg [sin 3(6+¢)]>0, arg [sin3(0+5)]>arg [cos3@—5)] 
F ~ — rkR(sin 6 + sin £) 
- exp [tkR(1 + sin @ sin ¢) ]Ho(RR cos 6 cos £) 
— >) b,(—ikR)-™. 


n=l 
(iii) arg [sin 3(+$)]>0, arg [cos 3(@—$)]>0 
F ~ — 2rkR(sin 6+ sin $) 
- exp [dkR(1 + sin @ sin ¢)|Jo(AR cos 4 cos £) 


(24) 


~ > b,(—ikR)~. (25) 


n=1 


(2h2(ka)-!/* — 275)? 3 [4 2kz(ka)-1/8 — 2r,} 3/2] 
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(iv) arg [cos 3(@—¢)]>0, 
arg [cos 3(0—¢)]>arg [sin 3(0+4)] 
F ~ rkR(sin 6 + sin £) 
- exp [ikR(1 + sin 6 sin £)]H (RR cos 0 cos ¢) 


— uu bn(—ikR)—. (26) 
Here, b,’s are the same as in (20). 

It may be remarked that, when 00, there is a wide 
domain of ¢ in which the asymptotic expansions (i)- 
(iii) are simultaneously valid. 

In the following, we shall briefly examine the expan- 
sion (22) in the case in which ER>1, 01 and |Z|« 
V [o/€o. If 3kR|O+Z/€0/po| *>1, the first term on the 
right side of (22) then takes the asymptotic form 


—V/ItkR (8 + Zr/eo/u0) 


Tv 


1 es 
* €xp E {- RRO + ZV €0/[o)? + =\), (27) 


whose magnitude, when the impedance Z is purely in- 
ductive, is W/2rkReo/u) Z for 82=0 and decreases expo- 
nentially with 6. Thus, (27) has the properties of surface 
waves, as is well known. 


IJ. VARIATION OF THE FIELD OVER A SPHERICAL SUR- 
FACE DUE TO THE CHANGE OF SURFACE IMPEDANCE 


In this section, it is intended not to derive the exact 
field strength as in the preceding section, but to see the 
numerical changes of this strength and the height-gain 
function due to the change of surface impedance. There- 
fore, the formula of B. Van der Pol and H. Bremmer is 
used here in a modified form.’ Thus, when the attenua- 
tion coefficient A is defined by the ratio of the field 
strength to twice the field strength in free space, we have 


s (Qakr)1/2(ka)-1/3(27, — 1/62) 1g, (21) g-4(Z2) 


iz exp [—ifkr(ka)-*/%r, + 1/4} ], 


Py 4/ (ka) 1, 


Here, a is the radius of curvature of the surface, Z the 
surface impedance over which the waves propagate, 7 
the propagation distance measured along the spherical 
surface, 2: and z the heights of the transmitting and 
receiving points from the surface, and 


A 


(28) 


) (29) 


gr,(2) = 


27. R. Wait, “Excitation of surface waves on conducting, strati- 
fied, apa and corrugated surfaces,” J. Res. Nail. Bur. 
Standards, vol. 59, pp. 365-377; April, 1957. 


(= 21,125 [(— 21.) *”] 


3 J. R. Wait, “Radiation from a vertical antenna over a curved 
stratified ground,” J. Res. Natl. Bur. Standards, vol. 56, pp. 237- 
244; August, 1956. (Formulation in terms of surface impedance.) 
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where 7,’s are the set of roots of the equation 
Hyya(x) — (3x) /8e~#*/8H/3(x) = 0, 
x = 4(—2r,)?/?. 


In the following, we shall investigate the roots of 
(30) as the functions of the surface impedance Z. EQ: 
(30) approaches Ho)3‘” (x) =O-as | 6| — oo, Hence, 7;’s in 
the general case can be expanded in power series of 


6— as follows: 
1 at 1 
1 scl — §2 — ( sit o- 
et 87,/3 167,/° 127,’? 
(31) 


Shae s= 0,1, 2,- 


which is convergent (see Appendix II), in the ranges 
of Z 


Pe a7 5 3 = 0, 


(30) 


f 
Ta == 9%. — 


Ate gran Wee egin e) 


- Here, 7,’’s are the set of roots of Ho)‘ (x) 
quantities Z, are defined by (69) in Appendix IT. 

On the other hand, as 6-0, (30) generally approaches 
the two different equations: one is Hi;3°(«) =0 and the 
other is 

5 (3c) 8 = e? 8/81), (x) / Hoja (x). (33) 
In the limit x— © exp (28) with r>8> —2r. 
Eq. (33) takes the asymptotic form 
Sete Baek 


—16(3x) 8 ~ 1 a= Si 
ee a 6x 144 x? 


which gives the root, say T;=To, 
aves {! 53 > 58 rear \ 
ai, a ad be elie pedag els. eee Sale 
wre 8 


acer 
2a — 7/6 > arg (6) > « — 1/6, 


(35) 


or 
4q/3 > arg (Z) > r/3. 


The other roots, say 7,’s (s=1, 2, ---), can be ex- 
panded in power series of 6 which are, as 6-0, reduced 
fomtie roots 7,'/’s (s=0, 1,2; ++ ) of Hi, (x) =0, 
respectively. Thus, on reference to Appendix II, 

FOIG ps Geis Oncee Os tls 
sree], 2) Se ee5 12) (36) 
aT Z cin) > ane (2). nea) s 


= ” 
Te = Ts—1 


7k ai a 


Here, arg(Z4.)~7/3 and arg(Z_,)~47/3. 

In the case where arg(Z) is in the range of (35), 7,’s 
of s=1, 2,3, - - - , in (31) and (36) are the same analyti- 
cal functions of 6, respectively, and (35) gives the 
asymptotic expansion of 79 in (31) in power series of 6. 

On the other hand, in the case of 1/3>arg(Z), (35) 
does not hold and (36) is connected with (31) by the 
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=0; the 


te ee a ae 


Dea 


replacement of 7.1 ’’ on the right side by Ts’ with 
s=0 12 
 — § — 27,53 + $64 + a te ny 
Sane wate res 
arg (Z4,) > arg (Z) > are (Z_s) — 2m. (37) 


When (35) is valid, we have by the use of (29) and the 
asymptotic form of Hankel function ~ 


15-3{ (1 — 2ke(ka)-1/952)8/2 — 1} ] 


Ts = Ts 


£r,(2) ~ exp [— 
~ exp {ie)2.4/ at, ka(ka)—"3 | 62| <1. (38) 


In the same way, by the use of (35), the corresponding 
term in A of (28) takes the form 


€0 


—+/2rkreo/ wo Ze" !4 exp Ee + 2)Z 
Ho 


tie (2 “\ hy 2 - by]. (39) 
2 io 8 12 


If the power series of 6 in (39) are omitted, it is the 
same as (27), since 0=(zi1+z)/R—0 as Roo. Thus, 
the contribution of the term (39), 7.e., that of the term 
of To to the field strength, is in agreement with that of 
the surface wave term in the case of. flat plane. 

However, the correspondence is not exact and, in 
Fig. 1, the imaginary part of 7» is displayed as a func- 


tion of 6. Here, according to the notations by K. A. 


Norton, 


K= [3] = [2i4/# cay, 


= — a 2 arg (5) = = — 2 arg (Z). (40) 
For the numerical calculation (31) is used for K21and 
(35) for K<1. 

As is seen from this figure, the diffraction loss occurs 
even if the impedance Z is purely inductive (6 = —90°) 
for the impedance in the range of K>1. 

In Fig. 2, the height gain 279(2) | is displayed as a 
function of kz(ka)—"* and K for b= —90°. The magni- 
tude rapidly decreases with z up to about kz(ka)-!8~K— 
and then gradually increases, while that of (27) de- 
creases exponentially with zs. The growing up at large 
height in the former is clearly due to the radiation 
field. Thus we may conclude that, although the term of 
To in the series (28) predominantly has the properties 
of surface waves in the vicinity of the surface on the 
condition of arg (Z) >7/3 and K<1, it also includes a 
contribution to the radiation field, or it expresses the 
observed field itself at large distance from the trans- 
mitter. On the other hand, the term of 7» can scarcely 
have the correspondence with the surface wave on flat 
plane on the other condition of Z. 


” 
e: 


% 

¢ 

‘ 
4 


= 
ae 


7 >) oe 
so 


ee ee 


=~ | «©. 
© 


; 
4 
z 
F 
4 
;. 
: 


_ E(&nt1; 41) = 2A (Zn41 | Tn) Tn-1) °° 


> 


a l f—--E nau I] A 
at tit ii oe FHP 
ORG GBA A 
POC ooo 
Aco rt 
Sal {G7 a a 
SSE tt 
ii 
EON hin | ta tant COE 
CHEE 
mBiTane nnn CE AD eatt 
PoE Er 
OANA CO a 
HSH EE 
a | ah oS 
TAREE 
COCHIN > =O] oa ERCHHHEH 
PAY =o —— — omen 
SoH i ETAL 
Ae 
I CCONING aA = eeens COE 
PAN Perr CEC 
CCN OA a 
Ba Ni oe OE Cl 
Nae 7h ooo Bil 
TH PA ll 
ie ey oa rt ll 
Pe Paes tt ER ot Bll 
ETE et 
a Pc Cee ett} HH il 
iene) OG lay wes aaa 5 Ke) iets 5K? 10 


Furutsu: On the Excitation of the Waves of Proper Solutions 


S213 


18ro| 


+ 


: 
Bel 
i 


Fig. 3. 


III. PROPAGATION OF SURFACE WAVE ACROSS SEVERAL 
BOUNDARIES OF DISCONTINUITY OF SURFACE 
IMPEDANCE 


By the use of the results in Section II, we shall 
briefly summarize the results in the case where the 
waves propagate over several sections of different 
highly-inductive impedance. A problem of this kind has 
been investigated in the question of wave propagation 
over inhomogeneous earth, and several useful formulas 
were obtained. . 

As is illustrated in Fig. 3, we consider a general case 
where the waves propagate over a spherical surface of 
the radius a. Along the wave path from the point x1 to 


~ tO %nq1, the surface impedance discontinuously takes the 


values Yo, Vs, Ys,:--, Yn successively. Here, the 

boundaries between these sections are assumed to be 

parallel with each other. : 
As in (28), the field strength E(*n41, «1) is here put in 


the form 


=0s) r2 | $1) Fo(%n41; %1), 


r=trttrate tt trt re, (41) 


where Eo(%n41, “1) is the field strength in free space, 
Zn41 and zg the vertical coordinates of the points %n41 
and x, respectively, and 7, the propagation distance 
over the mth section. 

Provided that every 7m is sufficiently large, so that the 
reflected waves from the boundaries can be neglected, 
the factor A is given by 


A (En41| Try Yn-1) °° * 4 re | 21) 
=D, rite) PA Gra | ta) om 
TniTn—1»°**sT2 


? YG C28 an ee at oo aaa ae T (12) 75,72879(21)- (42)4 


Here, rT» denotes the set of values Tr, (s=0,1,2, °° - ) in 
Section II for the impedance Y,, and 


A(Zn41| Tn)rq = (2akrn)"/?(ka) (24m — 1/n*)"8rq(2n41) 
- exp [—i{ Rrn(ka)~2!*rm + 17/4} |, (43) 


4K. Furutsu, “Propagation of electro-magnetic waves Over the 
spherical earth across panndavies separating different earth media, : 
J. Radio Res. Lab., (Japan), vol. 2, pp. 345-398; October, 1955; 
“Wave propagation over an irregular terrain (Gd) U0). ee 4, pp. 
135-153, April, 1957; ib¢d., vol. 4, pp. 349-393; October, 1957. 
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exp [—ikra(ka)—*!*r,], — bn Bem (dt = Om) Bema! (t = Oma) } 
bn = — AV. Vuo/eo(ba) 1. (44) + {B(Gma = de) Ra) + tan — taj Oma = 1dnal)® 


When every 7m is sufficiently large, the leading term 
of (42) will become the first term of series, say that of 
Tn=Tm (m=2, 3, 4,- +--+, 2) where 7,,° denotes the To 
in (31) or (35) for Z=Y,,. Of course, the latter applies 
to the 6 and Z ranges defined by (35). Furthermore, the 
result in the case of a flat surface may be obtained by 
putting ka—~ in this leading term, as (27) is derived 
from (39). 

By the use of (35) and (38), we have from (43) and 
(44) 


€ 
A(Gn4a| 7n)rq0 [sae = — (Qmkr,)Veir/4V, 4 /— 
Ho 
eee €0 /€9 
- exp 1R — nV? a == ts Ya/— ) 
2 Ko Ho 


Dy, ye 1 €0 
ee Eas 


Thus, the leading term, say Ao, in the limit ka— © be- 
comes 


Di Fn )ei 0, 720 ie = 


"€0 
Ao|tas = — (2rkr)'2ei/4 4 / — 


PA GE GN erg aD Ie 
Voy) Vaner Vn (Ve V5) 


1 /e 
* €xp E 5 (=) (Tn ae aI nA Wee Bla ere ate le) Y 2?) 
Ho 


€ 
+ 4/— (niin +2 vot |. (46) 
Ho 

Eq. (46) is formally derived if we assume the trans- 
mission coefficient of wave amplitude from the mth to 
the m+1th section to be 2Vmnai/(Yn+Ymn41). The 
energy transmission coefficient then becomes 4Vinzi Yn 
7\YVa-r Vnsys)?, provided Y, and Vrs are purely in- 
ductive. 

It may be interesting to consider the case where some 
of the sections have flanges, as illustrated in Fig. 4. The 
terms T(rms)rz, 18 in (42) are then replaced by 
LO een) re: a defined by 


~an4 


Gre 
- exp | itr} ane eS (4o)-* rah |. 
a 
Here, a; is the vertical coordinate of the top of the 
flange and ee 


) 
bm Sem (z) =a k-(ka) a an 81m (2) 3 (48) 
2 


By the use of (38), we have 


. €0 
Er (2) ewe = Pats) ee = exp $e Var . (49) 
0. 
Thus, 


EOGp=1) Tmt 10 ree 
ice E Om =i) epsiien wero = Om) 8m —0( At Bie Am-1) [sen (50) 


Hence it follows that the transmission coefficient of 
wave amplitude from the mth to the m—Ith section 
decreases by the factor 


exp [4&{ (a: — am) Vm + (a1 — @m—1) Vn—1} V/€0/ pol 


as compared to that in the case without the flange. 


IV. THe WAVES OF PROPER SOLUTIONS BY 
PRACTICAL APPARATUS 


The physical waves are those excited by some means; 
they can be represented, in some cases, by a linear com- 
bination of the set of proper solutions and, in other 
cases, with a linear combination of the set of non-proper 
solutions. Here, the non-proper solution is preliminarily 
defined as a solution which satisfies the given boundary 
conditions in some domain in space but not the condi- 
tions in another domain simultaneously. Of course, the 
waves must not contain a-combination of the non- 
proper solutions which do not satisfy the boundary con- 
ditions in the domain including the observing point. 
According to the way the observing point transfers from 
one domain to another, the linear combination discon- 
tinuously changes from one to another, though the 
Waves are expressed by an analytical function of the 
observing point in the whole space (except for the ex- 
citing point or domain). 


Fig. 4, 
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_ The integral representation of the field strength ex- 


_ cited by a point source over a flat plane may be a good 


example of the second case including non-proper solu- 
tions. Here, Sommerfeld’s surface wave term or the 


4 residual term is the proper solution; the remaining term 
_ is expressed by the contour integral around the branch 


cut, and is a linear combination of the non-proper solu- 


_ tions. It may be remarked that the proper term disap- 


pears by a suitable deformation of the branch cut; thus, 
only the non-proper term remains. This fact implies 
that the proper solution can be represented by the non- 
proper solutions and the former may not have special 
physical meaning distinct from the latter (or both are 
equivalent). This situation will be general in the second 
case which includes non-proper solutions. 

In this way, the physical waves are represented by an 
infinite series with regard to proper solutions (or an 
integral in the case of a continuous spectrum) and, in 
the second case, some series with regard to proper solu- 


_ tions plus an integral with regard to non-proper solu- 


tions. Hence, in either case, if the convergence of the 
series and/or the integrand is sufficiently bad, the prop- 
erties of the observed waves will be greatly different 
from those of individual proper solutions. 

On the other hand, the restriction on the dimension 
of excitation, which is probably of the order of the mag- 
nitude of wavelength or smaller, will decisively deter- 
mine the convergence character of the series; the latter 
character will not be much different from that in the 
case of a point source excitation. (This point will be 
discussed later from a more general point of view.) In 
other words, if some proper solution cannot become the 
leading term of the wave in any domain of space by the 
point-source excitation of all kinds, the implication is 


_ that this proper solution cannot be an “independent 


observable,” even if it is contained in the expression of 
field strength explicitly; thus it will not have much 
physical meaning in itself, though it may have a mathe- 
matical meaning. 

A good example for this case will be the expression of 
field strength of (28) over a spherical homogeneous sur- 


face, in which the waves are expressed by an infinite 


series with regard to proper solutions only. In the do- 
main where the conditions kr(ka)—2!| t.| 1 hold for all 
the proper solutions of s=0, 1, 2, - - - , their individual 
amplitudes decrease with r in proportion to 7~’?; thus 
they have the surface wave-like property. On the other 
hand, the convergence of series becomes very bad in this 
domain, and the result of the summation can be suffi- 
ciently approximated by the result in the flat surface 
case. Thus, when both the transmitting and receiving 
points are on the surface, the actual field has the 
strength proportional to F(p)r—! by (4) and (14), which 
decreases on the sufficiently lossy surface in proportion 
to 7-1 for |p| K1 and r-4p-! xr for |p| >>1, all of which 
scarcely express the surface wave-like property. = 

As is seen in this example, the support condition or 
the condition upon which some proper solution is con 
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tained explicitly in the expression of field strength is not 
physical condition. The latter will be the condition upon 
which the proper solution becomes the leading term of 
field strength in some domain of space. In other words, 
the physical term is the leading term itself, which may 
sometimes be a proper solution and sometimes be a 
mixture with a part of radiation field in ordinary sense. 

We have implicitly used the term “proper solution” 
only for the residual terms of the integral representation 
of field strength, such as Sommerfeld’s surface wave 
term of arbitrary surface impedance. The latter surface 
wave indeed satisfies the given boundary condition and 
the outward propagating wave condition at infinity, but 
it is singular along the line passing through the exciting 
point. This singularity is indispensable in the opened 
system, and thus we are led to generalize the “proper 
solutions” to include all those solutions satisfying the 
whole given boundary conditions and the outward 
propagating wave condition at infinity, irrespective of 
the singularities in space. In the following, we shall find 
the infinite sets of “proper solution” of continuous spec- 
trum, by each set of which the field strength at a given 
observing point can be represented, and from which we 
can choose the set of most rapid convergence for the 
integral representation. These sets of “proper solution” 
are the continuous sets of Green’s function of the 
electro-magnetic field. 

In order to see this more explicitly, it is convenient to 
represent Maxwell’s equation in a simple form as fol- 
lows: since Maxwell’s equations are linear differential 
equations of the first order with regard to E and H, we 
can represent these equations in Cartesian coordinates 
in a unified form of 


3 Q 
0; — k ae 0, = ; 51 
[I Ly |v j ee (51) 


4 


with (in Gaussian units) 


sa(0). i(E). trae 


Here, w represents the electric and magnetic fields to- 
gether and thus has the 3X2 components; similarly, 7 
(the electric and magnetic current densities) has these 
components. 7;’s are six-rowed matrices and are proved 
to be Hermitian. 

The Green function W(x, x’) of (51) is here defined as 
the solution of j(x) =76(x—x’), satisfying the whole 
boundary conditions in space. Here, the coefficient 2 
does not have any important physical meaning. Thus 


[i(va) — k]¥(«, x’) = i8(@ — 2’), 


3 
(yd) = ys 1:05. (53) 
t=1 
We regard the right side of (53) as if it were to be multi- 
plied by the six-rowed unit matrix. Hence, W(x, x’) on 
the left side is also represented by a six-rowed matrix. 
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W(x’, x) is proved to satisfy the adjoint equation of 
v(a', «)[—i(yd) — #] = i8(@ — #’). (54) 


In this case, a's operate on the coordinates (x) on the 


left side. 
The Green theorem in this formulation becomes as 


follows: for any continuous vector y’ and w’’, it holds 


that 
viva) — kW’ — w"[—i(va) — Bly’ 


=i 2 a'r), 


i=1 


which gives, on integrating both sides in the space 2, 


f {wv [i(va) — ky’ 
bars ” 'd 
a fv (ny)y'ds 


— p"[—i(yd) — kly’} do 


- if [H’ xX E” + E' X H"], ds, (55) 


where 7 is the unit vector inward normal to the surface 
S enclosing the space 2, and EF’, H’ and E’’, H’’ are 
the electric and magnetic fields of y’ and w’’, re- 
spectively. 

Now, we assume that (x) represents the fields ex- 
cited at a small domain enclosed by the surface $1; we 
insert into (55) that: p/(«) =W(«), W(x) =W(x’, x) and 
2 =the whole space excluding the exciting domain en- 
closed by S;. Then, by the use of (51) and (54), we have 
the relation 

Wa) = f vat, Neda, (56) 
1 
because j(«) of ¥(x) vanishes in the space 2. 

Eq. (56) implies that the field y at any point x’ out- 
side of S; can be expressed in terms of the field on .Sj, 
and also implies that p(x’) can be represented by the set 
of “proper solutions” of continuous spectrum y(x’, .S}), 
in which S; denotes the set of all points on the surface 
Si. On the other hand, the surface S; is not unique for a 
given point x’ and thus, if the surface 52 is another sur- 
face enclosing Si, and if the point x’ is still outside of So, 
as in Fig. 5, S; in (56) can be replaced by Sy. Therefore, 


Sz 


Fig. 5, 
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it follows that W(x’, S2) also constitutes the other set of 
“proper solutions” by which the field p(x’) can be rep- $ 
resented. Mathematically, the two sets are indeed | 
equivalent’ and connected by | 


4 
in 
; 


(57) : 


V(x’, S1) a V(x’, x) (ny) (x, Si)ds, 
Se i 


in which p(x’, x) on the right side belongs to Y(x’, Sz). — 

Comparing the integral representation of W(x’) by 
W(x’, Si) of (56) with that by ¥(x’, S2), it is evident that © i 
the former will show more rapid convergence than the — ; 
latter, and that the smaller the surface S,; becomes, the 
more approximately each element of wW(x’,Si) ap- © 
proaches to the observed field (x’) itself. 

When there is a highly inductive surface, the set of © 
solutions W(x’, S;) may be divided into the two groups, — 
one group W(x’, Si’) having the surface wave properties — 
more than the other, W(x’, Si’’), where Si’+.S,'’ = Si. 
It means that p(x’, Si’) is the set of those waves whose 
amplitudes first decrease rapidly with the distance of 
the point x’ from the inductive surface in question, 
and then gradually increase by the ordinary radia- 
tion field, as in the case of spherical surface treated in 
Section III. Therefore, the surface S$,’ will be the part 
of S$; which is very near to the inductive surface. On 
the other hand, some elements of f(x’, S:’’) will scarcely 
have these properties if their characteristic positions on 
S,’’ are sufficiently distant from the inductive surface. 

The continuous group of solutions ¥(x’, S;’) thus ob- 
tained are quite equivalent to the ordinarily defined 
surface waves in that they are the “proper solutions” 
having the properties of surface wave and belong to 
¥(x', S1) by which the observed field ¥(x’) can be repre- 
sented. The smaller the exciting domain becomes, the 
smaller the surface S, can be taken to be; thus it may 
happen that S; belongs to Sy’ or Si:= Sj’, if the exciting 
domain is chosen at the position sufficiently near to the 
highly inductive surface in question. 
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The solution of (2) with the boundary condition (3) 
is given by the well known integral representation which 
is reduced to the form 


«o 


1 
W(%2, 41) = — — errs 


ny 
Jo(X th(A)| 22-211 
a h(n) o(Ar) 


+ e- th) (erte2) } 


kZ~/ €0/ Mo 


d 
axe ______ §, 9 th ) (21 +22 
aed Hay Gay pea isa 


h(a) = Vk? — 2, (58) 


5 This statement is true in a restricted sense, because w(x’, Se) 
cannot be represented in linear combination of p(x’ mie 


Here, Jo(z) is the Bessel function of the Oth order. For 
_ the first two terms on the right side of (58), we can use 
- the formula 


1 e r 
= gee — if pe 2S or ete 
R ee pe Ae, 

R=VJr+ 2. (59) 


Assuming Re (Z) >0, it holds, on the whole integra- 
__ tion path, that ; 


E Bie i 
4 BQ) + RZ V/e0/n0 
. Sapk if Pore |KO) 4kZ/eafan) dds, (60) 


__ by the use of which the last integral in (58) takes the 
_ form 


B ies [-2zVefuatl [ “ax — 
= exp |— €o/u 
Hod o E poe 0 hQ) 


; “exp [—ih(a){ (21 + 22) — it} |, 
which gives, by the use of (59), 


4 
—kZ 
lr 


Fa(dr) 


RZ feo fe i ae 
_ ee =f —exp [—k{iR + Zv/eo/uo t} dt, 
2ar boo RK 


REP (Gea — HY (61) 


By the change of variable of 6=k{iR+ZvV/e/u th, 
the integral (61) is expressed in a simple form of 


co exp if —> 
=¢ ee =f ‘ eae do. (62) 
2 How $5 V(b — $1)(¢ — $2) 


_ Here, we take Im (¢1) > Im (¢2) and /(¢— $1) (¢— 42) ~¢ 
as ¢— exp (78) and 
1 = ik{ /1 — Z7(€0/mo) 1 — ZvV/e0/uolzs + 22)}, 
bo = ik{ —V/1 — Z7(€0/uo) r — Zr/eo/uo(z1 + 22)}, 
bo = thV PF (i + 2)?, 9B = arg (1 + ZVe0/uo), 
|arg(Z)| <x/2, | argv1 — Z°(c0/u0)| < 2/2; (63) 


the integration path is taken on the upper side of all the 
branch points ¢1; and ¢2 (Fig. 6). 

The integral representation (6) in Section I is finally 
- obtained by the change of variable 


b = 3(61 + $2) + 3(¢1 — $2) cosh y. 
 AppENDIX II 
Eq. (30) in Section II is reduced to 


(64) 


A 
(8, 8) = x(8) — 21/%6x'(8) = 0, x’(8) = 9p XO (65) 


Here, B?/2= 3x/2 =4(—2r,)*/? and 
x(8) = BY? ys (33/2), x'"(8) + Bx(8) = 9. (66) 


Furutsu: On the Excitation of the Waves of Proper Solutions 


S217 


If B,’s and 6,’s are the roots of the equations 
(6) 
f(8, 6) = 0, Fa(B, 6) = ag 5) = 0, 


then the expansions of f(8, 6) in power series of (6—£,) 
and (6—6,) takes the form 


f(B, 8) = fe(Bs, 8:)(5 — 8.) + 4fe8(B,, 6:)(8 — B)2?+---. 


Hence, if fgg(@;, 6.) #0, it follows that B is a double value 
function of 6 in the vicinity of 6=6,. Generally speaking, 
T, 8 are the values of the multi-value function on the dif- 
ferent Riemann planes of 6 or Z. These circumstances 
are shown in Fig. 7. 


Z - Plane 


aoe | 
bah 
i ] Des eat Sigal ee Se 1&e 
cul fe —--——E[, 
\ <2 ee mare ee 
\ 
\ 
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Fig. 7—Positions of branch points on the Riemann planes of Z. The 


igin indi Z gets into the dif- 
arrow starting from the origin indicates how, 
ferent Riemann planes with |Z|, successively, when arg(Z) 


>7/3. 
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Using (66), 
fe(B, 8) = (1 + 27/578) x'(8), 
which gives 1+ 2?/86,26, =0 or 
tog Otne y= 1, Le =A) pags (67) 


Here, according to the sign of the left side, the subscript 
stis replaced by +s, respectively. By the substitution of 
(67) in (30) in Section II, we have 


H1j3 (40) F €-**Hoj3(xs2) = 0, 
cr+a2 arg (x,)1/% = a. (68) 


a 


It is proved that the asymptotic forms of 74, and dx., ; 
or the corresponding impedance Z:, for s>1 becomes 


‘= 
1 log {12(s + hoa 
ee 2/3 Tg oe ten ee Sree: ee —in [3 
rer 1310 + De} {1 : i ee 
5 ; 


ZegZt (/* (ka)-1/3{ 3(s + 1)r} ue 
€0 


meslog {12(s be 1)xr} e- 
Rieke eens he la 


Here, s takes all positive integral values. 


(69) | 


Summary—The paper is divided into four sections, each dealing 
- with a specific aspect of the current research program in the Depart- 
_ ment of Electrical Engineering at Sheffield University. 
fe Section I deals with the radiation from a cylindrical surface-wave 

_ resonator. 

; Section II presents some numerical results obtained by an elec- 
__ tronic computer of the guide-wavelength /dielectric constant relation- 
| ship for the EH, mode on a dielectric rod. 
; Section III deals with the coupling between two adjacent surface 
_ waveguides. Parallel dielectric sheets and parallel rods are both 
_ discussed theoretically. 
a Section IV presents the theory of a new form of surface-wave 
2 launching antenna, including an evaluation of its launching efficiency. 


a I. A CIRCULATING SURFACE-WAVE RESONATOR 

mf 

_ Introduction 

4 N a classical paper on supergain aerials, Chu has 
4 calculated the Q-factors associated with weakly- 
a radiating spherical waves. There are, of course, 


many different ways of calculating and defining Q-fac- 
tor, but the problem is to choose the most convenient. 
As Chu points out in his paper, the definition based on 
energy stored and power dissipated cannot be applied 
_straightforwardly, since the energy stored, and the 
energy associated with the outward traveling wave can- 
not easily be separated, at any rate rigorously. Chu 
overcomes this difficulty by evaluating the Q of an 
- equivalent electrical circuit which he derives from the 
field equations. 

The purpose of this note is to present an alternative 
approach based on the relationship between Q-factor 
and the decay time of an oscillatory transient. 


=P NAS 


Pas, 


The Basic Equation 


We shall illustrate the method by applying it in the 
case of a cylindrical geometry, a case which is of interest 
in our experimental program. 

Referring to Fig. 1, we consider fields which do not 
depend on gz, and which have E,=,=0. Such fields can 
_be described outside .S by sums of elementary fields of 
the type — 


4 “ ee eee pak Bae —“ ts LS” o “ray ee 7 bee Sh ba tae + Aad = 


5 E, = H,, (kr) cos 6 (1) 
ai 

J) Se a. 
Ho 


where k =wv/ MoEo. 


Le eee Tee eee) eh ENS oe 


+ The University of Sheffield, Sheffield, England. i 
1L. J. Chou, “Physical limitations of omni-directional antennas, 
J. Appl. Phys., vol. 19, pp. 1163-1175; December, 1948. 
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S 


Fig. 1—Illustrating the notation for the cylindrical 
surface-wave resonator. 


The wave impedance looking radially outward at 


f=a1S 
Ez _ /uo Hy(ka) 
a= (-=) A ag ae ee (3) 
T=a €0 Ee (ka) 


in which the superfix (2) of the Hankel functions has 
been dropped. 

Now suppose that the surface S has a capacitive sur- 
face reactance, looking inwards at r=a. We can imagine 
this to be achieved by a cylinder of infinite permeability 
coated by a thin shell of material of high dielectric con- 
stant. The surface reactance would, in this case, vary 
with frequency, or k, in the same way as the reactance 
of a normal capacitor, and so it can be written 


Z2=-j— ae ie a (4) 
w €0 k €0 

Here w, (or k,) is a real number defining the surface 
reactance magnitude at a given value of w (or k). 

Both (3) and (4) are valid for complex values of w 
corresponding to decaying oscillations, and we can ap- 
ply the condition for natural oscillations in the simple 
form given by Schelkunoff,? namely 


21+ Z2.= 0. (5) 
Using (3) and (4) in (5) gives 

SNE ap, (6 

H,' (ka) 


This is the basic equation which is to be solved for k. 


Approximation Method of Solution 


Since & is complex, a direct approach to the solution 


of (6) is difficult. However, if an approximate value for 
\ 


2S, A, Schelkunoff, “Electromagnetic Waves,” D. Van Nostrand 
Co., Inc., Princeton, N. J., p. 229; 1943. 
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k can be found for a given ” and given k-, this value can 
be corrected to give a more accurate value by using a 
Taylor series expansion. Thus, if hi: is a first approxima- 
tion to k, we write 


(7) 


where 7 is a small quantity to be determined. Eq. (6) 
can then be written 


k= k(t + n) 


c 


(1 + »)[F (ka) + nkiaF’(h1a)] = — oe (8) 
where 
H,.(«) 
F(x) = Bi) (9) 


Neglecting 7? in (8), we find 


ke 
= + F(a) 
ky 


Pee PR) Ahan (bay) oo 


The approximate value k; can be found by arguing on 
physical grounds that if the surface were flat with per- 
pendicular end plates, rather than cylindrical, the reso- 
nance condition would not be greatly altered. When this 
value of i is introduced, and when the Hankel func- 
_ tions are introduced, recurrence formulas being used to 
eliminate derivatives, we find the following explicit 
formula for 7, 


1 


VE-) 


') 
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Determination of Q from n ; 

Write w =u! +jw’’. The time factor e*** assumed in the 
foregoing equations then becomes e**’‘e-*’’* correspond- 
ing to a decaying oscillation if w’’ is positive. For a sim- 
ple RLC circuit, 


Hence 


(12) 


To the order of approximation used earlier, we find 


Eo (13) 
6 
os 7’. (14) 


The last equation gives the shift in frequency due to 


. 


i 
4 


| 


| 


i 


‘ 


rolling up a flat surface-wave resonator of length 27a r 


into a cylinder of radius a. 


Numerical Example 


Consider a cylinder of three TEM wavelengths cir- 
cumference, loaded so that six surface-wave wave- 
lengths are accommodated around its circumference. 
In our notation « =3, n=6. Substituting in (11), we get 


PRED, 
Ay—1(%) — Hnyi(x) 


4H,,(x) 


aa aS Bete 


In this formula, x is the number of free-space wave- 
lengths around the circumference of the cylinder, and n 
is the number of actual (surface-wave) wavelengths 
around the cylinder. 

An alternative method of arriving at a first approxi- 
mation depends on the fact that the Y, and Y,’ func- 
tions are considerably greater than the J, and J,’ func- 
tions in (6), so that we can get an approximate solution 
by writing 

Y (kia) nal 
1 Y,/(a) ke (6a) 
and regarding this equation as specifying k, for a given 
A. 

When an approximate solution has been found, it can 
presumably be improved still further by choosing , in 
order that the real part of 7 vanishes, so that the fre- 
quency of oscillation will be exact. 7 


eh 


3 2H, (x) (11) 


Hy1(") — eel 


n’ = — 0.0202 


n’’ = + 0.00125. 


Hence from (13) and (14) 
Q = 392 
6 
Ms = — 2,02 per cent. 
0 
If, on the other hand, we use (6a) to get an approxi- 
mate solution, we find k,/ki=0.605, and with this value 


Q = 298 


of 


— = — 0.20 per cent. 
z 


1959 


Choosing k./k1= —0.608 makes 7’ vanish, and this 
gives. 
Q = 291 
6 
ui = 0.00. 


0 


The last solution is presumbaly the best estimate of 
Q-factor which can be obtained in this way, and the dis- 
crepancy between this value and the original value of 
392 indicates that the best possible value of k./k: should 
be used in (10). 


Conclusion 


A method of calculating Q-factors for high-order 
weakly-radiating modes is presented, and is shown to 
lead relatively simply to useful approximate formulas 
for Q-factor. 

Resonances of this kind have been found by Wait and 
Conda® in studies of the radiation patterns of slots in 
dielectric coated cylinders, and have been shown to be 
important in modifying the shadow-zone pattern very 
markedly. 


II. A NUMERICAL STUDY OF THE EH, DIPOLE 
MopbeE on A DIELECTRIC ROD 


Introduction 


The propagation of electromagnetic waves along a 
dielectric rod has been studied by many authors since 
the original paper by Hondros and Debye.* 

A very satisfactory account of the complete theory is 
given by Stratton’ and leads to the following trans- 
cendental equation for the particular case of the EHu 


mode 
fore (2. BO) 
: i) a ut (u) vv) 
, Hy, 
ae PEAY ny 
ut \(u) vH,(v) 
where 
ON 
“= 2a (x witz fayats. v= Se (r? ee ayes r= en A (16) 
0 do Ng 


The radius of the rod is a, \o and A, are the free-space 
TEM wavelength and the EHu-mode wavelength, re- 
spectively, and « is the dielectric constant. 


37. R. Wait and A. M. Conda, “Radiation from slots on dielectric- 
clad ae corrugated cylinders,” J. Natl. Bur. Standards, vol. 59, 
pp. 307-316; November, 1957. 

4D. Hondros and P. Debye, 1 
dielektrischen Drahten,” Ann. der Physik., vol. 


10. , 
Jae net Stratton, “Electromagnetic Theory,” McGraw-Hill Book 


Co., Inc., New York, N. Y., pp. 524-527; 1941. 


“Blektromagnetische Wellen an 
. : 32, pp. 465-476; 
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A pplication 


Our interest in this mode arose from a proposal to use 
it as the basis of a technique for the measurement of di- 
electric constants. The method is to determine \, ex- 
perimentally; then, knowing a and Xo, the required di- 
electric constant «x can be calculated from (15). 


Numerical Results 


The calculations involved are formidable, as a pre- 
liminary study showed, and it became apparent that 
only by using an electronic computer could the required 
data be obtained ina reasonable time. Accordingly a 
program was written by one of the present authors 
(Gillespie) for a Pegasus computer, and the necessary 
calculations were performed electronically. We have 
plotted these data in the form of curves, the ratio 
d,/Ao being plotted as ordinate with dielectric constant 
kK as abscissa, and 2a/No as a parameter. These curves 
are shown in Figs. 2 and 3 for a fairly wide range of x 
values. 


Fig. 2. 
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It is physically obvious that as a—0, A y—Ao, and also 
that as a— ©, A,z—Ao/+/x, and these limiting curves are 
also plotted in Fig. 2. 

From a practical point of view, it is more important 
to know the region of the graph in which the EHn mode 
is the only possible mode. The next modes to appear as 
dielectric constant or rod radius is increased, are the Eo 
and Ho, modes, and the critical condition for both 
modes corresponds to the first zero of 


2ra 
14 (kK — it = (0) 
Xo 


1.€., 
27a 
— (x — 1)!/? = 2.4048. 


0 


(17) 


This condition is also plotted in Fig. 2. Above this curve, 
only the EHi: mode propagates; below it, other modes 
can propagate. 

The calculations presented here represent an exten- 
sion of previously available results of other workers, to 
which they are complementary.® In our case, however, 
the variable has been taken as x, while previous workers 
have taken a, the radius of the rod. The reason for our 

choice of x is simply one of convenience in the use we 

wish to make of the results, enabling x, as the unknown 
quantity, to be read off at once from the ratio of the 
measured \, and Xo values for a given size of rod. 


III. CoupLeED SURFACE-WAVE GUIDES 
Introduction 


It is well-known that two transmission lines, con- 
tinuously coupled along their lengths, exhibit interesting 
phenomena which have applications in the theory and 
design of directional couplers.’ Usually, the form of 
coupling convenient in practice is not amenable to 
analysis in terms of electromagnetic theory. 

We have studied two cases in which such analysis is 
possible. The first case is that of parallel dielectric sheets, 
and the second case parallel dielectric rods. An exact 
solution is, of course, possible in the first case, but we 
have only obtained an approximate solution in the sec- 
ond case. | 


Parallel Dielectric Sheets 


The physical arrangement, notation, and mode con- 
figurations are shown in Fig. 4. 

As in the case of coupled transmission lines, two nor- 
mal modes are possible; these are shown in Fig. 4. Each 


°W. M. Elsasser, “Attenuation in a dielectric circular rod,” J. 
Appl. Phys., vol. 20, p. 1193; December, 1949. J. W. Duncan and 
R. H. Du Hamel, “A technique for controlling the radiation from 
dielectric rod waveguides,” Univ. of Ill., Urbana, Ill., Antenna Lab. 
Rept. No. 11; July 15, 1956. 

_ 'S. E. Miller, “Coupled wave theory and waveguide applica- 
tions,” Bell Sys. Tech. J., vol. 33, pp. 661-719; May, 1954. 
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Fig. 4—Mode configuration and notation. (a) symmetric; 
(b) anti-symmetric. 


mode can occur in either TE or TM configuration. The 
terms symmetric and anti-symmetric as used here refer 
to E for TE waves and H for TM waves. The phase co- 
efficient 8 for the various modes can be derived from the 
following equations: 


TE-Waves 


g? — pq cot (kdq) om Jas (klp); (symmetric) (18) 
p? + pq cot (kdq) ~ (coth (klip); (anti-symmetric). (19) 


T M- Waves 


(20) 


(kp)? + xpq cot (kdq) ~ (coth (kip); (anti-symmetric) (21) 


where 


P+g@=«—t. (22) 

These equations have been discussed by Tischer in 
noting the possible use of modes of this type as low-loss 
waveguides.$ 

When we consider the case of parallel dielectric rods, 
an approximate method will be used. This approximate 
method will first be applied to the parallel sheet case 
and compared with the exact solution to test its ac- 
curacy. 


Approximate Calculation Based on the Adiabatic Invari- 
ance of Action 


In a lossless electromagnetic resonator, action is in- 
variant against a slow deformation.’ This can be ex- 
pressed as follows: 


=| = 


(23) 


Fe pee? 


8F. J. Tischer, “The H-guide, a waveguide for microwaves,” 
1956 IRE CONVENTION RECcoRD, pt. 5, pp. 44-47. 

*W. R. Maclean, “The resonator action theorem.” Quart. J, 
Appl. Math., vol. 2, p. 329; 1945. 
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Here, W is the initial energy in the resonator and if 
is the initial frequency. If the resonator is perturbed 


slowly so that the energy is increased by 6W, the fre- 


quency is increased by §f, as given by (23). In particular, 
if the perturbation leaves the frequency unchanged, 
there can be no energy change, so 


6f = 6W = 0. (24) 


This special case is discussed elsewhere and a simple 
proof given.'° Now consider how this can be applied to 
our problem. Suppose we have a single dielectric sheet 
supporting a TE wave, and suppose that perfectly-con- 
ducting planes (end-plates) are introduced perpendicu- 
lar to the direction of propagation. There will then be a 
standing wave in this direction with an integral number 
of half guide-wavelengths in the distance L between the 
two end-plates, and a surface wave resonator is formed. 

Suppose now that the system is perturbed by bring- 
ing in from infinity a perfectly-conducting plane held 
parallel to the dielectric surfaces, as shown in Fig. 5. 

The force F acting on the plane can be calculated from 
the net radiation pressure, which is 


p = tuo? — teoE,?. (25) 


In a first approximation, we set H; and E, equal to 
twice the corresponding values for the unperturbed 
field. Integrating F from © to / gives the work 6W 
done on the resonator during this deformation. 

In the same way, we can calculate the work done in 
moving an end-plate through a small distance 6L. It is 
clearly possible to arrange that this end-plate move- 
ment exactly cancels the effect of the first deformation 
considered, so that 6W=6f=0. Clearly 6L/L=6\g/Xg, 
and so the perturbation of guide wavelength at constant 
frequency due to putting an electric wall at a distance 
from the surface waveguide can be found. A comparison 
of Fig. 5(b) with Fig. 4(b) shows that the perturbed 
mode we have considered is essentially the same as the 
anti-symmetric TE mode. For the symmetric TE mode, 
we bring in a magnetic wall, and the appropriate pres- 
sure formula is now 


p= tok? — guoH,’. (26) 


The same method can be applied to TM modes. Let 
8=6,+66, where fy is the value of 6 in the unperturbed 
case. Thus we find: 


TE Wave 
56 = : apa , (27) 
Bo (x — 1)(1 + p?){2 + kd} 
TM Wave 
58 5 IP qe? (28) 


ea) 


i“ d 
Seer ? in “ [1 + p%(« + yi} 


10 AL. Cullen, “A General Method for the Absolute Measure- 
ment of Microwave Power,” IEE Monograph No. 24; F ebruary, 
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Wlectric 
wall. 
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Fig. 5—Perturbation of surface-wave resonator. 


Eq. (27) can also be derived from (18) and (19) di- 
rectly merely by treating e*"” as a small quantity in 
these formulas. 

Fig. 6 shows the exact and approximate formulas 
compared. It will be noticed that the agreement is re- 
markably good, and also that the difference \;—)a is 
more accurate than might be expected from the errors 
of A}, and X, separately, because the individual errors 
have opposite signs over most of the range of the values 
considered. 


Dielectric Rods 


For rods, the integrations involved in applying the 
action theorem were carried out approximately using 
the asymptotic formulas for the Bessel functions. 

The unperturbed mode is the EHi mode so that the 
previous distinction between TE and TM modes no 
longer applies. 

Fig. 7 shows the configurations of field in the case now 
considered. 

The formulas are as follows: 

Vertical Polarization 


6 e~ (21a) q(L+a) 
: aoa el a ee (29) 
qg 
a+ 2) 
a 
Horizontal Polarization 
6 e (2/a)a(l+a) 
a SS (30) 
e i/La+e) 
a 
+ for symmetric, — for antisymmetric mode. 


The value fy for a single rod is obtained by solving a 
transcendental equation, as mentioned in Section II. 
The functions P, X, and Y are given by 


1 ar : eats (— - (=) 
, ae (akg) | Hi‘ (ig)} | @ ) p? 
(ke = G, 


a*k? 


rovan(t-of 


ef cran(gen 


(31) 
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EXACT THEORY. 
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SEPARATION FACTOR ké. 


Fig. 6—Variation of \;/Ao and a/Ao with separation factor &l. 
Sheet thickness factor kKd=7/2. «=2.56 


Vertical polarization 
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Horizontal polarization 
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Fig. 7—Notation and nomenclature for rods. 
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where p and ig are identical with u and v defined by 
(16). 

From (29) and (30), A, and d, can be obtained for both 
vertical and horizontal polarization. The results are 
plotted in Fig. 8 together with experimental results. 


Beat Wavelength 


Because of the different wavelengths of the symmet- 
ric and antisymmetric modes, there will be a certain 
length of guide in which the phase difference between 
the two modes changes by 27. This distance is called the 
beat wavelength \g, and is given by 


=~. 


=—— 
SS 
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a 
= 
—-= 
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POLARIZATION. EXPERIMENTAL 


AESULTS. 


HORIZONTAL | ---------- 


EXPERIMENTAL 
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POLARIZATION,| —-x----+-x 


O-2 0-4 0-6 4 1-6 


Clie maa 
SEPARATION 22cm. 


Fig. 8—Variation of \, and \,g with separation at \5=3.048 cm. 
_For rods 0.515 inch diameter. «=2.56. 
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Ap (33) 

Az is an important parameter in the design of coupled- 
guide directional couplers. 

In Fig. 9, theoretical and experimental results are 
compared both for flat sheet and rod types of guide. 
Agreement with experiment is good for the exact theory 
of coupled sheets, and reasonably good for the approxi- 
mate theory of coupled rods with horizontal polariza- 
tion. For vertical polarization, the theory is less satis- 
factory. 


IV. A SuRFACE-WAVE-LAUNCHING ANTENNA 
Introduction 


In a proposed method of studying two-dimensional 
diffraction problems, a directive source for surface 
waves was required. This ultimately took a form which 
can be idealized for theoretical purposes as an end-fire 
array of magnetic dipoles. The traveling-wave excita- 
tion has a phase velocity equal to that of the surface 
waves concerned. 


Single Magnetic Dipole Excitation 


Several authors!!—!6 have dealt with the excitation of 
surface waves over a corrugated or dielectric-covered 
metal sheet, but the case of the horizontal magnetic 


1 A. L. Cullen, “The Excitation of Plane Surface Waves,” IEE 
Monograph No. 93; February, 1954. 

* D. B. Brick, “The Radiation of Hertzion Dipole over a Coated 
Conductor,” IEE Monograph No. 113; March, 1955. 

8 W. M. G. Fernando and H. E. M. Barlow, “An investigation 
of the properties of radial cylindrical surface waves launched over 
flat reactive surfaces,” Proc. TEE, part B, pp. 307-318; May, 1956. 

4 A. L. Cullen, “A Note on the Excitation of Surface Waves,” 
IEE Monograph No. 239; May, 1957. 

% J. R. Wait, “Excitation of surface waves on conducting, strati- 
fied, dielectric clad and corrugated surfaces,” J. Res. Natl. Bur. 
Standards, vol. 59, pp. 365-377; December, 1957. 

* B. Friedman and W. Elwyn Williams, “Excitation of Surface 
Waves,” IEE Monograph No. 277; January, 1958. 
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Fig. 9—Variation of beat wavelength \g with separation 2/ for 
eee Rods 0.515 inch diameter. Strips 0.3 inch thick- 
ness. x=2.56. 


_ dipole has apparently not been considered previously. 


With the coordinate systems of Fig. 10, we consider 
a perfectly conducting plane at z=0, the region 0<z<a 


- being filled with dielectric of dielectric constant x. A 
- horizontal magnetic dipole is situated at the origin, and 


lies along the x-axis. 

The field set up by this dipole can be split up into a 
part E;, H,, for which £,=0, and a part Es, Hp for 
which H,=0. These partial fields can be expressed in 


- terms of scalar potentials U and V through 


(34) 
(35) 


curl kV 
curl kU. 


I 


Ey 
A 


The potential functions can be calculated by follow- 
ing well-known procedures. We assume that the dielec- 
tric thickness is small enough to allow only one surface- 
wave mode, which arises from the U-function. The V- 
function contributes a radiation field only, and it is 
therefore convenient to express V in spherical polar co- 
ordinates. The V-function splits into a radiation term 
U,, which we again express in spherical polar coordi- 
nates, and a surface-wave term U,, which we express in 


cylindrical polar coordinates. The results are as follows: 


Me-*" cos ¢ cot 6+/x — sin?6 


V=- ee) 
Arr G(sin @) 
—jkr oy 
pee, Me-**" sin ’ cot 0 (37) 
4nr  F(sin 8) 
ee eaeaeali ee Ee)” 39) 
4 F}(81) 


Bracey, et al.: Surface-W ave Research in Sheffield 
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Fig. 10—Coordinate systems. 
where 
G(sin #) = j cos @ sin {kay/x — sin} 
+ Vk — sin?@ cos {kay/« — sin? 6} (39) 
F(sin 6) = 7 cos 6 cos { kav/« — sin? 6} 
/k — sin? 6 artnet 
= —-————_ sin {kav/« _ sin? 6} (40) 


K 

Bi(x — 1)3/2 

(62 — k?)1/2(Kk? — B,2)1/2 { (x ee Khe} 12 
+ avby — {(« + 1)6 — xk?} ‘| 


K 


F461) = 


41) 


In these equations, f; is the characteristic phase con- 
stant for the surface wave, k is the free-space phase 
coefficient, M is the magnetic current dipole moment, 
and 10 = (€o/bo) 


Surface-Wave Array Field Patterns and Launching 
Efficiency 
Consider now an array of m magnetic dipoles lying on 
the y-axis, but directed as before along the x-axis. Sup- 
pose that there is a progressive phase delay exp (—j(:d) 
between successive dipoles, 61 being the surface-wave 
phase constant. 
The Vand U potentials for this system must be multi- 
plied by an array factor as follows: 
ad 
sin — 
2 
(42) 


sin es 
For the surface-wave potential U,, y is given by 
y = B.d(1 — cos 9). 
For the radiation potentials U, and V, w is given by 
Wy = Bid — Bd sin 0 cos ¢. (44) 


(43) 


Using all these formulas, the launching efficiency, 
defined as n=Ps/(P,+ Ps) in an obvious notation, has 
been calculated, and for a dielectric coated metal plate, 
K=2.56, d=0.125”, we find »=95 per cent at a free- 
space wavelength of 3.2 cm. 
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Diffraction by Smooth Conical Obstacles* 
H. E. J. NEUGEBAUER{ anp M. P. BACHYNSKI{ 


ABSTRACT 
ete eat theory for the solution of dif- 


fraction problems has been generalized to in- 
clude the case of conical obstacles and energy 
incident at oblique incidence. 
In Fig. 1, let 7; represent a transmitter, 72a receiver, 
and Z a perfectly conducting obstacle of cylindrical 
shape between the two stations. Green’s theorem can be 
used to calculate the field E at receiver T2. 


1 OF’ 0G 
p=-—f[f (6-9 —)as (1) 
An on On 


Fig. 1i—Notations for diffraction by a smooth obstacle. 


= 


The integration is extended over the entire plane = 
separating the two stations, the normal 7 points in- 
wards, E’ is the radiation at the plane = and G is 
Green’s function. If the field EZ’ and Green’s function 
were rigorously known, the field EZ could be rigorously 
calculated from (1). Neither £’ nor G are known, but 


* This work was done under AF Cambridge Res. Ctr. Contract 
No. AF 19(604)-3049. 
{t RCA Victor Res. Labs., Montreal, Can. 


approximate values can be obtained using the unper- 
turbed incident field and Green’s function, plus the 
radiation reflected on both sides of the crest of the ob- — 
stacle. Since the main contribution of the reflected radi- | 
ation to the integrals is supplied by rays that are almost — 
grazing, improved values for both #’ and G are obtained 
by using values of the electric field near the grazing — 
point from the theory of Fock. This approach is satis- 
factory for small values of scattering angle. 

This general theory is now applied to diffraction by — 
smooth obstacles which may be appropriately described ~ 
by a cone and on which the electromagnetic radiation is 
incident at an angle that may be different from 90°. _ 

Evaluation of the integrals by the stationary phase 
method indicates that results obtained earlier? can be 
applied to the halo terms in diffraction by a conical ob- 
stacle if a is replaced by (a/cos r cos? ¢) and 2~» becomes 
2Wo cos T cos ¢, where a and 2» are the radius of curva- 
ture and scattering angle respectively, measured in the 
vertical plane perpendicular to the axis of the cone, and 
27 is the cone angle and ¢ the angle of obliqueness (2.e., 
90°—angle of incidence). 

Experimental measurements of power diffracted by 
smooth half-conical mountains have been performed 
using model techniques in the K-band frequency range. 
The measurements are found to support the theoretical 
predictions. 


1 V. Fock, “The distribution of currents induced by a plane wave 
on the surface of a conductor,” J. Phys. (USSR), vol. 10, pp. 130- 
136; February, 1946. 

7H. E. J. Neugebauer and M. P. Bachynski, “Diffraction by 
smooth cylindrical mountains,” Proc. IRE, vol. 46, pp. 1619-1627; 
September, 1958. 
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Surface Waves Over a Lossy Conductor* 
BERNARD FRIEDMAN} 


Summary—tThe well-known problem of the field produced by a 
magnetic line dipole on the surface of a lossy conductor is investi- 
gated. Suppose w is the frequency of the wave, » the magnetic per- 


_ meability, and o the conductivity of the conductor. If M is the abso- 


lute value of the ratio of the actual field to the free space field, then 


: itis found that M has a maximum value 1.55 at a distance r from the 
_ line dipole given by 


T = 0.880(?cu). 


HE electromagnetic field produced by a magnetic 
line source on an imperfectly conducting plane 
has been the subject of many papers.!:? The ques- 


~ tion of whether this field contains surface waves is still 


* 


STEYR Tee eek. eee 
. py . ; 


he ee "e Me se basa ad Seat al ya ia PRS bo eR TSE RO NE He LE NE bs 


a matter of discussion. In this paper, we hope to avoid 


such an essentially semantic question as to the “exist- 


ence” of a surface wave. Instead, the well-known? in- 
tegral representation for the field produced by the line 
source is studied, and the integrals involved are evalu- 
ated as carefully as possible. More important, estimates 
of errors made in evaluating the integral are obtained. 

On the basis of these estimates, a simple expression 
for the field near the plane is obtained, which is accurate 
to within five per cent for such distances 7 of the re- 
_ceiver from the source that kr is greater than twelve. 


- Here, & denotes the free-space wavelength of the radia- 


tion. The ratio of the field produced on a lossy conductor 
to that produced on a perfect conductor is examined, 


and it is found to have a maximum value of 1.55 ata 


distance 7 along the plane, such that 
r = 0.880(w?cu)-! 


where w is the circular frequency of the radiation, ¢ is 


the conductivity of the plane, u is the magnetic perme- 


ability of the vacuum, and c is the velocity of light. 
Consider a magnetic line dipole located on the y-axis 


at a distance h above the xz-plane, and oscillating with 


a time factor e~**'. The xz-plane is assumed to be an im- 
perfect conductor, and the field at this surface is as- 
sumed to satisfy the impedance boundary condition 


PAH, 2 (1) 


Since E,=H,=H,=0, the field will be completely de- 
termined by H,. Because of the symmetry of the prob- 


* This research was sponsored, in part, by the Office of Naval 
Research, under Contract Nonr-222(60). ; 

+ University of California, Berkeley, Calif. 

1 For a discussion of the results obtained, see. H. Bremmer, 
“Propagation of electromagnetic waves,” in “Electric Fields and 
Waves,” “Encyclopedia of Physics,” Flugge, Ed., Springer, Berlin, 
Ger., vol. 16; 1958. 

2 See also J. R. Wait, 
stratified, dielectric-clad and corrugated surfaces, 


“Excitation of surface waves on conducting 
” J. Res. NBS, vol. 


i 59, pp. 365-777, December, 1957; vol. 61, pp. 205-232, September, 
1958. 


8 B. Friedman and W. E. Williams, “Excitation of surface waves,” 


3 Proc. IEE, pt. C, Monograph No. 277R; January, 1958. 


lem, H, will be independent of z, and it will satisfy the 
equation 


UES ip 0H, 
Ox? oy? 


+ k?H, = 6(x)8(y — h) (2) 


where k= w/(eu) 1/2, 
By the use of the Fourier transform with respect to 


x, we easily obtain the following well-known? repre- 
sentation for H,: 


H. = (ni) [et = pyre 
-exp [ipa + i(k? — p?)1?| kh — y| |dp 
+ (4ni)- f “(et = py 


-exp [ipa + i(k? — p?)?(h + y)] 


kh? 2. DAN I Pye (is Z 
E p= we iE 7 
(Rk? — p12 + weZ, 
We write 
H,=Fi+ Fs (4) 


where F; represents the value of the first term in (3), 
and Fy; the value of the second term. Clearly, Fi is the 
field that would be produced by the line source acting 
in free space, whereas F2 is the modification produced 
by the lossy conductor. Note that 


2weZ 
Fe Fi fe = py = 9 + oz 


“is Oh aA 
-exp [ipx + i(k? — p%)"?(h + y)]dp. (5) 


Put p=kg in this integral and denote weZk~! by y. 
Then (5) becomes 


x 


Bg = igh (6) 

271 
where we put y+h=y’ and 
p= f aol ot oe 

-exp [ikag + i(1 — 9*)'?ky’]dg. (7) 
Combining (4) and (6), we see that 
AY 

H, = 2F, - —I. (8) 


201 


Since y=0 for a perfect conductor, formula (8) may be 
interpreted as follows: 
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H, equals twice the free-space field with a modification 
due to the finite conductivity of the conductor. 
From the definition of y, we have 


y = weZ/k = Z(e/p)1!? = Z/Zo (9) 


where Z, is the impedance of free space. For a lossy con- 
ductor with conductivity o, we find 


7 = (wu/o)'? exp (—i¢) (10) 
where ¢ is slightly less than 7/4. 
To evaluate (7), put 
iia si AO Sore 6) ie tC (11) 
where 
7? == x? + y!?, (12) 
Note that 
es Eg) ae. (13) 
By differentiating (11), we find 
[x — y’g(t — g?)-¥?]dgq = rdé 
and, using (13), we get 
OF Dec a ah 3g UES (14) 


After the substitution (11), J becomes 
rf eee ye al = 2 ry | 
c 


-exp (ikré)d— (15) 


where C is the following contour in the é-plane: 


-1 1 


When we rationalize the denominator in (15), we may 
write 


IT=h+I, (16) 
where 
Pe Bor if [We + ry)? — 2X1 — 2] 
Cc 
-exp (ikrt)dé (17) 
and 
fies 1 — £2)-1/2[ (ay eet Ao (4 ee ON | 
ole: PP W/e +m)? — 2 — 2H 
-(y'E + ry) exp (ikré)dE. (18) 


Note that the brackets in both (17) and (18) may be 
written as 


re ge "(1 — 7”), 
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Integral (17) is easily evaluated by residues to give 


I, = — ri(1 — y*)~!/? exp (ikr&o) (19). 
where ' 
réo + y'y = 2(1 — 77)??. (20) © 
Put t 
y = siny, (1 — 7”)? = cosy, ; 
y’ = rsin 8, x =rcos8, (21) q 
then from (20) 

& = cos (6+ y) ““(22) 
and from (19) , 

I, = — risecwexp [ikr cos (0+ y)]. (23) 


To evaluate (18), use (21) and note that 
Cee a? 
Of shri aA) 
£ sin 6+ sin y 
: (— + sin @ sin y)? — cos? @ cos? y 
1 sin (6 + y) sin (Wy — 6) 
3 Tt eer 
therefore 


Iz, = (2 cosy)“ [73 sin (6 + Y) — Issin (YW — @)] (24) 


where 

1a = f (eG — byt exp Ghrae 25) 
and 

T= f 1 BE +B) exp (iré)aE. (26) 


Here, £:= cos (W—8). 

In (25) put £=1-+-77 and shift the contour so that it 
runs around a branch cut which goes from £=1 to 
£=1-+70. Note that from (10) we find that the phase of 
£)—1 is not less than 7/2; therefore, the pole at £=£ is 
not crossed in this manipulation. We obtain 


Ta mendes ier ea sth f rng +e) ABG Soe! 
ony eat a (27) 
where 
To = — i(f — 1) = isin? [+ 6)/2]. (28) 


Note that the phase of To is non-negative. 

For later purposes it is useful to have an estimate of 
the value of 7o. We shall always assume that W and @ 
are so small that their cosines may be approximated by 
one. 


=» Then 


__ approximately; consequently, 


To = [t(y? + 2y sin 6 + sin? 6)]/2. 


T= 
7 =a+ ip 
3 _ where a and B are real. Note that 
a = yo?/2 + yo sin 6 cos 7/4. 
6B = sin? 0/2 — yo sin @ sin 7/4. 
Put 
(24 in) ¥2 = (2 + iro)? $ ir — 7) RO) 
_ where 
; R(r) = — (2 + in) 22 + ino)? 
[(2 + ix)? + (2 + iro) 7]. 
For 7 real between 0 and ~, it is easy to see that 
|2+ir| >2, [2+ irof > 2, 
4 and therefore 
| ERC ip sae. 
Using (30), we see that 
eT exp Gr — Sri /4)[(2 +b ir)- "Ts + iT 


- where 


re {e page ee ory (deri 
0 


e |r| < 2-61 f tH? exp (—krr)dr = 2-5!2(4/kr)*?, 
a 0 : 


| To evaluate J; we use the substitution 


if” exp [—iu(r — 70) |du 


ay 


I 


—ikr 


, in (33). We get 


hy 
oo 
ll 


tkr 


co—itkr 


lI 


(x)1/? exp (wi/4) f Sg 


yo?/2 + yo sin 6 exp (—in/4) + (i sin? 6)/2 
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- sin (Wy + 0)/2 = sin (W/2) + sin (6/2) = (sin + sin 6) /2 


(29) 


(30) 


(31) 


(32) 


(33) 


(34) 


(35) 


if ia exp [—i(u + ikr)(7 — 70) |du 


coo—tkr oo 
if exp [i(a + ikryroldu [ 71/2 exp (—iur)dr 
oe 0 


u-? exp (—krro + iuro)du 
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o—itkrro 


ul? exp (iu)du 
—ikrro 


= (a/70))!? exp (xi/4 — krro) 


0 
| f u—*!? exp (iu)du + 7/? exp (ni/4) | 
—krro 


= mito 1? exp (—krro) + (#/70)}/? 


-exp (mi/4) exp (—krro)I7 


= (1/t0)'!? exp (1i/4 — krro) 


(36) 


where 


0 
i, = if ul? exp (iu)du 
—ikrrg 


(krro)# 
— 2 exp (—ni/4) [ exp (v)do. (37) 
0 


The only integral that is left to be evaluated is Iu. 
Again, put £=1-+77 and shift the contour around the 
branch cut. We get 


I, = 2 exp (tkr — 3ri/4) f To 2D  ir) 27 + 7y)7} 
0 


-exp (—&krr)dr 
where 17; =1+&. Since 
l2+i| >2 and |rtn| >Imn 

we find that 

|Z, exp (—ikr + 3i/4)| < (2x/kr)!?| Imi |-. (38) 
Note that 
exp (—3mi/4)r9-1/2(2 + iro)? 

== Ch bg)? CN ere 


The minus sign is taken in the last equation because 
Im (1—£?)/2>0. Using this equation, we find that 


[sin @ + Y)Is]/2 
= — exp (ikré) [mi + 2'/? exp (wi/4)I7]. (39) 
Combining this with (16), (19), and (24), we get 
I = — 2risecy 
-exp (ikr&) — !/? sec w exp (ikr £) + wi/4)I7 
— 1/2[sec y sin (p — 6)J4]. 


In obtaining (40), we have neglected Z, in comparison 
with J;. That this is justified may be seen as follows: 


(40) 


| Z6/Is| < 2-8/2e-¥?| krro|t!?| exp (krro) | (Ar)-1. (41) 


We shall see later that the field behavior is interesting 
at | krro| =0.5; therefore from (41) 


| Ze/Zs| < 0.12(hr)-}. 


This shows that if kr>3, then dropping J, makes an 
error of, at most, five per cent. 
We shall also show that J, may be neglected in (40). 


$230 
The ratio of the J term to the first term on the right- 
hand side of (40) is bounded by 
| (4m)! sin (Wy — 6)I4 exp (Arr) | 

< 2-1(2ekr)-¥/2| Im 7, || sin (W — 6) exp (Aro) | (42) 


from (38). Now, if we assume sin 8 very much smaller 
than |sin ¥| =|7|, we find that 
| sin Y — 4)| < | y| 
and then (42) is less than 
(5kr)-1| Im 71 |-?| Rry?|¥/2| exp (Arro)|. (43) 


Since | y?| =|70| approximately, and since |Im 7] >1, 
‘we find that (43) is bounded by 0.6 (kr)—!. To again get 
an error less than five per cent, we take kr >12. Our 
conclusion is that if kr >12, then 


I = — 2misecy 
-exp (ikréo) [1 + (4m)—¥/? exp (—mi/4)I7] (44) 


with an error of less than five per cent. 
From (4), we have 


F, = (4ni)> f “(= py 
-exp [ipa + i(k? — p?)*?| hb — y| Jap 
= (4) f “(L— "exp (itr'dé (45) 


where 
p= 4? 1 (hy — yy)? 
With the help of the same substitution we used in (15) 


Wwe get 


Fy, = Qn) f 71202 + ir)-12 
0 


-exp (tkr’ — kr't — 32i/4)dr 
= (27)! exp (ikr’ — 3i/4) 


| [eae exp (—kr’r)dr 


a ih s-MAR'(r) exp (—tr'n)ar | (46) 
where 
(2 + ir)-1? = 2-2 4 pU2R" (7), (47) 
From (47) 
Rr) = — 4(2 + ir)-¥?2-12[(2 4 ir) 2 4 21/2]-1 
and it is clear that 
| R'(r) | < 2-8/2, 
Using this in (46), we see that 
| PF, — (8rkr’)—/? exp (ikr’ — 37i/4) | 
< 2-9/2q-12(py!)—8/2 
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so that the per cent error in approximating 7, by the : 


first term of the expansion is less than 

—9/2_—1/2 k 1\—3/2 

cai i CEE 
2-1(2rkr’)-3!? 


and this will be less than two per cent if kr’ >12. 

We shall assume # =0, in which case r=r’. Combining 
all the results, we have ae ; 
hs = 2F,— (271) 'yI 

= (2rkr)—1/? exp (ikr — 37/4) 


+ ysecw exp (ikréo)[1 + (4r)-1/? exp (—2i/4)I7] (48) — 


with an error of less than five per cent. The first term 
in (48) is the field that would exist if the conductor were 


perfect. We call it Fy; then (48) may be written as fol- 
lows: 


H,/Fo = 1 + y(2rkr)!/? sec y exp (—krro + 37/4) 
[1 + (4r)-1? exp (—2i/4)Iy]. 


Put y=70 exp (—77/4) where yo is real and assume 
Yo is so small that sec YW may be replaced by one. We get 


H./Fy = 1+ i(2akryo) 


(49) 


-exp (—£) E _ anf (exp do (50) 


where ¢ is a nondimensional distance given by 
& = krro. 


The ratio P of power radiated over a lossy conductor to 
that radiated over a perfect conductor is 


$3 2 
P= E — (Qyo®ro2) 24172 exp (—f) f (exp rao | 
0 
+ 2ryo’ro tf exp (—2¢). (51) 


When 6=0, formula (29) shows that ro=702/2: In 
this case, the following table shows the values of P at 
different distances from the source: 


0.3 


2.34 


0.4 


2.40 


0.44 


2.41 


0.5 
2,.39 


0.6 
2.31 


0.7 
1.81 


From this table, it is clear that the maximum value of 
P occurs for § = 0.44. This value of ¢ corresponds to 


r = 0.88702! = 0.880(cw2cu)—}. (52) 


We conclude that at the distance 7 given by (52) the 
ratio of the field amplitudes has a maximum equal to 
(2.41) ¥2=1.55, 

It was pointed out by J. R. Wait during the discus- 
sion period that (50) is very similar to that for point 
source or dipole over an impedance plane.? The essen- 
tial difference is that exp (—¢) in (51) is to be replaced 
by 2~* exp (—§). In this case, the corresponding power 
ratio P is always less than unity for a conducting 
surface. 


Summary—This paper presents the formal aspects of an analysis 
a of the electromagnetic behavior of wedge and cone surfaces with a 
linearly varying surface impedance. Alternative field representations 
are obtained and their utility is described. Special attention is given 
__ to reactive surfaces which can support a new type of surface wave. 
This surface wave is of interest for an analysis of surface wave an- 
_ tennas with a linear reactance taper. 


I. INTRODUCTION 
AVE the problem of diffraction of electromag- 


netic waves by a wedge with a constant surface 
a impedance requires for its solution rather so- 
_ phisticated mathematical techniques, two-dimen- 
_ sional diffraction problems involving wedge and cone 
: 4 surfaces with a linearly varying surface impedance (or 
_ admittance, depending on the polarization of the inci- 
_ dent field) can be solved by the conventional method of 
separation of variables. The comparative simplicity of 
_ the formal solutions for these variable impedance sur- 
_ faces permits an explicit investigation of their guiding 
_ and scattering properties which are of interest for dif- 
_ ferent applications. For example, if the surface imped- 
ance is reactive, a new type of surface wave is found to 
Ee exist which can serve as a model for the analysis of a 
’ class of tapered surface-wave antennas with either recti- 
_ linear (wedge problem) or circular (cone problem) sym- 
_ metry. On the other hand, a study of the solutions in the 
- quasi-optic range of short wavelengths yields the high- 
_ frequency scattering behavior of this class of variable 
impedance surfaces, and exhibits the dependence of the 
_ geometric-optical, diffracted, and transition range con- 
- tributions to the field on the rate of variation of surface 
impedance. This information could be of interest for the 
study of diffraction of electromagnetic waves by sharp 
mountain ridges and peaks having certain variable sur- 
_ face properties, or by high-speed vehicles in the upper 
- atmosphere surrounded by a plasma sheath with a 
- special variable density. More important, however, is 

the fact that the existence of a rigorous solution for the 
electromagnetic behavior of certain objects with vari- 


: * The research reported herein was begun under a subcontract 
_ with the University of Michigan (Purchase Order 154700), and has 
been continued under Contract AF-19(604)-4143, sponsored by the 
_ AF Cambridge Research Center. . : 
+ Microwave Res. Inst., Polytechnic Institute of Brooklyn, 
Brooklyn, N. Y. : ; 
| 1T. B. A. Senior, “Diffraction by an imperfectly conducting 
- wedge,” in Studies in Radar Cross Section, vol. xxv, Engrg. Res. 
 Inst., University of Michigan, Ann Arbor, Mich.; October, 1957. 
28, C. Karal and S. N. Karp, “Diffraction of a Skew Plane Elec- 
_ tromagnetic Wave by an Absorbing Right-Angled Wedge,” Electro- 
' magnetic Res. Div., Inst. of Math. Sci., New York University, New 
York, N. Y., Res. Rept. No. EM-111; February, 1958. 

3 F.C. Karal and S. N. Karp, “Diffraction of a Plane Wave by a 
Right-Angled Wedge which Sustains Surface Waves on One Face, 
Electromagnetic Res. Div., Inst. of Math. Sci., New York Uni- 
versity, New York, N. Y., Res. Rept. No. EM-123; January, 1959, 
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able surface properties provides a most useful means of 
checking approximate theories which have been pro- 
posed for the analysis of the scattering by relatively 
arbitrary structures. 

The guiding and scattering properties of the wedge 
and cone surfaces with a linearly varying surface im- 
pedance, which were alluded to above, are investigated 
most directly through the use of alternative representa- 
tions of the formal solutions which are obtained in this 
paper. Because of space limitations, the analysis of the 
tapered surface-wave antenna‘ and quasi-optic diffrac- 
tion’ problems will be submitted for publication in a 
separate paper at a future date. 


II. ForMAL SOLUTIONS 


A. The Wedge Configuration 


1) Formulation of the Problem: The physical configu- 
ration and choice of cylindrical coordinates are shown in 
Fig. 1. The wedge is formed by the two intersecting half- 


P(p,) 


LINE SOURCE 


30 


pra 
Fig. 1—Physical configuration. 


planes located at 6=0 and ¢=a, and is excited by an 
electromagnetic line source of constant strength extend- 
ing parallel to the wedge apex and situated at 9’ = (p’,¢’). 
The surface impedances on the half planes at ¢=0 and 
o=a are denoted by 4 and 4, respectively. On these 
surfaces, the tangential electric field Ep and the tan- 
gential magnetic field Hr are related by Erp =H Xn, 
where n is a unit normal vector pointing into the sur- 
face. It will be assumed that the surface impedances 29 
and 4 vary in such a manner as to render the associated 
boundary value problem separable. Consequently, we 
seek to infer the field solutions for various types of line 


4 The results of this analysis were included in the paper presented 
by the author at the Symposium on Electromagnetic Theory, Uni- 
versity of Toronto, Toronto, Can.; June, 1959. j 

5 L. B. Felsen, “Some Aspects of Diffraction by Variable Imped- 
ance and Anisotropic Structures,” Microwave Res. Inst., Polytech. 
Inst. of Brooklyn, N. Y., Rep. R-685-58, PIB-613, Sec. IIIA; Sep- 
tember, 1958. The diffraction problem for the variable impedance 
wedge is discussed herein. 
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source excitation from the knowledge of a two-dimen- 
sional scalar Green’s function G(@, 9’) uniquely defined 
as follows: 


il ©) 0 il Ge ' 
(= oo 4+ +H) Gee) = ~ 0-0) (1) 
p Op Op p® dg” 


with the separable boundary conditions 


G non-infinite at p = 0; radiation condition at p—> »; (1a) 


Cs) 
G = F Co, orn at ¢ = 0,a, Co,2 are constants. (1b) 
? 


k=w-/pe is the free-space wavenumber, w the applied 
angular frequency, and p and eare the permeability and 
dielectric constant, respectively, of the (lossless) me- 
dium. A time dependence exp (—iw#) is implied through- 
out, and the system of units is MKS. 

The line source excitations considered can generally 
be of two types: a continuous distribution of (electric or 
magnetic) current elements directed either parallel or 
perpendicular to the apex (z axis) as shown in Fig. 2(a) 
and 2(b), respectively. To express the associated electro- 


(b) 


Fig. 2—Various current excitations. (a) Currents parallel 
to apex. (b) Currents perpendicular to apex. 


magnetic fields in terms of the Green’s function G we 
consider the Maxwell field equations with electric and 
magnetic current sources J and M, respectively: 


VX E=towH—-M, VX HAH= — ioE+ J, (2) 

from which one obtains the wave equations (for oo’), 
(V+ R)E = — iouy + VX M, 

(V? + )H = — iwM —V™X J. (2a) 

For electric current excitation parallel to, or mag- 

netic current excitation perpendicular to the apex, the 

total electric field has only a component E= z)E,, where 


Zo is a unit vector along the g direction. The associated 
magnetic field is given by 


1 dE, tieoag 


raat ) i . 3 
"  jwup dg : —iwun dp (3a) 


Upon comparing (1) and (2a) one notes that 
i, = LomoG, when J. =F 205(0 a 0’), M= 0, (3b) 
while in view of VX [9175( — 9’) ]=-v’x [315(o — 9’) IN 


E s , My 
— il PEAS. Sra 
= p’ Op’ p 


when 


oo and @» are unit vectors along the p and ¢ directions, | 
respectively. In the radial domain, E, is subject to the | 
same conditions as those imposed on G in (1a). In the | 
angular domain, E.= ¥ 40,.H, at $=0,2. To make the lat- | 
ter boundary condition coincide with that in (1b) one— 
notes from (3a)—(3c) that 40,, must have the form é 


rr ; 
20,0 — tRpCo,a) 20,0 — ton | \/* , (3d) ; 
€ ; 


t 


where zo, are the normalized surface impedances. Since ; 
Co and Cg are constant, the surface impedances, which — 
render the problem separable, increase linearly with dis- — 
tance from the edge. For passive impedances, Re 20,.=0; 
the corresponding restriction on ¢o,_ is Im ¢,.<0. 

For the dual problems of magnetic current excitation — 
parallel to, or electric current excitation perpendicular — 
to the apex, the total magnetic field has only a single 
component, H= z,H,. To express these solutions in terms 
of G one employs (3a)—(3d) provided that one first | 
makes the duality replacements, 

E> Ho Hab, Osea iS eT 
1 
M6, Se (4) 
20,0 
It is to be emphasized that in this case 20,.=1/[ikpco,«] 
so that the surface impedance decreases with distance — 
from the edge. Thus, two different physical structures 
are implied in the problems stated in (3a)—(3d) and 
their dual as obtained from (4). 

2) Alternative Representations of the Solution: Because 
of the separability of the differential operator in (1) and 
of the boundary conditions in (1a) and (1b) with respect 
to the p and ¢ domains, the solution for the two-dimen- 
sional Green’s function G in the domain, 0<p<o, 
0<@<a, can be inferred from that for the two one- 
dimensional characteristic Green’s functions G, and G, 
defined below.®” 

a) Radial domain: 0<p< _«: The radial characteris- 
tic Green’s function G, is defined by the differential 
equation 


(: deus ENON ON Oe ; 
as p =a o(p,p';) = —d(p—p’), (5) 


subject to the boundary conditions, 
G, non-infinite at p=0, radiation condition at p>, (5a) 


® N. Marcuvitz, “Field Representation in Spherically Stratified 
Regie mee ee He pai Symposium on the Theory of 

ectromagnetic Waves, June 6-8, 1950; Interscience Publish d 
New York, N. Y., 1951. eis 

™L. B. Felsen, “Alternative field representations in regions 
bounded by spheres, cones, and planes,” IRE TRANs. ON ANTENNAS 
AND PRopacaTion, vol. AP-5, pp. 109-121; January, 1957. 


1959 


~ with the complex parameter } so restricted as to admit 
_ a unique solution for G,. The solution of (5) is given by 


Ti he 
G,(p, p53) = pT rlke<) Hy™ (kp>); v=~V hr, (6) 


_ where p< denotes p when p<p’, and p’ when p>p’; the 
_ converse holds for ps. Regarded as a function of X, G, 
_ is regular in the complex \ plane except for a branch 
point singularity at \=0. To assure the boundedness 
_ of G, as p—0, the required restriction on \ is seen to be 
_ Rev=Re 4/\> 0 in view of the small argument behav- 
_ ior of the Bessel function, J,(kp)~p” as p—0. (This re- 
_ striction also assures the vanishing of G, as |\|— © 
with Re A> 0.) A choice of branch cut along the nega- 
_tive real ) axis in the complex A plane meets the require- 
" ment —m<arg \<m; i.e., Re /A>0, on the entire top 
' sheet of the two-sheeted Riemann surface. 

_ The formal spectral representation of the weighted 
_ delta function is inferred from a knowledge of G, via the 
contour integration, 

1 


p'5(p — p’) =—— | G, (0, p’; A)dA 
271 Cy 


i 
~{ vJ (kp<)H,™ (kp>) dv, (7) 
¢ 


“a 
= 
4 
2 
" 
a 


_where the contours C; and C in the complex ) and » 
_ planes, respectively, are shown in Fig. 3. Upon deform- 


A A OES 


A-PLANE v~PLANE 


Cc 


BRANCH CUT 


\ 


(a) (b) 


Fig. 3—Contours of integration. (a) \ (plane. (b) v plane. 


ing the contour C in Fig. 3(b) into the imaginary v axis 
one obtains the following formal alternative formula- 
tions ; 


NO FA NGL, ET Ee RR a ae i Stal ttt tn 


& 1 ies 
- p'5(o — p’) = =f vJ (kp) Hy (kp’)dv, (8a) 
Se 
d a =] vH,™ (kp) H,™ (kp’) dp, (8b) 
; 4 —too 


=f v(1 — e*”*) H, (kp) H, (kp’)dv. (8c) 
4 Jo 


Eqs. (8b) and (8c) follow from (8a) upon use of the rela- 
- tions, 
T(x) = $[H, (x) + Hy (a)]; 


H_,).)(x) = e&”*H, + (x), (8d) 


8 W. Magnus aed F, Oberhettinger, “Special Functions of Mathe- 
matical Physics” Chelsea Publishing Co., New York, N. Y., p. 141; 


1949, 
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In applying the transform theorem implied by (8) to 
represent a suitable function, attention must be paid to 
the behavior of the integrands in (8) as | »| —o, One 
verifies readily from the asymptotic formulas,? 


109) acksl+o()} b+ 
reson f=(2)e[+o()} 


|v] > ©, |argy| <a (9a) 


and the relation, 


= e-”™J,(y) + J_(y) 


4 sin. vr 


Hy) = (9b) 
that the integrands in (8) behave like exp [(Imv)z] as 
v—ic. Thus, the transform f(y) introduced in the inte- 
grand in the representation of a permissible function 
must behave at vi like exp [—(Imp)¢], ¢>7, to 
yield a convergent representation. 

b) Angular domain: 0<¢<a: The angular character- 
istic Green’s function Gy is defined by the differential 
equation, 


a2 
(< +4) 66,052) = 06-9), 0 
do? 
subject to the boundary conditions, 


dG 

Gg=F — at ¢ = 0,a, (10a) 
do 

where cy and ¢, are the constants defined in (3d). The 
complex parameter 4 is so restricted that 1\i,, where 
\; are the eigenvalues associated with the homogeneous 
solutions of (10). For subsequent applications it will be 
convenient to view the propagation phenomena in the 
¢ domain in terms of waves traveling in the +¢ and —¢ 
directions with propagation constant w= +/j; at the end- 
points ¢=0 and ¢=a of the angular region, these waves 
are reflected with reflection coefficients I’) and Tz, re- 
spectively, defined as 


1MCy — 1 
ps2 St Se aaa Mae: 
pomeeis le) 
w= V4. (11) 


In terms of these reflection coefficients, one may write 
the solution for Gs as follows: 


G4(¢, q'; d) 
(e~iue< + Te#?<) (e~t#(e-$>)) + Tet (e-$>)) 
—Yip(e-* — ToT ge'H*) 


1.6 —1 


Tou) = To = re) =T.= 


(12) 


Since G, is an even function of y, no branch point singu- 
larity exists at \=0 (z.e., /{ need not be specially de- 


9 Tbid., pp. 4, 17. 
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fined) and the only singularities of G, in the complex 4 
plane are simple poles situated at the zeros EtG 
\; =£2, of the denominator in (12). Since Im ¢0,« <0 [see 
remarks following (3d) ], one can readily show (see Ap- 
pendix I) that Im \;<0, and that Re A; may become 
negative only when Re co>0 or Rec, >0, or both. The 
case, Re \; <0, is of special interest for the propagation 
of surface waves along one or both of the wedge faces. 

The interpretation of Gs in (12) in terms of waves 
propagating on an infinitely extended angular trans- 
mission line emerges distinctly if one expands the de- 
nominator in (12) in terms of a series of powers of 
(Melee: 


Gs(o, $'5d) = Good, $’) + D> Po? LPa"Gu0($, 2na — ¢$’) 


n=1 


+ DY (Palo)"[Gon(, 2ne + 4) + Gso(b, —2na + $')] 
n=1 
=F 3, Rial er Ga Ce aa fe ¢’); Im p > 0, (13) 
n=0 
where 
eitlo—o"| 
Go0(9; ¢’) i AT, Ime > 0. (13a) 
—2ip 


The series representation in (13) converges for Im p>0; 
an expansion suitable for Im »<0 is obtained upon re- 
placing w everywhere in (13) and (13a) by (— ); this 
procedure is valid since Gy is an even function of yw. Since 
Gs0(%, 6’) in (13a) represents the response at ¢ to a 
unit source situated at the point ¢’ in an infinitely 
extended angular transmission line (7.2, —»~<@<o, 
— 0 <¢’< ~), each term in the representation (13) can 
be interpreted as arising from a properly placed and 
weighted image source. The image sources are situated 
at (2na—¢’), n=0, +1, +2,---, and (2na+¢’), 


n=+1, +2,:--+, as shown in Fig. 4; 7.e., outside the 
PHYSICAL 
1 DOMAIN 1 
| { 
| | 
| I 
er earareee Perri fe 
tt 1 
-2a+¢' =o) 0 o: a 2a-p = 2at¢' 


Fig. 4—Image interpretation of angular Green’s function. 


physical domain 0<¢<a. The contribution from each 
image source can also be identified with an angularly 
traveling wave in the domain 0<¢<qa@ which has ex- 
perienced a given number of multiple reflections from 
the boundaries at ¢ =0, a. At each reflection at ¢=Oand 
@=a, the wave amplitude changes by I) and Ty, re- 
spectively. This fact accounts for the different strengths 
of the image sources. One notes from (13) (and its ap- 
propriate form for Im u <0) that G, behaves at |u| 0 
Im <0, like e~ lim #169" |, 

The spectral representation for the delta function 
6(¢—@") can now be inferred from the integral repre- 
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sentation® 


1 
6-6) = - 5 f Goldy 60d. 


Sere 


7) 


i 
. 
| 


The contour C in the complex 4 plane encloses all the 
pole singularities of Gs in the positive sense. Upon evalu-— 
ating the residues at these pole singularities, one obtains | 
a series representation for 6(¢—¢’). In order not to com- | 
plicate the presentation, we assume for the present that | 
Ca= ©; 4.e., the wedge face at ¢ =a is perfectly reflecting 

(C= +1). Then the poles, 1 =& of G, in (12), are defined i 
by the transcendental resonance equation, ; 


cot fa = — &¢o. (15) _ 
For real values of ¢o, 1.¢., a purely reactive surface im-_ 
pedance [see (3d) and (4)], the roots &, & - - - of (15) 
can be obtained very simply as seen from the well- 
known graphical construction in Fig. 5. Of special in- 


72) 


cothna 


1 _§_ »éq 


| I 

f 
1 
! | 
i] 1 
1 j I 
| | 1 
| 1 ) 
| I 1 


cot €a =-€C, C, REAL POSITIVE 


cothna= 7Cy 


Fig. 5—Graphical solution of resonance equation. 


terest is the case ¢)>0, in which case an imaginary root 
&=7, 7 real, exists which will be seen to correspond toa — 
surface wave propagating along the wedge face at $=0. 
Upon carrying out the residue evaluation at the poles | 
of Gg, one obtains: for ca= ©, co real, the following rep- 
resentation for 6(¢—¢’) in terms of the angular ortho- 
normal eigenfunctions ®;(@) 24 


5 — ¢') = X }z(o) Be($’) + O,(4),(¢')H (co), (16) 


/ 


where 
1/2 
@:(¢) = : cos E(a — ¢), E> 0, 
a (1 — = sin? fa) 
Qa 
k 2 1/2 
®,(¢) = cosh n(a — ¢), 


Co 
a (1 -+- — sinh? na) 
a 


n> 0,> (16a) 


10 B. Friedman, “Principles and Techniques i = 
matics,” John Wiley and er. Inc., New York Weare re 

1 The author is indebted to F. J. Zucker for referring him to a 
recent paper by V. I. Talanov, “On surface electromagnetic waves in 
systems with non-uniform impedance,” Izvestia VUZ MVO, Radio- 
fizika, vol. 2, no. 1, pp. 132-133; 1959. (This paper was translated 
fom the Russian by Morris D. Friedman, and issued as AFCRC 
memo T-134, September, 1959.) Talanov has obtained independently 
is ieee fields ee Deapabare along a wedge whose surface 

pedance varies as , but has not consi 
(Green’s functions) ated above. Oe eee gee eee 


Eeaco 2>. 0 


Ale) = ; 
(co) 0,0 <0 


(16b) 


__ The sum in (16) extends over all positive solutions & of 
_ (15). A directly analogous result is obtained for the case 
_ €x=0, co>0, where one has the resonance relation 
tan a=£co, which also admits of an imaginary root 
= £=7n, n> 0, for all 0<c) <a. 

| ¢) Alternative representations for G(o, 0’): From the 
_ knowledge of the Green’s function and eigenfunction 
_ solutions for the radial and angular domains, one can 


a construct directly formal alternative representations for 
_ the two-dimensional Green’s function G(g, 0’) defined 


' a in (1). The most fundamental representation involves 
_ the contour integral*.” 


oe 
or 


7 


1 
Ge,e) = — = f Gab, 8 NGC, Is N)dR, (17a) 


1 Meee ate, 

4 eros 2uGo(o, $'; u”)G,(0, p’; u)du, (17b) 
“ T ie 
E with the contour C shown in Fig. 6(a). Upon transform- 
a ing to the uw plane via w= +/j and recalling the require- 
- ment, Re p>0 for G,(p, p’; i) [see (6)] one obtains the 
% contour P shown in Fig. 6(b). The integrand in (17b) 
q vanishes exponentially for e~’ as |u| 0, larg p | <p 
4 
4 X-PLANE #- PLANE 

- SINGULARITIES 
4 aC. Gp x 
. ac at Oe dito Ki | 
a x x x 
| | 
‘ ‘SINGULARITIES OF Gy 
a 
“a 
4 (a) (b) 
y Fig. 6—Contours of integration in (a) X and 
4 


(b) » plane (u=¥V}4). 


4‘. 


If the integral in (17b) is evaluated in terms of the 
residues at the poles of Gy, one obtains directly from 
(6), (14), and (16), for ca= ©, co>0: 


G(o, 0’) 


Wh a 
ay 
Qa ¢ 


Yr. <=" 2 er ee 
r ey 


"Aah 6 


cos ta — ¢) cos E(a = ¢') | e(kp<) He (kp>) 


Cae 
1 — — sin? ta 
(a4 


_".* Ra sl 


ni cosh n(a — ¢) cosh n(a — ') 
. 1+ = sinh? na 
a 


- J—in(Rp<) H_ in (Re>), (18) 
where £ and 7 are defined in Fig. 5. Since Jelkp<) is very 
‘small for values of &>kp<, the series representation (18) 
is rapidly convergent when kp< is small; 1.6. when either 
the source point or the observation point is situated. 
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near the wedge apex (see Appendix II for a discussion of 
the edge condition). When ¢)— ~, one obtains via (15): 
E>mr/a,m=1,2, ++ +,n-0,and n’aco—1, co sin? Ea—0. 
Thus, one recovers the familiar formula for a wedge on 
whose sides 0G/0@ vanishes :!2 . 


Tt 
G(o, oe’) = ms Jo(kp<) Ho (Rp) 


an) 
atte Sea 


a m=1 a 


mrp mr’ 
08 I mrjo(RP<)Hmxja (kp>). (19a) 


Similarly, for co=0 (i.e, G=0 at 6=0, 0G/d¢6=0 at 
@=a), one has £=(m+1/2)r/a, m=0, 1, 2,---, 
n—0, so that 


; Dee , ; 
G(o9, o’) = — DI sin £4 sin £p’J¢(kp<) He (kps), 


Q m=0 


ee 
= Mm — —e 
2/ a (19b) 

Of particular interest in (18) is the last term which is 
to be denoted G(o, 0’). If co is reasonably small so that 
n~1/co [see Fig. 5(b) | and if the hyperbolic functions 
can be approximated in terms of the dominant expo- 
nential, one notes that 


Me 11 
Glo, 0) = — € 16199 J_3.(ko<) H_ig™ (Reps), 
Co 


1 


Ne cabs 


co 


(20) 


It is seen that the field in this mode decays exponentially 
away from the surface, 6=0, along any circular arc 
centered at the origin. Thus, it represents a new type of 
surface wave which can be supported on a plane surface 
with a linearly varying surface reactance. The conven- 
tional surface wave, which is supported on an infinite 
plane surface with constant surface reactance, decays 
exponentially away from the surface along any per- 
pendicular plane and does not radiate any energy into 
the space above the surface. In contrast, the present 
surface wave does radiate energy; in fact, the function 
exp (—n@) represents essentially the radiation pattern 
of this wave. However, it still appears appropriate to 
retain the designation “surface wave” for this mode 
since it constitutes a proper mode of the complete 
spectrum of waves supported by this structure and has 
many of the features associated with the concept of a 
surface wave. It is a direct consequence of the monotonic 
variation of the surface reactance that this wave must 
radiate energy. If one considers the problem posed in 
(4), for example, where the magnetic field is directed 
parallel to the wedge apex, one notes that the normal- 
ized surface impedance 2.=1/ikpco, co>0, decreases 
with increasing distance from the apex. One may real- 


” P, Frank and R. V. Mises, “Die Differential- und Integral- 
gleichungen der Mechanik und Physik,” Vieweg and Sons, Braun- 
schweig, Germany; 1935. See ch. 20 by A. Sommerfeld. 
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ize such an impedance approximately through the use 
of a lossless corrugated surface, with the depth of the 
corrugations decreasing with increasing distance from 
the apex in such a manner as to yield the desired imped- 
ance variation. The energy bound to the surface is thus 
spread away from the surface as the surface wave propa- 
gates over increasingly shallow corrugations. Therefore, 
there is radiation. 

Concerning further properties of the surface wave, we 
mention at this point the field behavior near the apex. 
As p0, J—i(kp)~(kp)~"= exp [—iy In (kp) ]. Since 7 
is real for a reactive surface, this implies that the phase 
of the surface wave varies extremely rapidly near the 
edge, while its magnitude as a function of p remains es- 
sentially constant (note Appendix II). Moreover, it is 
important to point out that the surface wave can be 
excited in pure form by a source distribution with angu- 
lar variation 

cosh y(a — ¢’) 
cosh na 


on a cylindrical surface extending from ¢=0 to d=a. 
This conclusion follows from the orthogonality of the 
surface wave mode in (18) [see also (16) ] with respect 
to the remainder of the angular spectrum. This is again 
in contrast with the conventional surface wave on a 
constant reactive surface which requires for its pure 
excitation a source distribution over an infinite plane 
perpendicular to the surface. 

It is of interest to point out that the surface wave rep- 
resented in (20) is exactly that associated with a wedge 
whose side at $6=a has a reflection coefficient [,=0 
instead of [y= —1 as in (18). A reflection coefficient 
T.=0 implies that the wedge face at 6=a completely 
absorbs all “angularly propagating” waves incident 
upon it. Thus, it represents a type of absorbing surface, 
albeit a physically unrealizable one (actually, Sommer- 
feld’s absorber defined on an infinitely sheeted Riemann 
surface).” In terms of the infinite angular transmission- 
line concept introduced in (13) and the image represen- 
tation of the angular characteristic Green’s function, 
G4, one notes that I, =0 implies the presence of only a 
single image at (—@’). The associated two-dimensional 
Green’s function comprising the contributions from the 
source at ¢=¢’, and the image at $= —q’, satisfies the 
boundary condition in (1b) at ¢=0; the appropriate 
boundary condition at ¢=a is not defined except by the 
statement, ,=0, on the transform (this implies, in ef- 
fect, that the ¢ domain extends to + ©). It is noted that 
the distinction between the latter problem and that in 
(18) is of small consequence for any surface wave 
which decays with sufficient rapidity away from ¢=0. 
In fact, it would seem that the form of (20) is the sim- 
plest definition for a surface wave supported by a single 
surface at 6=0 with a variable impedance of the type 
considered here. The modification, as in (18), arises 
from the presence of an additional physical boundary 
at #=a. [Actually, a surface wave with p and ¢ de- 
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pendence, as in (20), can also be supported by a physical 


wedge configuration with ¢,= —co<0, or Tol'a=1. The 


remaining real eigenvalues are £=mr/d,m=1,2---, 
and the associated angular eigenfunctions are (9 cos 
&—sin o)]. 

The preceding remarks concerning the case '.=0 
are now made quantitative by constructing the corre- 
sponding two-dimensional Green’s function G(e, 9’). We 
employ in this instance the contour integral representa- 
tion in (17b), with G, represented as in (13).’* Upon ex- 
tracting the residue at the pole = —i/co=—m of To, 
one can deform the contour P into the two contours 
Pi+P:2, where Pi runs from © to 0 slightly above the 
real py axis, while P2 runs from 0 to & slightly below the 
real u axis. Upon inserting the appropriate representa- 
tions for Gz from (13) one obtains: 


G(o, 9’) = 2ne-"+#g,(p, p’; —in) 


is in|d—$7 | Pan eit (o+9") 
+ e + : 
2rJ 0 jean 
Sith Pie ee en oe 
+ eoie ge weie) lolo,e/inddu, (20 


where n = 1/c) and 


Ti 

Sp(p; p35) = 2 ulkp<) Hy (kp>). (21a) 
The first term in (21) is identical with G in (20). The re- 
mainder of the ¢-spectrum is now continuous since the 
¢-domain extends from ¢=0 tog= ~. One verifies quite 
simply from (21) that the surface wave term is orthog- 
onal to the continuous spectrum as represented by the 
integral term. Upon multiplying (21) by the surface 
wave mode function e~?, integrating over ¢ from ¢6=0 
to ¢= ~, interchanging the orders of the ¢ and yp inte- 
grations and evaluating the trivial ¢ integrals, one finds 
that the resulting integrand vanishes for all  [note: in 
the integrand, \o—¢’| can be replaced by (¢—¢’), be- 
cause of the occurrence of exp (in| d—¢'| )+ exp 
(—in|o—-¢’| )]. A Green’s function analogous to G 
in (21) has been employed in the analysis of radiation 
from a tapered surface wave antenna.! 

A representation for G(@, 9’) suitable for an evalua- 
tion of the quasi-optic effects when both kp and kp’ are 
large is obtained upon deforming the contour P in (17b) 


8 The Green’s function Gg.(¢, ¢’) satisfying (10) in the domain 
—~» <(¢, ¢’)< and representing outgoing waves at ¢>+ © is 
given in the range —r<arg } <7, i.e., Rev, >0, by [see (13a)] 

erivid—?' | 
Goo, ¢’) = 


<u,’ Ime S% Rea>0, w= Vi. 
Thus, there exists a branch point singularity at X=0, and Gg is 
discontinuous across the positive real y-axis. The corresponding con- 
tour P in Fig. 6(b) must therefore enclose the entire positive real 


H-axis; i.é., it must pass through the origin »=0. For the angular 
Green’s function, 


Gob, b) = Gould, ’) + ToGgu(d, — 4’), 


sotetiig tie boundary cq in (1b) at ¢=0, the contour P 
encloses the positive real y-axis and the possibl =—j{ 
when Re co>0. e Nola: fie 


into the imaginary p axis. This constitutes a representa- 


- tion in terms of the radial eigenfunctions as in (8a)—(8c). 
_ For a study of the diffracting properties of the wedge, 


re ERNE ERE NEN 


Cry 


ee 


ee | 
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_ the formulation in (8c) is particularly useful and yields® 


i Ge, 0’) 


1 pie 
7 if a(L — e#™) A, (kp) Hy (kp’)Go(¢, $5 u?) dp, 
|¢—¢'| >. (22) 


Although the expression in (17b) is valid for all oo’ 


provided that the endpoints of the contour P lie at 
|p], | arg p| </2, the deformation of P into the 
imaginary axis ({arg p.| = 1/2) requires the imposition 
of certain restrictions. As noted from (9a) and (9b), 
H,,™ (kp) H,(kp’) behaves like exp (|u| T) aS Ut, 
Since Gz behaves like exp (—|n| |o—¢$'|) as P10 
[see (13) ], one requires for the existence of the integral 


_ in (22) the restriction |6—¢’| >. The angular domain 


|p —¢'| >7 is seen from Fig. 1 to correspond to the geo- 
metrical shadow region; 7.e., the representation in (22) 
is valid only for those observation points from which 
the source is not directly visible. This implies for a 
quasi-optic evaluation that G(e, o’), as expressed in 
(22), represents only a diffracted, and not a geometric- 
optical, contribution. This fact can also be appreciated 
from the form of the integrand which contains a radial 


- dependence in terms of H,‘ functions only, 7.e., out- 
_ going waves. Thus, the integral certainly cannot repre- 


sent the incident wave contribution. 


B. The Cone Configuration 


1) Formulation and Solution of the Problem: The 
physical configuration and choice of spherical coordi- 
nates are shown in Fig. 7. The semi-infinite cone is de- 
fined by @=6@, and it is assumed that it is excited by a 
ring source of constant strength centered on the cone 


axis and defined by the coordinates (r’, 0’). (In view of 


the symmetry of the source and the conical obstacle 
with respect to the azimuthal ¢ variable, the formula- 
tion of the problem is independent of ¢.) As for the 
wedge problem, it is assumed that the surface imped- 
ance z on the cone varies with 7 in such a manner as to 
render the resulting boundary value problem separable. 
The ring source distributions to be treated are of two 
types: azimuthal or radial electric or magnetic currents 
as shown in Fig. 8(a) and 8(b), flowing along the ¢ and 
r directions, respectively. For the radial magnetic and 
azimuthal electric current excitations, the total electric 
field has only a single component Ey, in terms of which 
the magnetic field components H, and H, are given by 


1 0 
H, = ————. — (sin 0E 
jour sin @ 00 ( y 
1 0 
Ho — a (rE) (22a) 


Felsen: Properties of Wedge and Cone Surfaces 


$237 


RING SOURCE 


P (r,@) 


CURRENT SOURCE 


(a) 


Fig. 8—Various ring source excitations. (a) Azimuthal currents. 
) Radial currents. 


Conversely, for the radial electric and azimuthal mag- 
netic current excitations, the total magnetic field has 
only a single component Hj, in terms of which E, and 
FE are given by 


— 0 
E, = ———— — (sin 6H 
iwer sin 0 00 ( #)s 
ho 43) 
Ey = - — (rH). (22b) 
wer Or 


The solutions for E, and Hy in (22a) and (22b), re- 
spectively, can be expressed in terms of auxiliary scalar 
functions. Since the perfectly reflecting ring-source ex- 
cited cone has been investigated in a previous publica- 
tion, the results obtained there can form the starting 
point for the present treatment in which a variable 
surface impedance is assumed. For the case of a 
ring source of radial magnetic currents, 7.e., M(r) 
= rot(r—r’)6(8—0’)/r’, where ro is the radial unit 
vector, the azimuthal electrical field Z, can be derived 
from a Green’s function G(r, r’) via the relation,™ 

Mt: dG 


UD ies > Gaara as 


23 
r' 00 28) 


“4 L. B. Felsen, “Radiation from ring sources in the presence of a 
semi-infinite cone,” IRE TRANS. ON ANTENNAS AND PROPAGATION, 
vol. AP-7, pp. 168-180; April, 1959. See (34b). 
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A contour integral representation for G analogous to 
that in (17b) is given by™ 


ee 8d Bees 
G(r, r’) = -4/7 sin 0 
Yr 
if uJ (hr <)Hy(hers)Ga(8, 63 udu, (24) 
Ee 


where the angular Green’s function, Go, satisfies the dif- 
ferential equation 


d 1 
E sin @— + G — =) sin | Gp = — 5(0— 6’). (24a) 
dé dé 4 


The contour P shown in Fig. 9 runs along a semicircle 
at infinity in the right-half » plane and along the imag- 
inary p axis. 


pe ~ PLANE 


POLES OF G, 


Fig. 9—Contour of integration in uw plane. 


It was shown previously for the perfectly reflecting 
case (EZ; =0;7.e., 0OG/00 = 0 at 0=6o) that the representa- 
tion in (24) constitutes the solution for the ring source 
problem involving radial magnetic currents provided 
that 0G,/d6=0 at 0=6). For the present problem the 
boundary condition on the cone surface is, instead, 

Es = 2H, aye ih = 0, (25a) 
which, from (22a) and (23), leads to the following con- 
dition on G: 


0G es a dG z Wis 
= 10 —sin§—;, c=—) g=8 —., (25b 
a6. sin 6 00 a0 ikr bd ish) 


One notes from (25b) and (24) that the required bound- 
ary condition on G can be satisfied in terms of Gy alone 
if c=constant. This implies that the surface impedance 
variation appropriate to a treatment by separation-of- 
variables techniques is 2(r) =ickr, c=constant. Making 
this assumption, one has from (25b), (24), and (24a), 


— = — ¢(y? — 3)Go at 6 = 6, c = constant. (25c) 


One readily constructs the solution for Gp in (24a) sub- 
ject to the boundary condition (25c) at =6, and to a 
requirement of finiteness at the singular endpoint, 6=0: 
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Ga(8, 0’; bu) 
x P,(cos6<)[P,(—cos 6>) + A»P,(cos 65) | 
Spay sin vr 
1 
aah VR ah Bae) (26) 

where * 

Y P,\(—cos 00) — c(v + 1)vP,(—cos 40) 

os P,(cos 09) + c(v + 1)vP,(cos 40) 
d 
P,}(cos 0) = a P,(cos 6), (26a) 


and P,” (cos 6) is the associated Legendre function of 
degree v, order m and argument cos 6. 


d 
| Note P,}(—cos 6.) = — — P,(—cos 4) | 
d8 


As before, 65 denotes 9 when @>06’, and 6’ when 6 <6’; 
the converse holds for @<. Since P,“=P_,_1”, Gs is an 
even function of u. From the asymptotic formula® 


P,™(cos 6) 
mar 


ees [(o+>)e+ =| (26b) 
Dalai # Parente Abe tee ae ea fenanye 


valid when | | 0, | arg »| <7, sin 8640, one notes that 


constant 
at Se 
|» | V/sin @ sin 6” 


| | =F) co ee | arg u | <a. (26c) 


| Go| ~ xp — [| Imp| | 9—6']], 


Since P,(1) =1, (26c) can also be employed for @’=0 or 
6=0, provided that sin 6’ or sin 6, respectively, is re- 
placed by unity. 

For the case of a ring source distribution of azimuthal 
magnetic currents in the presence of a perfectly reflecting 
semi-infinite cone,’® 2.e., M(r) =ooM6(r—r’)6(0—8’) /r’, 
where ¢o is a unit vector in the ¢ direction, the magnetic 
field H(r) =0H,(r) can be inferred from a scalar func- 
tion S(r, r’) via?® 


S= ae sin 6’ ro Cty ae (27) 
where 
RC oe) -— vr f . 
De Ps 
J ulkr<)Hy™ (krs)Go(6, 6’; 4)du. (27a) 


The contour P in the complex u plane is shown in Fig. 
9. Go satisfies the differential equation (24a), and since 
E,=0 at 6=6 for the perfectly conducting cone, one 
finds from (27), (27a), and (22b) that, correspondingly, 


** Op. cit., W. Magnus and F. Oberhettinger, p. 71. 
16 Op. cit., L. B. Felsen, (38a) and (38b). 


December 


e 
7 
4 


_ 1959 


Go=0 at 9=6). Upon comparing (24) and (27a), one 
_ notes in view of (24a) that G can be obtained from S 
_ through differentiation: 


SING ie Pal eee phehs 4.0.5 
SR Se a ae wa pee oe 
06 


6 Hi 
r sin 0 00 a 


(27b) 


If the cone has a surface impedance 8, then 


E, = — 8Hy at 0 = A, (28a) 


leading from (27), (27a), and (22b) to the boundary 
condition in (25c) provided that the constant c is de- 
fined as 


1 
= — = constant. 


2 
tkrz 28h) 


Thus, for the present case, the impedance variation is 
2(r) =(tkrc)—, in contrast to (25b). This behavior is di- 
rectly analogous to that encountered in (3d) and (4). 
The solution for Gp is again given by (26), with c de- 
fined as in (28b). 

The solutions for the remaining problems involving 
ring-source excitations with radial or azimuthal electric 
currents are obtained from the above after making the 
usual duality replacements as noted in (4). 

2) Alternative Representations : From thepreceding dis- 
cussion, it is noted that the solutions for the various 
types of ring source excitation can be obtained from the 
functions G or S defined in (24) and (27a), respectively. 
Instead of the contour integrals taken over the path P 
in Fig. 9, one may obtain a series representation involv- 
ing the angular eigenfunctions by deforming the contour 
about the singularities of Gs. These singularities are the 
poles w= é of A, defined in (26a): 


B;(o) = 9, Re & 2 0, 
B,(90) = P4i-1/2(cos 00) + c(u? — £)Pu-tj2(cos 90). (29) 
No poles exist at the zerosv=m, m=1,2,---,ofsinvm 


since P»(—x) =(—1)"Pn(«), so that the numerator 
in (26) also vanishes. Gp does have a pole at v=0. [ Note 


= g 
S(r, 2’) = — wiv’ BT lor) He (ro) 


po} 


niv/rr'n 
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b&=4%. Thus, the pole at 4=+4 does not contribute to the 
electromagnetic fields and will henceforth be ignored. 

For a passive surface impedance, Re z>0, and Im 
€ <0, as seen from (25b) and (28b). One can then show 
(see Appendix I) that Im <0 in (29). For simplicity, 
we examine only the case ¢ real, appropriate to a re- 
active impedance. Eq. (29) then has an infinity of real 
solutions whose approximate values for large positive 


— can be inferred from the asymptotic representation in 
(26b) : 


tan (£9 — 1/4) = cé, E sin 0) > 1. (30) 


This equation can be plotted graphically in analogy 
with Fig. 5. Of special interest is the case c>0, for 
which (29) admits of an imaginary solution £= +7, 
n>0.\ For imaginary & (29) takes on the following 
form, 


K,*(cos 00) = ¢(? + 7)K,(cos 00), 


Ky” = Phin = KX. (31) 


Since the conical functions K,(cos 69) and K,}(cos 6) 
are positive functions when 7 is real and 0 <6)<z7,}8 it is 
evident that (31) has a real solution only when c>0. 
If it is assumed that 7 is to be so large that the asymp- 
totic formula, 


K, (cos 0)) ~ ———————.. e% sin 6 > 1 oe 
al 0) ye m6, ? U 0 ? ( ) 
can be applied, then 7 is given approximately by 
1 
i ete e) n sin 0) > 1; (33) 
a 


The analogy between this result and that in (20) is to be 
noted. 

Upon carrying out an evaluation of the integral in 
(27a) in terms of the residues at the poles w=&,&>0 and 
= —in, n>0, of the integrand, one obtains for c>0 the 
following representation in terms of the angular eigen- 
functions (the irrelevant pole at u=4 has been ignored): 


P¢_-1)2(cos 6) Pz_1/2(cos 6’) 1 


sin 60 


wae 


K,(cos 0) K,(cos 6’) 


ee fe (hrc) Hie (Rts) 
sn Oo? +h) y 


K,(cos 60) E { Kz!(cos 60) — c(a? + 4)K,(cos a0} | 


P(x) =1, P,(x) xv as v—0], and, consequently, the 
integrands in the expression for G in (24) and Sin (27a) 
have simple and double poles, respectively, at v= O ree 
u=%. However, for the evaluation of the electromag- 
netic fields, the pertinent quantities are 0G/00 in (23) 
and 025/000’ in (27). Since (d/d0)P,(+ cos 0) «y as 
y—0, it follows that the integrands which result upon 
carrying out the derivative operations are regular at 


(34) 


B, (60) is defined in (29). In obtaining this form of the 
result, it has been found useful to employ the Wronskian® 


17 The special case c>0 is deduced from the general case of com- 
plex c by letting Im c—0. Since all pertinent poles of Gg in the right 
half of the » plane are located in the fourth quadrant when ¢ is 
complex, one notes that only the imaginary pole at p= —7, 7>0 is 
relevant for c>0. } 

18 Op. cit., P. Frank and R. V. Mises, p. 74, 


S240 IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


P,(cos 0) P,!(—cos 6) + P,(—cos 4) P,*(cos 4) 


2 sin vr 
wr sin 4 


Like (18), this series representation is rapidly con- 
vergent when either kr or kr’ is small (see Appendix II 
for a discussion of the “tip condition” for the cone). 

As in the analogous representation for the wedge 
problem in (18), the last term in (34) represents a sur- 
face wave which has many of the same characteristics 
as that in (18). To highlight these similarities we exam- 
ine this last term in the range of large n, for which 
n~1/c, c small [see (33) ]. One may then employ the 
asymptotic form (32) for the conical functions. Use of 
(27) then yields the following surface wave contribution 
to the magnetic field (to be denoted by Hy) caused by a 
ring source of azimuthal magnetic currents: 


zs r’ sin 6’ 
Hg(r, r’) = : 
r sin 0 


: [— ToeNne 1200-98 J_ (kre) H_ ig) (Rrs) [; (35) 


where 7 is large and »~1/c. The expression inside the 
square brackets in (35) is identical with the surface- 
wave contribution to the magnetic field, i.e., H, =iwemG, 
calculated from (20), (3b), and (4) for the wedge prob- 
lem excited by a z-directed line source of magnetic cur- 
rents, provided that p, p’, ¢, d’ for the wedge are re- 
placed by 7, 7’, (@o.—0), (@0.—0’) for the cone (the de- 
pendence on (@)—@) and (@)—6’); 7.e., the actual angles 
of elevation above the cone surface, arises because the 
cone surface is defined by 6 =9, whereas the appropriate 
wedge surface in (20) is that at @=0). The factor 
(r’ sin 6’/r sin 6)1/? in (35) accounts for the spreading 
which takes place in a spherical wave. 

A significant difference between the angular spectrum 
in (18) and that in (34) is that the latter does not satisfy 
the conventional orthogonality relation. This property 
is caused by the boundary condition in (25c) which in- 
volves the eigenvalue »=é. An appropriate modified or- 
thogonality condition is given in Appendix I. 

As for the wedge problem (13), it is possible to repre- 
sent the cone Green’s function in terms of images situ- 
ated at appropriate points in an infinitely extended 6- 
transmission line. Such a representation has been ob- 
tained for a perfectly reflecting cone in (17) of Felsen.“ 
We discuss here only the case which is directly analogous 
to that in (21); 7.e., the contributions from the source at 
6=6' and the image at 6=20)—6’ alone are taken into 
account (see Fig. 4, with a=0), =6, ¢’=6'). The re- 
sulting Green’s function satisfies the variable impedance 
boundary condition (25b) at 9: at 8=0, on the other 
hand, the termination is one which perfectly absorbs all 
“angularly propagating waves,” 1.é., the 0=0 axis is 
surrounded by a “black cone,” the counterpart in 
spherical geometry of Sommerfeld’s “black screen,”!2 
The latter condition implies, in effect, that the angular 


domain extends from — © <@<». The resulting surface 
wave supported by the variable impedance cone surface 
at @=6) is simpler in form than that in (34), and forms a 
useful model for the analysis of radiation from a tapered 
surface wave antenna with azimuthal symmetry. 

The angular Green’s function G,(0, 6’; u), appropriate 
to an infinitely extended 9 domain, comprises only waves 
traveling away from the source and can be represented 
as!9 ~< 


- 4 
Go(0,6'su) = i P, (0c) Py (05), (36) 


where the traveling wave functions P,™:»™ are defined 
in terms of the standing wave functions P,-1/2(+ cos @) 
as 

Z 
Pi.) = F 


COS ur 
‘| Py-1j2(—cos 0) — et*@-1/2)*P,_ 1 /.(cos 6)|. (36a) 


Alternatively, one may employ a representation in 
terms of the hypergeometric function F(a, b; c; 2), 


2 Tu+4) 
POD A aag eee 


-e@ti(u—w/4) RC), (2)(6), (36b) 
Re Oe OO = ei Gah a 57a ee oe 


where T(z) is the gamma function. The expressions in 
(36b) and (36c) are particularly convenient for extend- 
ing the range of @ from the restricted domain 0<0@<z, 
for which the right-hand side of (36a) also applies, to 
the infinite domain — « <@< ». Thus, for integral n, 


P,©. 294+ nr) = etinux P(1).(2) (9), (36d) 


One notes from (36b) and (36c) that the Green’s func- 
tion in (36) is subject to the restriction Im w>0. An 
alternative representation valid for Im «<0 is given by 
Go(8, 6’; —u). 

To satisfy the boundary condition (25c) at 0=0», we 
employ the representation (for Im u>0) 


zs Tt my 
Go(0, 0’; uw) = Sa) [P.(@) + TP,@@)], (37) 
and determine the reflection coefficient I' as 


d 
Pi (Oo) + c(u? — 4) P,™ (6) 


7 (37a) 
—~ Pu (G0) + c(u® — 3) Py (64) 
dO 


° Op. cit., L. B. Felsen, (14)-(17) and Appendix I. An alternative 
formulation for Go has recently been employed in a somewhat differ- 
ent context by P. C. Clemmow, “An Infinite Legendre Integral 
Transform and Its Inverse,” Studies in Radar Sections XXXIV, 
Rad. Lab., University of Michigan, Ann Arbor, Rep. no.:2778-5-T 
Appendix, March, 1959. d 
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_ The function S appropriate to the present problem is 
oa then obtained upon replacing Gy in (27a) by Gs, where 
; ‘it is understood that G,(6, 6’; u) is to be employed on 
d those portions of the path P (Fig. 9) on which Imp>0, 
» while Go(6, 0’; —y) is to be used for Im w <0. Since the 
e only singularities of P,“® in the complex u plane are 


TiweN sin 6’ y 


Le CIES) r 


d 
D,@ (80) = a Py (80) + c(u? — 4) Pu (60), 
7 0 


® the simple poles, u»= —n—3, n=0, 1, 2,---, of the 
- gamma function I'(u+ ) in (36b), one notes that the 
- only singularities of Gp in the right half of the w plane 
for Im »+0 are the possible poles of I’. To facilitate the 
_ investigation of these poles, we assume that | | is so 
- large that the asymptotic formula, [¢f. (26b) ] 


eti(ut—w/4) 
my. sin 6 


| w| sin 6 > 1, | arg y| Rane tao) 


can be employed. Under these conditions, 


u+ im 


: Im p > 0, 
K— % 


i 


IR 


+ i2u8, 
renner, 


(39a) 


eee 1) 
w+ im 


T ie, Imp <0, (39b) 


IIe 


Since Im c<0, i.e., Im 7>0, one notes that the only 
possible pole in the right-half y plane exists in the fourth 
quadrant at w,»=—%m, and only when Re n>0. (Note: 
the case Im n=0 is obtained by first considering Im 7 
(0) and then letting Im 7-0.) This pole corresponds 
to the surface wave, and from physical considerations 
about the existence of a surface wave on a reactive sur- 
face, the occurrence of a pole in the fourth quadrant 
only, and only when Re c>0, must hold even when the 
restriction | c| small, implied in (39), is removed. 
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We can now obtain a Green’s function representation 
analogous to that in (21) by deforming the contour P 
in the integral representation for Sas in (27a) about the 
real axis and extracting the residue at the pole. The ex- 
pression for the magnetic field Hy is then given from 
(27) by 


= — PERO 
dé oO) de’ @) 


D_¢ 6p) 
= po 
pas (80) 


2 


02 jes 
Ju (kr<) Hy (kr) 9600’ Go(O, 6; w)du 


4 0000’ 
O25 pr 
= alr), (brs) ==, Gal, 0"; — ada, (40) 
a= 1,2, (40a) 
and the pole at u=¢ is defined by 
D_»@(@) =.0. (40b) 


The first term in (40) yields the surface wave contribu- 
tion and exists only if Re c>0. The terms involving the 
integrals represent the contribution from the continu- 
ous spectrum; the contour for the first integral runs 
slightly above the real pw axis, while that for the second 
integral runs slightly below. If | ¢| is small, (= —7z/ce, 
and the surface wave term reduces from (38) to that in 
(Son: 

It is also of interest to note that the dominant con- 
tribution to the integrals in (40) for large r and 7’ arises 
from the large-u range of the integrand. (This dominant 
contribution represents the geometric-optical field.) If 
one approximates G;(0, 6’; +) by its first-order large-u 
asymptotic form from (38), one finds that the integrals 
in (40) become identical with that in (21). In fact, the 
approximate relation, 


tt y sing’ __ 
Hy (eae po H, lease ? 


(41) 
r sin 6 


is found to apply if the angular functions in (40) are ap- 
proximated by their first order asymptotic value. Eq. 
(41) states the quasi-optic result that the azimuthal 
magnetic field excited by a large magnetic-current ring 
source in the presence of the cone configuration is ap- 
proximately equal to the longitudinal magnetic field 
excited by a magnetic current line source (of the same 
strength per unit length) in the presence of the wedge 
configuration, multiplied by the divergence factor 
(r' sin 6’/r sin 6)1/?, provided that the variables r, 
(8, —0), (@c—8) for the cone are identified with the vari- 
ables p, ¢, ¢’ for the wedge. (Diffraction effects are 
neglected in this equivalence.) An investigation of a 
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general relation between azimuthally symmetric field 
problems in spherical coordinates and longitudinally in- 
dependent problems in cylindrical coordinates has been 
given elsewhere.”° 


APPENDIX | 
The Angular Spectrum 


A) Wedge Problem: The angular eigenfunctions 
&;() satisfy the differential equation, 


da? 
ee f ns) $()=0, 0<¢<a, m=, (42) 


subject to the boundary conditions, 


d®& 


®: = F Coa eee at © = 0,a, Inco 0: 
de 


< (42a) 
cy and cg are constants. Upon multiplying Eq. (42) by 
®;* (* denotes the complex conjugate), integrating over 
¢@ between ¢=0 and ¢=a, and employing integration 
by parts and the boundary conditions (42a), one obtains 
the following expression for the eigenvalue )¢: 


1 1 
A — — B(O) — — Bla) 


{ye ge ee (43) 
where 
at (Da a 2 
A ={ = dd, Bg) = | (4) [?, 
c= [| Be) [as. (43a) 


Since A, B, and C are positive quantities (or zero) and 
Im (1/¢o, 2) =O, it follows that Im \;<0, and Re \; may 
become negative only if either Re co>0, or Re c,>0, or 
both. For real ¢o,2, 4, is real. The eigenfunctions ®;(¢) sat- 
isfy the orthogonality condition, 
[ BW) = 0, eH dy. (48 
0 
B) Cone Problem: The eigenfunctions ©,(@) = 
P:_1)2(cos @) in (34) satisfy the differential equation, 


fe tod 
(< sin 9 — + ); sin ) 0:(6) = 0, 


dé do 
O50 < 6, Ae = & — 4, (45) 
subject to the boundary conditions, 
©; non-infinite at 6 = 0, 
dO; 
Sti chiO: at 0 = Ap, Ime <0. (45a) 


20. B. Felsen, “Diffraction by Objects i Certai i 
Plasma Medium,” Microwave Res. Tse PoleeEAie Rati ds 
one he N. Y., Electrophysics Group Memo., no. 55; July 20, 
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Upon proceeding as above one finds that 


oo 


1 A—csin OBO 
ea & Cc ey 0 ( ry) ; (46) 

- C 
=.= 90 A A . 
e if sin 0B(6)d0,  B(9) = | O-() |2, 

0 
5 6 a 
G -{ sin 9|——]| dé. . 
. dé (46a) 


sin 9>0 in the range 0<0@<6)<7 so that A, Band Care 


positive (or zero). Since Im c<0, one notes that 
Im \¢<0. Moreover, Re dg can be negative only if 
Re c>0. 

However, since the boundary condition at 6 in (45a) 
depends on ),, the functions ©; do not satisfy the usual 
orthogonality relation. In fact, one readily shows that!® 


80 
i} sin 6@:@-d9 — sin 0)¢@:(0.)@x(Gs) = 0. (47) 
0 
Eq. (47) can be written as 


99 
(| sin 60;(0)¢9,,(0)d0 = 0, (48) 
0 


where 


%,(8) = O--(6)[1 — cdo — #)], (48a) 


and we have defined 


3 f(0)8(00 — 0)d8 


i) 
= lim f(0)5(a — 0)d0 = f(8o), O<a <6. (48b) 


a+8o 0 


Thus, one may interpret (48) as an orthogonality rela- 
tion between the functions @; and ¢g. 


APPENDIX II 
Conditions on the Edge (Tip) Behavior of the Fields 


A) Wedge: The edge condition, requiring finite-en- 
ergy content in any finite volume 7 surrounding the 
edge of the wedge,” implies that 


f{ zr + | H|?]dr = finite. (49) 


Since dr = pdpd¢dz in cylindrical coordinates, any com- 


ponent of E or H can behave at worst like p-'+5, 6>0, 
as p—0. The condition Im ¢o,4<0 (i.e., a lossy surface 


2} J. Meixner, “Die Kantenbedingung in der Theorie der B 
Elektromagnetischer Wellen an Vollkommen Lei Bhence 
Schirmen,” Ann. Phys., vol. 6, pp. 2-9; To eitenden Ebenen 


impedance) implies Re &>0, Im 7>0 in (18), and since 
J,(kp)~p* as p—0, one notes from (3) and (4) that the 
edge condition is met. For the lossless case Im €),a =0, 
one has both € and 7 positive; for the surface wave, 
é| uf _in(Rp) | is constant as p—0, corresponding to 6=0 in 
_ the condition above. Thus, in order to satisfy the edge 
condition for the surface wave, the condition Im ¢o,.=0- 


A must be imposed, where 07 is an arbitrarily small nega- 
tive quantity. This restriction is to be understood for 
= the various investigations in the text where it has been 
Beupposed that co,2 is purely real. The results are not 
thereby noticeably affected. 

a 

mE, 


a cal 
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B) Cone: The “tip condition” for the cone is again 
given by (49) except that 7 now represents a finite vol- 
ume surrounding the cone tip (r=0). Since dr=r? 
sin @drd6d@ in spherical coordinates, no component of E 
or H can grow more rapidly then 7—@/)+5, §6>0, as r0. 
An examination of (22), (24), (27), (34) shows that the © 
tip condition is met if Im ¢c=0-. When one assumes that 
Im c=0, the tip condition is violated for the surface 
wave (but not for the remaining modes). The restric- 
tion Im c=0- is therefore implied in any considerations 
carried out in the text on the assumption that cis purely 
real. The results are not thereby noticeably affected. — 
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The Finite Range Wiener-Hopf Integral Equation and a Boundary 
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Value Problem in a Waveguide 
RAJ MITTRAT 


Summary—lIn this paper the boundary value problem of a finite 
bifurcation in a rectangular waveguide is formulated in terms of a 
finite range Wiener-Hopf integral equation, and the solution of the 
integral equation is presented. 

As a first step, an infinite set of simultaneous equations is ob- 
tained from the integral equation. The solution of the above set of 
equations is then obtained by analytic means. 

It is indicated that the method developed can be applied to cer- 
tain other problems of mathematical physics and a number of exam- 
ples of such problems are included. 


I. INTRODUCTION 


N THIS paper, we shall formulate the problem of a 
| finite bifurcation in a rectangular waveguide, the 

geometry of which is shown in Fig. 1. The formula- 
tion will be in terms of a finite range Wiener-Hopf 
integral equation. 


X-a X=a 
a/2 
X=0/2 aor as 
hag toes 
: Oo" eS 3 
Ovy 7 ZL 


Fig. 1—The finite bifurcation problem in a waveguide. 


We shall reduce this problem to the solution of an in- 
finite set of simultaneous linear algebraic equations. By 
inverting analytically an infinite matrix corresponding 
to the case when L is infinitely large, a solution for L 
finite is developed in the form of an infinite series con- 
vergent for all L>0. The present problem can also be 
attacked by the use of the Wiener-Hopf technique as 
has been pointed out by Noble! and by the author.? 

The mathematical problem of solving a finite range 
integral equation of the type, 


D 
so) =f fe)K | — y| ax (1) 
0 
where g(y) is prescribed for 0<y<D, and where 
K(|*|) = 20 Cre (2) 
n=1 


has been discussed in considerable detail in a technical 


t Dept. of Elec. Engrg., University of Illinois, Urbana, Ill. 

1B. Noble, “The Wiener-Hopf Technique,” Pergamon Press 

London, Eng., Ch. 5 and p. 174, ex. 4.11; 1958. i 
? R. Mittra, “On the Solution of a Class of Wiener-Hopf Integral 

Equations in Finite and Infinite Ranges,” Antenna Lab., University 

of Illinois, Urbana. Tech. Rept. No. 37; 1959. 


report.? In this paper we shall be concerned only with 
the particular kernel associated with the present prob- 
lem which also is a series of the type given in (2). How- 
ever, solutions to other problems, as for instance that 
of the surface wave propagation on a corrugated surface 
as shown in Fig. 2, can also be obtained by the method — 
outlined here. 


——— UT 


Fig. 2—Corrugated surface. 


II. FORMULATION OF THE PROBLEM 


Consider the simplified problem in which the incident 
electric field in the waveguide is the dominant mode 
field and is entirely in the y direction. Let it be assumed 
that only the dominant mode propagates in the guide.’ 
With no variation of the fields along y, the only field 
components present are E,, Hz and H, and the en- 
tire field can be derived from a scalar field potential 
A(x, 2) =E,. The other field components are given by 


iwe OA 
zz, = -— — — 
k? Oz 
we OA 
Hq, = — —— 
Rk? Ox 


which are easily verified. 
The problem can be stated as follows. The function 
A(x, 2) is to be found, satisfying 


7A rf 0?A sen 
Ox? 02? 4 (3) 
and the following conditions: 
1) A=Oat x=0, a for all gz, 
2) A=Oatx=a/2, 0<z<L, 
3) A(x, z)=incident wave-+reflected wave for 


23 — 0 
= transmitted wave for z+ ©, 
4) A and VA are continuous everywhere except at the 
edges where |VA| become infinite as r—/? (r is the 
radial distance from the edge). 


In order to derive the integral equation define a Green’s 
function G satisfying 


7G 0G 
— + — 4 #G = 


pee — 6(x — x)d(z — 20), 


(4) 


§ This condition can be relaxed without requiring any modificati 
of the results. i ct Sa 


a 
; 


_ . 
a 


1959 


i and the conditions: 


1) Gis continuous except at «=o, g=2 where it has 
a logarithmic singularity 

2) Gis outgoing for | 2| —o, 

3) G=0at ~=0, a. 


Using standard techniques, such a G is easily derived 
and the Green’s function is given by 


1 1 Tx Xo 
G= — — — sin nm — sin nx — e~ tel 2-201 (5) 
@ n=1 Yn a a 
where 
n2 2 
m= 4/ ) k> n/a 
a 
a? 
= -is/ —k*?, k<nr/a 
a 


| The y,'s are quickly recognized as the mode propaga- 


tion constant in the guide. 
From (3) and (4) the following is obtained: 


f (GV2A — AV°G)dxdz = A (so, 20) (6) 
Ss 
where 
0 0 
eo e) 
& 02? 
and the area S is the entire region concerned, i.e., the 


region bounded by the contour C shown. The Shtace 
integral is transformed in a line integral with the con- 


tour shown in Fig. 3 and there results after some 


- manipulation, 
PS ae Slee aa ee es | a a et ee SS 
| i | 
ial 
| i | 
-co+ jae) seat icees 

: Z=0 =. 
| 
Contour-C | | 

] 


Fig. 3—Contour Cand the region of integration. 


0G 
a (GV2A — AV°G)dS = ab (6 ha 
On 
. = e-ivl?- sin mf G. B(x, z)} aie? -dz (7) 


where n =outward normal to Cand 


; OA 
= discontinuity of —— 
a=a / 2+ Ox 


OA 
(x, 2 ro Sx 


a=a | 2— 


at « = a/2. 
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The contribution of the line integral comes only from 
the plate at «=a/2 and from the part of the contour at 
large negative z. The latter gives rise to the term 
e—*+ sin wx/a in (7). From (6) and (7) we obtain, 


; rite L 
A(x, 20) = e~*%?-sin — + f G(x, 2, X0, Zo) | --a/2* B(z)dz 
a 0 


B(z) = B(x, 2) |ena/2. (8) 

Now applying the boundary condition A=0 for 
x=a/2,0<z2<L, we get the desired integral equation for 
the current density distribution on the septum which is 


simply related to B(z). The equation is 


L 
—e inn = f G(x, 2, Xo, 20) | enay2 - B(z)dz 
0 


to=a /2 


= — (i/a) 


Lo 
3 é~ Yr4112-0l « B(z) dz 


0 r=0 Y2r+1 


(9) 
or 


“0D 


0 r=0 Y2r+1 


e-™0 = 4/a 


e~ Yr 4112-201 « B(z) dz. 


We note that the kernel K|z—20| of this integral equa- 
tion is a series of exponentials and our object is to solve 
for the function B(z). 

Before we go on to discuss the case of finite L we shall 
solve the equation for L= «. The reason for doing this is 
twofold. First of all, in so doing, we shall be able to 
point out the modification necessary to go from the in- 
finite to the finite Z case. Furthermore, we shall see that 
the finite Z solutions are useful in developing the expres- 
sions for B(z) for a finite L. The next section will there- 
fore be devoted to the case when the length L is in- 
finite in the positive z direction. 


III. SoLUTION FOR THE INFINITE L CASE 


In this section we discuss the special case of L= &. 
It can be shown without any difficulty that the integral 
equation in the present case is obtained by putting 
L= © in (9) and although conditions are now different 
for z— ©, this does not modify (9) in any way. 

Hence, we consider the equation 


eer 4112-201 - dz, 


(10) 


BO ss 


r=0 Y2r+1 


7 
e7i7170 = — 


Assume now that B(z) admits an expansion of the 
form, 
B(z) = >> Crem? (11) 
n=1 
Such an assumption is justified by the easily recog- 
nized fact that Yen’s are the mode functions of the half 
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guide. Another explanation is that Yan's are the zeros of 
the Fourier transform of K | 2| ,a fact which is stated here 
without proof but can be verified without too much dif- 
ficulty. As was explained in the technical report,’ a se- 
ries of exponentials of the zeros of the Fourier transform 
of the kernel is the proper representation for the un- 
known function of the integral equation. 

Presently, the problem is to find the unknown coeffi- 
cients C,. We discuss in the following a method for ob- 
taining a set of simultaneous equations for the coefh- 
cients Cy. It should be pointed out that this problem 
(for L= ©) has also been worked out by Marcuvitz* 
and Hurd and Gruenberg,® but by using different meth- 
ods. 

Going back to (10) and (11), we notice that the sub- 
stitution of (11) and (10) would involve the evaluation 
of an integral J of the type, 


foo} 
Te i eMac Pana Phd (12) 
0 


for various combinations of ” and +. 
Upon evaluating the right-hand side of (12), there is 
obtained 
€- *Y2r4170 QV ar41€ *Y2n70 
p= 5 ts) 
Yon — Yars1) — 1(Yarga — Yon”) 


Hence, we conclude the following. The integral in the 
right-hand side of (10), when evaluated, yields series of 
exponentials of the type 


€—*r41°0 (ry = 0,1,-- +) and e-%mn(m = 1,2,---). 


Now, in order for (10) to be true we must satisfy the 
following conditions: 


1) The coefficient of e~%1%0 must agree in both sides, 
1.é., the coefficient of e~*%1% in the right-hand side 
must be equal to 1, 

2) the coefficients of e~*2r+1%7 must equal zero for all 
rA~0, 

3) The coefficients of e~#%n%o must equal zero for all n. 


The first two conditions yield a set of equations for C,. 
The equations are, 


a) Ge 
>» —— = anv, r=0,1,--: 
n=1 V2n — Y2r+1 


(14) 


Condition 3, however, yields a set of identities as follows: 


s 1 
a nanienes  S @) W i —~} 0) 1  .« 
rm0 Y2rg1” — Yon? i xe 


(15) 


Clearly, (15) does not impose any condition on C,’s. 
Implicitly, however, the equations put a condition on 


4N. Marcuvitz, “Waveguide Handbook,” M.I.T. Rad. L 
McGraw-Hill Book Co., Inc., New York, N. Y., vol. 10; 1981 ae 
R. Hurd and H. Gruenberg, “H-plane bifurcation of rectangular 
waveguides,” Canad. J. Phys., vol. 32, pp. 694-701; November, 1954. 
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the exponentials which were used to express B(z) in (11). : 
It can be verified that the particular choice of the mode — 
functions Y2n’s in the series of exponentials for B(z) in- — 
stead of any other arbitrary set of constants, indeed 
does make (15) identically true. Another way of looking 
at it is the following. Yon’s are the zeros of the Fourier 
transform of K|z| and hence (10) is identically true. 

We therefore should concentrate on solving (14) for 
C,. It is seen that we shall accomplish this by calculat- 
ing Ain/A where A is the determinant of (14) and Aj, 
is its cofactor. In the following section we present a — 
method for calculating the C,’s. 


IV. CALCULATION OF THE UNKNOWN 
COEFFICIENTS FOR L= 


To calculate the coefficients C,’s it is useful to con- 
sider a finite size matrix, 7.e., one with finite m, and then 
go to the limit of n— «©. The determinant of the system, 
if a (bX) one is considered, is 


1 1 Pit 
5) ) af oa 
nf A tied mee) (2 eee a EL Von. ¥2 
1 il 1 
5) 1 5) 
A=\|72- 73 4-3 Vip ets - (16) 
if 1 


M2. Yap Y2p — Y2p-1 

The determinant A, due to the form of its elements, is 
called a “double alternant” in the language of the theory 
of determinants. This is because each element of the 
determinant is a reciprocal of the difference (Yon —Y2n41) 
and only one index, viz., , varies as we go along a row 
and the other index m changes (keeping constant) 
when we go along the columns. 

Because of its form, the determinant can be simply 
expressed in terms of difference products as shown be- 
low. 


p—1,l-1 p—1,l-1 
IL (rea — veer): IL (2g — 22) 
=g+1,q=0 l=q+1,q=1 
A = 
aes (17) 
II (yor — Y2q+1) 
t=1,q=0 


Notice first of all that the expression for A in (17) con- 
tains all the factors (Y21—‘Y2941) in the denominator 
which it must, in view of the nature of the elements of 
the determinant given by (16). Moreover, if one lets, 
say, Y2= 4 in (16) it is seen that A=0. Hence A must 
have combinations of factors of the type (Y2o— Y21). For 
similar reasons it also has factors of the type (yer. 
— 2941). A little algebra of repeated subtraction of rows 
from rows and columns from columns would show that 
(17) is indeed true. 


tae, 
a 
| 


. 
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The calculation of the cofactors follows along the 


_ same lines. We note for instance that Ay, is just a 


i. 
- 
com 


(p—1) X(p—1) determinant of the same type as A, so 
we have, 


Ani — (—)'# 


p—l,l—1 p,l—1 


TE (yout4 ee Y2q+1) TT? (Y2q ws Y21) 
} l=q+1,q=1 - T=q+1,q=1 
ea (18) 
JO (y22 a Y2q-+1) 
l=1,q=1 


where the prime on the continued product implies that 
the factor corresponding to 1=# is to be omitted. Simi- 


' larly, the double prime implies that the factor corre- 
_ sponding to g=t is also omitted. 


Essentially then, we get Ai; from A by cancelling out 
the factors containing y; and 2: and using a positive or 


_ negative sign depending on whether ¢ is odd or even, 


respectively. Since our primary interest is to form 


_ Ai,/A, we calculate it using (17) and (18). By taking the 
_ appropriate ratio and simplifying, we obtain, 


Au ot —)itt 
A 

p—1 P 
Il (yee a Y2q+1) I’ (yo = v1) 
q=0 =1 

p-1 Pp t1 ; (19) 

IJ (yor41 = 71) Ef (y2e — 21) II (yor — Y20) 

l=1 l=t}1 i=1 


Noting that the last two factors in the denominator can 
be combined and rewritten as 


iat (vot — Y21) U (yar — 22) 


I=1 


Pp 
= (—) [1 (var — 21), (20) 
l=1 
the ratio A;,/A is simply expressed as, 


p—1 
PL top ey) 


q=0 


IV’ (you 7 71) 
l=1 (21) 


Ait iat 
tee 


Pp 
(yorz1 — 1) LV’ (ve — 22) 
l=1 


Eq. (21) gives an expression for Ai,/A in terms of the 


mode constants of the guide. Once A:,/A is known in the 


explicit form of (21), then (14) can be considered as 
formally solved. We have yet, of course, to let the index 
p go to infinity. Before we do that, however, let us 
modify slightly the expression in the right-hand side of 
(21). Rewrite (21) as, 


Mittra: Wiener-Hopf Integral Equations 


$247 
Dak Pp 
i IL Greets = ve) TD’ Gar — 0) 
Alt a=0 ici 
mes : 5 (22) 
? II (Yar — 71) IT! (Yar — Y22) 
1=1 t=1 
and again as, 
Daw a 
ay aca Dt) Rear eer 
Au om It ne se (2q + 1)x 
A a i a [ 
LV’ (veg = v2) — 
q=1 2qr 
P a 
IV’ (xe - v1) — 
q=1 2qn 
(23) 
Tl yee 
gh oe delet pe srope 
i eg eee 


The reason for introducing the multiplying factors of 
the type a/2qm and a/(2¢g+1)z is the following. When 
p— the ratio of products inside the curly brackets 
can be asymptotically expressed as a ratio of gamma 
functions multiplied by a finite number of terms. This 
makes the numerical calculation easier and, moreover, 
assures the convergence of the expression in (23). This 
point is discussed in more detail in the Appendix. 

Using (23) in (14) we obtain the expressions for C,, as, 


ll a 
| | CES 
Cr = yit- lim 2 
p30 a 
IN (Y2q zs Y2n) a 
q=) 2q7 
P a 
I’ (a = 11) — 
q=1 2qr 
+. (24) 
I ( i 
ae ie A pierre o 
q=1 - (2q ai 1) 


We have in (24), in effect, the solution of the integral 
equation for the case of = ~. In the following we pro- 
ceed to show that the idea developed in this section can 
be extended to the finite Z case. 


V. SOLUTION FOR FINITE L 


Let us go back to Section II and to (9) where we have 
the integral equation, 


cS 


r=0 Y2r+1 


1 1 
e~ #7120 see = 
a 0 


e~%rpl2-201. B(z)dz, O<a< ZL, 


and the problem is to determine B(z). For L finite we 
assume the following expansion 


Fe) 
>» F,e%%n@-4), 


n=1 


B(z) = DS Dnemitn? + (25) 
a) 
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Physically the choice is dictated by the fact that in 
this case we have to allow for standing waves in the re- 
gion of 0<z<L, and hence include the terms ean (L—*) 
because of the extra discontinuity introduced at z=L. 
Mathematically the reason is that both e~‘%™? and 
etn? are now acceptable because the upper limit L is 
finite, whereas when L is infinite the integrals involving 
e'%n? do not converge. 

When (25) is substituted in the integral equation, we 
get in this case the following four different types of terms 
after evaluating the integral in that equation. 

67 *72n70, e* an (20-2) | 7 %er170 and = e*Yar4170, 

Following the same argument as was used for the case 
of infinite L, one sets the conditions: 


1) the coefficients of e~*%2n%o and en" should 
equal zero for all n, and 

2) the coefficients of e241 should equal zero for all 
r and of e-*72r+1%o for all r except r=0. 


1 

be a re 
1 

@ aE Ys 


€ iyo L 


E72 


eee 


Since the left hand side of the integral equation con- 
tains only e—*%0, it is seen with little difficulty that the 
above conditions must be satisfied in order for the two 
sides to agree for all zo in the range concerned. 

As in the infinite L case, it is found that the coefficient 
of e~*%2n*, when equated to zero, yields an identity. This 
identity turns out to be the same as in the L= & case. 
Furthermore, the coefficient of e*%2n-”) equated to zero 
yields the same identity. Hence condition 1) is auto- 
matically satisfied. Equating the coefficients of e-*2r-+1%0 
and e*%2r41%0 yields the following doubly infinite set of 
equations for the coefficients D, and F,: 


— = ayi60" 26 
me 2a VY 2r+1 VY 2n + V2r+1 less. ; ( 
=2 = 0. DH 
n=1 \VY2n ae Y 2r+1 Y tne = nae ( ) 


There doesn’t seem to be a way of expressing the de- 
terminant of (26) and (27) in a simple form. However, 
a couple of steps modify things to a more suitable form. 
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Adding and subtracting (27) and (28) we get, 


Oo —tY2nk 


n=1 Van = ¥2r41 SY ins a, ord 
= ayi60" (28) 
oo i e7 tanh 
pee Fa) i | 
n=1 Von —. iret = Vine TOV Set Teh 
aed ayi60". (29) 


It is seen that (28) and (29) are independent sets of 
equations, and the determinants associated with them 
are quite similar. We also notice that L= © would make 
the determinants of the sets the same and hence would 
imply that D,—F,=D,+F, or simply F,=0, a result 
which we should of course expect. We now proceed to 
develop the expressions for the determinants of (28) and 
(29) and their cofactors. 

Written explicitly, the determinant of (28), say Az is, 


(30) 


It is seen that (30) is a determinant, each column of 
which is a sum of two terms. One can therefore use the 
well-known rule for expanding such a determinant. 
Consider for instance the matrix [M] which can be 
written as a sum of two matrices [M,] and [M.]. Let 


[ar] sal bie + bir diz + die 
G21 + bor dee + bee 


rae ie 4 PAS be at 
Go, 22 bor dae 


Then the determinant A of M can be expressed as 


| =[M,])+[m.] (31) 


where 


ee @1 ai2 Qi dy. bir Dae 
G21 Q22 G21 doe bor boo 
bit ie 
=a A 
boi dag oe 


It is seen that the determinant A can be expressed as a 
sum of, say, subdeterminants which are formed by pick- 
ing all possible combinations of the columns of the 


matrices [M,] and [M>] but never changing the respec- 
tive positions of the columns. 


——_——e 
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The rule is easily extended to an arbitrary size deter- 
minant. Going back to (30), it is noticed that the 
matrix associated with it, say [N] can also be expressed 
as a sum of two matrices [Ni] and [N2] as follows: 


[W] = [Wi] + [v2] 


1 1 
) ) 
V2 sear ko 9 aan At 
il 1 : 
= ) ) . 
Vig oe YS OY teas BIS 
e772 hb e7igh 
fo se ig | i, SE che ea 
<a) eee fl cae oa 2) 
e- ih e-i4h 
+} ———_—,  ———— > (33) 


San a eae a ee ei ae 


Notice now that the first matrix N; is the same as the 
one for L= ~, and we have already calculated its de- 
terminant A. Notice also that if the first column [N;] is 
replaced by the first column of [N2], the new determi- 
nant can be expressed as —e~*%2"A(—~y2), where A(—‘72) 
is the original determinant A of [N,] with y2 replaced by 
—‘72. Thus we have the following possible expansion for 
the determinant A_: 


Ar = a{1 — SO eit’ A(—%2,)/A 


q=1 


ag a geoph tae A(—Y2a = Yar) / 


q=1,r=g+1 


00 ,00 ,00 
5 pis €—*ag Har 12) LA(—Yoq, —Y2r,—Y2)/A 
q=1,r=q+1,s—=r+1 


(34) 


Since the higher order mode coefficients 2,’s, etc. are 
negative imaginary numbers and Y2g——2q(mi/a) as ¢ 
becomes large, it is seen that the higher order terms 
tend to zero in an exponential manner. It can be verified 
from the expressions of the ratios of the determinants 
in (34) that they only have an algebraic rather than 
exponential behavior. 

The cofactors of the determinant, say Ainz, can be ex- 
pressed in a similar manner. Take for instance Aer. It 
has the expansion 


Auer = Att {1 ae Ds €~*%q%Ay(—Y2q)/Art 


q=1 


00 ,00 
ae et Etat Ya) LAs (29) —Y2r)/ Art 
q=1,r=g+1 


wt}. 


(35) 
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The prime on the summation implies that the term cor- 
responding to g=#, r=t, etc. are to be excluded from 
the summation. A, is the corresponding cofactor of the 
determinant A, an expression for which was given earlier 
in (18). The exponential decay of the higher order terms 
is also present in the expansion (35) of Air. Using (34) 
and (35) one has, 


(36) 


where U and V are the expressions inside the curly 
brackets in (35) and (34), respectively. 

From the form of the determinant of (29), it is obvious 
that (D:+F;) can be expressed in a similar manner as, 


Ai X 


D,+ F, = ai— :— 37 
( t t) Y1 ee, ( ) 
where, 
sa {1 + eH Ar (—Y2q)/Art 
q=1 
+ Dah eg Ya LAs e(—Y2q, — Yar) / Ait 
q=1,r=9q+1 
fede (38) 
and, 
ae {1 + 0’ em ttm @A(—y2q)/A 
q=1 
ots Sa 61 gt Yo) L + A(—yoq, — Yor) /A 
q=1,r=q+1 
eee (39) 
Hence, from (36) and (37) 
D a == ts - | 
deal hed RE gre cal 
a |= =| 
F = — Fie ay ee . 40 
DT Aga ae reer a 


The formal solution of the finite range integral equation 
is thus complete. 


VI. THE COMPLEMENTARY INTEGRAL EQUATION 


In this section we shall formulate the complementary 
integral equation in terms of the fields outside of the 
bifurcation region. The advantage of using this equation 
for the determination of the expressions of the fields 
outside the bifurcation region will be pointed out. In 
addition to that, the method developed in Section V 
will be shown to be applicable for solving this equation 
also. It will therefore be of interest to discuss the com- 
plementary integral equation. Consider the geometry of 
the problem again, as shown in Fig. 4. From the sym- 
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Fig. 4—The semi-infinite bifurcation. 


metry of the structure and for the dominant mode inci- 
dence it is seen that the potential A satisfies the bound- 
ary condition, 


are ry re (i Pemeval ee SOE, 


’ 


in addition to the ones mentioned previously, v7z., 
A=0, «=0,eforallz and A=0, x=a/2,0<2<L. 
Now suppose we consider the region bounded by the 


contour C; shown in Fig. 5. Choosing a Green’s function 
G which satisfies, 


V’G + PG = — 5(« rae x0) 6(z = Z0) (41) 
a 
G10: Pacer for all z 
and 
G—0as |z| >», 
the following equation is easily derived: 
dG 
A(x, Z0) = -f- A(x, Z) aa dz 
Ox x=a /2 
0G 
=f{- Ala.2) \peaya | * dz. (42) 
x a=a/2 
The Green’s function G satisfying (41) is 
(ey ad 2nrx 2 
G=-—)> em —201 «sin —— sin slat (43) 
@ n=1 Y2n a a 


Eq. (42) is the complementary integral equation 
since the range of integration along z in (42) is comple- 
mentary to the range of (8). Note also that the unknown 
now is A, or for that matter the E, field along z in ap- 
propriate ranges rather than the current distribution on 


the septum. 
Applying the conditions 
0A 
nie =-0 
Ox a=a [2 


for — © <z<Qand L<z< we get 


0 =f 4 az +4 
—2 z=a [2 


to=a /2 


peace ey < 4) and: L7 < 2, <.o. 


0’G 


caro Ox00x 


dz 


xz=a /2 
to=a /2 


(44) 


z=a/2 Beige 


Fig. 5—Alternate contour Ci. 


Using the expression for 09G/0x0xo in the appropriate 
ranges in (44), we obtain, writing P(z) = A (x,2) | =e 


a ie 5 S ek 


n=1 a 


if “PO > (=). 


a 


€—*%n| 2-201 dz 


Y2n 


€7 tan, (2-20) 


Y2n 


— 0 <2 < 0. (45) 


Now assume that P(z) =A (x, 2) | z-a/2 has the form 


eo 
ein? + bs Ane*an’”, —-ao<z<0 


n=0 


P(z) 


[-2} 
a Beth eae 


n=0 


eof (46) 


which is obtained by assuming that A(x, 2) is expanded 
in terms of the appropriate mode functions in the guide 
for the ranges of z concerned. ‘ 

When (46) is substituted in (45) we get integrals l; of 
the type, 


0 
Ty -{ €7 Yen? + E— Man! 2-201 dg 
7 


which are similar to the integrals J appearing in (12) but 
with the roles of Y2,41 and Ye, interchanged. We also get 
integrals Je, where, 


oo) 
Is — f 67 ten (2-L) . 7 *Y%2n (2-20) dz. 
L 


When these integrals are evaluated we get the expo- 
nentials e%r+1% e*Y2nzg. Using the ideas developed be- 


fore, we obtain 
) 1 


A 
>(—2— - 
p=0 \Y2p+1 — Y2n 
nie 192; ea) 


by equating the coefficient of e~*%2n% to zero, which con- 
dition is required for the satisfaction of (45). Further- 
more, the coefficient of e*%2r+1% turns out to be an 
identity and hence yields no new information or equa- 
tion for A, and F,. Another set of equations is obtained 
when the range L <2) < ~ is used. The set is 


ay ( A 6 ant Jet ) 7 Yank 
—_—__e—eooowmwmnaana OOOO Sy 
=0 \V2p+1 oa Y2n Y2p+1 — Y2n ray ae Y2n 


TN We Rea 


B pe onl 


(48) 
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From (47) and (48) one may obtain the following 
equations which prove to be more suitable to work with: 


7 *Y2nh ) 
VY2pt1 — Yon 


1 7 1Y2n,F 
=—— +———., (49) 
Vt+Y¥n Y1— Yen 


p= = ety DET 


( @7 Yank ) 
—=0 Yin aan YOpte1 Bre (V2 ts ey On 


1 (pe MY o,L 


Vit Y2n 


eG. FoR. ee 


CY deny 27a 


m=1,'2,-++, ©, 


(50) 


Notice first of all that the matrix of (49) is the trans- 
pose of (29) and the matrix of (50) is the transpose of 
(28). Hence, the method of dealing with them will be 
expected to be similar to the one developed earlier. 
However, the right-hand side of the equations here is 
different from that obtained in the corresponding case in 
Section V. Here, the right-hand side, treated as a column 
vector is obtained by replacing y: by —7y in the first 
column of the matrix associated with (49), (50). 

Hence, we readily obtain the form of the solution 


AW 


Saas (51) 


A, — B, (yer41 > — 71) 


where A is the determinant of (49) andA™ (y2,41— — 1) 
implies the determinant obtained by replacing 2,41 by 


Shoe 
Similarly, 


EY SORES SEE SPS Ree PRN SET a aS eae EVE AN Se ae CA a 


ra 


FRAN 


sty 


ak takes oo 


cork 


A (Yars1 pike 71) 


Ag} B, = A® 


(52) 
where A“) is associated with (50). 

If our primary interest lies in obtaining the reflection 
and the transmission coefficients, A» and Bo, it is seen 
that we have to evaluate (51) and (52) for r=0 only. 
That Ay and By are indeed the reflection and transmis- 
sion coefficients is seen from (46). 

To complete the solution we should present the ex- 
' pression for the ratios of A’s. The expressions are de- 

veloped in the manner developed earlier. Consider for 
instance A® which, written explicitly, is 


1 en ivL il 
pee 
Vou Fy la Pens gil Bee eaeh Bip = 


1 e7tramL 
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The expansion of A® obtained by treating each of its 
rows as a sum of two is, 


ie) A ies or 
AW = a{t + DY ev itent eee 
m=1 A 


ei) > A (=Yims on) 


et (YomtYon )L 


m=1,n=m+1 A 
tech et (54) 
where, 
A= lim AM, (55) 
Lo « 


The expression for A is the same as given in (17), since 
it is the same determinant as appears in (16). 

It is seen that the leading term of the expansion of 
A is A. It will be of interest to derive the expression for 
the leading term of the reflection coefficient Ao. Since 


AD pasteeye Wig) «AVC St /ANp lim B, = 0. 
L- © IL © 
Hence, 
lim Ay = A(yi> — ¥2). 
From (17), 
Pad Vora 8 
lim Ap = lim Te 
rage poo tot \(yor1 + 11) 


Pp 
ai oe og mt ; (56) 
(EAS Cea 
The higher order terms are developed without much 
difficulty. 


VII. THe EpGE ConpDITION 


As was pointed out in Section II, the field potential 
has to satisfy the edge condition, which is in fact a 
condition on |VA| in the vicinity of the edge. In this 
section we shall indicate a way of verifying that the edge 
condition is indeed satisfied by the solution obtained. 
An alternative way of stating the edge condition is that 


io a: Jey, 6" le ss <4, 


e7tY2mL 


(53) 
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the current density distribution on the septum tends to 
infinity as 1/z/? as z=0, and as 1/(L—2)'? as 2->L-. 
We will accomplish this if we show that B(z), defined in 
connection with (7), has the above behavior. Following 
Hurd? we know that this will follow if in the expansion 
of B(z), which is 


B(z) = DS Dnemitn? + DD Previn), 


n=1 n= 
we show that, 
Di— Ki/n'? as n— ©, K, = constant 
F,— Ko/n? as n—o, Ke» = constant. 


It is easily seen that the coefficients D, and F, determine 
the behavior of B(z) as z—0 and z—L, respectively. 

From (40), remembering that the leading term of the 
expansion of both X/Yand U/Vis1, wesee that the be- 
havior of D, as n— © is primarily determined by Ai,/A: 
As shown in the Appendix, A:,/A indeed tends to ki/n1/? 
as 2 becomes indefinitely large. 

Considering F, now, we see from (40) that the leading 
term in F,, is Re~*%n4A,,/A where R is a constant. Hence, 
as 2—L_, B(z) again goes to infinity as 1/(L—z)/?. The 
integrated current at the edge z=Z_ course is much 
smaller compared to the integrated current density at 
the edge z=0, because of the multiplying factor e~*%” 
(note that 72 is a negative imaginary number). 


VIII. NuMERICAL CALCULATION 


Only a brief discussion will be given here on the aspect 
of numerical calculation. We observe first of all that 
the computation of the mode coefficients in the various 
regions involves the calculation of infinite series of terms 
which contain ratios of infinite products. It was pointed 
out in earlier sections that only a finite number of terms 
in the infinite series need be taken because of the expo- 
nentially decaying nature of the higher order terms in 
the series. As far as the ratios of infinite products are 
concerned, they can be expressed asymptotically to 
ratios of finite products and appropriate gamma func- 
tions as shown in the Appendix. Sample numerical com- 
putations have been carried out and they have not been 
found either difficult or time consuming. Although 
the digital computers are helpful, a hand computer is 
also quite efficient for obtaining answers even when L is 
of the order of \g/2 for the dominant mode, under the 
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assumed condition that only the dominant mode is the 
propagating one. The method of course works better 


with a larger L. 


IX. CONCLUSION 


The finite bifurcation problem in a rectangular wave- 


guide has been formulated in terms of a finite range. 


Wiener-Hopf integral equation. The solution of this 


’ as a 
7 
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equation has been obtained by analytic means. The case ~ 


when the septum is semi-infinite has also been included 
and a connection between the methods of solution for 
the finite and the infinite case has been provided, the 
finite case being an extension of the infinite one. The 
problem of numerically calculating the quantities of in- 
terest, viz., the mode coefficients, has been discussed 
briefly. The technique presented here is general and is 
applicable to other finite range Wiener-Hopf integral 
equations for which the kernel can be expanded as a se- 
ries of exponentials of the type e~9"/*-” where z and Zo are 
the variable coordinates. 


APPENDIX 


The purpose of this section is to recast the form of 
A;:/A given in (23) into one involving gamma functions 
which enables one to show the convergence of the prod- 
ucts and also helps study the asymptotic behavior of 
Ai,/A as t becomes large. The technique illustrated here 
for Ai,/A can also be applied to the ratios of other de- 
terminants that appear in the text. 

Let us rewrite (23) as 


2p a 
II (iv, = HY a9) = 
q=1)q¥2t qr 


Ai:/A = (x/a)- lim 


g=1 2qm 


| | IY (t7¥2q — 71) | 


- lim ; 
p> ‘P : ; a 
EE (iq = ty) == 
gq=2,q42t qr 
= (r/a)-P ‘Ps (57) 


where P and Pare the ratios of the products in the first 
and second curly brackets, respectively. 
Now P; can be modified and put in the form 


Il’ (1 in “ee z 


q=1 


EL = =1,q42¢ 
HM (-™) |] frG-@v 
q=1,q+2t qu aa 


21g 


q=1 qu 
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where Rj, Ro, R; are the three ratios of products enclosed can take only a finite number as the upper limit. For 
_by the big brackets in that order. a given accuracy requirement, this upper limit, say P, 
_ The reason for putting P; in the above form will now is easily determined. The same is clearly true for the 
i be explained. Remembering that iy,—g7/a, for q large ratio of the products R;. What we must do now is evalu- 
_ compared to &, it is observed that the ratio, ate the ratio of the products appearing at the center, 


. or R:. To this end consider the following well known ex- 
(iv, — ty20) Ls pansion of the inverse of the gamma function, (a) 
T 
“Save pee ee for large values of g. (59) 
ee tei 
= im m~* Ie =). 60 
qr al(a) mso nat i 


_ Hence, instead of going to indefinitely large values of 
- p when computing the first curly bracket Ri in (58), we So for large p we can write the limit, say Q; of Re, as 


Il (1 a a) Il {1 = (=*)\ IV’ {1 si ree" 
q=1,q#2¢ qd - q=1,q42t TQ q=l1 21g 


NN Nr ee (61) 
p> | i (1 x my] p> ag {1 ae (=)} 2 ir 4s ae mea 
g=1 2rq q=1 2g g=1 7g 
or, 
VV 210 
(1 ae 9 ) VY 240 
QO; = aA EY gee See ela + 2i%al 0 T 
diac ye i. (62) 
4 sin ace e t+ ae (=) 
4 : J Qa 
Similarly the second curly bracket P2 in oe) may be 
written as 
P a ¢ Ie ty1a 
Il’ (iV2q — v1) — Mat (1 — ) 
3 q=1 2q0 g=2,qH#2t qu 
ES eae tna ee ae 
> 00 vy . 
=| te) | (fi, 622 
g=1 2qr q=2,q42t qu / Qu 
yi vyid vyia 
sin? me 1+ : ) r( ) 
v 21 1 2a 
: | < See . : . See he . (63) 
sin 7y1a (: we) 20-ina/=) “4 ( ) 
; 21 T 
4 
; Combining all this it is possible to express Ai:/A with 
4 a high degree of accuracy as, 
: 
4 a Sig i210 
.? T (iva 2) i? (i: o cot 
7 ere ee Be v 
4 a/m)*(Ars x 2 a vy1a 
. a Silo) Tt iy a Re (ioc) cot 
‘e! . [ (1 it eo) 
4 2rt 
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(1+ uy ) 

Dnt Qilra—v)ale (64) 
=) (1 ) 

ce 2rt T 
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where 
P 
ige (ivq — ia) i 
Ha) =} (65) 
10a 
Te (eae) 
q=1,q42t qu 
J, = J with the factors g = 1 omitted, 
and 
ie a 
Il’ Gry = ta) — 
‘ q=1 2qr 
igh (66) 
ie) 
g=l 2qr 


Since the products J and H have a finite upper limit 
P, it is more convenient to use (64) for calculating the 
ratio A;,/A, rather than the expression in (57), which 
involves the upper limit p tending to infinity. 

Next we go on to consider the asymptotic behavior of 
Ai:/A as t>«. Going back to (64), we see that this 
amounts to studying the behavior of the function, say 


T, where 
a (=) eu (“2*) ( ke 4 
T 2 2ri 


ty 210 iy 21a 
( (ea 
2a 2at 


Dira4 LM see Set Se eee 


iy 1a 
1+ ) 
2rt 
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as Yu——12tr/a—>. It is noted that the only other 
factors that involve t are J(yx) and H(yx), and they 
consist of finite products and their limit for large ¢ are 
constants which are easily obtained. 

Inserting the asymptotic behavior of the gamma 
functions for large arguments we get, using 

/ cot (1210/2) (tm — iy2.a/2) | — 1 as iy2:a/2 — tr, 

lim | T| — Si/t1? 


t «0 


where 5S is a constant. Hence there follows that, 


lim Ay;/A — S2/#/?, 


too 


where S2 is another constant. 

Eq. (68) gives the asymptotic behavior of A,,/A as 
t—> 0, It also demonstrates the validity of the statement 
made in Section VII of the text that A;,/A has the 
1/t!/? behavior ast>&. 

We shall close the Appendix with one further remark. 
For numerical calculation, the most convenient expres- 
sion for the ratio of the products Ai;/A is the one appear- 
ing in (64). This is because the products J and H appear- 
ing in that expression have a finite upper limit. As 
pointed out in the beginning of this section, other ratios 
of products appearing in the text can also be recast into 
a similar form. 
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Fields in the Neighborhood of a Caustic 
IRVIN KAY* 


Summary—Starting with Picht’s solution of the wave equation in 
the form of an integral of plane waves over a caustic, we derive ex- 
pressions for the solution which depend entirely on the geometry of 
the problem. An asymptotic evaluation of Picht’s integral for high 
frequencies gives the desired result which can have a number of 
different forms, depending on the precise region where the field is 


being observed. In particular, a change in the asymptotic field occurs 


in going from the regular ray field to the caustic or from a regular 


_ part of the caustic to a cusp. 


I. INTRODUCTION 


N this paper we shall consider a particular class of 
solutions of the wave equation in two dimensions, 


07u 
+ —-+ k*n?u=0 
oy? 


07u 


Ox? 


(1) 


(m = constant), 


E in a form which is especially suited for dealing with the 
_ case where the wavelength is asymptotically small. It is 
a well known that in the small wavelength limit of dif- 


fraction or propagation phenomena the geometrical 


a features dominate the underlying physical situation. 
_ Accordingly, the solutions we shall use are completely 
_ determined by geometrical considerations. 


The geometry of a field can be described optically 
by a set of rays which may be regarded as the paths of 


; - energy flow. Where the rays converge to a focus, or 


form an envelope (also known as a caustic), it may be 
assumed that the energy density or the field amplitude 


is large. Where there is a region containing no rays at 


all, the energy does not propagate. Given the ray system, 


- the field amplitude in the small wavelength limit can be 


computed at most points of space by well-known meth- 
ods. In fact, the optical field amplitude has been cal- 


_ culated even at points on the smooth part of the caustic,' 


although the field becomes infinite in the small wave- 
length limit on a caustic. It is known that the depend- 
ence of the asymptotic field on the wavelength changes 
suddenly along a ray as it passes through a point on a 
caustic, and a change must occur again in a different 
way where the caustic has a cusp. We shall investigate 
the behavior of the asymptotic field in those singular 
regions by means of a class of explicitly given fields 


whose construction was presented by J. Picht.? The 


Picht fields are a generalization of one used by Debye’ 


g for investigating the case of a ray system which con- 


verges to a point focus. 
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EINE OS i ; L 
= L. Landau and E. Lifshitz, “The Classical Theory of Fields, 
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If any field whatever has a geometrical optics limit 
where the ray system is regular, there will exist a super- 
position of Picht fields which, together, have the same 
asymptotic limit. Moreover, the Picht field will have the 
same asymptotic limit on the caustics of the ray system 
as the given field, a fact which can be easily seen from an 
application of Green’s theorem.’ Thus, the conclusions 
we shall reach are actually more general than might be 
expected at first. 

What we desire here is a purely geometrical descrip- 
tion of the field, a description which in principle would — 
allow us to find the field amplitudes graphically from a 
graphic reproduction of the corresponding ray system. 


Il. THe Picut SoLuTION 


To construct the exact solution of (1) given by Picht, 
we must first determine the ray system of the corre- 
sponding geometrical optics problem. This can be done 
whether we are interested in diffraction by an obstacle in 
a homogeneous medium, in which case the rays are 
straight lines, or in propagation through an inhomo- 
geneous medium, in which case the rays are curved lines. 
In any event, the ray system will generally form one 
or more envelopes known as caustics. The caustic curves, 
on the other hand, completely determine the ray system, 
because at each point on a caustic there is a tangent ray, 
and every ray is tangent to one of the caustics. 

The geometrical optics approximation fails at the 
caustics because there the true wave amplitude grows 
indefinitely with the frequency. Our attention will be 
fixed upon the immediate neighborhood of the caustic. 
Thus, if the rays of the system are curved, we can re- 
place them by the ray system composed of straight line 
rays having the same envelopes as the original system; 
for infinitesimal distances there is no distinction be- 
tween straight lines and sufficiently smooth, slowly 
varying curved lines. 

Let P be the position vector to the point at which the 
field is to be observed; let R(s) be the radius vector to 
the caustic C, and s the arc-length parameter along C. 
Let p(s) be the radius of curvature of C, and let A(s) be 
a quantity determined by the initial distribution of 
the field amplitude, e.g., at the source. We have, for the 
unit tangent vector to C, 


dR 


aap To) ART eat) (2) 


4], Kay and J. B. Keller, “Asymptotic evaluation of the field at 
a caustic,” J. Appl. Phys., vol. 25, no. 7, p. 876; 1954. 
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The solution of Picht, corresponding to the caustic C, 
is then 


p(s) 


where we have taken the index of refraction to be one 
for convenience (see Fig. 1). 


ds 
uP) = f A@{em ial? — RO)-76) + 5]} 75> @ 


WAVE FRONT 


N(s,) 


Fig. 1. 


The function exp ikP-T, where T is an arbitrary 
constant vector of unit amplitude, is a plane-wave solu- 
tion of the wave equation (1). It follows that the inte- 
grand in (3) and, thus, that u(P) itself is a solution of 
(1). Because of the special form of the integrand in (3) 
u(P) asymptotically approaches the appropriate geo- 
metrical optics field at the point P as k becomes large. 


III. Tue Asymptotic SOLUTION 


The Picht solution (3) is valid everywhere for large 
values of k insofar as the caustic C determines the field 
u(P). In this paper we shall investigate in more detail 
the asymptotic evaluation of (3) for large k so that we 
may obtain approximate expressions for u(P), which are 
simple and depend more explicitly upon the ray geome- 
try near P than does (3). In the discussion we shall dis- 
tinguish between three kinds of regions in which P can 
be located. The point P is in the “lit” region if a real 
ray tangent to C at a real point passes through P. If no 
such ray from C can reach P, we say that P is in the 
“shadow” region. Finally, P can lie on the caustic C 
itself. 

In the lit region we can evaluate the integral in (3) by 
stationary phase without running into complications. 
The derivative with respect to s of the phase of the inte- 
grand in (3) is 


[P — R(s)]-N(s)/p(s), (4) 


where Ns) is the unit normal to the caustic C. Clearly 
(4) will vanish for s=so if the vector P— R(s») is parallel 
to the unit vector T(so) tangent to C, i.e., when P— R(5») 
lies along the ray through P. Since P is in the lit region 
this is possible for real values of the vectors, and the cor- 
responding real value so of the arc-length parameter s 
is the stationary point. Let us assume that P is on a ray 
between the source and the stationary point s) on the 
caustic. 


The second derivative of the phase or the first de- 
rivative of (4) at the stationary point So is 


— D(s0)/p*(S0); (5) 


where D(so) is the magnitude of the vector P—R(5s0). 
By expanding the phase in a power series about the ~ 
stationary point so, and keeping only terms up to the | 


quadratic, we obtain the approximation, — _ | 


u(P) ~f Ao exp { ik| D(so) + So 
— D(sa)(s — s0)?/2p?(s0)]}ds/p(s). (6) i 


The important contribution from (6) comes from the ) 
immediate neighborhood of so. Thus, we can take the - 
interval of integration from —« to + in s without 
much effect on the result. Now we define 


0 —0= f ds/ols) ~ (5 — s0)/ols0) 
so that ds/p(s) =d6, from which 


u(P) ~ {exp it[D(s0) + sal} [4 


_—7 


-exp { —ikD(50)(@ — 00)2/2}d0 
~ A(6o) {exp ik[ D(so) + sol} 


tes —ikD(so)62/2} do. (7) 
[exp {—iaD(o0"/2} 


Finally, we obtain from (7) (see the Appendix) 
u(P) ~ /22/kD(s0) A (so) 
-exp {ik| D(so) + so] — ir/4}. (8) 


The quantity D(so) can be recognized as the radius of 
curvature of the wavefront through P at the ray which 
is tangent to the caustic at so, for the caustic is always 
the locus of the centers of curvature of any wavefront. 
The equation of the wavefront through Pis 


D(s) + s = D(so) + 50; (9) 


here D(s) is the distance along the ray at s from the 

caustic to the wavefront; i.e., the radius of curvature of 

the wavefront at the wavefront end of the ray through s. 
If we set 


A(so) = A(00)\/k/2m exp (in/4), (10) 
then we have 
u(P) = A(o) D-!/?(so) exp {ik[ D(so) + so]}. (11) 


The normalized amplitude 4(4)) will be determined by 
the angular distribution of energy at the source. We 
recognize (11) as the geometrical optics solution for the 
lit region; in particular, note that the amplitude varies 
inversely as the square root of the radius of curvature 
of the wavefront. 


If we assume that P is in the lit region, not between 


_ the source and the caustic, but rather in such a position 


that the stationary point on the caustic lies on a ray 
between the source and P, the results at each stage of 
the calculation are the same except for the sign of the 


_ quadratic term of the power series of the phase in (6). 


The effect is accounted for by multiplying (8) or (11) by 


x t=exp (t7/2). Thus, we have the well-known jump in 


phase of the geometrical optics solution when a ray 
passes through the caustic. 

When the point P is in the shadow region of the caus- 
tic, there is no real value of s on the caustic C for which 


_ the vector P—R(s) is parallel to the tangent T(s); i.e., 


one cannot construct a real tangent to C which passes 
through P. However, if the radius vector R(s) of C is an 


- analytic function of s, it can be continued into the com- 
_ plex plane analytically. Then, defining 


dT(s) 
ds 


= N(s)/p(s) (12) 


by analytic continuation for complex values of s, one 


"can generally find a complex value so of s such that the 


phase is stationary; 1.e., 


[P — R(s0)]-N(s0) = 0. (13) 


_ Thecontour C must be deformed until it passes through 


So. The power series approximation for the phase up to 


_ quadratic terms can again be used, and the resulting 


oe 
= 


as 


Ee 


(hh Wes k 
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oe 
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E integral evaluated as before. The approximation will 
resemble (11) except that, because of the complex phase, 


an exponential decay factor will be present. Thus, the 
solution generally decays exponentially in the shadow 
region. 

The quantities involved in this case are geometrical 


_only in an extended sense by analytic continuation. If 


the caustic C is an arbitrary curve and P is in the neigh- 
borhood of C in the shadow region, then we may obtain 
an approximate evaluation of (3) in terms of real geo- 
metrical quantities. This can be done by replacing C 
by its circle of curvature at the point on C nearest the 
point P and then evaluating (3) as if the integration 
contour were the circle of curvature. The evaluation of 
(3) for the case of a circular caustic will be carried out 
later. 

When P is at a regular point so of the caustic C, So is 
also a stationary point, because (4) obviously vanishes 
in this case. However, since Dp is zero, (5) must also 
vanish. To obtain the asymptotic evaluation of (3) we 
must, therefore, use the next nonvanishing term of the 
power series of the phase in (3). The third derivative of 
the phase is 


-[-(2/ e+) ]e- 


dp /. 
ee 3 = . 1/p?. (14 
+3(F/a)e R)-T fp’. (14) 
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At so we have 
P—R=0; 
thus, (14) becomes 1/p? and 
u(P) ~ A(so)(exp ikso) 


f exp {ik(s — 50)*/6p%(s0)}ds/o(s). (15) 
Proceeding as before, we obtain from (15) 
a Pret A (ealexpaney ie exp {ikp(s0)0°/6}d0 (16) 


or 
21'\(4) cos 1/6 


tN ce aba i SE HT 
u(P) 3{ ko(so)/6} 1/3 


A(5so) exp ikso. 
(See Appendix I.*) 

If the caustic C is “flat” (z.e., p= ~) at the point so, so 
that the third derivative (14) vanishes, we must use the 
next order term in the power series expansion of the 
phase in (3). For the general case in which the first 1 
terms of the power series vanish, we use the (7+1)st 
term, and the procedure is the same as that for the 
more regular cases just described. 

Where the caustic C has a cusp, the radius vector 
R(s) has a singularity. It is convenient to assume that 
the origin of our coordinate system is at the cusp which 
we can take to be the point s=0 on C. Then the cusp is 
at R(0) =0. We can also assume that the coordinate 
system is so oriented that the tangent vector T(s) has a 
horizontal limiting position at s=0;1.e., ats=0 


T(0) = (1, 0). 


Geometrically, a cusp is a point at which two branches 
of the curve C meet. The field should be computed sepa- 
rately for each branch and the total field obtained by 
superposing the two contributions. Thus, we now con- 
sider the contribution of a single branch for which s 
ranges from zero through all positive values. 

It is appropriate to assume that there is a singularity 
in the curvature 1/p(s) at the cusp and we shall assume 
that the singularity is algebraic: 


1/p(s) = As* + ps® + a function of higher order in s, (17) 


Here B>a and we also assume that a>—1, which is 
necessary in order that T(s) exist at s=0. 
Now we can write the following for the components 


of R(s) in general: 


r= 4f [os f “dufo) |, 
i; | sin i “dif | isl, (18) 


5 This result agrees with that of Landau and Lifshitz, op. cit., 
p. 160. 
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from which 


T{s).= {cos [ veo, sin f avoco : 


(19) 


and 


ae N(s)/p(5) 
ds 


= \sin J eotd, 0s fave} / 0). (20) 


From (18) and (19) using the power series expansions 
for the sin and cos functions about zero, we obtain 
{s—'[p2/2(@ + 1)?(20 + 3)]set +=, 
Dia + tet 2) 
mG 18 aye bas +p (20) 
T= {1-3[[(Ve@t iso + {u/@Ot YP + ---, 
[\/(a + 1)]sett + [u/(@+ 1)sett+ +--+}. (22) 


Writing P = (x, y) we then have for the phase, 


P— R)-T+s=2+ [p/@+1)]s + [yu/(G + 1] 54 
— [2n#/2(a + 1)"]o49 — [u2/2(6 + 1)*] 6%? 
Saenh/ (a tcl) (ei 1)]seies? 

+ [A2/(@ + 2)(2a + 3)|set8 +--+, 
When P is at the cusp, x=y=0, and the phase becomes 
[h2/(a + 2)(a + 3)]set8 +. +e, (24) 
Along a ray, y=0, and the phase becomes near the cusp 
x — [xd2/2(a + 1)2|s2et2 + --- (25) 


We can also consider various other cases in which we ap- 
proach the cusp along different paths, e.g., along x =0, 
and in each case we take from (23) only the lowest order 
term in s. For these other approaches a more precise re- 
lationship between a and 8 must be given to decide 
which term is actually of lowest order. 

In (3) we can replace A(s) by A(0) and the phase by 
(24), (25) or by a special case of (23), depending on the 
particular limiting case that we wish to compute. Con- 
sider, for example, the case of x=y=0. From (3), (24) 
and the Appendix we have 


R= 


(23) 


u(P) ~ A(0)(sgn a) | A |1/@a+8)(2q + 3)—(@+2)/ Cats) 
oh Et) Qat8) (cy 4 2) lot)1 Gate T[ (a + 1) /(2a + 3) ] 
-exp {im(a + 1)/2(2a + 3)}. (26) 
The contribution of the other branch of the cusp in the 
case of complete symmetry about the horizontal is cal- 
culated in the same way. However, we must be careful 


that the integration is in such a direction that T(s) 
turns so that its angle with the horizontal 


a= [ as/ols 
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increases. On the other hand, if we assume that the sec- 


ond branch is also given for s, going from zero through 
positive values, it is clear geometrically that p(s) must _ 


have a sign opposite that of p(s) on the first branch. 
The integration over C for the second branch must then 
be taken in the direction, —ds. Now to first order in s 
we have from (17), 


sgn A = sgn p(s). 


Thus, in the case x =y=0, an examination of (26) indi- 


cates that a sign change occurs for integration in the 
direction ds, and, therefore, integration in the direction 


—ds exactly cancels the effect of the sign change. The - 


contribution of the second branch will then be exactly 
the same as that of the first branch, and the total field 
at the cusp will be exactly twice the value given by (26) 
with sgn A equal to +. 

It is interesting to consider also the case where P is 
on the ray y=0 through the cusp. From (3), (25) and 
the Appendix, 


u(P) ~ (sgn A) A(0)(4/2k| «| )1/ 
-exp {ika — (ir/4) sgn x}. 


The value of u(P) given by (27) when sgn dX is + is 
exactly one-half that given by (8) for a point P on an 
ordinary ray in the lit region. This factor of one-half oc- 
curs because we are considering just the effect of one 
branch of the cusp. The other branch of the cusp pro- 
duces a contribution to u(P) identical with that given 
by (27). The sum of the two contributions will then re- 
sult in a field value for u(P) which is the same as that 
occurring for an ordinary position of P in a lit region. 

For the case of P on the line, x =0 orthogonal to the 
ray y=0, we choose the second and third terms on the 
right side of (23) for the phase: 


[la + 1)]s + [yu/(6 + 1)]°4, 
From (3) and (28) we have 


(28) 


u(P) ~ A (0) i ae at 
-{[yr/(a + 1)]se# + [yu/(@6 + 1)]s*4} ds 
= [A@)/(@+1)] f exp it 
“{[yr/(@ + 1)]r + [yu/(B + 1)]r EDD} dr, (29) 


For certain relations between a and 8, e.g., for 
(8+1)/(a+1) an integer, (29) can be evaluated easily 
by stationary phase. For the contribution of the other 
branch of the cusp, we multiply the result (29) by —1 
and replace \ and wu by —\ and —up. 


IV. AN ExAmp.e: A CircULAR CAUSTIC 
AND A Point Focus 


Let us consider a simple example of a caustic with no 
cusp. Let C be a circle of radius p with its center at the 


December — 


; — 
dada kt ial ll 


(27) 


(~ Ney a 4 > . es er 


e- 1959 


origin. Then C is given by 
R(s) = ( cos (s/p), p sin (s/p)). 


We also have 


(30) 


T = (—sin (s/p), cos (s/p)) 
th Seis (cos (s/p), sin (s/p)), 


_ and p is the constant radius of curvature of C. The rela- 


tion (3) becomes 


3 ae iF AQ) exp {i8[—2 sin (s/e) 


+ y cos (s/p) + s]}ds/p 


= f B(6) exp {ik[r sin (6 — 6) + po]}a0, (31) 
Je 

where A[s(6)]=B(6), r=|P| and ¢ is the direction 
angle of P, and s=p@. The angle 6) for which P—R is 
normal to N can be computed quite easily or seen at 


"once geometrically 


00 = @ — cos“! (p/r). (32) 
The distance Dy is easily seen to be 
Donker — ip?) 13, (33) 


From (8) for a point P in the lit region r>p we have 


UP) ~ {2n/k(r? — p?)¥?}1/2B Gy) 


-exp {ik[(r? — p)"?? + p(@ — cos“ (o/r)) — in/4]} (34) 


where we have used p0) = 59 and (32). ; 
The result (34) holds only in the case when a single 

portion of the wavefront corresponding to C’ passes 

through P. In general, a spiral-shaped wavefront winds 


- around C and, as it propagates, one turn of the spiral 


after another will pass through P. At each passage the 
stationary point is such that the corresponding angle 4 
is increased by 27. This fact is predictable by the ob- 
servation that the term cos (p/r) of (32) is ambiguous. 
Thus, in general, the field at P is 


i) 


u(P) ~ >> B(O + 2nn){ 2x/k(r? — p?)2}1/2 


-exp {ik[(r? — p%)¥2 + p( — cos (o/r) — 2nn)]}. (35) 


Of course, B(6+21n), which is given by the source, may 
vanish for an argument sufficiently large in magnitude 
and reduce (35) to a finite sum. 

For P on C where r =p we have from (16) 


u(P) ~ {21 (1/3)(cos 7/6)/3[ke/6]"/*} A (09) 
“exp (tkpd) 
for a single turn of the spiral wavefront. In general, 


— u(P) ~ {27 (1/3) (cos + /6)/3[kp/6]"!*} 


SS Aloo + 2nzp) exp [ik(os + 2xn)]. (37) 


n=—0o 


(36) 
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In the case of a point focus, the radius p of C becomes 
zero, and we might consider this as a limiting case of a 
circular caustic. Setting p =0 in (31) we obtain 

uP) f B(6) exp {ik[r sin (@ — 0)]}40. (38) 

c 
N ow in the limit r—0, a stationary point 6) will lag be- 
hind ¢ by 7/2. It is convenient to replace the function 
B (9) in (38) by an angular source distribution function 
which determines the proportion of energy assigned to 


each ray. Since the direction of a ray through P is dg, 
this can be accomplished by a change of variable, 


O6+n/2 =. (39) 
Correspondingly we set 
PQ) = BE =enf2). (40) 


Then (38) becomes 
Hee i “F(@)exp (ihr cos (6 - 8)}d0, (a) 


where we have assumed only a single integration about 
C which implies that F(@) is periodic of period 27. If 
this were not true, we should be forced to extend the in- 
tegral (41) over a larger interval. We can check on the 
meaning of F(#) with respect to our source by evaluating 
(41) directly by stationary phase: 


u(P) ~ (2n/kr)2F(¢) exp {ikr + ir/4}, (42) 


which holds when P is not near the focus. 

The result (41) agrees with the Debye solution of the 
perfect focus problem.? 

In case p is not zero and the point P is inside the cir- 
cular caustic, we have 
(43) 


and the stationary point given by (32) is complex. Since 


r<p,; 


cos (@ — 6) cS ae 
r 


it is easily found in the complex case that 
09 = o + ilog {(o — V/p? — r°)/r}. 
Then (34) becomes in this case 
u(P) ~ [2m/k(p? + 7?)¥?]*/?B(b0) 
-exp { —A[(p? — 7°)? + plog (o/r — Ve? — 7°/1)] 
+ ik}, (45) 


where B(0) is the analytic continuation of the source 
distribution to the complex angle 0) given by (44). 


(44) 


V. CONCLUSION 


It can be seen from an examination of the various 
formulas for the field amplitudes given in Sections III 
and IV that the field is completely specified in the small 
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Fig, 2. 


wavelength limit by the local geometry determined by 
the caustics of the ray system. For points in the lit 
region or on a smooth part of a caustic, it is necessary to 
know the local geometry only to the order of the radius 
of curvature of the caustic. In the neighborhood of a 
cusp of a caustic, the necessary information must in- 
clude the order of contact of the two caustic branches. 
In the shadow region an approximate value for the 
field amplitude near the caustic is again given in terms 
of the curvature of the caustic. For points further away 
in the shadow region, the small wavelength limit of the 
field amplitude is exponentially small, and it can be 
argued that nonzero values for this case occur only 
when the wavelength is sufficiently long to introduce 
nongeometrical considerations into the problem. In case 
a point in the shadow region is near enough to several 
points of closest approach on a caustic, the field should 
consist of a superposition of fields determined by (45) for 
each such point of closest approach. (See Figs. 2 and 3.) 


Fig. 3. 


APPENDIX 


For the sake of completeness we consider the evalua- ~ 


tion of an integral of the form 


[= a exp {ikas*} ds, (46) 
0 


where a is a real constant and d is a real positive con- 
stant. 
After a change of variable 


es (| a| k)-1P 71) exp { (/2X) sgn a} 
we obtain, in (46), 
I = {(| a| 2 4/a} {exp [(/2a) sgn al} 
: eset exp (—71)dr 


= {(| a| 2)-19/a} {exp [(w/2d) sgn a] }T (-). (48) 


(47) 


Summary—The problem considered is that of the discontinuity 

at the transverse plane separating two regions of a dissipationless 
uniform waveguide, one isotropic, the other anisotropic. The in- 
tegral equation for this discontinuity is formulated in terms of the 
“four-vector” guides modes which propagate in the two regions. 
4 Variational expressions based on this integral equation are then given 
im. -for the scattering coefficients which describe the effect of the junction 
on the propagating modes of the two regions. These variational ex- 
_ pressions are then employed to obtain numerical results for the 
scattering coefficients at the transverse plane separating two regions 
of a rectangular waveguide, one empty, the other filled with a trans- 
versely magnetized dissipationless ferrite. These numerical results 
are found to agree reasonably well with those obtained from an al- 
bak ternative solution to this problem given by Sharpe and Heim. 


INTRODUCTION 


. OST of the published work on anisotropic dis- 
i Ni continuities has been concerned with scattering 
; by small anisotropic discontinuities introduced 
into isotropic waveguides. The following constitutes a 
representative list of the published work in this area: 
Berk and Lengyel! and Berk and Strumwasser? obtain 
_ the quasi-static solution for scattering by small ferrite 
spheres and thin ferrite rods. Berk and Strumwasser,? 
_ Damon,’ and Stinson‘ study the coupling of isotropic 
- waveguides by ferrite loaded apertures. Hurd** ex- 
_ presses the solution for the scattering of a plane wave 
- by asmall anisotropic ellipsoid as the quasi-static solu- 
- tion plus higher-order corrections and develops expres- 
_ sions for the first few corrections. 
Very little attention has been paid to problems in 
- which the anisotropic discontinuity is not small. Tyras 
_ and Held? have considered the radiation from a ferrite- 
filled aperture. However, in formulating their solution 
they ignored the discontinuity at the junction of the 
empty and ferrite-filled waveguides and they obtained 
_ the radiation pattern by assuming the aperture illumi- 


* The investigation reported herein has been sponsored by the AF 

Cambridge Research Center, under Contract No. AF-19(604)-2031. 
+ Jasik Laboratories, Westbury, N. Y. Formerly with the Micro- 
- wave Res. Inst., Polytechnic Institute of Brooklyn, N. Y. ‘ 
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bodies with applications to microwave capacities containing such 
bodies,” Proc. IRE, vol. 43, pp. 1587-1591; November, 1955. 

2A D. Berk and E. Strumwasser, “Ferrite directional couplers,” 
Proc. IRE, vol. 44, pp. 1439-1445; October, 1956. at33 
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5R. A. Hurd, “Scattering ae a one anisotropic ellipsoid, 
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On the Discontinuity Problem at the Input 
to an Anisotropic Waveguide* 


A. D. BRESLER} 


nation to be identical with the incident waveguide fields. 
Van Trier* and Gintsburg® give brief discussions of the 
discontinuity at the interface separating two regions of a 
rectangular waveguide, one empty and the other com- 
pletely filled with a transversely magnetized ferrite. 
These discussions do not go very much beyond pointing 
out that a single mode incident on the junction excites 
an infinity of modes in both the empty and ferrite loaded 
regions.’° Epstein" formulates the solution to this prob- 
lem in terms of an infinite system of simultaneous linear 
equations and employs a method of successive approxi- 
mations (the convergence of which is not assured) to 
obtain a power-series solution for the input reflection 
coefficient on the empty waveguide side. Sharpe and 
Heim” formulate the solution to this same problem in 
terms of an integral equation for the electric field in the 
junction plane. A convergent iteration procedure is then 
employed to obtain the solution to this integral equa- 
tion for the special case where both the empty and fer- 
rite-filled rectangular waveguides support only a single 
pair of propagating modes. 

In this paper, we will consider the discontinuity prob- 
lem at the transverse plane (junction plane) which di- 
vides a passive dissipationless infinite uniform wave- 
guide into two regions, one isotropic, the other aniso- 
tropic. (See Fig. 1.) The discussion will proceed on the 


Passive 
passive 
dissipationless mah 

dissipationless 


homogeneous anisotropic 
isotropic i 

. by, <-|—»,¢, waveguide 
waveguide. ae re 


z=0° 
( junction plane) 


Fig. 1—Illustrating the discontinuity problem under consideration. 


assumption that each of the two waveguides supports 
only a single pair of propagating modes. The modifica- 
tions required to take into account additional propagat- 


8 A. A. van Trier, “Guided electromagnetic waves in anisotropic 
media,” Appl. Sci. Res., B, vol. 3, pp. 305-371; 1953. E 

9M. A. Gintsburg, “On waves in a gyrotropic medium,” Bull. 
Acad. Sci., USSR, Phys. Ser., vol. 18, no, 4, pp. 444-456; 1954. 

10 This is in marked contrast with the analogous problem for a 
dielectric-filled waveguide where the solution to the boundary value 
problem at the interface involves only those modes for which the 
dependence of the transverse fields on the transverse coordinates is 
identical to that of the incident mode. aa 

1 P, S. Epstein, “Theory of wave propagation in a gyromagnetic 
medium,” Rev. Mod. Phys., vol. 28, pp. 3-17; January, 1956. 

12 C, B. Sharpe and D. S. Heim, “A ferrite boundary value prob- 
lem in rectangular waveguide,” IRE Trans. ON MICROWAVE 
THEORY AND TECHNIQUES, vol. MTT-6, pp. 42-46; January, 1958. 
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ing modes are considered elsewhere.” The solution to 
the discontinuity problem will be obtained by formulat- 
ing an integral equation which expresses the continuity 
of the transverse fields through the junction plane. To 
formulate this integral equation it will be necessary to 
express the fields in the two waveguides in terms of the 
“four-vector” guided modes of these waveguides.“ This 
requirement follows from the fact that, in general, the 
modes of an anisotropic waveguide cannot be described 
by a statement of only either the transverse electric 
field or the transverse magnetic field; to specify one of 
these modes requires a statement of both these fields 
where, in general, these are not simply related. 

The identification of the four-vector guided modes as 
the proper modes (eigenfunctions) for an arbitrary uni- 
form waveguide has already been made.“ This identifi- 
cation is based on an operator (matrix) formulation for 
the Maxwell equations which was employed by Bresler 
et al.,* to establish the orthogonality properties of these 
modes, and again by the author® to obtain information 
on the manner in which the modes contribute to the 
fields excited by a point source (7.e., to the Green’s 
function). More extensive discussions of the operator 
formulation for the Maxwell equations are also given in 
the literature.1*617 Vector formulations for the Max- 
well equations based on (and equivalent to representa- 
tions of) the operator formulation are given by the 
author,®!9 where the later work gives a concise sum- 
mary of the contents of the earlier. Since many of the 
references cited in this paragraph are not readily avail- 
able, we will attempt to render the discussion in this 
paper as self-contained as possible, consistent with the 
requirement of reasonable length. With this end in view, 
the discussion will begin with a consideration of the 
four-vector modes and of their orthogonality properties. 
These will then be employed to exhibit the completeness 
relations (idem operator representations) which reflect 
the assumed completeness of these mode sets. These 
completeness relations, together with results previously 


#8 A. D. Bresler, “On the Discontinuity Problem at the Input to 
an Anisotropic Waveguide,” D.E.E. dissertation, Polytechnic Inst. of 
Brooklyn, N. Y., June, 1959; to be issued by their Microwave Res. 
Inst. as Res. Rept. No, R-716-59. 

4 A. D. Bresler, G. H. Joshi, and N. Marcuvitz, “Orthogonality 
properties for modes in passive and active uniform waveguides,” 
J. Appl. Phys., vol. 29, pp. 794-799; May, 1958. 

* A. D. Bresler, “The far fields excited by a point source in a 
eerie earn euenes eae uniform waveguide,” IRE Trans. 
ON MICROWAVE THEORY AND TECHNIQUES, vol. MTT- : — 
287; April, 1959. ‘ nn earege 

* A. D. Bresler and N. Marcuvitz, “Operator Methods in Elec- 
tromagnetic Field Theory; Part I—Abstract Operator Formulations 
for the Maxwell Equations,” Microwave Res. Inst., Polytechnic 
Inst. of Brooklyn, N. Y., Res. Rept. No, R-495-56; May, 1956. 

ai , “Operator Methods in Electromagnetic Field Theory; 
par pee plete - een Cylindrical Waveguide Regions x 

icrowave Kes. Inst., Polytechnic Inst. of Brooklyn, N. Y. . 
Rept. No. R-565.57; March, 1957. vi Nee 
j . D. Bresler, “Vector Formulations for the Electroma i 
Field Equations in Uniform Waveguides Containing nicotine 
Media,” Microwave Res. Inst., Polytechnic Inst. of Brooklyn, N. Y. 
Res. Rept. No. R-676-58; September, 1958. ‘ , 

9A. D, Bresler, “Vector Formulations for the field equations in 
anisotropic waveguides,” IRE TRANS. ON MICROWAVE THEORY AND 
TECHNIQUES, vol. MTT-7, p. 298; April, 1959. 
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established, will then enable us to obtain expressions 
for the Green’s functions appropriate to the two wave- 
guides. 

Once the Green’s functions for the waveguides are 
available, it is a simple matter to obtain the integral 
equation which expresses the continuity of the trans- 
verse fields through the junction plane. Variational ex- 
pressions based on this integral equation will then be 
given for the scattering coefficients which describe the 
effect of the junction on the propagating modes of the 
two regions. These variational expressions will then be 
employed to obtain numerical results for the scattering 
coefficients at the junction of two rectangular wave- 
guides, one empty, the other filled with a transversely 
magnetized ferrite. These numerical results will then be 
compared with those obtained from the alternative solu- 
tion to this problem given by Sharpe and Heim.” 


THE MopES AND THEIR ORTHOGONALITY 
PROPERTIES 


The modes of the isotropic waveguide will be desig- 
nated by W,, while those of the anisotropic waveguide 
will be designated by ®,,. These modes are identified 
with the indicated column matrices*”® 


®, — ®, — ? 
1H tn. 1H, tm. 


where E; and H; are, respectively, the transverse elec- 
tric and magnetic fields of the mode. It is assumed that 
the dependence on time, #, and on the axial coordinate of 
the waveguide, z, for all modes is given by exp 1(xz— at) 
where w is the radian frequency and «x the propagation 
constant along zg. The indicated dependence on # and z 
is suppressed so that W, and ®,, are functions of the 
transverse coordinates only. These mode functions are 
obtained as solutions to the eigenvalue problems:}3.4 


(1) 


ear — Kanls) En. = 0 


(Lr = KF ml'2)Pm = 0, (2) 
where A and F distinguish quantities associated with 
the isotropic and anisotropic waveguides, respectively. 
The “transverse Maxwell operators” L4 and Ly contain 
within them all the information concerning the media 
filling the two waveguides and also all the differentiation 
operations appropriate to the transverse field equations. 
For our purposes it is not necessary to exhibit repre- 
sentations for these operators. The interested reader will 
find these in the literature."*. We remark that, as in the 
case of the representation for I’, exhibited below, these 
representations take the form of 2-by-2 matrices with 
dyadic elements. The rules for the operation of such 


20 The arrows used in, e.g., (1) and (3) indicate that the matrices 
constitute representations of abstract elements and operators in a 
properly defined space. 


* 


1959 


ee: 


_ Operators on elements (column matrices), or for the se- 


quential operation of two operators, include the normal 


_ rules of matrix algebra with the understanding that the 
_ dot product is implied for products of dyadics and vectors 
_ or of two dyadics. The operator I, is defined by?? 


0 
T,—- | 
Gs x 1; 0 (3) 


where Zp is the unit vector in the g direction and 1; is the 


1Z) X :) 


a unit dyadic in the plane transverse to z. It is of interest 
to note that 


Pty. es + 
ha ae a 
Be cNOse Li). (4) 


4 where J; plays the role of the unit operator in the space 
_ of all elements of the type indicated in (1). 


In the discussion which follows, we shall make exten- 


' sive use of the hermitian inner product of two elements 


defined thus: 
(Ww, W,) = ip if [Eis Era + (iHis)*-(iHia) dS, (5) 
Ss 


where the asterisk indicates the complex conjugate. This 


3 inner-product definition requires an integration over the 
- cross section, S, of the waveguide in addition to the 


operations usually required to obtain the hermitian 


- inner product of column matrices. Based on this inner 


_ product there is associated with a given operator, e¢.g., 
_£4, an adjoint operator L4* via the adjointness relation 


(w+, LAP) — (Lat tw) = 0. (6) 


- When there are differentiation operations implicit in an 
- operator (as is the case with L,), this provides only a 


formal definition for the adjoint. The complete defini- 
tion requires a statement of the boundary conditions to 
be satisfied by the elements on which the operator and 


its adjoint are to operate.4—” This additional require- 


ment will not concern us here. 
It is readily verified that the operator I’, is hermitian, 
1.e., that T,=I,*. Since both the isotropic and aniso- 


' tropic waveguides are dissipationless it follows that 


L4=Lat and Ly=Lyt.45 Also, the modal propagation 
constants of both waveguides will occur in complex 
conjugate pairs.” Since the isotropic waveguide is re- 
flection symmetric, its modal propagation constants 
must also occur in positive and negative pairs.'” Further, 


" since the waveguide to the left of z=0 in Fig. 1 has been 


assumed to be a homogeneous isotropic waveguide, we 


are assured that all the propagation constants of this 


waveguide are either real (for the propagating modes) 
or imaginary (for the cutoff modes).!” We now associate 
the modes ¥:, with the modal propagation constants 
KA,;tn= +kaj;n. Recalling that we have assumed that the 
isotropic waveguide supports only a single pair of propa- 
gating modes, we recognize that ka, are real, while 
+k4jn, m>1, are imaginary and adopt the conven- 
tion that kai>0, Im kan>0 for m>1. Finally, we 
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assume that, as is always possible,!” the modes of the 
homogeneous isotropic waveguide have been chosen so 
that 


w_,=T., (for all 2) 
oe 
Wi =F. Wa = Ws 
a * 
Pin = Wr Win = Pin (n > 1), (7) 
where 
i: (e 0 ) 
Fiacee 3 
0 —1; (8) 


and W"* is the adjoint eigenfunction (mode) whose iden- 
tification is required in the statement of the orthogonal- 


ity properties of the modes:!4 
(Wt, rw.) = NV aap (9) 


with deg=1 for ka=xg and 5.g=0 for ka xg. In (9), Ng is 
an arbitrary normalization constant. It then follows 
from (7) and (9) that 


(Wai, TPs) = + M 
(Wan, TM" sn) he Nn 


Ni* = Ni> 0 
N,* = — N,= N_,(n> 1) (10) 


with all other inner products involving these modes 
equal to zero. 

The modal propagation constants of the dissipation- 
less anisotropic waveguide are, in general, restricted 
only by the requirement that they occur in complex 
conjugate pairs. Thus, there is no implication that the 
propagation constants for the two propagating modes of 
this waveguide, xr, and xp, are in any way related. 
Further, the mode functions ®, and ®_, are not simply 
related. Similarly, in general, there is no requirement 
for a simple relationship between the mode functions 
®,, and @®, associated with the (in general, com- 
plex) cutoff mode (m>1) propagation constants 
Krjm(Im Krjm>0) and Kr,m*=Kr,m*, respectively. There- 
fore, in general, we cannot make statements for the 
modes of the anisotropic waveguide similar to the re- 
flection symmetry and conjugation properties in (7). 
The identifications of the adjoint eigenfunctions are 


G1 =O; C=O mH 1, (11) 
It then follows from (9) that 
M,;* = M,>0 
(®41, Tir) = Mir rece ree: 
(Dnt, TO) = Mn Mn*® = Mne, (12) 


with all other inner products involving these modes 
equal to zero. 

At this point it is pertinent to digress briefly and re- 
mark on the significance of the restrictions M,>0, 
M_,<0. First, we note that, ina dissipationless wave- 
guide, the normalization constant associated with a 
propagating mode equals twice the net real power flow 
(along +2) associated with that mode.* Thus we see 
that we have assumed here that one of the two propa- 
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gating modes of the anisotropic waveguide carries 
power along +2 while the other propagating mode car- 
ries power along —z. In an anisotropic waveguide there 
need be no correlation between the direction of power 
flow associated with a propagating mode and its direc- 
tion of (phase) propagation. Thus, the arrows shown in 
Fig. 1 indicate the directions of power flow associated 
with the corresponding modes and not necessarily the 
directions of (phase) propagation. In an earlier paper,” 
the author has shown that a propagating mode of any 
passive dissipationless uniform waveguide contributes 
to the field excited by a source introduced into this 
waveguide only in that direction in which it transports 
energy away from the source. Therefore, since Ni >0 
and M_,<0, the modes W, and @_, can be excited by 
sources at z—>— © and z+ ©, respectively. Further, 
since V_1<0 and M,>0, the modes W_; and ®; may be 
excited by the equivalent induced sources in the junc- 
tion plane. © 


THE COMPLETENESS RELATIONS 


We assume that each of the two sets of modes, &, 
and ®,,, are complete in the space of all transverse ele- 
ments of the type in (1) which are defined in the cross 
section, S, of the waveguide. This assumption implies 

the existence of appropriate completeness relations (rep- 
resentations of the idem operator J;) in terms of each of 
these two sets. Because I, plays the role of a weight 
_ function (operator) in the eigenvalue problems (2) it is 
more convenient first to exhibit representations for this 
operator. In the discussion which follows, we will state 
all results in terms of the set ®,, recognizing that, in 
each instance, an analogous statement exists in terms of 
the set &,. The representation given below for I, ex- 
ploits the fact that the modes ®, are eigenfunctions 
(with respect to the weight operator I’,) of a hermitian 
operator so that the adjointness identification in (11) 
obtains. 
It is shown” that the following constitute alternative 
representations for I’, in terms of the set ®,,: 


1 
O,P,* = 


DD, (13) 


where the sum over @ implies the sum of contributions 
from all the eigenvalues kr,4 of Lp with the number of 
contributions for each eigenvalue equal to the multiplic- 
_ ity (degeneracy) of that eigenvalue. Each term of either 
sum, @.g., 


1 Ie cdg PSY oie 2 ae 
—_ ©,» > (ie > ), (14) 
M. M, 1D ta Eig Atal tax 


is an operator dyad with the rule for its operation given 


by 


(« FE ab. |) = z (§,@.)(@e, n), (15) 


@ 
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It follows from this definition that 


eer | ay (16). 
Fa Rial Recep Geman ea 


so that (13) expresses the fact that T.4=T.. . 
Since '2=Z;, the representations (13) are equivalent 
to a variety of representations for J; Before exhibiting — 
these, we point out that to be consistent with the defini- — 
tion in (15) it is necessary to define operation from the 
right on an element by an operator as equivalent to 
operation from the left on the same element by the 
adjoint of the operator. Thus, if we operate on (13) with 
I’, acting first from the left and then from the right, we 
obtain the following alternative representations for J;: 


1 
lL.= >> —Te@.e. = >> ©,T,@,* 
a M. a a a 
= Xu Fc TO.0, = Xu tae DoT D,. (17) 


To avoid misinterpretation, we specify that when I, ap- 
pears between the two elements of a dyad it operates 
only on the element to its right. 

The following observations concerning the results ex- 
hibited in (17) are pertinent. We have already observed 
that IT, plays the role of a weight operator in the eigen- 
value problem (2) defining ®,,. Therefore, despite the 
fact that Zr is hermitian, the orthogonality relations 
for the ®,,, based on (9), are not the usual relations for 
an orthogonal eigenfunction set but take the form of 
“biorthogonality” relations between the eigenfunctions 
®, and the “adjoint” eigenfunctions ',®,*. This biorthog- 
onal character of the orthogonality relations is also 
reflected in (17) where each of the representations for 
I, is seen to be in the form of a sum of projection opera- 
tors (1.¢., operators with the property A?= A). A further 
discussion of this interpretation of the completeness re- 
lations (17) and the identification of the eigenmanifolds 
associated with the projection operators is given else- 
where.?” 


THE GREEN’S FUNCTIONS 


The steady-state Maxwell equations for the trans- 
verse fields excited by a distribution of transverse cur- 
rent sources are here written'?-16 


(z -- <r.) ee eer (18) 
where 
(no) Ge) a9 


and J;(z) and M,(z) represent the distributions of trans- 
verse electric and magnetic current sources, respec- 
tively. The modification in n(z) required when there are 
longitudinal current sources present is given else- 


‘aha 
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q where.'®:'6 To effect the reduction of the inhomogeneous 
_ problem (18) to an equivalent point source excitation 
_ problem we introduce an operator Green's function 
. Ge, 2’) via the requirement 


t= -if fle, x)-nerar. (20) 


Assuming the validity of the required interchange of 


_ differentiation and integration operations, etc., it is evi- 
: dent that substitution from (20) into (18) yields 


1 0a 
(z —_-—— r.) Ae, 2’) = I,8(z — 2’) (21) 


1 OZ 


as the equation which A(z, z’) must satisfy. In this 


equation, 6(z—3’) is the unit impulse function. For an 
infinite uniform waveguide the z dependence in (21) 
_ may be eliminated by the introduction of Fourier in- 


tegral representations for all z-dependent quantities. In 
particular, we represent Kz, z’) as follows: 


1 oo 4 
G(s, 2’) = oa Ene dx (Im« = 0). (22) 


Again assuming the validity of the required interchange 
of differentiation and integration operations, we substi- 
tute from (22) into (21) to obtain 


(L — «T) G(x) = Ie (23) 


as the equation which Bx) must satisfy. This equation 
does not provide a unique specification for E(k). It has 
been shown" that a unique specification for B(x) is ob- 


- tained only when we require that its adjoint be a solu- 


tion of the adjoint problem: 
(L — Ti) G+(k) = 1h. (24) 


This statement of the adjoint problem exploits the fact 
that we are here dealing exclusively with hermitian 
operators L=L*. 

By combining the information contained in (2), (13) 
and (17) with the defining equations (23) and (24) it is 
readily verified that the following constitute the modal 


representations for E r(x) and @rt(k) in terms of the 


modes ®,, of the dissipationless anisotropic waveguide 
(i.e., in terms of the eigenfunctions of Lr =Lr*): 


1 
F K wat ss ee P,P, 
fe) u M(x — «r,a) 
Gr(«) = — ‘Se al PP, (25) 


= M,*(k Sat eae 


where the summation convention here is identical with 
that for (13). 

In an earlier paper,!® the author has shown that the 
path of integration specified in the transform relation 
(22) can be deformed so that the result of the integration 
is to yield Ele, z') in terms of two residue series, one 
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valid for <2’, the other for z>2’, For Gels, z’) the two 
residue series are:2! _- 


1 
M 


a 


sia 


m m 


DaPwelinats)} Ce Ser) 


1 
Gira, 3) = a D_,@_je**r 1 (2-2’) 


—1 


1 
M,,* 


+ >0’ 


Daye nee } (zg < 2’) (26) 


for the special case which we are here considering, i.e., 
where xkr,+1 real and ®4; such that M,>0 and M_,<0 
and where it is understood that Im xkr,,>0 for m#¥ +1 
so that Im kr,n*=Im kp *<0. The prime used in con- 
nection with the summation symbols in (26) indicates 
that these sums require contributions only from those 
Kr,m for which Im kr,,>0. A corresponding result is 
readily obtained for the Green’s function G4(z, 2’) of the 
homogeneous isotropic waveguide. By exploiting the 
special properties of the modes and modal propagation 
constants of a homogeneous isotropic waveguide, we 
can write this corresponding result: 


1 
fs>(e—- 2) = - if wawaetinte 
< N, 


| 
+L) vewsctincol @ 2 2). QD 


Ie 


Here we have again separated the contributions from 
the propagating and nonpropagating modes. The result 
in (27) is consistent with the conventions adopted earlier 
in the discussion preceding (7). 


THE INTEGRAL EQUATION; THE 
SCATTERING COEFFICIENTS 


We are now in possession of all the tools we require to 
obtain the integral equation for the discontinuity at the 
junction plane (or, as we now prefer to designate it, the 
aperture plane) in Fig. 1. The integral equation is ob- 
tained by exploiting the requirement that the trans- 
verse fields be continuous across the aperture plane. 
Suppose we designate the transverse fields in the aper- 
ture plane as &(0), where &(z) is defined in (19). Since 


H,(0) X =p (28) 


ap At ee x E,(0) 


21 The Green's operator in this paper is the transverse-transverse 
part of that in Bresler, op. cit., footnote 15. Since the transverse field 
components are the independent field components, the Green’s opera- 
tor of this paper is the independent part of that in the earlier work 
and, therefore, the conclusions arrived at previously are equally valid 


here. 
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it follows from an examination of Fig. 2 that T.€(0) 
plays the role of an induced-current element at a com- 
bined electric and magnetic wall (7.e., a surface on which 
the tangential components of both the electric and mag- 
netic fields are required to vanish). Thus, if we intro- 
duce such a combined electric and magnetic wall into 
the aperture plane and choose the induced currents in 
the manner indicated in Fig. 3, these will exhibit the 
required continuity of the transverse fields across the 
aperture plane. (The difference in sign arises from the 
fact that zo is an outward normal on the 0_ side of the 
aperture plane, an inward normal on the 0, side.) The 
integral equation is now obtained by employing (20) to 
write the total field in each waveguide as the incident 
field plus the fields excited by the equivalent sources in 
the aperture plane and then imposing the continuity re- 
quirement for the total fields. This yields as the desired 
integral equation: 


(29) 


ay"; — a,®_; = GoI,E(0), 
where 
fo = i[<a(0, 0) + Fr>(0, 0)] 
= wow, oe Se +>’ OM, 
M, My, n n | 
il 
Li) i b,.0 0, (30) 


For the purposes of the discussion which follows it is 
convenient to adopt a special notation to distinguish the 
incident and reflected propagating modes of the two 
waveguides. Thus, we identify the incident modes as 


ei =, eo = @P_; (31) 
and the reflected (or scattered) modes as 
La, f= 9}. (32) 


The integral equation (29) will now be replaced by a 
pair of integral equations for the partial fields associated 


Fig. 2—Induced currents at a combined electric and magnetic wall. 


[-— combined electric 
and magnetic wall 


ae | eee 


| 
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Fig. 3—Induced currents in the aperture plane. 
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with the two independent excitations. This is accom- 
plished by defining the partial fields 1,2 via | 
E(0) = ai81 — 282. (33) 
When we substitute this definition into (29) and exploit | 
the independence of the excitation coefficients a1,2 we 
obtain the following pair of integral equations for the’ 
determination of the partial fields: ; 


e:= GIs i= 1,2. 


No attempt will be made to obtain explicit solutions to 
these integral equations. Instead, they will serve to de- 
termine variational expressions for the scattering co- 
efficients which describe the effect of the junction on the 
propagating modes of the two waveguides. The scatter- 
ing matrix R is introduced via 


B= RA; R= (Ry) 


And )s em 


and the coefficients a; and 0; are defined in Fig. 1. Since 
all these amplitude coefficients are referred to z=0, we 
can write that 


(34) 


i,j = 1,2, (35) 


where 


(36) 


1 1 
by x Crs, T,&(0)) as Mi (f1, T,&(0)) 


be 


1 1 
— (®,, T.(0)) = — (fo, T, : 
i, ( £(0)) i, (f2, T-€(0)) (37) 


By combining the information in (33), (35) and (37), we 
obtain the following expression for the “normalized” 
scattering coefficients 7;;: 


ris = (fi, T285) 


vo“ 2) ao 9) 


VARIATIONAL EXPRESSIONS FOR THE 
SCATTERING COEFFICIENTS 


i,j = 1, 2, (38) 


where 


(39) 


The integral equations (34) call for the determination 
of the unknown aperture partial fields g; (or T,g;) with 
the e; in the role of the known functions. It is evident 
from (38) that the scattering coefficients take the form 
of integral measures (with respect to the known func- 
tions f;) of the unknown functions &;. The integral 
equations (34) can, therefore, be employed as the basis 
for the formulation of variational expressions for the 
determination of the scattering coefficients. To obtain 
these variational expressions we introduce the auxiliary 
integral equations 


f= Bot Th; (40) 


in which the f; now play the role of the known functions 
and we have introduced a second pair of unknown func- 


i= 1, 2, 


~ 


Lae 


es tal  ? 
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tions, A;. Note that Got Bo. ‘Let 


G = TGol.. (41) 
It follows from (34), (38) and (40) that 
Ci ts l.g;) = (hi, Gé)) = (hi, T,e;). (42) 


Thus, we may write the following expression for 7,;: 
i re (hi, Gg;) 


fs. (hy, Pe;)(P45-8;) 


It is readily verified that this expression is variational, 


(43) 


z.e., that it is stationary for first-order variations of g; 


and h; about the correct solutions of (34) and (40). To 
employ this variational expression we are required to 
choose two sets of trial functions. These trial functions 
are not completely unrelated since (42) can be inter- 
preted as a set of constraints which the trial functions 
should satisfy. An examination of (34), (40) and (42) 
makes evident that if, e.g., 8; is chosen as e,+af;, then 
the proper h; to be associated with this g; is f, +(e, etc. 
We note also from (42) or (43) that if a self-consistent 
set of trial functions is desired, then these must be 
chosen so that no g; is orthogonal to any f; and, corre- 
spondingly, no h; is orthogonal to any e;. 

The variational expression (43) is subject to one 
rather serious criticism stemming from the nonher- 
mitian character of the operator G. Since G is not her- 


- mitian, it is not appropriate to ask whether it is either 


positive or negative definite. Thus, we cannot exploit 
the property, so often available in isotropic waveguide 
problems, that the variational expression is not only 
stationary for first-order variations about the correct 
aperture partial fields, but also assumes its maximum 
(or minimum) value at the correct aperture partial 
fields. We are, therefore, left without any “built-in” 
means for gauging the reliability of the variational ex- 
pression (43). 


EXAMPLE—THE DISCONTINUITY AT THE INPUT TO A 
TRANSVERSELY MAGNETIZED FERRITE-FILLED 
RECTANGULAR WAVEGUIDE 


The problem which we will now consider is that illus- 
trated in Fig. 1 with the infinite uniform waveguide 
specialized to a rectangular waveguide with perfectly 
conducting walls. The dimensions of this waveguide are 
indicated in Fig. 4. To the left of z=0 this waveguide is 
empty, while to the right of z=0 it is completely filled 


D 
Fig. 4—Transversely magnetized ferrite-filled 
rectangular waveguide. 
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with a dissipationless ferrite which is uniformly mag- 
netized in the y direction (see Fig. 4) by an internal de 
magnetic field Hy. It is assumed that the frequency is 
such that the empty rectangular waveguide propagates 
only the TE; mode pair (i.e., one such mode in each 
direction along z). In the numerical example given later, 
the ferrite parameters are chosen so that the ferrite- 
filled waveguide likewise propagates only a single pair of 
modes. The solution to the discontinuity problem will 
involve only the TE,» modes of both waveguides, <.e., 
only those modes which are characterized by the ab- 
sence of any dependence on y. The nonzero field com- 
ponents of the TEno modes of both waveguides are E,, 
H, and H,. 

The ferrite will be described by its permittivity e€¢o 
and by the effective permeability parameters (defined 
below) viu0 and veo, where €9 and mo are, respectively, 
the permittivity and permeability of free space. With 
the dc magnetic field applied along y, the permeability 
dyadic for the ferrite, wou, is given by 78 


Hi tye, 0 
Very —ipe pa ON; (44) 
O04. 0 nL 


where the subscripts associated with w indicate the 
cyclic order of the coordinates employed to obtain the 
indicated representation.?? For our purposes, it turns out 
to be more convenient to deal with the elements of the 
inverse y tensor 


Ay ag 
sot St 0 
Vi V2 
-1 1 1 
Uzcy aren Fi 0 ry (45) 
V2 Vy 
0 0 1 


where »; and v2 have already been referred to as the 
“effective permeability parameters.” For a dissipation- 
less ferrite, expressions for pw; and pe as functions of 
yHo (40M 2) 
3 ae ee 


p 
3) 3) 


c= (46) 
where (4rM,) is the saturation magnetization of the 
ferrite and vy is the magnitude of the gyromagnetic 
ratio,22 are available in the literature.” From these we 
can readily obtain corresponding expressions for 1 and 
va as follows: 


pa — pe" Mes ed hee 
1 Mare sso Tae Rea ain we ee 


m1 a(p to) —1 
eas 1 

se Shi A I ade rye Wis (47) 
Me p 


2 This representation differs from that usually found in the litera- 
ture, ¢.g., in Tyrus and Held, op. cit. footnote 7, because we are using 
the time dependence exp —iwt instead of exp jt. A ea 

23 -y = 5,6 when Ho is expressed in kilo-oersted, 47M, in kilogauss 
and the frequency in kmc, 
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Sketches of v; and v2 as functions of o for fixed p are Pe eke (a) Se 2 
shown in Fig. 5. These sketches show the variation of im if. ai 
y, and v, as functions of Hp for a given ferrite material peo 
at a fixed frequency. Eqs. (47) apply only for a meso. 
saturated ferrite and, therefore, any reference to ¢=0 is } a (50) 
to be understood to imply o approaching zero but re- Om =. mk = me Che 
maining larger than (the usually small) value corre- ~il + ae sin aii cos | 

‘ . : 1 a V2 a 
sponding to saturation. Note that the product pa is al- iG 
ways positive since Hy) and M, are in the same direction. here m=1, 2,3, - --. The validity of this representa- 


Therefore, it is sufficient to consider only o>0, p>0O 
with the understanding that reversing the direction of 
the dc magnetic field leaves 1, unchanged and changes 
the sign of v2. 

The propagation constants of the TEno modes of the 
ferrite-filled waveguide are given as: 7:12.18 


T 2 
m= 3|/>-© 
mr\2 
Om = + il4/(=) aay al m= 2,3,4:: ? (48) 
K 
where 
XF 
6 = 7a R? = O) UEo IK = ka. (49) 


The subscript F will not be exhibited in association with 
6 since we will not employ a corresponding symbol for 
the empty waveguide modal propagation constants. The 
restriction to a single pair of propagating modes implies 
that 7?< K’ev,;<47?. Note that the modal propagation 
constants here occur in positive and negative pairs so 
that, for the cutoff modes (m>1), 0,.*= —0,, and, there- 
fore, ®,,* can now be written as ®_,,. This does not im- 
ply that the TEno modes of the ferrite-filled waveguide 
exhibit the reflection symmetry property, 7.e., we can- 
not identify ®_,, with I',®,,. The absence of this prop- 
erty is readily verified by examining the following repre- 
sentation for the ®,,: 


Fig. 5—Ferrite permeability parameters, 


tion can be verified from the information concerning 
the fields of these modes given in the literature.”)1?/4 In 
this representation, the magnetic field has been normal- 
ized so that the characteristic impedance of free space is 
unity.24 Only the nonzero transverse field components 
are exhibited in the representation (50). Corresponding 
to this representation, that for I’, in (3) becomes 


hy ( P ) (51) 
z 7, . 
-—i 0 
Substitution from (50) and (51) into (12) yields 
Orn 
Mim — + 2, hcl © (52) 
| »1| 


for the normalization constants of these modes. 

Information concerning the TE, modes of the empty 
rectangular waveguide can be obtained directly from 
(48), (50) and (52) by setting e=1, 1 =1 and »,= 0. In 
designating the empty waveguide modes, ®:,, becomes 
Win and My becomes Nin. The latter will be desig- 
nated as 


Nan = + 2Yn, (53) 


where the Y, are the characteristic modal admittan- 
ces, 18.17 

A study of the representation (50) for the ®,, reveals 
that the conjugation identifications exhibited in (7) for 
the W, also obtain for this particular set of ®,,. This 
conjugation property can be summarized by 


®,, = [,0,,. (54) 


It turns out that this property also obtains for the TEno 
modes of rectangular waveguides loaded with trans- 
versely-magnetized ferrite slabs which do not completely 
fill the rectangular waveguide. This conjugation prop- 
erty is of interest for the following reasons. In using 
(43) to evaluate the scattering coefficients, the usual 
choice for the aperture partial fields will be some super- 
position of the modes of the two waveguides. The solu- 
tion for the scattering coefficients will then involve inner 
products of the form Ty m= (Wn, ',®,,). When the indi- 
cated conjugation property obtains for both the W, and 
®,,, it follows that 


_ “With mks units this means that H= V0/€o Hmxs, where the 
dimensions of Hinks are amperes/meter. The dimensions of H are, 
therefore, identical with those for E, i.e., volts/meter. 
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* * * Pe 
Tam = — (Wn, TP») shoe (W,*, 1.0 .T.®,,+) = Tr*,m*, (55) 


since I — —T,, bie =a WP 1 iA ie = —T,T, and T,? = abies Also, 
one finds that 


Gri= T.G"T,, (56) 


from which it follows that if the subscripts 7 and j desig- 
nate propagating modes, then 


(®,, G®,) Rs (®;, Gt®,)* ae (®,, T'.G**T,®@;) 


= (®;, G®,). (57) 


In a similar fashion, we can show that (W,, Gu) 
=(W;, GH ,) and (®,, GW;) =(W;, G®,). The results in 
(55) and (57) help to reduce the algebraic labor involved 
in the use of (43). 

We now have all the tools we shall require in the dis- 
cussion of the discontinuity problem described at the 
beginning of this section. This problem has been con- 
sidered previously by Sharpe and Heim! who demon- 
strated that the network in Fig. 6 (when properly inter- 
preted) constitutes the equivalent circuit for the dis- 
continuity. The indicated network consisting of a shunt 
susceptance 7B, at the junction of two ports, one nor- 
malized to the admittance Yi, the other normalized to 
the admittance 6,/||, is obtained as follows. The 
empty waveguide is, in the usual fashion, represented 
by a transmission line of characteristic admittance Yj. 
The voltage and current on this transmission line are 
directly proportional to the amplitudes of the dominant 
mode transverse electric and magnetic fields, respec- 
tively. In the ferrite-filled waveguide, voltages and cur- 
rents are defined for the terminal plane at z=0 only. 
The voltage associated with each of the modes ®4, is 
taken as the amplitude of the transverse electric field of 
the mode, while the current is taken as the amplitude of 
that portion of the transverse magnetic field which is in 
space phase with the transverse electric field, since only 
this component of the transverse magnetic field con- 
tributes to the net power flow associated with the mode. 
Thus, the “characteristic admittance” associated with 
®,, is 0:/ | v4 in the sense that this admittance correctly 
accounts for the power flow associated with these prop- 
agating modes. Thus, when the network in Fig. 6 is 
excited at port 1 only, the ferrite-loaded waveguide be- 
haves like an infinite transmission line of characteristic 
admittance 0,/|v|. Note that this statement makes no 
implication concerning the transfer relations in the fer- 
rite-loaded waveguide. 

The pure shunt character of the discontinuity sus- 
ceptance indicated in Fig. 6 follows from the fact that, 
mode for mode, the modal transverse electric fields on 
both sides of the junction have identical x dependences. 
This fact was employed by Sharpe and Heim” to ob- 
tain an integral equation for 7B, which involves only the 
electric field in the aperture. In the solution of this in- 
tegral equation they employed the following approxima- 


tions: 
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J /Gaa-% 
K K K 
= 2,3; 4 (58) 


The solution given by Sharpe and Heim was obtained by 
an iteration about the electric field of the dominant 
mode. The iteration solution which we shall examine 
converges when the iteration parameter B (defined be- 
low) satisfies 8<1. The Sharpe and Heim solution for 
B,, obtained after a single iteration, is 


ap 
B, eae 9 B << L (59) 
Tv 
FEE B 
where 
r ity 8 (-) ( BSN A 
a =_—_eooe = — 
Vy vos \I+ 4 ; So 


Since the solution given here was obtained as the result 
of only a single iteration it follows that it will be most 
accurate when <1. When this is the case, we have 


B,~ — 


) B<K1. (61) 


4 ( Vi 
Kav \it+ ny 


The parameter 6 is shown as a function of ¢ in Fig. 7. 
From this sketch it is evident that 8B<1 for 0<a0<1—p 
and that 61 near o =0 provided p is sufficiently small. 
In the following, we will restrict our attention to the 
indicated range in o. This is necessary because we re- 


Fig. 6—Equivalent circuit for the junction. 
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Fig. 7—The Sharpe and Heim parameter f. 
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quire that 1 be positive and, at the same time, suffi- 
ciently small so that the ferrite-loaded waveguide will 
propagate only the lowest mode. Since 71 is now re- 
stricted to positive values, we may replace | v4 by 11. 

To facilitate the comparison of our results, based on 
the variational expression (43), with those of Sharpe 
and Heim, we note that the scattering matrix for the 
junction in Fig. 6 is 


04 P 01 
1 Y,——— 1B, 2— 
Le v Vy 
Laren j ; (62) 
: Vi ties 2Vi ans Y,—iB, 
Vi 


From this result it follows that the input admittance 
— — 


Y;, and Yin seen at ports 1 and 2, respectively, are given 
in terms of the scattering coefficients by 


Peg ibe aap, 
V1 1 + Ru 

Pe nie pS ye inp ee GS) 
vi 1+ Ree 


— <— 
Since the conductances Gin=0:/r1 and Gin=¥Vi are 
known exactly, the procedure which we will adopt in 
comparing our results with those of Sharpe and Heim is 
is follows. The scattering coefficients Ri and Re» will be 


= — 
computed via (43). The admittances Y;, and Y;, will 
then be computed via (63). The computed conductances 
will then be compared with the indicated exact values 
and the computed susceptances will be compared with 
the value of B, given by (59). 
The solutions for Ri: and Ry which we will exhibit be- 
low are obtained with the following simple choices of 
trial functions for the aperture partial fields: 


for Ris: 
for Roo: 


81 = ®, hy = ®_; 


fp fhe = Es. (64) 


Other choices for the trial functions were considered 
elsewhere.!* These other choices included trial functions 
consisting of various superpositions of the propagating 
modes of the two waveguides with the relative ampli- 
tudes of the modes determined from the requirement 
that (43) be stationary. The results obtained with these 
more complicated trial functions do not differ in their 
essential features from those which we will exhibit be- 
low. 

Substitution of the trial functions in (64) into the 
variational expressions (43) yields, via (39), the follow- 
ing results for Ry and Roy: 


Ti1 yippee Sie 
Ry = —-— = — 
N, Ni(®_1, G®,) 
Loy) oA ek WB oe 
Re» = —- — = — ————__, (65) 
M, Mi, GU_,) 
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where 
fp Mae) eu of ita aetient 
®_,, G®;) = ———__ + 2, —— 
fies ON td tee 
Ww, GY_,) = ——— + ——_———_ (66) 
(W,, G1) ia y ae 


Introducing the representations for the W, and ®,, 
into the definition of Tn,m, and performing the required 
integrations, yields 


Oy 0; 
Taig a oie 4 T3434 tio 
V1 Vi 
ves =—-—|l —1)" n>1 
41 rae Fak Hd pe ( ) 
2, 
Ts1m = — [1+ (—1)”] ; (m > 1). (67) 
Kye 1 é 


Note that T,,41 is zero when ”> 1 is odd and, similarly, 
T+1,m is zero when m>1 is odd. Note also that T,,1 
=T,,-1 and T1,=T-1,m. Thus, the two infinite series 
involved in (66) become 


ae ited 7 m Vi 
= —1— Sn 
2 2 m? 
Sm = =: (68) 


If these series are summed by employing the Sharpe and 
Heim approximation given in (58) the result is 


oie n 3 4 
2 »D ( 2 :) we : 
Krve n=1 \1" — ~& Krav? 


The two series S, and S,, can be summed as accurately 
as desired, by the addition of successive corrections to 
So. Thus, for example, for S, we write 


Sy 2 Sm Sp = 


(69) 


2 16 1 
a= ae Aa 
Kav? 9 / é 2 
i) 
oD 1 : 
225 ch ahaa (70) 
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For Sn we write a similar expression with (K/2nm)? in 
the radicals replaced by e,(K/2mr)2. For the numerical 


example which we will consider below, S,, was summed 
with the two corrections indicated above while a single 
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correction was found to be adequate for S,. 
Introduction of the information developed above into 
(65) yields the following results for Ru and Re: 


J logs ap 7 at Se ees ed Eee eee 
2 OA? (71) 
ag ae (=) = 101S im 
Vy 


=> — 
The admittances Y;, and Yin corresponding to these re- 
sults are found to be 


G.==+(1i-=)a, Ga= %1- (11 -)a, 
V1 V1 


Vy 
—> 1 — Vi 
Bin =a rc int) eT. An) Bin Es ees gre me =a Am) 
2 2 
ae 
ae SS —— 
aN 
4 ( ee “) + Sins 
Vy 
(v1Sim)? 
Am = moa (72) 
(7, — =) = (¥1Sm)? 
Vy 


Numerical results based on these formulas are shown in 
Figs. 8 and 9. These results were obtained with p=0.4, 
€=3.0 and K=1.25z. The values for p and € are both 
somewhat on the low side compared with the values ap- 
propriate for available ferrites. These values were chosen 
to yield a reasonably large range of values for o in which 
the ferrite-loaded waveguide propagates only | the domi- 


ye, 
nant mode pair. In Fig. 8, the conductances Gin and Gin 
computed from (72) are compared with the exact values 


Citi and Gin= Y1=0.6, This comparison makes 
evident that the variational solutions are reasonably ac- 
curate except in the neighborhood of the value of @ at 
which the ferrite-filled waveguide dominant mode cuts 
off (7.e., ¢ ~0.55). 

-The results given in Fig. 9, while somewhat disap- 
pointing, are not as bad as they appear. In support of 
this comment we offer the following observations. The 
susceptance values are generally much smaller than the 
conductances, so that a large error in B, does not nec- 
essarily imply an equally large error in the scattering 
coefficient. Since the conductance results were quite 
good, the implication is that the accuracy of the varia- 
tional solution is expended almost entirely on the de- 
termination of the conductances. The nature of the de- 
pendence on o of the variational solutions is distinctly 
different from that of the Sharpe and Heim solution in 
the neighborhood of ¢=0.52. This difference does not 
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the known correct values Gin=81/1 and Gin= Vj. 
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Fig. 9—Capacitive discontinuity susceptance. 
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cause us any concern since, with B—1 as 0.6; the 
latter solution will be least accurate for values of o near 
— 


0.6. For 0<a<0.5, the dependence on o of the Bin 
solution is quite similar to that of the Sharpe and Heim 
—_ 


solution. If the expression for B;, in (72) were evaluated 
by employing the approximation (58), z.e., by replacing 
Sn by So, the correlation of these two curves would be 
improved. This result would obtain because S, and So, in 
their dependence on ¢, differ only by a scale factor since 
both are inversely proportional to 2”. 

The most disturbing feature of the results shown in 
Fig. 9 is the fact that the values of susceptance com- 
puted from Ry and Ree differ considerably over most of 
_ the range of o in which computations were made. This 
difference results from the fact that the dependence of 
Sm ono is quite different from that of S,, since the sum- 
mands of S,, are functions of v1. This dependence on 7; 
causes S,, to become infinite as v1 approaches the value 
at which the lowest cutoff mode of the ferrite-loaded 
waveguide would become a propagating mode. We ob- 
serve that the trial functions we employed to compute 
Ry and Roz were such that the cutoff modes of the empty 
waveguide contributed to the solution for Ry only, 
whereas the cutoff modes of the ferrite-loaded wave- 
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guide contributed to the solution for Re» only. The fact 


that the Sharpe and Heim solution resembles B;, more 
<— 


closely than B;, does not imply that we should favor the 
Ru solution over the Rx» solution. We recall that the 
Sharpe and Heim solution embodied the approximation 
(58). If this approximation were to be used in the evalu- 


ation of Be the result would be very similar to Be 
Thus, at present, we are unable to choose between the 
a 


idee 
solutions B;, and Bin. The inability to choose between 
these two solutions bears out the criticism of the varia- 
tional solution which was made in the final paragraph of 
the preceding section. 
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Summary—The modes in a ferrite-filled cylindrical waveguide 


2 have been analyzed, and a characteristic equation given for their 


propagation constants in terms of the frequency and applied magnetic 
field.* However, there have been no reported experimental con- 
firmations of these solutions. It is convenient to carry out the experi- 


ment by measuring the related resonances in a ferrite-filled cylin- 
_ drical cavity. This has been done for the Fono and Fon: modes in a sym- 
_ metrically excited cavity. The measured resonant frequencies are in 


general agreement with numerical results based on the solution of 
the characteristic equation and the theories of Polder and Rado. As- 
suming that y.~, the components of the tensor permeability below 


_ the magnetic saturation of the ferrite may be determined over a range 
_ of frequencies from the measured curves of resonance. This type of 
_ measurement avoids certain difficulties inherent with the perturba- 
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tion method. The curves of resonance may also be used to calculate 
the gyromagnetic ratio of the ferrite. 


I. INTRODUCTION 


ELATIVELY few boundary value problems in- 
R volving gyromagnetic media can be solved rigor- 
ously to the point where numerical results are 
practicable. Consequently, one is limited in the use of 
the permittivity and tensor permeability to check 
measurements involving gyromagnetic media, or con- 
versely, in the design of experiments from which these 


_ parameters can be determined. The microwave propa- 


gation through a ferrite-filled cylindrical waveguide, 
however, has been treated by a number of authors, who 
derived the characteristic equation for the propagation 


- constant. In this paper the solution of the characteristic 


equation is employed to relate the resonant variables 
(frequency and magnetic field) for certain modes in a 


_ ferrite-filled cylindrical cavity. Expressions for the com- 


ponents of the tensor permeability derived from the 
theories of Polder and Rado are used in the solution, so 
that a test of these theories is effected by comparing the 
calculated resonances with the experimental resonances. 

Conversely, the calculated and experimental reso- 
nances may be utilized to find the components of the 
tensor permeability. This type of measurement accom- 
plishes a natural averaging of the ferrite inhomogeneities 
and thus provides a desirable check on the values meas- 
ured by the cavity perturbation method, where small 


' samples of the ferrite are used. Furthermore, in contrast 


* The research reported in this paper was sponsored in part by 
the U. S. Army Signal Res., and Dev. Lab., Fort Monmouth, N. J. 
+ Antenna Lab., Dept. of Elec. Engrg., Ohio State University, 
, Ohio. : : 
284 Ht Schl see, L. R. Walker, “Topics in guided wave propagation 
through gyromagnetic media I,” Bell Sys. Tech. J., vol. 33, pp. 579- 
; 954. ; ; 
aoe ML, Kales, “Modes in waveguides that contain ferrites,” J. 
Phys., vol. 24, pp. 604-608; May, 1953. pe. 
LW eee von Teter, “Guided electromagnetic waves in aniso- 
tropic media,” Appl. Sci. Res., vol. 3, sec. B, no. 5, pp. 305-371; 1953. 
4P.S. Epstein, “Theory of wave propagation in a gyromagnetic 
medium,” Rev. Mod. Phys., vol. 28, pp. 3-17; January, 1956. 
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with the cavity perturbation method, this type of 
measurement can be carried out over a range of fre- 
quencies with a single cavity. 


II. THrory 


The formal solution of electromagnetic wave propa- 
gation in a circular waveguide completely filled with a 
magnetized ferrite has been presented by Suhl and 
Walker,! Kales,? van Trier,? and Epstein.‘ Starting 
with Maxwell’s equations a pair of coupled equations 
which must be satisfied by the longitudinal components 
of the microwave field in the waveguide is obtained. 


VE, + a, + 6H, = 0, 
V/H, + cH, -+ dE, = 0; 


(1) 
(2) 


where the dependency on time and on the direction of 
propagation along the z axis is of the form e?©#), and 
the subscript ¢ denotes differentiation with respect to 
the transverse coordinates. The coefficients a, b, c, d 
involve the angular frequency w, the propagation con- 
stant B, the permittivity e, and the components of the 
tensor permeability which for a ferrite magnetized in 
the z direction have the form 


eS caus meme 
H=lje nw O (3) 
0 O us 
Setting 
K bb yp? — x? 
a tees eu Mett = _ 
a = wepett — B, (4a) 
b = jGwuzpx, (4b) 
c = wen, — B*/vu, (Ac) 
d = — jRwepu. (4d) 
Next letting 
Ez = oi + $2, (Sa) 
Hz = gi1 + g2d2, (Sb) 


and imposing the condition that gi~go, (1) and (2) may 
be transformed into the uncoupled pair 


Vi7b1,2 + 01,2 61,2 = 0 (6) 


where the o1,2 are in turn functions of a, 0d, c, d. All field 
components can be obtained from ¢1,2. After imposing 
the boundary conditions, a transcendental character- 
istic equation results from which the propagation con- 
stants in a circular waveguide, or the resonant frequen- 
cies of a cylindrical cavity, can be obtained in principle. 
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In order to satisfy the boundary conditions in the cir- 
cular waveguide, the angular dependence of the solution 
must be of the form e, where m is any integer, posi- 
tive, negative or zero. Suhl and Walker’ have analyzed 
the case for m= +1. The symmetric modes m=0 are 
investigated here, both theoretically and experimen- 
tally, using the resonances in a ferrite-filled cylindrical 
cavity. 

The characteristic equation for the symmetric modes 
may be written as 


F(a) wl F(x») 


J (7) 
de he 
where 
J1(x) 
F x) == » (8) 
() xJ o(x) 
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tee Ez -— patted. fot (10) 
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and 79 is the radius of the cylindrical cavity. 

The symmetric mode resonances can be designated 
by Fonp. The integer m denotes the order of the roots of 
the characteristic equation and # is the number of half- 
wavelengths in the axial direction. These modes are 
not related to the conventional cylindrical cavity modes 
except when p=0; then B=0, corresponding to the 
cutoff condition for the Fo, modes in a cylindrical 
waveguide. From (7)—(10) it is seen that with \,=0, 
X27 =weuero”, and the characteristic equation sim- 
plifies to 

Jo(%2) = 0 (11) 


for the Fono modes. Since the zeros of the Bessel func- 
tions exist only for real arguments, it is evident that 
the Fono resonances occur only for Mery>0 regardless of 
the cavity dimensions. It can be seen from (4a)—(4d) 
that (1) and (2) uncouple in the demagnetized state of 
the ferrite, where w=, and x=0, and thus the hybrid 
modes of the magnetized ferrite reduce to the conven- 
tional TE and TM type modes as one would expect. 
In the case of the Fon: modes, p=1 and B=7/h, where 
h is the height of the cavity. The graphical solution of 
(7) for the Fon: modes is discussed in the Appendix. 

It is evident that the resonant state of a ferrite-filled 
cavity must be defined in terms of the applied static 
magnetic field as well as the frequency. The frequency 
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¢ 


and magnetic field determine the values of y, x, and pz; 
moreover, € may be significantly dependent on the fre-_ 


quency. These constitutive parameters in turn deter- 
mine the values of the resonant frequency as indicated 
in (7)-(10). For the ranges of frequency and magnetic 
field to be considered here, the MgMn-ferrite of interest 


has relatively low loss and so the constitutive param-— 


eters are essentially real valued. ~ 


In the saturated state of the ferrite the components 
of the tensor permeability are given by equations based 
on Polder’s theory; when losses can be neglected these 


equations have the form’? 


4aM,H*y? 5 
Ho He = w2 
K 4M wy 
ae aa YH? — ie (12b) 
ea (12c) 
Ho 


In the above equations M, is the saturation magnetiza- 


tion, H* is the static magnetic field within the ferrite, 
and y is the gyromagnetic ratio. Thus, in addition to 
their dependence on w and 4’, the components of the 
tensor permeability for a given ferrite in a magnetically 
saturated state depend upon M, and y. It is noted that 
7 is a negative quantity. 

Eqs. (12a)—(12c) are not applicable to the unsaturated 
state of the ferrite. Rado**® has proposed a generaliza- 
tion of Polder’s theory which will apply to the unsat- 
urated state; this extension leads to the following values 
for the components of the tensor permeability 


Mz = B= Ho, 
4nMy 


(13a) 


| Scars KO, (13b) 


when the conditions | y| Hiw and 47M,| y| <w are met. 
In (13b) M is the magnetization related to H* by the 
magnetization curve of the ferrite. Since only the first 
condition is met for the problem under consideration, 
one might conclude that the above equations cannot be 
employed here. However, it is évident from van Trier’s 
presentation,’ that the expression for x should be valid 
even though the second condition is not met. The as- 


5 It is customary to use the Gaussian system of units for quanti- 
ties describing the static magnetization of the ferrite and to use the 
rationalized MKS system of units for quantities describing the elec- 
tromagnetic fields. 

6D, Polder, “On the theory of ferromagnetic resonance,” Phil. 
Mag., vol. 40, pp. 99-115; January, 1959. 

7C. L. Hogan, “Ferromagnetic Faraday effect at microwave fre- 
quencies,” Revs. Mod. Phys., vol. 25, pp. 253-263; January, 1953. 

8G. T. Rado, “Theory of the microwave permeability tensor and 
Faraday effect in nonsaturated ferromagnetic materials,” Phys. Rev., 
vol. 89, p. 529; January, 1953. 

°G. T. Rado, “On the electromagnetic characterization of ferro- 
magnetic media: permeability tensors and spin wave equations,” 
IRE Trans. ON ANTENNAS AND Propagation, vol. AP-4, pp. 512- 
530; July, 1956. 
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sumption that w,~u is plausible because =p, for the 
demagnetized ferrite, and again p is known to approxi- 
mately equal u,=mo when Hi is increased to the point 
__ where the ferrite is essentially saturated.! 

In calculating the Forno and Fon1 resonances above 
magnetic saturation the components of the tensor per- 
meability are found from (12a)-(12c) using measured 
values of M, and y. When the ferrite is below magnetic 
saturation the value of x is found from (13b); however, 
no reliable expression exists for uw. Hence, it was decided 


_ to determine wp directly from the Fo,» resonances and 


calculate only the Fo,1 resonances below magnetic sat- 
uration. 


II]. EXPERIMENT 


The resonant frequencies of two cavities completely 
filled with a MgMn-ferrite (General Ceramics R-1 fer- 
rite) were measured over the X-band frequency range as 
a functicn of the static magnetic field applied in the 
direction of the cavity axis. Both cavities are 3.440 
inches in ciameter, but their heights differ, one being 
0.195 inch and the other 0.160 inch. Each cavity is fed 
by a small probe 0.01 inch in diameter extending 0.05 
inch into the ferrite from the center of one of the end 
faces. The relationship of the cavity to the complete 
measuring system is shown in Fig. 1. A Varian X-13 
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Fig. 1—The measuring system. 


klystron is frequency modulated by a 60-cycle sine 
wave. The cavity resonances appear as pips on the os- 
cilloscope trace. The Q of the cavity was found by a 
sweep frequency method1!!? having a probable error 
in the measured Q of about 10 per cent. The unloaded 
Q of the ferrite-filled cavity is about 500 for the well- 


10 R, C. LeCraw, and E. G. Spencer, “Tensor permeabilities of 
frites oe magnetic saturation,” 1956 IRE CONVENTION RECORD, 
ce M Be Waid, “Measurement of Q of Single-Ended Resonators,” 
The Ohio State University Res. Foundation, Wright Air Dev. Center, 
Wright-Patterson AFB, Dayton, Ohio, Tech. Rept. prepared under 
Contract W33-038-ac-15162; August, 1953. 

2 E. D. Reed, “A sweep frequency method of Q measurement for 
single-end resonators,” Proc. Nail. Electronics Conf., vol. 7, p. 162; 
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matched resonances. This was found to fluctuate irregu- 
larly from one resonant point to the next.’It was too 
difficult to measure the Q’s of the barely discernible 
resonances which were classified as weak resonances. 
The unloaded Q of the air-filled cavity is about 1700, 
which compares favorably with the calculated value. 
The cavity is located in a 1.8 inch gap of an electro- 
magnet with pole faces 5.5 inches in diameter. Rings are 
located at the edge of the pole faces to improve the uni- 
formity of the magnetic field in the region occupied by 
the cavity. The magnetic field is measured by a D-79 
Dyna-Labs gaussmeter, which was calibrated against 
a proton resonance gaussmeter. The field variation be- 
tween the edge and center of the cavity with the ferrite 
disk in place was found to be no greater than 3 per cent 
for an applied field of 1000 gauss. 

In order to determine the microwave properties of 
the ferrite, the magnetization curve, gyromagnetic 
ratio and permittivity were measured. Under conditions 
which were described in the previous section, measure- 
ments of M and y may be used to determine the com- 
ponents of the tensor permeability, according to the 
theories of Polder and Rado. 

The magnetization curve of the ferrite was measured 
by a Fahy permeameter using a bar sample and also 
with a ballistic type of permeameter appropriate for thin 
rod samples. An empirical equation for the magnetiza- 
tion similar to that given by Stoner™ was fitted to the 
experimental data and the value of 47M, was found to 
be 2060 gauss. 

It is desirable to measure both the gyromagnetic ratio 
and permittivity as a function of frequency, because a 
significant decrease in the gyromagnetic ratio for sev- 
eral ferrites as the frequency increases has been re- 
ported” and because the permittivities of different fer- 
rites have different frequency behavior.’® The gyromag- 
netic ratio was measured by putting a number of small 
ferrite spheres (about 1.5 mm in diameter) in a rec- 
tangular waveguide and observing the gyromagnetic 
resonance absorption. The permittivity was measured 
by observing the frequency shift of the TEio mode for 
a rectangular cavity when the field is perturbed by a 
ferrite sphere 2 mm in diameter located at the center of 
the cavity. The measured values of both the gyromag- 
netic ratio and permittivity over X band showed a de- 
crease of a few per cent which is within the estimated 
experimental error. Therefore, the value of the gyro- 
magnetic ratio |y| is taken to be a constant 18.6 10° 
rad/oersted-second and the value of the relative per- 
mittivity €, is taken to be a constant 12. 


18 R, Bozorth, “Ferromagnetism,” D. Van Nostrand Co., New 
York, N. Y., p. 843; 1951. 

14 Stoner, “Magnetization curves,” Repts. Prog. Phys., vol. 13, pp. 
83-183; 1950. ; 

16 J. Sneider, “Ferromagnetic resonance in_ polycrystalline fer- 
rites,” Appl. Sci. Res., vol. 7, sec. B, no. 3, p. 185; 1958. 

16 |, G. Van Uitert, “Dielectric properties of and conductivities in 
ferrites,” Proc. IRE, vol. 44, pp. 1294-1303; October, 1956, 
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IV. Discussion 


A. Curves of Resonance 


The calculated curves of resonance for the ferrite- 
filled cavity 0.160 inch thick are shown in Fig. 2. The 
corresponding measured curves of resonance are shown 
in Fig. 3. The magnetization of the ferrite is defined in 
terms of the applied flux density B‘ within the ferrite 
rather than the internal applied magnetic field in- 
tensity H‘. The reason for this is that B‘ can be more 
accurately computed from the measurement of the ex- 
ternal field than can Hi‘, and M used in (13b) can be 
more accurately found from B‘ than H*. When the mag- 
netization of the ferrite is carried out in a prescribed 
manner, its magnetic state can be defined either by B* 
or Hi. It should be noted that B* is numerically equal 
to the external applied magnetic field intensity H*. The 
range of B‘ covered in Figs. 2 and 3 lies well below ferro- 
magnetic resonance (Bres'=5440 gauss at 10 kmc). In 
Fig. 2 the calculated limit of the region of the Fono 
modes is given by the line wers=0. The region of ferrite 
magnetic saturation lies above the line labeled satura- 
tion. The point at which the maximum static perme- 
ability occurs is indicated by the line labeled static 
Umax 

The Fono resonances appear as the family of curves 
with positive slope. It can be seen from (11) and (12) 
that above magnetic saturation the resonant angular 
frequency w, may be put into the form 


Be Q,2 
2 Qe, 


On = 


0,7 


2 Ri? a» 2 
oP V(= ae —) 
2 2€, € 


4? Bus. 
r 


(14) 


where 0), is the resonant angular frequency for an air- 
filled cavity having the same dimensions as the ferrite- 
filled cavity, and the + sign applies to the resonances 
below ferromagnetic resonance. It is evident that as B* 
increases the resonant curves asymptotically approach 
the line w=| |B‘. The approach is more rapid for the 
modes of lower order. This property will be used to 
check the gyromagnetic ratio found from the waveguide 
measurement. It can be shown that as pers approaches 
zero, the Q of the cavity decreases rapidly with the 
result that the lower order resonances are very weak. 
In Fig. 3 it is seen that the first and second order reso- 
nances close to the line wer; =0 are not detected and that 
the third and fourth order resonances are weak. 

The Fon resonances appear as a family of curves with 
negative slope as shown in Fig. 2. Above magnetic sat- 
uration these curves become much less dependent upon 
the applied magnetic field. The explanation for this may 
be found by examining (7) through (10), where py =k/p 
is the only quantity which varies with Bi(yg ~1), and it 
can be shown from (12a) and (12b) that py changes very 
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Fig. 3—The measured curves of resonance for a ferrite-filled cavity. 


slowly with B‘ in the range of interest. Referring to Fig. 
3, itis rather curious that the Fo,1 resonances are not de- 
tected above magnetic saturation. Plausible explana- 
tions for this are low Q’s above magnetic saturation and 
the general difficulty of detecting resonances which are 
of nearly constant frequency when the measurements 
are carried out at constant frequency. 

Comparing the calculated curves of resonance in Fig. 
2 with the measured curves in Fig. 3 it is seen that there 
is quite good agreement between the two for the Fono 
modes above magnetic saturation. Thus, (12a)—(12c), 
derived from Polder’s theory, may be used to obtain 
reasonably accurate results for a problem of this type. 
The well separated, measured Fon9 resonant curves be- 


eT a A » 


_ low magnetic saturation greatly facilitate the identifica- 
_tion of the order 7. On the other hand, qualitative agree- 
ment between the two sets of resonant curves for the 
oni modes below magnetic saturation primarily indi- 
cates that when (13a) and (13b) derived from Rado’s 
_ theory, are applied to a problem of this type, less satis- 
_ factory results can be obtained. 
|  Aninteresting point is that by varying the static mag- 
_ netic field the two types of modes, Fono and Foi, can be 
_ brought arbitrarily close to each other in terms of fre- 
' quency, yet remain distinct. 


a B. Tensor Permeability and Gyromagnetic Ratio 


_ The curves of resonance for the Fong and Fon1 modes 
_ are two independent functions of the tensor permeability 
- components. Assuming that u=y., the two families of 
- curves in Fig. 3 can be employed to detemine pu and x 
_ as functions of both the magnetic field and frequency. 
_ The numerical calculation was carried out by a graphical 
- method similar to that described in the Appendix. The 
' quantities x/u and eu were found first; then using the 
_ measured value of e, x and p. may be plotted as functions 
Z of B* and f, as shown in Figs. 4 and 5. Fig. 4 indicates fair 
_ agreement between the value of « found from (13b) and 
_ that found from the cavity resonances. It is felt that the 
agreement could be improved somewhat, if the decreas- 
ing tendencies of the permittivity and the gyromagnetic 
_ ratio (discussed in Section III) could be taken into ac- 
a count accurately. Fig. 5 shows the behavior of pw in the 
region below magnetic saturation. Since the F,1 reso- 
_ nances shown in Figs. 2 and 3 cover only a limited portion 
- of the X-band range, it was necessary to use the Fon: 
' resonances associated with a cavity of greater height. 
_ The measured Fon and Fon1 resonances for a cavity 0.195 


_ inch high are shown in Fig. 6. The apparent absence of 


limits the values of » and x to the region below magnetic 
4 saturation. The general experimental accuracy may be 
_ checked by comparing the Fono resonant curves in Fig. 
6 with those in Fig. 3. 

The gyromagnetic ratio y can be found from 

j 

E 

; 


| y| = w/ BS 


where w and B‘ are values on the asymptotic line for the 
Fono resonant curves. If (14) is differentiated with re- 
spect to B‘ and the resulting expression for di, /dB' ex- 


panded in terms of 
0.3 


| 2€, 
| 2B en °@) 2 ; 
a (+5) 
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the first term is seen to give 
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Fig. 4—The off-diagonal tensor permeability component « 
for a MgMn-ferrite (General Ceramics R-1 Ferrite). 
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MgMn-ferrite (General Ceramics R-1 Ferrite). 
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Using the curve for the F3o mode in Fig. 3, the value of 
| | is found to be 18.5 10° rad/oersted-second which 
compares very well with the value of 18.6X10° rad/ 
oersted-second determined from the waveguide measure- 
ment described in Section III. The estimated error in us- 
ing (15) in this instance is 2 per cent. 


APPENDIX 
Tue GRAPHICAL SOLUTION FOR THE Fon; RESONANCES 


The calculation of the resonant frequencies from the 
general characteristic equation for the symmetrical 
modes was facilitated by a graphical method as illus- 
trated in Figs. 7 and 8. For the F1 resonances the 
propagation constant 8 is 7/h, where h is the height of 
the cavity. At a particular magnetization state of the 
ferrite, substitution of the relations for the different 
parameters as discussed in Section II will reduce both 
sides of (7) to functions of a single independent variable, 
w. The Fon1 resonances will be determined by the inter- 
sections of the curves G; and Gz representing the left 
and right sides of (7), respectively. 

When the ferrite is in the demagnetized state, Gi and 
G2 are identical in magnitude but opposite in sign as il- 
lustrated in Fig. 7. The TE and TM modes of resonance 
in a dielectric filled cylindrical-cavity correspond to the 
zeros (J;=0) and the poles (J>=0) of the G functions, 
respectively. 

As the ferrite becomes magnetized, the curves G; and 
G2 will move relative to each other with the curves main- 
taining essentially the same general shape. The relative 
motion of the G functions determines the change of the 
resonant frequencies with respect to the applied static 
magnetic field. When the magnetization of the ferrite 
increases beyond certain values, at the intersections 
such as Cy, C2, C3, and C:, shown in Fig. 8, x1 becomes 
imaginary while «2 remains real, and the resulting mo- 
tion of the intersections traces out a family of simple 
curves which are plotted as the Fon: curves of resonance 
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Fig. 8—Sketch of G; and G2 for a magnetized state. 


shown in Fig. 2. When the magnetization of the ferrite 
is below these values, both x; and x2 are real at the inter- 
sections, it is not very easy to follow their motion. But 
it can be shown by careful observation that when the 
demagnetized state is approached, the Fon: resonances 
will be reduced to TMo, (n+1/2,1 resonances if nis odd, and 
will be reduced to TEo,n/2,1 resonances if 7 is even. 
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Attenuation in Wedge and Septate Waveguides* 
ROBIN M. CHISHOLM} 


Summary—The wedge waveguide consists of a circular cylinder, 
a cross section of which has a sector occupied by a metal wedge. As 
the wedge angle approaches zero the wedge waveguide becomes a 
septate waveguide. The presence of the wedge permits a mode of 
lower cutoff frequency than the circular H,,, mode to propagate fora 
given-diameter waveguide, and the transverse fields associated with 
this mode become infinite at the tip of the wedge. Because of this, 
the standard impedance condition, used to calculate the flow of power 
into the waveguide walls, yields a coupled mode which does not 
satisfy the Meixner edge condition. This in turn yields extremely high 
values for the ohmic losses near the tip of the wedge and, as the 
wedge angle approaches zero, the integrals involved in calculating 
these losses fail to converge. 

In the present paper the results of a careful analysis (presented in 
an earlier paper) of the behaviour of fields near the tip of a metal 
wedge are presented. The surface impedance condition is modified 
to agree with this analysis and used to calculate the attenuation 
constant of wedge waveguides. Graphs of attenuation constant vs fre- 
quency and vs wedge angle are presented for the wedge waveguide 
operating in its lowest mode. The results of an experimental deter- 
mination of the attenuation constantarealso presented and found tobe 
in agreement with the calculated value. The losses do not become 
large as the wedge angle is allowed to approach zero and the attenua- 
tion constant of the septate waveguide compares favorably with that 
of standard waveguides. 


I. INTRODUCTION 


tenuation constant of the wedge or septate wave- 

guide shown in cross section in Fig. 1. The presence 
of the wedge or septum (zero angle wedge) means that 
the standard techniques for calculating the attenuation 
constant of a waveguide must be used with caution. The 
difficulties which arise near the tip of the wedge are dis- 
cussed in Section II and the results of an earlier paper 
which resolve these difficulties are used to develop a 
formula for the coupled electric field along the surface 


|: this paper an expression is developed for the at- 


_ of the wedge. In Section III a formula is developed for 


the attenuation constant of the wedge waveguide for any 
wedge angle. Since the Bessel functions involved in the 
formula are not readily available, numerical results are 
presented graphically giving the attenuation constant 
as a function of wedge angle, frequency, and wall con- 
ductivity. In Section IV an experiment, which was used 
to check the theoretical attenuation of a particular 
wedge waveguide is described. Both theory and experi- 
ment show the wedge waveguide to be an efficient trans- 
mission device. 


i Dept. 
* This work was supported by a grant extended to the Dep 
Elec. Engrg., University of Toronto, Toronto, Can., by the eee 
Research Board of Canada, under Extramural Research Grant D 
540-02. er ‘ ; 
2 t Dept. of Elec. Engrg., Queen’s University, Kingston, Ontario, 
da. é 
TR. M. Chisholm, “Ohmic losses in conducting wedges,’ {ea 
sented at the Joint URSI-IRE Meeting, Washington, DAG. May, 
1959. To be published shortly. 
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Fig. 1—(a) The septate waveguide; (b) the wedge waveguide. 


II. DirFIcULTIES NEAR THE Tip OF THE WEDGE 


The standard technique used in calculating the atten- 
uation constant of a waveguide assumes that the tan- 
gential magnetic field at the walls of the waveguide is 
the same as it would be if the walls were perfectly con- 
ducting. A coupled electric field, tangent to the surface 
and at right angles to the tangential magnetic field, is 
then assumed to be proportional to this tangential mag- 
netic field. In the wedge waveguide this would mean an 
axial electric field E,’ on the surface of the wedge propor- 
tional to H,°, the radial magnetic field associated with 
perfectly conducting walls. The lowest propagating 
mode in such a waveguide, however, is governed by the 
axial magnetic field, 


H,® = J,(ar) sin (td) (1) 


where ¢ lies between 4 (for the zero angle wedge) and 
unity (for the 180° wedge). The radial magnetic field, 
in this case, is given by 


H,° = (—j6/a)Ji’(ar) sin (t¢) (2) 


and becomes infinite as 7“! when r approaches 0. The 
axial electric field coupled to H,° by the finite wall con- 
ductivity would, therefore, become infinite at the tip of 
the wedge in violation of the Meixner edge condition. 
The power loss within the wedge, moreover, is found 
by integrating the normal component of the Poynting 
vector formed by the tangential magnetic field and the 
coupled electric field on the surface of the wedge. If both 
H, and E, become infinite at the tip of the wedge very 
large contributions come from the tip region. In particu- 
lar, if the wedge angle is allowed to approach zero, the 
Poynting vector behaves as r~ near the tip of the wedge 
and its integral over the face of the wedge does not con- 
verge at all. 
In a recent paper! by the author this problem was dis- 
cussed by extending the power series approach used by 


5280 


Meixner? for dielectric wedges, and by examining care- 
fully the surface impedance concept as applied to 
wedges. The results of that paper may be summed up 
as follows. 

1) Near the tip of the wedge static boundary condi- 
tions must be satisfied and, as 7 approaches zero, 


a) E, and E, behave as r*— or as r'@)+1, while 
b) H, and Hy behave as r*— or as r+}, 


The discrete values which ¢(Z) and ¢(H) can assume 
depend on the properties of the wedge material and on 
the-wedge angle. The exponent ¢(#) depends only on the 
electric properties of the wedge while ¢(H) depends only 
on the magnetic properties of the wedge. These eigen- 
values can be arranged in order of increasing magnitude 
in problems involving ordinary metal wedges. For non- 
ferrous metals the smallest allowable value of t(#) lies 
very close to unity while the smallest allowable value of 


t(E) is less than ¢(H) and lies very close to the value of f. 


used in the “perfectly conducting” expression for the 
lowest mode in (1). Since the lowest mode appears to be 
governed by the lowest eigenvalue of t(£), the trans- 
verse fields H, and Hy, associated with this lowest mode, 
are also governed by ¢(£) and must, therefore, approach 
zero as r'‘#)+1 at the tip of the wedge. 

2) The surface impedance condition, moreover, holds 
on the faces of a metal wedge to within a few skin depths 
of the tip of the wedge. It does not appear to break down 
in a violent manner either, when it is assumed to hold 
over the entire wedge face. 

3) The apparent breakdown of the surface impedance 
concept in the wedge waveguide problem arises from the 
assumption that, on the faces of the wedge, 

E,¢ = + Z,H,® (3) 
where H,° is the radial magnetic field associated with the 
perfectly conducting wedge, and Z, is the surface im- 
pedance of the wedge material which is related to the 
conductivity, o, of the metal by the relationship 


Z,= (jwu/o)'!?, 
It is a simple matter to show that the coupled electric 


field E,* has associated with it a radial magnetic field 
given by 


Hy? = (jee/a?)(1/r) 


0£,° 
4 
; (4) 


in which a?=k?—6? where B= (27/Xq@) and kR=(2m/Xo). 
As r approaches zero, therefore, the ratio of H,° to H,° 
behaves as 


(S) 


4 J. Meixner, “The Behaviour of E| ic Fi 
Edges,” New York University, New York, N. yo. EM-72 
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For any finite 7, this ratio approaches zero as the surface 
impedance, Z,, approaches zero (conductivity becomes — 
infinite), but, for fixed Z,, the ratio becomes infinite as — 


r approaches zero. This means, therefore, that the sur- 
face impedance condition should be written in the form 


foe = V4 0s A ot 1 Pp (6) 


This is a differential equation for E, if H,° is a known 
function, as it is in the wedge waveguide problem, and 
this differential equation must be satisfied on the faces 
of the wedge. This equation, moreover, agrees with the 
power series approach used to examine the behavior 
near the tip of the wedge. The coupled E,* which satis- 
fies (6) can be found approximately and, along the faces 
of the wedge in the wedge waveguide; it has the form 


- (2) rt (++ 
G+ 


where 6 = (jwe/a’”) and ¢= + ¢rare the faces of the wedge 
in the coordinate system shown in Fig. 1. Assuming the 
total, radial magnetic field, H,, to be proportional to the 
Ef given by (7), a typical waveguide has a radial mag- 
netic field which, near the tip of the wedge, behaves in 
the manner shown in Fig. 2. 


(7) 
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Fig. 2—The variation of the total radial magnetic field with distance 


from the tip of the wedge in a 1° wedge waveguide wi 
n e with a free- 
wavelength to diameter, D, ratio of 2.0. 9 a NARs 
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As the conductivity becomes infinite the peak of the 


' curve moves to the left and upward, approaching the 
a sé = ” s 

_ perfectly conducting” curve in the same manner as 
_ that in which a finite Fourier series approaches a dis- 


_ continuous function as more and more terms are taken. 
_ It always reaches a maximum, however, and vanishes 


_ at r=0 for all values of conductivity. 


III. THe ATTENUATION CONSTANT 


Using the modified value for E,* given by (7), the loss 


- calculations are quite straight forward. In terms of 


_ rms field values the power flow into the wedge is given 


rate, 


_— 


Se ee ae ee 


by 


R 
Py = 2Re(Z,) f (BeBe + E,B,*\dr 
y 0 


(8) 


watts per meter. 


In this equation, E,°= +Z,H,9 for all values of r since 
_ H,° vanishes for small values of r and no violation of the 


edge condition results. As in a circular waveguide, the 


_ power lost to the circular periphery, r=R, is given by 


P,; = Re (Z,)7! 


g1 
(| ES |? + | E,°|?)Rdd watts per meter. (9) 
—¢1 


The attenuation constant, y, is given by 


Pe) 


Pp 
nepers per meter (10) 
OP, pers p 


23 


where P, is the power flow along the axis of the wave- 
guide given by 


$1 R 
P,= Re 1 iL (E,H, — EsH,)rdrdd watts. (11) 
—¢1v 0 


Since the Bessel functions involved in these calculations 
are not readily available in tabulated form it is con- 


' venient to express the final formula for the attenuation 


constant in a form which is easy to handle on an elec- 
tronic computer, which has to handle the functions in- 
volved using the power series method. With this end in 
view the attenuation constant given by (10) can be 
written as the sum of two terms, Yw arising from the 


_ wedge losses, and 7» arising from the periphery losses. 


Writing 


Ky = (21)4-?(a5/d0) (Ao/ D) (Ae /D) (12) 


where 


z,=first root of J,’(z) =0, 
5=skin depth of the metal, 
Ao = free-space wavelength, 
\g=guide wavelength, and 
D=the diameter of the waveguide; 
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‘Yw can be written in the form, 
(4KiI;) 
YwD = ———— nepers per diameter, (13) 


142 
and 7p can be written in the form 
_ KiF2(1/2)[(atD/Z Pr)? +1] 


YrD 
I, 


nepers per diameter. (14) 


The integrals J; and J, and the function F(x) are de- 
fined in the Appendix. These functions lend themselves 
quite readily to numerical evaluation using an electronic 
computer to evaluate the fractional order Bessel func- 
tions and to perform the numerical integration. The 
Ferranti Mark I electronic digital computer, formerly 
at the University of Toronto and presently at the 
National Research Laboratories in Ottawa, Ontario, has 
been coded to evaluate (13) and (14) as functions of 
wedge angle and the normalized parameters, (Ao/D) and 
(75/0). The results are shown in Figs. 3, 4, and 6. 

Fig. 3 shows the way in which the attenuation con- 
stant, y, varies with wedge angle for three different skin 
depth ratios. For brass at 1000 mc (76/No) is approxi- 
mately 4X10~°. As the wedge angle approaches zero yD 
approaches a finite value. 

Fig. 4 shows the way in which the attenuation con- 
stant varies with frequency for a constant skin-depth 
ratio of 5X10 using a 1° wedge. Since yD varies al- 
most directly with the skin-depth ratio, (76/\o), and 
since the variation in yD with wedge angle is small, 
Fig. 4 can be used to find an approximate value for y 
for any wedge angle less than 20° and any reasonable 
conductivity, without introducing an error of more than 
10 per cent in the final answer. The high-frequency con- 
ductivity of metals is usually the unknown factor in 
practice which prevents accurate attenuation calcula- 
tions and more detailed loss curves are usually not 
required. 


IV. EXPERIMENTAL WORK 


The calculations were checked experimentally using 
a shorted, half-wave length of wedge waveguide as a 
resonant cavity. The dimensions of the cavity used are 
shown in Fig. 5. The Q of the cavity was measured using 
it as a two-line cavity coupling system.’ Two variable 
length probes were used and a plot of Q vs probe 
length was extrapolated to obtain an estimation of the 
unloaded Q which the cavity would have if both probes 
were removed. The cavity was resonated in its lowest 
mode at 602.1 mc and a half-power bandwidth varying 
between 0.06 and 0.09 mc was obtained. 

Fig. 6 shows the theoretical variation (solid curve) of 
1D with the skin-depth ratio, (75/Xo), for an 18° wedge 
with the same wavelength to diameter ratio used in the 
experiment. The skin depth ratio for brass at 600 mc, 


3 C, G. Montgomery, “Techniques of Microwave Measurements,” 
MIT Rad. Lab. Ser., McGraw-Hill Book Co., Inc., New York, N. Y., 
no. 11, ist ed., p. 289; 1947, 
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Fig. 3—The variation of the attenuation constant y with 
wedge angle in nepers per diameter. 
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Fig. 4—The variation of the attenuation constant y with 
free-space wavelength in nepers per diameter. 


based on dc values of conductivity, lies somewhere be- 
tween 2.5 X10~ and 3.2 X10-®. Using the curve in Fig. 6 
together with the formula 


m(Ag/Xo)? 
(yD) (\@/D) + 4(A0/Xa) (15/No) 


which relates the cavity Q to the waveguide attenuation 
constant of the waveguide forming the cavity; a skin- 
depth ratio between 3.3 10-5 and 4.910-5 would be 
required to yield the experimental results obtained. 
This is in keeping with the fact that the RF conductivity 
of metals is considerably lower than the dc conductivity 
as a result of unfavourable surface conditions. 

As a further check on the over-all calculations the 
same computer program was used to calculate the at- 
tenuation constant of the 18° wedge waveguide operat- 
ing in its second-lowest mode with a wavelength to 
diameter ratio equal to that of the second-lowest reso- 


O= (15) 
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Fig. 5—A shorted half-wavelength wedge waveguide 
used as a resonant cavity. 
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Fig. 6—The variation of the attenuation constant y with the skin- 
depth ratio for the 18° wedge waveguide at the wavelength to di- 
ameter ratios used in the experiment. The ratio of free-space wayve- 
length to diameter is 1.94 for the lowest mode and 1.43 for the 
second-lowest. mode. The shaded region indicates the expected 
skin-depth ratio for brass at 600 mc based on the de conductivity. 


nant frequency of the cavity in Fig. 5. The cavity was 
then resonated in its second-lowest mode at a frequency 
of 818.0 mc and a half-power band width between 0.075 
and 0.135 mc was obtained. Assuming the skin depth 
ratio, 76/Xo, to vary as the square root of the frequency, 
this would require from the dotted curve in Fig. 6, at 
600 mc and the same ratio of free-sqace wavelength to 
diameter as that used in the experiment, a skin-depth 
ratio between 4.8X10-* and 8.7X10- to yield the ex- 
perimental results obtained. The second mode is almost 
the same as the dominant H;,1 circular waveguide mode. 
None of the field components become infinite at the tip 
of the wedge so that the special wedge theory discussed 
earlier does not apply and standard methods of calcu- 
lating the attenuation constant are known to be valid. 
Because of this it was originally intended that this mode 
could be used to establish the correct skin-depth ratio 
for the cavity under test. Since the experiment was de- 
signed, however, it has been noted that the second mode 
lies quite close to the waveguide cutoff at the frequency 


PF 


ha : 3 
> ; e 
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used in the experiment. In this frequency range the at- 
_ tenuation constant varies rapidly with frequency and, 
_ as a result of this, difficulties arose in measuring the Q 
_ of the second mode which did not arise in measuring the 
_ lowest mode Q. This accounts for the large uncertainty rents would then flow over a larger area. 
in the second-mode results and suggests that more Curves have been presented which enable the calcu- 
weight should be put on the agreement between the re- _ lation of the attenuation constants of wedge and septate 
fe sults of the lowest-mode experiment and the skin-depth waveguides under varying conditions and these curves 
_ ratio based on dc values. agree reasonably well with experimental evidence. The 
Since the second-lowest mode is very close to the Hi, mechanism is available, moreover, for calculating the 
_ circular waveguide mode, the dotted curve in Fig. 6 attenuation constants of such waveguides to a higher 
_ should yield an attenuation constant for brass pipe degree of accuracy than that obtainable by using the 
which lies very close to the value found from standard curves presented in Section III, if such accuracy is 
_ circular wave-guide curves. Taking into account the required. 
- fact that the wedge waveguide is closer to its cutoff fre- 


that the exact nature of the tip region is not critical. 
Making the tip very sharp does not increase the losses 
beyond a certain limit and rounding the tip off does not 
necessarily decrease the losses since high surface cur- 


is h fees ae Gay } APPENDIX 

i oe ee Nee ee re ee A Rae The quantities used in (13) and (14) are defined as 
' space wavelength to diameter ratio, there is very good foll 

"agreement between these results and those found in och y 

- textbooks.4 1/2 

_ It should also be pointed out that about 63 per cent lim f [Fi(a) + F(x) |de. (16) 
of the losses in either a wedge or septate waveguide re 

: come from the wedge or septum. By making the wedge i= f [Gi(a) + Ge(x) |dx. (17) 
_ or septum, which require no physical strength, out of 0 

- copper instead of brass a further improvement can be Ac\2/ Ao\? 

obtained. Fy(x) = (=) (~) (aT @)Ji (221"))?(@1)?-*. 

oy a/ \w 


. CONCLUSIONS 
: bf (Rox? — kgx + ha) 
In conclusion one can say that wedge and septate thx)? +e 


waveguides are efficient transmission devices with at- ‘ 
tenuation constants comparable to those of conventional Fo(x) = (1 ()Ji(2e1x)) 2217. (19) 
waveguides. They have a lower cutoff frequency than 


(18) 


_ the circular waveguide for a given diameter and the Gila) = «UPI (2a) *(Z1)™. (20) 

a dominant modes are stable. The high power losses in the Go(x) = 4Z,2-%'x[P() I / (2212) |?. (21) 
wedge, which occur as a result of the high field strengths is he 
near the tip of the wedge, are compensated for by the Rea (=) E ee ( ) |e Z,). (22) 
high power transfer associated with these high field za) he 

strengths. at v2"? 

: The fact that the radial magnetic field must vanish K;=4 (=) tal ws (=) | tan (ir). (23) 

at the tip of the wedge, as shown in Fig. 2, indicates Ao Ne 

| 15\ 4 

a 4. C. Jordan, “Electromagnetic Waves and Radiating Systems,” Ky, = 4 (=) tan? (dr) ?. (24) 
Prentice-Hall, Inc., New York, N. Y., 1st ed., p. 290; 1950. 0 
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Diffraction of Nearly Plane 3.2-cm EM Waves by 45° and 90° 
Conducting Wedges. Comparison with Theory* 


iy © 


N. E. HEDGECOCK} anp A. B. McLAYt 


Summary—Diffraction of 3.2-cm microwaves has been investi- 
gated when 45° and 90° conducting wedges were placed, in turn, in a 
beam with the diffracting edge on the axis of propagation and 5.5 
meters from the apex of a pyramidal horn radiator, and with the beam 
incident on the forward “bright” surface of each wedge normally, and 
also at 45°. The incident field was polarized with the electric vector 
parallel to a diffracting edge. Field patterns for each case out to 
7.5 \ (24 cm) from an edge have been observed along a line at right 
angles to the axis of propagation and on seven parallel lines at wave- 
length intervals further from the source. Comparison of measured 
intensities with those calculated with a Bendix G15D computer has 
been made using asymptotic formulas derived by Pauli.1 Comparison 
with values obtained from the exact formula of Macdonald? has also 
been made in a limited region close to a diffracting edge only, since 

the formula converges very slowly except within some two to three 
wavelengths distance from the edge. Agreement between experiment 
and theory is quite good in general in the central region of the field 
studied. Discrepancies that occur in certain regions have been ac- 
counted for. 


INTRODUCTION 


] \ HE experimental results reported here on diffrac- 
tion by conducting wedges were obtained in the 
course of an extensive and still-continuing investi- 

gation on the microwave optics of a large 45°-90°-45° di- 
electric prism, with and without an aluminum foil 
coating. The prism dimensions are 34 cm X34 cm X48 
cm X50 cm height. When coated, it conveniently pro- 
vided two 45° wedges and a 90° wedge, each with finite 
bounding surfaces, but large enough to be considered as 
practically semi-infinite planes. The conducting cover- 
ing was household aluminum “foil-wrap.” The skin 
penetration depth of aluminum is of the order of 107° 
wavelengths at \=3.2 cm, so the foil-covered prism is 
essentially a perfect conductor. The general arrange- 
ment of apparatus for the free-field diffraction measure- 
ments and details of circuitry, field probe motor drive, 
and automatic synchronization with recorder chart 
drive have been described previously by Jordan and 
McLay.’ The prism in each orientation used was placed 
with the center of the particular diffracting corner edge 
on the axis of propagation of the pyramidal horn radiator 
and at a distance of'5.5 meters from the projected apex 
of the horn in the H plane. The field probe was a 
1N415-B crystal which approximates in length a simple 


* This investigation has been carried out with aid of a National 
Research Council of Canada research grant. 

{ Max Planck Institut fiir Chemie, Mainz, West Germany. For- 
merly with McMaster University, Hamilton, Ontario, Can. 

t McMaster University, Hamilton, Ontario, Can. 

*W. Pauli, “On asymptotic series for functions in the theory of 
oe of light,” Phys. Rev., vol. 54, pp. 924-931; December 1, 
2H. M. Macdonald, “Electric Waves,” Cambridge i i 
Press, London, Eng., Appendix D; 1902. Seek 

§C. E. Jordan and A. B. McLay, “Diffraction of 3.2 cm electro- 
magnetic waves by dielectric rods,” Can. J. Phys., vol. 35, pp. 1253- 
1264; November, 1957, 


Hertzian dipole antenna and has nearly square-law re- 
sponse for the signals observed. Probe runs were made 
from each diffracting edge out on a line at right angles 
to the axis of propagation and on parallel lines 1.6 cm 
apart, farther from the source, leading out from the 
inside the geometrical shadow edge. In this paper, 
results are given for observations made at 3.2 cm in- 
tervals only, since those of alternate runs do not con- 
tribute any additional significant detail and tend to con- 
fuse the plotted field patterns. 

In all experiments the incident radiation was polar- 
ized with the electric vector parallel to the edge of the 
wedge, to which observations were made in a plane of 
incidence perpendicular to it. The diffraction problem is 
therefore a two-dimensional scalar one. 

A number of theoretical treatments of conducting 
wedge diffraction, including some recent ones, have 
been reported since Sommerfeld (1894-1896) first pro- 
posed a general method of solution. A very good sum- 
mary, with bibliography, is included in a paper by Ober- 
hettinger‘ on conducting wedges in plane, cylindrical 
and spherical incident waves. This paper appeared as 
we were completing computations, using plane incident 
wave solutions of Macdonald? and Pauli.1 The asymp- 
totic solutions of Pauli were used, rather than the some- 
what more exact ones of Oberhettinger® and Felsen,® be- 
cause of greater ease of computation. 

There has been very little experimental investigation 
of diffraction by conducting wedges, except for the 
special case of a semi-infinite thin sheet (wedge of angle 
zero). In the microwave region Watson and Horton? ob- 
served the field on a circle of radius 12 \ (36cm) about 
the edge of a 22.5° wedge. The radiation was incident in 
a direction perpendicular to the plane of the back (shad- 
ow) surface. Results showed fair agreement with cal- 
culated ones using Pauli’s' asymptotic solution. Row® 
observed the field from the geometrical shadow bound- 
ary out at a distance of 4 behind the edge of a 0°, a 45° 
and a 90° wedge in a 3.185-cm cylindrical radiation in- 
cident normally on the front (illuminated) surface. Re- 


4F. Oberhettinger, “On the diffraction of waves and pulses by 
wedges and corners,” J. Res. Natl. Bur. Stand., vol. 61, pp. 343-365; 
November, 1958. 3 

’ F. Oberhettinger, “On asymptotic series for functions occurring 
in the theory of diffraction of waves by wedges,” J. Math. Phys., 
vol. 34, pp. 245-255; January, 1956. 

$‘L. B, Felsen, “Alternative field representations in regions 
bounded by spheres, cones and planes,” IRE TRANS. ON ANTENNAS 
AND PROPAGATION, vol. AP5, pp. 109-129; January, 1957. 

7R. B. Watson and C. W. Horton, “On the diffraction of a radar 
wave by a conducting wedge,” J. Appl. Phys., vol. 21, pp. 802-804; 
August, 1950. 

*R. V. Row, “Microwave diffraction measurements in a parallel 
ore region,” J. Appl. Phys., vol. 24, pp. 1448-1452; December, 
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_ sults showed fair agreement with those calculated using RESULTS 
_ an equation similar to Pauli’s but with an approximate 
_ correction for a line source at only 35.7 \ from the edge. 
- In our investigation the fields have been observed in 
some detail from 0 to 7.5 behind each wedge corner and 
from the unilluminated surface out to 8 \ from the geo- 
es metrical shadow boundary for 45° and 90° wedges with 
- normal and 45° incidence. Comparison with theory has 


4 


~ been made over the whole region investigated. 


ae 


The results of field measurements and calculations are 
given in the plots in Figs. 1-4 of relative optical 
intensity (observed J/incident J;) against position y 
taking the axis of propagation as x axis of the experi- 
mental field position geometry. The average value of J; 
is shown by a vertical T line opposite the curves for 
x=0. Each experimental curve represents the average 
obtained from two sets of measured values. One set was 
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_ Fig. 1—Diffraction pattern of a 45° conducting wedge in 3.2-cm 
radiation, incident normally on a 48-cm wide face. Intensity 
I=|E,|? vs position y. 


Fig. 3—Diffraction pattern of a 90° conducting wedge in 3.2-cm 
radiation incident at 45°. Intensity J=|£,|? vs position y. 
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conducting wedge in 3.2-cm 


48-cm wide face. Intensity Fig. 4—Diffraction pattern of a 90° conducting wedge in 3.2-cm 


Fig. 2—Diffraction pattern of a 45° it 
radiation, incident normally. Intensity [= | E.|? vs position y. 


radiation, incident at 45° on a 
I=|E,|? vs position y. 
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made with geometry corresponding exactly with that 
given in the appropriate figure, in which the prism orien- 
tation is shown by the small inset solid triangle. The 
other set was made with mirror image geometry about 
the x axis. Experimental patterns were also obtained 
for a 45° wedge with incidence normally and at 45° on 
a 34-cm wide prism face. These were so similar to the 
patterns of Figs. 1 and 2, respectively, that they are not 
included here. 

Computation of fields was greatly facilitated by the 
use of a Bendix G-15D General Purpose Digital Com- 
puter. The + symbols in the field plots give relative in- 
tensities J/I;, calculated by using the Bendix Intercom 
103 programming, and an exact formula of Macdonald 
(1902) for the amplitude (normalized for an incident 
plane wave of unit amplitude, and with time depend- 
ence exp (iwt) omitted). 


4. (“) 
E, = > J p(kr) sin pO sin p6,e?"!?. (1) 
a 


n=l 

| E,|? is identified with the intensities of the field plots. 
Here the edge of the wedge is taken along the z axis and 
the two bounding surfaces are defined by the planes 
6=0 and 6=a (exterior angle of wedge) in cylindrical 
polar coordinates. 0=0@, is the azimuth of the radius 
vector from the origin at the wedge edge to the source, 
k=2n/\ and p=n7/a. For the wedges under investiga- 
tion, in particular internal angles 45° and 90°, a=77/4 
and 37/2, respectively. In the two cases of incidence 
used for each wedge, 6:= 7/2 (normal) and 6,;=7/4. The 
series of (1) converges fairly rapidly for small kr, but its 
evaluation becomes laborious and subject to accumula- 
tion of errors for kr larger than the maximum value 15 
used in computation. 

The broken thin lines in Figs. 1 to 4 are curves ob- 
tained from computations using Bendix Intercom 1000 
programming and asymptotic equations of Pauli. For 
the particular region of field and state of polarization 
investigated here, 


E, = v(r, 0 — 61) — v(r, 0+ 44), (2) 


where 


u(r, d) & etkr cose 4. (Qarkr)-1/2¢—ier+x 4) 
2 


eT, 
sin — 
T a 
Qa 7 v 
COS a= COS gy 
a a 


Here the first term gives the contribution of the inci- 
dent and reflected fields based on simple geometrical 
optics with ¢ = —6; for the incident and ¢ =6 +0, for the 
reflected part. The second term gives the contribution 
associated with the purely diffracted field resulting from 
incidence and reflection according to the applicable 
values of @ above. The term e* 8 ¢ has its finite value 
for —1<@<z, but is to be considered equal to zero 
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otherwise. The equation is not expected to be eded ford 
small values of kr, and certainly not good for oot te $ 


because of the denominator in the second term of the 
expression for u(r, ¢). 
Pauli derived a special asymptotic solution for evalu-_ 
ation exactly on geometrical optics boundaries, ¢=7. 
According to this, 


1 Ce my | 
vr, 7) = l-+5 — (2kr)—'/? — ee en itr, (3) 
J a a 
This equation was used for evaluation along the geo- 
metrical shadow boundary where ¢=98—6i1=7. The 
calculated curves on the reflected beam boundary, «=0, 
where ¢ =0+6,=7 in each case when 6:= 7/4, were also 
obtained using (3). For the normal incidence cases, 


ee ee 


30% 


—— 


6,=7/2, the beam is reflected back towards the source ~ 


into a region not investigated. 


DISCUSSION OF RESULTS 


Comparison of the experimental and theoretical re-— 
sults shown in Figs. 1 to 3 indicates good agreement in — 


the central region of each field. There are, however, 
noticeable discrepancies in certain regions, namely 1) 
near geometrical optics beam boundaries, 2) at large y 
values and 3) near a wedge surface. These cases are dis- 
cussed in the following. 

1)—The Pauli! field values deviate from those of 
Macdonald? as kr approaches 0 because of the asymp- 
totic form of his equations. Those calculated using (2) 
are also unreliable as @ approaches +7 because of the 
form of its denominator. This is evident in the upward 
deviation from the experimental curves of the Pauli 
curves both from outside and inside the geometrical 
shadow edge, y=0, 6=0—61=7 and in the increase of 
the Pauli peaks in Figs. 2 and 3 along x =3.2 cm where 
angular closeness to the reflected beam boundary, x=0, 
¢=0+6,=7, is being approached with increasing y. 
The Pauli values along x =0 in Figs. 2 and 3 and along 
y=0 in Figs. 1 to 3 were obtained using (3) and should 
be good except for small kr. 

2)—The experimental peaks deviate outward from 
the theoretical ones at larger values of y in all cases, by 
a greater amount for 45° incidence than for normal. The 
deviations are closely of order expected, taking into 
consideration that the experimental incident waves are 
not plane as assumed in the theory, but arcs of 550- 
572.4 cm over the range x =0-22.4 cm. 

3)—The large peak nearest to the wedge corner, at 
about y=)/2, in each experimental curve at x=0 is 
higher and farther from the corner than the exact theo- 
retical one. The deviation is more noticeable in Figs. 1 
and 4, where the theoretical position is closer to the 
corner, than in Figs. 2 and 3. Also, the first and second 
peaks away from the wedge in the curve at x=3.2 cm 
in Figs. 1 and 4 deviate noticeably from the theoretical 
ones. That these discrepancies result from scattering 
of radiation from the diode probe to the adjacent wedge 
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i rface with rescattering to the probe is confirmed by 
the appearance of a noticeable standing-wave pattern 
“in the curves of Fig. 4, with partially or unresolved 
- maxima at half-integral values of the wavelength from 
the surface in the y direction. The effect is most pro- 
nounced at medium values of x where backscattering 
from the surface should be maximum. Some distortion 
'.of the first peak at large values of x, in Figs. 1 and 3 may 
also result from this effect. 


~The conclusion, from the qualitative treatment of 


_ discrepancies between the observed and theoretical re- 
sults, is that there would be good agreement, except 
_ when close to a strongly reflecting surface, if quantita- 
_ tive account were taken of the difference between the 
' finite distance of the experimental source and the in- 
_ finite distance of the theoretical one, and if exact equa- 


_ tions, or more exact asymptotic ones had been used for 
~ computation. The semi-infinite wedge surfaces of theory 


seem to be quite well approximated by the large finite 
a actual surfaces, since there is no significant difference 


_ between the experimental results of Fig. 2, for which 
the strongly reflecting surface has a width of 48 cm, and 


results obtained when its width was 34 cm (observed 
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but not reported here). A small but observable modula- 
tion of peaks, particularly in the curve for x=0, how- 
ever, may be the result of diffraction by the finite re- 
flecting aperture. This is also noticeable in Fig. 3 for the 
90° wedge, with the whole pattern almost identical to 
that of Fig. 2 above. The calculated values for these 45° 
and 90° wedge cases are so nearly the same, except for ~ 
very small kr values, that differences are too small to 
show at the scale used in the figures. Thus, the fact that 
the “shadow” surfaces are inclined differently has very 
little effect. 

The experimental defect of probe disturbance is more 
serious than previously suspected. That much of it is a 
resonant one can be deduced from the standing wave 
effects seen in Fig. 4. Resonant effects cannot be elim- 
inated entirely, but experiments are now underway to 
find a probe with considerably reduced disturbing effect 
for use in future studies of diffraction of microwaves by 
conducting objects. The disturbance by the probe used 
here is probably negligible when using dielectric objects 
and no such effects have been detected in studies of the 
microwave optics of the large dielectric prism or of other 
dielectric objects. 
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The Matching of Parallel Dielectric Plates 
to Free Space 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


G. C. McCORMICKt 


Summary—An array of parallel dielectric plates of uniform 
thickness and separation constitutes an anisotropic medium which is 
useful as a polarizer. Reflections can be minimized by the use of 
quarter-wave steps at the two faces. A weather protecting skin is also 
of practical interest. The phase shifts at the boundary discontinuities 
form the subject of this paper. While in some instances these phase 
shifts are of marginal significance, nevertheless they cannot be ig- 
nored in the design of a polarizer of the highest performance, or if the 
use of materials having a high dielectric constant is considered. The 
scattering coefficients are determined by the variational technique of 
Brown and Collin using an artificial short. Their method is extended 
to each of the three types of discontinuity enumerated above. A 
cosine series of two terms has been used as a trial function. Formulas 
have been developed to simplify the usual Weissfloch calculation. 


INTRODUCTION 


N ARRAY of spaced dielectric strips consti- 
A tutes an anisotropic medium on account of the 
difference in the propagation constants of 
waves polarized parallel to and perpendicular to the 
plane of the strips. The medium can therefore be used as 
a polarizer for the conversion of linear to circular polari- 
zation. It is expedient, in order to reduce reflections, to 
cut a step near the edge of the strips to approximate a 
quarter-wave transformer, as shown in Fig. 1(a). 
Practical considerations require the use of a protective 
covering for a polarizer, therefore leading to a final sur- 
face structure as shown in Fig. 1(b). A simultaneous 
match by both polarizations at a single surface of the 
type in Fig. 1(a) is not physically realizable. It can be 
shown that a simultaneous match will be more closely 
approximated by the surface of Fig. 1(b), provided 


See 
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Fig. 1—(a) Cross section of dielectric strip polarizer. (b) Dielectric 
strip polarizer with skin showing discontinuities to a-a and b-b. 
(c) Dielectric strip-free space discontinuity. 
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that a covering of the correct thickness is 
sult has some practical interest. F5 

Therefore, the boundary discontinuities at a-a and 
b-b of Fig. 1(b) pertain directly to the design of a po- 
larizer, and form the subject of this paper. From ele- 


used. This re- 
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mentary theory based on the respective propagation 
constants of the two regions, the magnitude of the re- 
flection and transmission coefficients is readily calcu- | 
lated while the phase shifts are either 0° or 180°. Any 
departure from these elementary values affects the 
polarizer performance; therefore an exact calculation is 
desirable. The discontinuities will be specified in terms 
of the scattering coefficients Su=a exp (j0), S2=8 exp 
(j¢), Sex= —a exp [j(26—6)], and a?+6?=1; the last 


two relations follow from the unitary character of the 
scattering matrix. The method employed is the varia- 
tional technique of Brown and Collin!-? and Collin*# 
using an artificial short. These authors have dealt ex- 
tensively with the boundary shown in Fig. 1(c). The 
method is here extended to the boundaries a-a and 
b-b of Fig. 1(b). In addition, formulas and methods are 
given which are intended to facilitate the accurate cal- 
culation of the scattering coefficients. 


Strip-STRIP DISCONTINUITY 


For the dielectric step, shown at z=0 in Fig. 2, e and 
d, the thickness and separation of the strips, respec- 
tively, will vary discontinuously while c=e+d remains 
unchanged. Symbols for quantities pertaining to the 
structure in the region z <0 will be designated by a dash 
(‘) to distinguish them from quantities related to the 
region z>0. The dimensions require that there be one 
propagating mode only in each region, with, however, 
propagation both toward and away from the discon- 
tinuity. This condition implies one imaginary root 
only, p: and py’, of (51) and is satisfied by, 


e/r/e < 1 (1) 


where ¢ is the relative dielectric constant of the strips, 
and A is the free-space wavelength. 
Starting with the formulation in terms of the electric 


oe . a atte J. Brown, ee calculation of the equivalent 
circuit of an axially unsymmetrical waveguide junction,” M h 
No. 145R, Proc. IEE, pp. 121-128; August, 1985. pees 
; Hee ete beac Er a design of quarter-wave match- 
ing layers for dielectric surfaces, onograph No. 149R, Proc. 
pp. 153-158; September, 1955. cine tpeiee 

3 R. E. Collin, Ph.D. dissertation, 

1953. 
_ ‘R.E. Collin, “Reflection and transmission at a slotted dielectri 
interface,” Can. J. Phys., vol. 34, pp. 398-411; April, 1956. ao es 
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BGcld, (47), the magnetic field on each side of the discon- 
ponuity may be obtained from 


OH, 
OZ 


‘seieteiaa* as 


SBM anipulation of the equation thus obtained leads to a 
common type of equation, 


oy ) ees, Fas —( f rarer. in) 
aM “ ( f Fuchadz) + D2, et if Faelle) » 3) 


- 


§ 
ake 
a 
ay 


_ Y, the admittance of the propagating mode, is defined 
S by 
q AG — By 
ay By 


_ where a similar definition of Y,- Y, is subsequently made 
a pure imaginary according to the method of Collin 
and Brown. Eq. (2) is variational in the sense that a 
variation in EZ, from its true value produces a second- 
E order effect in Y. 
Starting with the expansion in terms of the magnetic 
field, (50), a similar equation results. 


(| a) - > a'( f vee 
€ m=2 € 
G,H,dx 2 a 
e- o(f ) 
€ 


_ where 
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EP Dy! 


It will be seen that Y, Y;, Z, Z,, relate the electric and 
magnetic fields associated with the propagating mode. 
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Fig. 2—The discontinuity at a step in the dielectric strips. 
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They may be interpreted and manipulated in the man- 
ner usual for an admittance or impedance. Hence (2) 
and (3) place upper and lower limits on the susceptance 
B=-jY. 

The development for parallel polarization is carried 
through similarly by matching E, and H; across the dis- 
continuity. The resulting expressions are 


2 2) 2 
vas( f Fi Bis) => an! if Fa!) 


an( ip FiE vt) ate ( { Falidte) (4) 
a 
( f Gullit) 


Z Hy eee | 
=( f Gy'Hat) ->»— 
q1 m=2 On 
Zs 
= “(f Gutter) + © ~(f Gntt in) (33 
1 m=2 Ym 


Strip-SKIN DISCONTINUITY 


For perpendicular polarization, the fields in the strip 
region of Fig. 3 are given by (47), together with the 
corresponding equation for the magnetic field. The seare 
to be matched with the fields in the uniform dielectric 
of the skin. 


Ez, = ae7 + boe?* 


(63) 


co Qarrx 
+ aS (a,e-*r? + 6,e**?) cos ) 
vol 


and as a consequence of (0H,)/(02) = —jwe’ Ex, 


Wie = — doe 
OT Ce | ee 
ugar jk 


Fig. 3—The skin-strip discontinuity. 
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Matching the fields at z=0, 
= 2 Qarx 
‘ ao bo | 
=a cos 
7 | gk x k, G 


|= a Bé)ePy a Ss —<). (7) 
Ta pi m=2 Pm 


Multiplying (7) by E.dx and integrating, and making 
use of (65), 


—=7RY" 2 Det le VE. Qarrx 2 
Jee ( f zr) soy) a ( f Beco z ix) 
G Ga, 43 C 


Y, 2 
= bs[—( frente) es 
pi 


Ei if Fat Rate) | (8) 


Starting with expressions for the magnetic field, 


jz 2arx 2 
(ff max) (fm cos ix) 
ke 
il G,H,dx 2 
es 
Ro € 
es HyGmadx\? 
+E ool f e ) I Y 
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For parallel polarization the corresponding equations 


are 
Derm Qxrrx 2 
+= Davi ( [Bos = ax) 
C 


ik Y’ z 
Z (fax) 
C C r=1 
2 (e) 2 
= ky fav. [ 2rar) +> an f EyP,dz) | (10) 
m=0 


and 
i, 
= A) 


+ DZ, 


k’¢ r=1 


iy! 2 2 
i (f wax) += — YS (fa. cos sie 
ke C Xu ky 
leeieZ. 
= LEC Gutatr) +3 —(fG, 1a) (11) 
Rol qi fae ns 


Eqs. (8)—(11) differ from those previously considered 
by Brown and Collin only in the presence of the admit- 
tance factors Y,. These quantities are directly calculable 
on the grounds that, while the higher modes may travel 
in both directions within the skin, in free space adjacent 
to the skin they travel only in a direction away from the 
skin. The admittance just inside the skin adjacent to 
free space is, for perpendicular polarization, 


Ry 


€' Roy 


Yo = — 
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where 


and therefore at z=0, assuming that there is a skin 
thickness ¢. 


= k = tanh kt 
Y,= aed (12) . 
1+ tanh k,l 
é Or 
and 
1 
LZ= = 
Y; 


For parallel polarization, Yo, = —Ror/k,, and at z=0, 


_ — tanh &,t 
Y,= E (13) 
Or 
1+ tanh ,t 
and 
1 
Z4=—: 

Y, 


For thicknesses such that k,t«1, approximate formulas 
are applicable as follows. 
For perpendicular polarization, 


k, k,t(e’ — 1) 


Y, = —-—-— ‘+ 1)h,2 — } (14 
Jha eh 1) [(e’ + 1) |] (14) 
Ror — Rort(e’ — 1 
Se ee \ ) [ef + DAZ =e], G5) 
k, k, 
where h,=rv/c. 
For parallel polarization, 
V igh eed 16 
Orie prey ag (16) 
kr ky t(e’ — 1) 
A en ee 7 e Ty 
Ror h,? waar il ( ) 


The results of the variational calculations yield Y’ and 
Z' which are the admittance and impedance functions 
within the skin. It is the corresponding functions out- 
side the skin which are of interest in determining the 
scattering coefficients of the discontinuity. If the ex- 
ternal admittance Y which is required is referred to the 
plane z=0, then Y’ and Y may be referred to the plane 


z= —t where they can be related in the ratio k/Ry across 
the dielectric-space boundary, giving 
Y +7 tan Rot ‘s Y' +7 tan ht 


(18) 


0 Fe ee ee: 18) 
1+ j¥ tan hot 1+ 7Y’ tan kt 
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For a thin skin, (18) reduces to 


k 
Y x epee Thilo 1). (19) 
0 


_ Eqs. (18) or (19) may be used to complete the 


boundary solution. However, it is more convenient to 
consider the skin separately. If the skin were separated 


_ to a great distance from the strips, an admittance Y’ 


just within the right-hand side would be equivalent to 
an admittance Y» just outside, where 


k 
Yo So dies ye: 


ko 


(20) 


_ The procedure is represented by the equivalent struc- 


ture, Fig. 4, where Yo is the admittance in the infinitesi- 


_ mal separation between the skin and the strips. The 


wave amplitudes equivalent to Y can then be related to 
those equivalent to Yo by transmission line relation- 


ships. If 
and 
B Bo 


are the respective amplitudes referred to the right-hand 
face of the skin, 
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Fig. 4—An equivalent structure for the skin-strip discontinuity. 
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and the magnetic field components, 
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For perpendicular polarization the following terms, the 


(tnt + = heN pnt +1 = | 


(4) = (M) e) (21) values of which are written down without derivation, 
Bl Boe are generated. 
Ny NTE ne 
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= Vee 1+ cos u 
ae MOV eg ae 
sin 4 
THE TRIAL FUNCTION 
es 
Cosine series have been used throughout as trial 
functions. Thus, the electric field components have been F 
written, an 
nme Te 
j= (Pm? + € + 1 — hy”) sin — — e(e + pm7) Tm COS = 
Inne 1 e-1 (a g di (24) 
Cnn = Gn.0s : ae a. 
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For parallel polarization, the corresponding terms are 


2rnx 
Amn = | cos dx = 
C 


and 


ae at ets 


maf Gin aie 


There occur also in the skin-strip formulas, integrals 
of the form, 


2arx Qrnx 
if cos cos ax = 0 (for r ¥ n) 
; : =c/2 (forr = n ~ 0) 
= ¢ (for r = n = 0). 


Substituting in (8), 
—jkY’ Dh? Nea, rN 
iY, BE H, 

Cc Cc n=1 Rn 4) . 


Y, 
= | — (Ai taidut:::)? 
pi 


eed 
+ > — (Ano + adm + - > 


m=2 m 


Since Y’ is variational, (0 Y’)/(0a,) =0, which on sub- 
stitution in (27) leads to the set of equations, 


| ce’ ko =| 
en elne 
Din 


. |. (27) 
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+-:--awPy, = 0 nm = 1,2,---+ WN, (28) 
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i 
m= Pm 
and 
Ye eel for m = 1, 
Viel for m ¥ 1. 


Eq. (27) can then be reduced using (28) and (14). 
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++-+-ayvPyn = 0, (33) 
where 
Py = S Qu Y ms mi Am; 
m=1 
Eq. (11) leads to 
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It will be observed that the admittance and imped- 
ance formulas (29), (30), (32), and (34) involve the skin 
parameters only in the terms containing kot(e’—1). The 
inclusion of these terms requires a very small additional 
effort in the calculation. 
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_The reduction of the formulas for the strip-strip 


- discontinuity leads to the following results. For per- 


pendicular polarization, (2) becomes 


Ai Sai Ay +1) 
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© 1 ; 
= (Ani or? Agi’? — ea} 


m=2 Pm 
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where 
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_The corresponding expressions resulting from (3), (4), 


and (5) can be immediately written down. Unfortu- 
nately, (37) contains the unknown admittance Y. The 
laborious procedure of successive approximations is pre- 
sumably necessary. 


THE SCATTERING COEFFICIENTS 


The problem of translating the admittances Y for 
various values of Y, into the scattering coefficients of 
the discontinuity is common to all of the structures and 


_ polarizations. Brown and Collin have used multiple 


values of Y, and Y and have plotted the position of the 
short vs the position of the minimum according to the 
Weissfloch procedure. In principle, three values of Y, if 
known accurately, are sufficient. However, the attempt 
to use only three approximate values has given very in- 
accurate results. The following procedure uses four ap- 
proximate values and appears to give excellent results. 


~ However, it is not known how closely the method ap- 


proaches the optimum use of the available information. 
Let B,, where Y,=jB,, correspond to forward and back- 


ward traveling waves represented at the plane of the 


discontinuity by the matrix 


Then 
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where ks = —cot—1B,. On the other side of the discon- 
tinuity, the susceptance B, where Y=jB, corresponds to 


& ag ika 
y pe ea 
where kd =cot~'B, and a is an unspecified real constant. 


The two matrices are related by the scattering proper- 
ties of the discontinuity, 


| Gea? 1 e-i¢ 
—ae*t*] B Laei(6-9) 


from which, 


e jks 


aei (¢—-8) 
ei? | E oa Y 


1 
acid = — | gi(b—ks) _ cel (O—eths)} (38) 
Two values of Y,, Ya, and Va are chosen so that 
Y,-¥., = 1. (39) 


In writing (83) for the two values of s, performing the 
necessary multiplications, and noting that es) =j, 
it follows that 


1 
— @f (26-k (art s2))[ 1 4 a2¢2i(6-26+k (rt 82))] (40) 


B? 


Q1a2¢e7* (aitd2) —; 

and 

ay/ ager (a-~%) 
er 

= rule — a?) + 2a cos (6 — 26 + k(si + 52))]. (41) 

From (41), 


2a 


1— a 


cot k(d, — dz) = (42) 


cos (8 — 26 + k(s1 + 52)). 


For a second pair of values, 


2a 


1 — a? 


cot k(d;’ — d2’) = cos (6 — 26 + k(s1’ + 52’)). (43) 


Eliminating a from (42) and (43), 


tan (6 — 26 + R(si + S2)) 
cot k(d,’ — dz.) 


= cot A — aCe csc A, (44) 
where 
A = R(sy' + 52! — 51 — 52). 
From (42), 
2a cot k(d, — de) (45) 


ee ace amen eet es,)). 


and from (40), 
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26 = k(di + do + 51 + 52) + 4, 
where 
a? sin 2(6 — 26 + R(s1 + 52)) (46) 
ae i + a? cos 2(0 — 26 + R(si + sa} 
a? sin 2(9 — 26 + k(si + 52)) + O(a%). 


7) 
Il 
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There is a similar equation available for 2¢ from the 
values dy’, do’, 51’, So’. A comparison of the two is a useful 
measure of the consistency of the results. Eqs. (44), 
(45), and (46) then provide a set of simple exact equa- 
tions for determining 0, ¢, and a in terms of known 
quantities. 


A CALCULATED EXAMPLE 


The results of a calculated example are shown in 
Tables I and II. The trial function in each case included 
two terms only. Departures from the elementary solu- 
tions are rather slight as previously pointed out by 
Collin. However, 6 must be taken into account to obtain 
the highest degree of cancellation for a reflectionless 
surface. The ¢’s, if cumulative, would require a signifi- 
cant correction in polarizer design, but in examples cal- 
culated to date they have tended to cancel. There is 
also a significant departure from the elementary solution 
_ in az for the strip-strip discontinuity. 


TABLE I 
Skin-Strip Strip-Strip 
e/h=0.088 e’/X=0.088 e/h=0.244 
d/\=0.468 d'/X=0.468 d/X=0.312 
t/X=0.012 e=2.68 
= € =2.68 
TABLE II 
Variational Elementary Variational Elementary 
ai 0.0289 0.0292 ai 0.0649 0.0750 
61  186°40’ 180° O1 189°39’ 180° 
o1 —19.2’ 0° gi 20’ 0° a 
all 0.0704 0.0700 all 0.0911 0.0915 ] 
6\l 17330 180° All Meloy 180° 
Cll =! hed 0° $l 1.4’ 0° 


It has been noted by Angulo’ that a variational solu- 
tion such as (11) using a constant trial function leads to 
an equivalent circuit consisting of a transformer plus 
a shunt susceptance. Similarly, (3) would lead to a trans- 
former plus a series reactance. There circuits imply the 
opposite correlation between the reflection and trans- 
mission coefficients at the boundary. It seems reason- 
able, therefore, to assume that a constant trial function 
will give no information regarding the transmission 
coefficient. This conclusion is borne out by experience in 
calculating the terms. 


5 C. M. Angulo, “Discontinuities in a rectangular wa i = 
tially filled with dielectric,” IRE Trans. on Miceeware Teen ae 
TECHNIQUES, vol. MTT-S, pp. 68-74; January, 1957. 
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APPENDIX 
MODES IN THE STRIP STRUCTURE 
Perpendicular Polarization 


Referred to the coordinate system of Fig. 5, the elec- 
tric fields in the strip structure can be written 


i) 


Ez = >) (Ane + Bae) Fate 


m=1 


where the functions F,(x) satisfy the equations, 


@ Fon 

dx? cig Gnd en a 0; Bima a Roe 5 Vig = ko*(€ sa Pm’), (48) 
x 

and 

CEs 

dx? + Bmo?Fm = 0; Sng = Ro” + fon — k?(1 + Pm’). (49) 
x 


Eq. (48) refers to the dielectric region and (49) to the 
free space region, ko being the free space propagation 
constant. The problem may similarly be set up in terms 
of the magnetic field, 


Hy, = >> (Cne77™? + Det") Gn(x). 


m=1 


(50) 


The analysis, which is conventional, is continued by 
matching the fields across the dielectric-free space 
boundary. There results a transcendental equation for 
the propagation constants, 


Bmod 


Bmae 
Bma tan 5 = — Bm tan : (51) 


The orthonormal property of the functions F(x) and 
G(x) is readily established as 


c/2 
if ef ,F,dx = 
—c/2 


, (52) 
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Fig. 5—Parallel dielectric strips with the coordinate system. 
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where Omn=O if m#n, and dnn.=1 if m=n; @=e(x) 
where e(x) =e in the dielectric and e(x) =1 in free space. 


It follows that in terms of the fields in the plane z=0, 


Am + Bm = it 2EFmdx (53) 


and 


dx. 


H,Gm 
Cm = De == A a (54) 
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Parallel Polarization 


The formulation of the problem in the other polariza- 
tion is similar but separate. In the summary which fol- 
lows, many symbols already used are employed but no 


- connection is implied between the two sets of formulas. 


Ey = > (Anem*m? + Bnet?) Fin(2e) 


(55) 
m=1 
_ where, in the dielectric, 
dF in 
Brida = 0; Bma® = Rote + Sm? = Ro*(e-+- dm?) (56) 


dx? 


and in free space, 


oF ns 
de + Bmol'm = 0, Big0 = Ro” = Smt = kor(A = Ga) (57) 
x : 
Hz = dS (Cem + Det”) G(x) (58) 
m=1 
m ™ d 
Bma tan a = — 6,09 tan inal (59) 


McCormick: The Matching of Parallel Dielectric Plates to Free Space 


5295 
c/2 
if Lgl Aa Oni 
—c/2 
e (60) 
—c/2 
i adben oe if E;Fads (61) 
and 
Gee es 4? Hien (62) 
MOobpEs IN UNIFORM DIELECTRIC 
Perpendicular Polarization 
The field can be expanded in the Fourier series, 
ie aoe tk? a boetk? 
2 Qrrx 
+ >> (ae + bet?) cos (63) 
r=1 
where 
b? = elke? 
and 
7 é 
k,? = 4n? (5 — =). (64) 
Cc Ne 


The mode amplitudes can be expressed in terms of the 
field at z=0, 


1 c/2 
a+b =— E,d% 
C J —e/2 
65 
2 c/2 larrx ey 
a,+6,=— GOS dx 
C J —c/2 G ) 


Parallel Polarization 


Expressions for E, have the same form as those for Ey. 


$296 


On the Propagation of Electromagnetic Waves 
Through Anisotropic Layers 


G. TYRAS} anv G. HELDT : ; 


Summary—The problem of a stratified lossy plasma subjected to 
a steady magnetic field is considered. The plasma consists of (m) 
homogeneous layers with arbitrary thicknesses. An arbitrarily polar- 
- ized plane wave originating in the free space is incident normally on 
the plasma. Expressions are derived relating the components of the 
reflected wave and the transmitted wave to the incident wave. The 
analyses are carried out for the cases when there is no coupling be- 
tween the ordinary and the extraordinary waves at the interfaces, 
i.e., when the steady magnetic field is either in the plane of the inter- 
face or perpendicular to it. The derived results are written in form 
suitable for digital machine calculations. 


INTRODUCTION 


HE problem of electromagnetic wave propagation 
OW trout homogeneous anisotropic ionized media 

has been studied by many workers.! Appleton? and 
later Hartree? derived the expression for the complex 
index of refraction, which is now known as the Appleton- 
Hartree formula.t Taylor® and Goubau® published 
graphs showing the dependence of the complex index of 
refraction and polarization on the electron density and 
collision frequency. 

In considering an inhomogeneous anisotropic plasma, 
some simplified profiles of electron concentration as a 
function of distance are usually assumed. Rydbeck’ in- 
vestigated the transmission properties of a parabolic 
layer and obtained solutions for two special cases of 
-propagation—along and at right angles to the magnetic 
field. Wilkes* assumed a triangular profile and solved the 
problem of reflection of very long waves when the mag- 
netic field is vertical. Stanley? considered a two- 


+ Aero-Space Div., Boeing Airplane Co., Seattle, Wash. 

1 An excellent account of the past work done in this area may be 
found inS. K. Mitra, “The Upper Atmosphere,” The Asiatic Society, 
Calcutta, India, 2nd ed., pp. 185-219. 

_? E. V. Appleton, “Geophysical influences on the transmission of 
wireless waves,” Proc. Phys. Soc., vol. 37, pp. 16D-22D; 1925. 

* D. R. Hartree, “The propagation of electromagnetic waves in a 
=f medium,” Proc. Cambridge Phil. Soc., vol. 25, pp. 97-120; 

4S. K. Mitra, op. cit., p. 187. 

5M. Taylor, “The Appleton-Hartree formula and dispersion 
curves for the propagation of electromagnetic waves through an 
ionized medium in the presence of an external magnetic field,” Proc. 
Phys. Soc., Pt. 1, vol. 45, pp. 245-265; March, 1933; Pt. II, vol. 46, 
pp. 408-435; May, 1934. 

°G, Goubau, “Zur Dispersionstheorie der Ionsophire,” Hoch- 
frequenztech. u. Electroakust, vol. 45, p. 179; 1935. 

70. E. H. Rydbeck, “On the propagation of radio waves,” Trans. 
Chalm. University of Tech., Gothenburg, Sweden, no. 74, 1948. 

*M. V. Wilkes, “The theory of reflexion of very long wireless 
waves from the ionosphere,” Proc. Roy. Soc. (London), ser. A., vol. 
75. pp. 143-163, April, 1940; Also, “The oblique reflexion of very 
long wireless waves from the ionosphere,” Proc. Roy. Soc. (London) 
se hp 189, pp; 130-146, March, 1947, ‘ 

. P. Stanley, “Ionospheric reflection of very long radio 2 
Can. J. Res., vol. 28, pp. 549-557; November, i950." Bh 
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rectangular slab profile of electron density variation. 
Budden" described two methods of obtaining numerical — 
solutions of the differential equations which govern the ~ 
reflection of long and very long radio waves from the ~ 
ionosphere at vertical and oblique incidence. 

In this paper we treat the inhomogeneous plasma as ~ 
one consisting of a number of homogeneous layers of ~ 
arbitrary thicknesses. No particular pattern for the 
variation in the electron density and the collision fre- — 
quency is assumed and the results are left in a general | 
form. 

Even though the mathematically elegant solutions of 
simple analytic profiles of electron concentration are 
helpful in many cases, there are instances where they 
cannot approximate the actual conditions well enough. 
Stanley? outlined some of the inadequacies of the para- 
bolic and the exponential profiles in describing the prop- 
erties of the ionosphere, and showed how a two-slab — 
model, in spite of its apparent crudity, alleviates some 
of the difficulties. With the solution to the multi-layer 
problem available, one can approximate any electron 
density and collision frequency profiles with a desired 
degree of accuracy. Numerical computations of this sort 
are laborious and probably impractical without the help 
of a modern digital computer. However, once pro- 
grammed, quick answers can be obtained to specific 
problems. (It takes less than one minute for type 704 
IBM digital computer to run through one set of parame- 
ters for a problem consisting of twenty-four layers.) 


PLANE WAVES AND SOME PLANE BOUNDARY 
VALUE PROBLEMS 


The plane wave solution for an unbounded anisotropic 
plasma is well known." Here we shall review it only 
very briefly for reference. 

One has at his disposal the two Maxwell’s curl equa- 
tions: 


VX E= — jouw 
VX H=TJr (1) 
and the equation of motion of an electron 


mu + mvu = e(Eet + u X B,). (2) 


0 K. G. Budden, “The numerical solution of differential equations 
governing reflexion of long radio waves from the ionosphere,” Proc. 
Roy. Soc. (London), ser. A., vol. 227, pp. 516-535; February, 1955. 

4 J. A. Ratcliffe, “The Magneto-Ionic Theory and Its Application 
to the Ionosphere,” Cambridge University Press, Cambridge, Eng. 
pp. 15-20; 1959, 


q 1959 


: TF. = Tyras and Held: Propagation Through Anisotropic Layers 


_ The connection between (1) and (2) is made via the ex- 
_ pression for the total current in the medium 


Jr = eNu + jweE = jwe,(e;;)E (3) 


where (€,;) is the permittivity tensor. In the Cartesian 
coordinate system, with the steady magnetic field H, 
_ oriented as shown in Fig. 1, the permittivity tensor has 


4 


the form 


: e+(¢—e) sin? @ cos? d ( 7 


ne 


A (ej) = (>) sin? @ sin 26+7y cos 6 


ie : if 
a (=) sin 20 cos @—Jn sin # sin ( : 


4 where e, ¢, and 7 are all complex 


eee SH, ay — fy”. GS) 
and 
4 p2(1 — 0? + 9?) 
o>) Tesi + elle — 1 +e) 
z qp?(1 + o7? + q’) 
* fete t ell — 1294+ 2] 
2 2 
= eee Ore ieee 
op(o? — 1+ @’) 
[e+ 0? + all — 12+ @] 
2oqp? 

[o+1?+ ell - 1)? + ¢'] 


| _ The #’s and q’s and o’s are given by 


aie tay 5 eh ae a 


. (6a) 


a 


ut 


3 come 


j e oie. v eB, , 


w MéEo ® 


(6b) 


€ . . 
) sin? @ sin 26—7n cos 8 ( 
e+(¢—e) sin? @ sin? } 


*) sin 20 sin ¢+7n sin 6 cos } 
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One next solves the wave equation 


{VX VX — k%(ci)} EB = 0 (7) 


for the case when the fields vary along one coordinate 
axis only, say z. In the case when the steady magnetic 


field is in the x-z plane, making an angle @ with the 
z-axis, one obtains for the electric field components 


Ezz = Cos exp (+jkon°z) + Cex exp (+ jhon®z) 
Eys = j|—Cos exp (—a + jhkon’z) + Cex exp (a + jhon*2)| 


ne 
= tan 0 ( 
iS 


oe 
He 
| 


_ 1) Cox exp (17k n°2) 
n°? 

+( 
c 


02 
mS \ = es (2 + C68 act) (9) 
n°? ¢ cos? 6 + ¢ sin? 6 € 


ts 1) Cue OD (jhe) (8) 


7.6 
a ) sin 20 cos $+)” sin 6 sin ¢ 


(>) sin 26sin@—jnsin@cos¢| (4) 


¢—(¢—e) sin? 0 


is the equivalent to the Appleton-Hartree formula," and 
Co erat Rees: “) sin? @ 

Siees I( 2né cos 0 

2 — 7? — “)( sin? “) 

=F / a ( 2nt cos 8 ; 


In the case when the steady magnetic field is in the x-y 
plane, making an angle ¢ with the x-axis, one obtains 


(10) 


Ez,+ = Cot €XP (+7 kon°z) + C.4 exp (+ jkon*2) 


Eys = Cos tan ¢ exp (+jkon°z) — Cex cot ¢ exp (4 7hon°2) 


(11) 


Est =j 


C. ’ 
pers es exp (+7kon°z). 
€ ) 


Next, consider a plane air-plasma interface and a 
plane wave incident normally from the air half-space. 
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Let us denote the air as (0) region and plasma as (1) 
region and define the reflection and transmission co- 
efficients R’s and 7’s for the ordinary and the extraor- 
dinary waves as follows: 


BE, = (R.* + Re”) E,'(0) exp (jho2) 
= (Eoo" + Enc"). exp (7k 2) 
[T.°! exp (—jhi’z) + T.?! exp (—jhi‘z)|E.#(0) 


Fu’ = 


= Eo.‘ exp (—jki°2) + Exer* exp (—jhi‘z) (12) 
where ky =k.n1’, ki?=ko.n1° and 1 denotes the trans- 
_ verse field components only. Solving the boundary 
value problem, one finds the following expressions for 
R’s and T’s when the steady magnetic field is in the x-z 


plane: 
r Rae eu 4 
[ROMS = a ) (13) 
2.COShrar aN. — We ent 
—k,} enh 4 
IO = --( ) (14) 
2 cosh a; \j ew 
1 
eon 1 <5 R ;) K pak (15) 
where 
i nyo" = 1 
pete essay (16) 
1 


The electric field in the plasma region is not purely 
transverse. Its longitudinal component can be found to 


be 


2 tan 0 
aa = 


(1 — R,}2) foe: (eak t iE. v 
oO c J é Ox a4 cab) 


2 cosh ay, 1 
“exp (—jh1°2) 
nye 


+= RIO (= 1) (emt — jy) 


1 


exp (—jkv)h. (17 
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December 
2 aes 
Pj r»( cos? @ ee cos ‘ (18). 
sin ¢ cos } sin? ¢ 
Pipes Re ( sin? @ —sin @ cos 3 (19) 
—sin ¢ cos ¢ cos? @ 


and the relations between 7,” and R,”, and 7,7 and 


EE 


R,"\ are the same as before. The longitudinal component — 


in this case is given by 


Ey! = Boe (1 — R,'*)(sin ¢Eo.* — cos PE oy’) 
€ 


1 


-exp (—jhi’2). (20) 

In the alternate problem, when the wave originates 
in the plasma and is incident normally on an air space 
boundary, the ratio of the reflected to incident field 
components is simply equal to R,,.!¢ for ordinary and 
the extraordinary waves, respectively. The ratio of the 
transmitted to the incident wave is equal to the trans- 
mission coefficient 7,,.!° given by 


Dagee =1 = PLS (21) 
The above relations hold for both cases of the orienta- 
tion of the steady magnetic field, the x-z plane and x-y 
plane. 

In the case of a plasma-plasma interface and the 
steady magnetic field in the x-y plane, the appropriate 
ratios are still of the simple form 


nyo? — N92? 
N°" + Ny? 


US ee Saat 


Roe? = 


Loe? = (22) 
for the ordinary and the extraordinary waves, respec- 
tively. When the steady magnetic field is in the x-z 
plane, the situation is much more complicated. In this 
case one finds that the reflection and transmission co- 
efficients of (22) do not, in general, properly relate the 
reflected and the transmitted fields with the incident 
fields. One finds that the amplitudes of the various field 
components are related as follows: 


ea ( ony Cs) 
. . = i 23 
When the steady magnetic field is in the x-y plane, the Cre" Doce ™ eo Cie! ee 
corresponding expressions are and 
Cro! PIS 40) (= “) = (en OXD (= an =) C,,:| 
= a (24) 
C264 


a 


ds 
it 
< 
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re cosh? (= *) i oe el os Rea) sinh? (=) 
a= 2 2 
A . 
De (Ro Roa”) sinh (+) cosh (<= = =) 
beo = 2 2 
A (25) 
T.! cosh a; cosh (“*) 
Coe = . 
A 
T.'? cosh a; sinh (5) 
(nae 2 
Ee A (26) 
a +4- Qa = 9 
A = cosh? (= *) + (L,4@ — Ro.) (1. — Re”) sinh? (“ =) (27) 
2D 
and i 
3 : Een G eg = tain Bi Raped ee on) (29) 
UA tee dD) 
oe a (28) : 
ny? + 2° Em—i,t(dm—i—1) 


When the steady magnetic field is along the z-axis, the 
appropriate ratios of the field components may again be 
expressed in the form of (22). 


THE STRATIFIED MEDIUM 


Finally, consider a stratified anisotropic medium con- 
sisting of (m) finite-thickness homogeneous layers and 
backed up by an (m+1) medium of infinite extent. The 
situation is depicted in Fig. 2. In the analysis that fol- 


m 
( 1) (m-1) m) (m+1) 
ES Elo E20 Em-2,0 Em-tp Emo ¥ Em+i,0 
ae Sk IN : : ve 
* Ele ¥ Ebe Em-2ey Em-ip¥ Eme ¥ Emeie 
E be Ele E2e Em-ze¥ Em-ie¥ Eme 
= _ es ._— _ 
4 Sn 4m 
Fig. 2, 


lows, we assume that there is no coupling between the 
ordinary and the extraordinary wave components at the 
interfaces. Thus, we consider only 6=0, 7/2 and ¢ arbi- 
trary. Then the ordinary and the extraordinary com- 
ponents are simply related and we can use superposition 
throughout. Since the same analysis will apply to the 
ordinary and the extraordinary components, we can, 
for the time being, drop the subscripts 0 and e. One can 
show that for any ith layer, 0<i<m-—1, the following 
relations between the various field components can be 
established: 


es ( 1 + tanh Ym—i-1 
1 - tanh 6,=; tanh Ym—i1 


) Bie Gone (30) 


where 
tanh Ym; = Rt 
tanh Bn; = tanh (Ym—i + Bm—i+1) EXP (—J2Ym—1) (31) 
Vm—i = kotm—idm-i. 


In region (1), 7=m—1, we have to exercise more caution 
since at the interface z=0, the various field components 
are related by means of matrices rather than scalars. 
However, one can still establish for the ordinary wave, 
for instance, the following relations: 


pO! 
Ejos* = ( ) E,*(0) 
1+ tanh y,° tanh 6,° 
quehedn ck 
1 + tanh y,? tanh 6; 


(32) 


Ew0” = (2 ae , E.' (Op os 
where we have set R,!?= —tanh y,’. The corresponding 
expressions for the extraordinary wave are of identical 
form. The total reflected wave in region (0) is the sum of 
the contributions of the ordinary and the extraordinary 
waves which can now be combined; the result can be 
written in the form 


E.’ = (pis) exp (joz) Eo'(0). 


Next, we can write the components of (p.;) more ex- 
plicitly for the two cases of the transverse and the 
longitudinal magnetostatic field. In the transverse case, 
(6 =7/2), one obtains 


(34) 


tanh (61° + yo”) cos? + tanh (61° + yo‘) sin? 
po = [tanh (61? + 70”) — tanh (61° + vo’) | sin ¢ cos p 
tanh (61° + yo) sin? ¢ + tanh (61° + y.°) cos’ >. (35) 


P12 
p22 


In the longitudinal case, @=0, one gets 


po = (tanh (61° + yo’) + tanh (61° + yo) 


P1156 = 
Piz = — pa = = [tanh (61° + 0°) — tanh (61° + 7%). (36) 
To relate the transmitted field components at the 


interface ¢=dm to the incident field at z=0, we seek ex- 
pressions of the form 


Ei11,0,1(dm) =- (7a?) E.*(0) 


Ein41,0,1(dm) = (7ij*) E*(0). (37) 
At the interface z=d», we have 
Eis 1(dm) = ARREARS OGL (38) | 


At all other interfaces except z=0, the fields are related 
as in (30), and for z=0, the relations are given by (32). 
Upon introduction of appropriate phase factors to relate 
the fields between any two interfaces, one gets for 
6=7/2 


cos? ¢ sing@cosd 0 
(r:;°) = A°|sin ¢ cos ¢ sin? 0 (39) 
0 0 0 
sin? @ —sin¢gcosd 0 
—sin ¢ cos ¢ cos? ¢ 0 
(733°) = A d (40) 
_Nm+1 Sin Nm-+1 COS @ 
Em+1 Em+1 
where 
k=m 
Are = (1 + tanh y,”"*) exp (-i yb wo) 
k=l 
| km 1 + tanh ¥,°? 
ST ESN iy 
zai \L + tanh yz_1°°* tanh f°? 
For the case 9=0, one obtains 
1 j 0 
File spon. 
(ri;°) = see 1 6 (42) 
0 0 0 
1 -j 0 
Ae 7 
(ri) = aa hee Lend (43) 
0 0 0 


where A’ and A* have the same form as before. 
Sometimes, one is interested in the ratios of power 
densities. These can be obtained from the above rela- 
tions by taking time average values of the normal com- 
ponent of the Poynting vector. For the ratios of the 
reflected and the transmitted power intensities in re- 
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gions (0) and (m+1), respectively, to the incident power 


density in region (0) when the incident wave is linearly _ 
polarized along the x-axis and the steady magnetic field | 
is in the plane of the interface (@=7/2, ¢ arbitrary), 


one obtains 


Par. f 


Fh: | tanh (61° + 70°) |? cos? 


0 ne 


+ | tanh (6° + 72%) |? sin? ¢ 


igi Re {n%41| A°|? cos? + minyi| A*|? sin? o}; (44) 
Pik 
and when 0=0: 
Po ot 
one > | | tanh Ge + ve") |? 
g + | tanh (6° + y.°) |} 
Paitin t 
pi wy Relate A?|? + nor1| A®|?}. (45) 


If the incident wave is circularly polarized, 1.e., 
Eyi= £jEoz', one gets for 0=7/2 


(2! 1 
pi ay {| tanh Gy + ve) |? 
: + | tanh @ + .* |?} 
(Pe 1 
w= — Re {m%yil A°|? + mir] A°|?} (46) 
IEE 2 
and when @=0: 
Jan's) Wee { tanh (61° + y.°) |? when Foy? = + jE 2! Re 
Pet ¥, | tanh (81° + 0°) |2 when yi = — jEoz' 
Peay is Ee { 2641 | Ae |2} when ya + jE oz ae 
Po (Re {n%41| 422} = when Ey? = — jE ai” 


~~ 
i, 
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In performing the actual calculations of the reflection . 


and transmission coefficients, the procedure is as fol- 
lows. Starting with the mth interface, one computes f’s 
and y’s successively from the recurrence relations of 
(31) until 6; is obtained. The procedure is terminated 
by computing tanh 6; and tanh (6,;++.), where 
Yo=4ln (m1) for the ordinary and the extraordinary wave 
contributions, and putting the result into (35) or (36) 
to obtain the reflection coefficients; this result is also 
put in (41) and later into (39) and (40) or (42) and (43) 
to obtain the transmission coefficients. At each step one 
is dealing with complex numbers; thus, the procedure 
may be tedious when a large number of layers is in- 
volved. The whole problem, however, may be pro- 


grammed without difficulty on a modern digital com- 
puter. 
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The Electromagnetic Field in a Randomly 
Inhomogeneous Medium 


W. C. HOFFMAN} 


Summary—Maxwell’s equations for a medium in which the ‘‘di- 
electric constant” is a slowly-varying random function of position are 
reduced to a scalar Helmholtz equation. The Helmholtz equation de- 
fines the electromagnetic field components as linear stochastic proc- 
esses in the random refractive index. Spectral representations for 
the electromagnetic field components and the refractive index are 
then introduced, and the former is expressed in terms of a convolu- 
tion of the latter. The relation between the spectral representations 
is found explicitly for the case when the average phase is constant. 

The case when a source is present is next considered. The in- 
homogeneous Helmholtz equation is expressed as a singular Fred- 
holm integral equation whose kernel involves the Green’s function 
for the homogeneous medium and the random refractive index. The 
conditions on the correlation function of the refractive index such 
that the Neumann series solution converges in the mean-square 
sense are investigated. 


INTRODUCTION 


HE theoretical problem of electromagnetic wave 
eee in a medium which is isotropic but whose 
- index of refraction is a random function of posi- 
tion has been the object of intensive investigation in re- 
cent years. A good part of this work has been directed 
toward the phenomenon of scattering of radio waves by 
atmospheric turbulence, but the problem possesses an 
intrinsic importance in its own right and is of interest 
in several contexts. The theoretical approach to the 
problem has usually consisted of setting up an integral 
representation of the electromagnetic field (or a po- 
tential associated with it), and after some analysis, time 
or space averages relating field behavior to refractive 
index fluctuations have been obtained. That such 
averages may not be relevant to the problem, and that 
what are actually required are mathematical expecta- 
tions or moments, has been pointed out by Kampe de 
Feriet.! An alternative approach based on the fact that 
the Helmholtz equation can be regarded as defining a 
linear stochastic process between the random field and 
refractive index is therefore suggested. A somewhat 
similar treatment of the simple harmonic oscillator sub- 
ject to a random forcing function has been carried out 
by J. M. Burgers,? but there are essential differences be- 
tween the formulations of the two problems. In Burgers’ 
formulation, the random forcing function does not 
multiply the unknown function. In the random medium 
case, it is necessary to transform the Helmholtz equa- 
tion to a multidimensional analog of the Riccati equa- 


+ University of Queensland, Brisbane, Australia. Formerly at 
Hughes Research Laboratories, Culver City, Calif. 

1 J, Kampe de Feriet, “Spectral Tensor of Homogeneous Turbu- 
~ lence,” presented at the Symposium on Turbulence, Naval Ord. Lab. 
Rept. No. 1136; July 1, 1949. s 

2G. K. Batchelor, “The Theory of Homogeneous Turbulence, 
Cambridge University Press, Cambridge, Eng., sect. 4.1; 1953. 


tion in order to obtain such a form. As is the case with 
the ordinary Riccati equation, the resulting differential 
equation is nonlinear, and the transformation appears 
to be of value only in certain special cases, as will be 
set forth in more detail below. 

Maxwell’s equations lead to scalar Helmholtz equa- 
tions in the field components only if the change in re- 
fractive index of the medium over the distance of one 
wavelength is small. Otherwise, the electric field com- 
ponents are coupled to each other and to the compo- 
nents of the magnetic field vector. The general coupled 
equations are first derived. The hypothesis | Vn2|N<K1 
is next invoked and the resulting Helmholtz equation is 
treated in two ways. First, a transformation to a multi- 
dimensional analog of the Riccati equation is carried 
out, a perturbation analysis is then applied to this 
differential equation, and speetral representations for 
the first perturbations of field and refractive index are 
introduced. This permits the determination of the rela- 
tion between the associated orthogonal random proc- 
esses. 

The multidimensional Riccati equation leads to use- 
ful results only if the zero-order perturbation of the 
phase has a particularly simple form. In other cases 
it appears better to use the original Helmholtz equa- 
tion and introduce the spectral representations of field 
vector and refractive index at the outset. An integral 
equation between the respective stochastic processes is 
thereby obtained. 

Finally, the case when a source is present but | Vn2|r 
is still <1, so that we have to deal with an inhomo- 
geneous Helmholtz equation, is taken up. The inhomo- 
geneous Helmholtz equation is reduced to a singular 
Fredholm integral equation, and a solution in the form. 
of a Neumann series is obtained. The latter is a gen- 
eralized form of the usual Neumann series (or resolvent 
kernel) solution, and the conditions for its existence and 
convergence are determined. 


Tue CASE OF A SOURCE-FREE RANDOMLY 
INHOMOGENEOUS MEDIUM 


The General Coupled Equations 


It will first be supposed that the index of refraction 
varies only very slowly as a function of time, so that its 
time derivative effectively vanishes over the period un- 
der consideration.’ Simple harmonic time dependence 


8 Alternatively, one could restrict attention to independent reali- 
zations. A nonnegligible time derivative has an effect similar to that 
of a nonvanishing conductivity of the medium, for Ampere’s equa- 
tion becomes V\H=iwE+éE, the right-hand. side of which is 
formally similar to (iwe+o) E for nonzero de/dt. 
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e’*t may then be assumed, and Maxwell's equations for 
a dielectric medium take on the form 
VA E=— ion VE = — V[Inn*(x)-E] (4) 
V A A = iweon?(x)E V-H = 0, (2) 
where wo, €0 are the constitutive parameters of free 
space, (x) is the refractive index, and x denotes a 
point in 3-space with components (%1, 2, x3). Eqs. (4) 
and (2) lead in the usual way to the coupled system of 
vector equations: 
WE + ko?[Mn?(x) + v2(x)|E 
= — V(VIn [s1n2(x) + v?(x)]-E}) 
V?H + ko?[9tn?(x) + v2(x)|H 
= — iweo(V[smn?(x) + »*(x)]) A E, (3) 
where 9%2(x) denotes the mathematical expectation of 
n*(x) and v?(x) is the random residual 


v(x) = n>(x) — Mn?(x). (4) 


It is clear that not only are the equations coupled to one 
another by the right-hand sides, but that the various 
components of the field vectors are coupled to each 
other. If we now regard 7?(x) as a stationary random 
function of position and note that (3) then defines the 
electromagnetic field vectors E and H as random func- 
tions in turn, we may introduce such spectral repre- 
sentations as 


Ex) = [ cwsds(a), (5) 
R 
etc., where &(@) is a stochastic process whose exact na- 
ture will be defined later, and the integration is ex- 
tended over three-dimensional Euclidean space R3. One 
.again finds two coupled vector equations in terms of the 
spectral representations, which offer no particular ad- 
vantage in tractability over the original system (3). 
We therefore consider the case when the refractive 
index varies not only slowly in time but also very 
gradually in space. More precisely the gradient of re- 
fractive index over the distance of one wavelength is small: 


| Vn? | Nxe Ad. (6) 


Under this hypothesis, the right-hand sides of (3) may 
be neglected.*° This uncouples both wave equations and 
field vectors, and permits us to write any one of the six 
scalar Helmholtz equations which result from (3) in 
terms of any particular component, thus 


V2F + ko?[Stn2(x) + v2(x)]|F(x) = 0, (7) 


4 J. A. Stratton, “Electromagnetic Theory,” McGraw-Hill Book 
Co., Inc., New York, N. Y., p. 343; 1941. 

5K. A. Suchy, “Lésung der Gleichungen fiir Wellennormale und 
Brechungsindex durch WBK-Niaherung. Strahlenoptische Reflexion 
und Alternation,” Ann. der Physik, vol. 13, pp. 178-197, sect. 28 
pp. 194-196; 1953. Suchy’s form of the condition reads 


* | W-Ele,<K ho? 
8; 


=|. 
€0 
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where F(x) denotes some component of E(x) or H(x). 
We may now proceed in one of two ways, either directly 
to the spectral representations of the field quantities or 
by first transforming the Helmholtz equation (7) to a 
multidimensional Riccati equation. Since the latter 
course leads to more immediate results, we follow it 
first. 


Transformation of the Helmholtz Equation. Perturbation 
Solution 
According to the discussion of the previous section, 
the system (3) can be replaced by two or more scalar 
Helmholtz equations of the form (7). The transforma- 
tion 
F(x) = a(x) exp {—ikoS(x)}, 
or 
F(x) = ao exp { —iko(x)},. (8) 
with the constant amplitude @ and the generalized 
phase function 
4 
W(x) = S(x) + zs In (a(x)/a0), (9) 
0 


transforms (7) into the nonlinear equation 


(Vy)? + — VA = Stin"(x) + 9%). (10) 


If we now define 


vw =X, (11) 


we see that (10) is the spatial analog of the Riccati 
equation® associated with the one-dimensional Helm- 
holtz equation, for (10) then reads 


— iko[IMn?(x) + v?(x)]. (12) 


We now suppose that the refractive index n?(x) has 
an expansion in terms of a parameter 61: 


V-x — thox? = 


aay ott ee eee 


j=l 


(13) 


It follows from the form (13) that to terms of higher 
order than 6, ”?(x) can be regarded as a random func- 
tion with mean Mn?(x) and standard deviation 6, i.e., 


6 The one-dimensional Helmholtz equation, w" (x) -+p(x)u(x) <0, 
goes into the Riccati equation, y'(x)-+ 7?=—p(x), under the trans- 
formation u(x) =exp {fydx}. If p(«) is an analytic random function 
(see Moyal, footnote 7) whose expansion is 


p(x) = Do pix’, then y(x) = YO gai, 
0 0 


and the following recurrence relation for the expansion coefficients 
cj, (7=0, 1, 2, + - + ), may be obtained from the Riccati equation, 
i 


je = — oS CrejA3-h — pj. 
h=0 


Knowledge of the (nonrandom) coefficient co is therefore enough to 
ar, tbe rave eee in this ease. 

. E. Moyal, “Stochastic processes and statistical physics,” J. 
Roy. Stat. Soc. (B), vol. 11, pp. 150-210; 1949, Oi 
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v;(x),is a standardized random variable with mean zero 
and unit variance. It is next assumed that the gradient 


= x(x) of the generalized phase function ¥(x) also pos- 
_ sesses an asymptotic expansion, convergent in a neigh- 


borhood of 6=0, of the form 


x(x) ~ SS x5(x) 8". 


j=0 


(6< 1). (14) 

Substitution of (13) and (14) into the differential 
equation (10) and equating coefficients of jth powers of 
6 on each side of the resulting equation yields the 
system, 


1 
— V-x0 + xo? = Mn? 
ko 
4 Z 
wes Dy ree Sz) GG S172, 25) 
0 h=0 


in which the equations are now linear for 7>0. This 
seems to be the closest analog of Burgers’ approach.? 
The zero-order equation has already been written out 
explicitly in the first equation of (15); the first-order 
perturbation equation is 
a 
s V-x1 + 2x0-x1 = 71(x). (16) 
0 
The right-hand side of the zero-order equation may 
be a function of position or it may be constant, but in 
any case, 1t?(x) is a sure (7.e., a nonrandom) function. 
The right-hand side of (16) is of course a random func- 
tion. In the event that 917?(x) is constant or of the form 
Mn?(x) =f1(x1) +fo(x2) +fs(xs), the zero-order equation 
can be solved by separation of variables in the same 
way as the classical eikonal equation. An important 
feature of the asymptotic expansion (14) is the separa- 


tion of x(x) into sure and random components, the sure 


component being the solution for a possibly inhomo- 
geneous, but certainly nonrandom, medium. 

If W(x) does have an asymptotic expansion of the form 
(14) then, to terms of higher order than 5°, the covariance 
function of x(x) is proportional to that of x1(X), 1.€., 


cov [x(x), x(x’)] = 8? cov [x1(x), x1(x’)] + 0(67). (17) 
This result follows immediately upon computing 


cov [x(x), x(x’) ] 
= at {x(x)-x*(x')} — oe fx(x)} oat} , 


introducing the expansion (14) and making use of the 
fact (from the zero-order equation) that xo(x) is a sure 
function if 1tm?(x) is. 


The Case of Constant Gradient of o- 


Whenever 

Vio = Xo = const., (18) 
the zero-order equation is trivially satisfied. Physically 
this corresponds to the situation when the 


king, 
_ ons ex other than 


medium has no variation of refractive ind 
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turbulent fluctuations. In general, the refractive index 
of an actual atmosphere will consist of turbulent fluc- 
tuations superimposed on a slower systematic variation 
due to gravity, large-scale meteorological phenomena, 
etc. Consideration of this case is postponed to the next 
section. 

It is physically reasonable that the first perturbation 
vi(x) of the refractive index is a stationary (or spatially 
homogeneous) stochastic process with mean zero. Under 
this hypothesis the first perturbation has a spectral rep- 
resentation, ® 


nls) =f eedn(a), (19) 
R3 
where K; denotes the three-dimensional Euclidean space 
of points @= (a1, a2, a3) and 7:(@) is a stochastic process 
with orthogonal increments. Since xo is constant ac- 
cording to the hypothesis, x1(x) is also a stationary ran- 
dom process, with a spectral representation in terms 
of an orthogonal process. We shall assume that this 
spectral representation 1s of the form 
rile) = [ei d8s(a) (0), (20) 
Rs 
where &(Q) 1s a process with orthogonal increments and 
71(Q) is a sure vector function of a. 
The Fourier transform of (16) then yields, in view of 


the uniqueness of the transform,’ and the hypothesis 
(18) and definitions (19) and (20): 


dni (a) 
2Roxo: ¥1(@) — @-71(Q) 


d&\(a) =k (21) 
Relation (21) connects the spectral distribution functions 
of the first perturbations of the field and gradient of refrac- 
tive index. 

If we now form 


d®,(a) = M{ dé(a)dE,*(a')}, (22) 


and let 


do,(a) = om { dni(Q) dni*(a’) } 5 (23) 


there then exists, in the usual way, the following rela- 
tion between the energy spectrum of the x:-process and 
that of the first-order refractive index fluctuations: 

do (a) 


: 24 
| 2koxo: v1(@) — a 71(@) [2 (24) 


d®,(a) = ko? 


The covariance function of x; can then be found as 
the Fourier transform of d®,(q@) : 
Ri(x — x’) = one { x1(x) -x*(x’)} 
do(a) 
i at f eilx-x!) a ; 
Ry [2koxo-v1(@) — a-yi(ax) ]? 


(25) 


8 A. Blanc-Lapierre and R. Fortet, “Theorie des Fonctions 
Aleatoires,” Masson, Paris, France, pp. 363-364; 1953. 
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Since the covariance function Ri(x—x’) of x1 is the Fourver 
transform of a product, it 1s representable as the convolu- 
tion of the inverse transforms of doi(a) and 


[2Roxo-y1(@l) — a y1(oe) |. (26) 
Thus 
Re= x)= f ale— x —w)dem), (27) 
where . 
ee ee f _ 09 tdei(a), (28) 


and g:(w) is the inverse Fourier transform of (26), af 1 
exists. 


Case of Nonconstant Vo 


When Vvo= xo is not constant but a function of posi-- 


tion (which is the more realistic situation since actual 
atmospheres ordinarily have a refractive index made up 
of a gradual over-all large-scale variation with small 
local fluctuations superimposed upon this), (15) no 
longer appears to be useful. It seems to be more con- 
venient to return to the original Helmholtz equation (7) 
and introduce the spectral representations of refractive 
index and field component at that stage. The refractive 
index may still be regarded as a stationary process (at 
least in the wide sense), but it is not immediately clear 
that the field can, and a new basis must be found for its 
spectral representation. This is available in a theorem® 
which asserts the existence of the spectral representa- 
tion 


F@) = i _eeedg(a), (29) 


¢(@) being a stochastic process such that 


cov [F(x), F(x’)] = f ein’ OEP(@, B) (30) 


R3xXRe 
with 
@T (a, 8) = mf de (a) de*(B)}, (31) 


and dI'(a, 8) is absolutely integrable over the whole 
space 3. Thus the covariance function must be uni- 
formly bounded and continuous over the product space 
R;X Rs, which in turn implies the mean square con- 
tinuity of F(x). The random part of the refractive index, 
being a second-order stationary process, has a spectral 
representation 


pi(z) = if _e&dn(a), (32) 


3 


where 7(@) is a process with orthogonal increments. We 
further suppose that the average refractive index 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


31n2(x) can be represented as a Fourier integral: 


m1tn*(x) = ik _etem(ada. (33) 


The Fourier transform of (7) then yields the following 
integral equation connecting the various spectral func- 
tions: 


(a-opag(a) = het [ {lor — 8) + dnl )}ae(g). (34) 


R3 

This integral equation is formally similar to the in- 
tegral equation of the third kind,® but the theory of such 
integral equations would require considerable extension 
in order to handle a random integral equation such as 
(34). The usual way of solving an integral equation such 
as (34) is to invoke the Fourier integral theorem. How- 
ever, such a course would, in the present instance, 
simply lead us back along the route we have come. 


THE INHOMOGENEOUS HELMHOLTZ EQUATION FOR 
A RANDOMLY INHOMOGENEOUS MEDIUM 


Reduction to a Fredholm Equation 


When a source of current J and charge density p are 
also present, the Maxwell equations (1) and (2) lead, 
under the condition expressed by (6), to the following 
inhomogeneous Helmholtz equation in the electromag- 
netic field components: 


V°F + kon?(x)F = f(x), (35) 
defined over the (possibly infinite) domain D. 
Introduce the new function 
q(x) = 1 — nq), (36) 


and the Green’s function G(x, x’) for the homogeneous 
medium: i 


V,7G(x, x’) + keG(x, x’) = a(x — x’), (37) 


with homogeneous boundary conditions for G or its nor- 
mal derivative. Then, in the usual way, we obtain the 
following integral equation for F(x): 


i { F(x’) V,2G(x, x’) — G(x, x”) V_2F (2!) } dx! 


? i} {aC = xe) ~ box, x)a(a") PG) 


— G(x, x’)f(x’)} dx’. (38) 


The integrals on the left-hand side of (38) will be as- 
sumed to exist in the mean-square sense. (Doob” gives 
conditions for the existence of such stochastic integrals 


®W. Schmeidler, “Integralgleichungen mit Anwendungen i 
ten nh Technik I,” 2nd ed., Akad. Verlag., Leipzig, Germany: 
ch. 4; ‘ 

10 J. L. Doob, “Stochastic Processes,” John Wil S 
York, N. Y., p. 430; 1953. ‘iphone oe 
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in the case that the random part of the integrand con- 
stitutes a process with orthogonal increments.) Applica- 
tion of Green’s theorem (in the mean-square sense) then 


4 yields” 


‘y aG OF | 
KM f 7) pee mm C(x") et dS, 
_  bdry D on On 


= F(x) — he? f Ge, x’)q(x’)F(x’)dx’ — g(x), | (39) 


where 
a) = f G(x, x'Yfa')ae (40) 


Homogeneous Dirichlet or Neumann boundary conditions 
will be assumed as well as a radiation condition if some or 
all of boundary D is at infinity. The left-hand side of 
(39) then vanishes, and we obtain finally the inhomo- 
geneous Fredholm integral equation 


F(x) = g(x) + he? { Ge x)aCa' Fe )dx’. (41) 


The integral (41) may be singular either in that the 
domain D 1s infinite, or that the kernel 1s singular. How- 
ever, we assume that in any case the integral on the right 
exists in the sense of mean-square convergence, t.e., while 


-G may exhibit a logarithmic singularity or D may be 


_ 
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D D D 
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N(x) = g(x) + be f OC, x')q(x')g(x’)dx' + +: - 


oh. hate f dx1G(x, x1)q(x1) 1 homo 
D D 


: i, dXm—1G(Xm_2, Xn) Gant) 
D 


f Cons Xm)Q(Xm)2(Xm)EXm + + « 


(42) 


We now add the hypothesis that n?(x) is a Gaussian 
process with mean 1 and variance v. It then follows from 
(36) that q(x) is Gaussian with mean zero and variance v. 
We may then use the formula (which can be readily 
derived from the characteristic function for a multi- 


variate normal distribution) 


gm { aia, ++ - Cal ee Ye10o%sy04 °° *Tsn—189 (nm even) (43) 


8578k 


(3) terms: 


where 7,,., denotes the covariance of x,; and %.,, in order 
to establish the mean-square convergence of the right 


hand side of (42). 


The (m-+1)st term on the right in (42) has the mean- — 


square value 


} 


= [| [ ance, mn) J dx tee f dsm Xn) qm)g(n) f dau/G*(x, mi!) [dx te 
D D D D D 


: f Xm! G*(Xm—1' Xm!) SM{ g(x1) +» » + g(Xm)q*(x1’) + + + g*(Xm’)} . 
D 


infinite in extent, 9{| q(x’) F(x’)|?} behaves in such 
a way that the integral itself is finite. 


The Neumann Series Solution 


As just mentioned, the kernel G or the domain D may 
be such that the integral equation is singular. In that 
case we cannot in general interchange the order of in- 
tegration as required in establishing the usual Neumann 
series solution. However, we can still form a formal 


Neumann series solution and show its convergence to 


the solution of (41). This is the procedure usually fol- 
lowed in the nonrandom singular case,!! and we shall 
show that it suffices in the random case also, provided 
the Neumann series solution for the homogencous medium 
with source converges in the usual sense. 


11 W. Schmeidler, ibid., sect. 23 (a). 


By (43), the last factor of the integrand of (44) can be 


(44) 


written as the sum of (3”) products of all possible co- 


variances of the g(x;) and q*(x;’), (7=1, - - 


-, m). Since 


feu; Vat g*=0; we thus have the following bound for 


(44): 


ay | [ance x1) (x1) [a fee J 


Hl G(Xm1) Xm) Q(m) (im) Em 
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f ance, X1) [ ax. a 
D JD 


(45) 
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Now the last factor on the right in (45) corresponds to 
the bound on the (m+1)st term in the ordinary Neu- 
mann series development, so that the problem of con- 
vergence is essentially reduced to that of the non- 
random case. We therefore assume that the Neumann 
series for the ordinary homogeneous medium case con- 
verges in the usual way, either because the integral equa- 
tion 


Bayes eG he foe x!) U(x!)dx! 


is nonsingular, or because /pG(x, x’)g(x’)dx’ and its 
iterates are such that the integral on the right in (45) 
converges. In that case, we may write 


m4 can) pea Aut) { dea 
i Gnas Xn) 4%) 6m) Om 
< all ko'vM? |". 


It then follows from the Minkowski inequality applied 
to the square of (42) that 


} 


(46) 


_ | Rov 2M | 
172{ | VV 2 aa Rae 
BILA { | (x) | \ << | g(x) | + V2 (ie | ko2v'l2M)2” 


provided 


| korv/2M| <1. (47) 


This establishes the convergence of the Neumann series 
(42). 

We have yet to demonstrate that the Neumann series 
(42) converges in mean square to a solution of (41). To 
this end, form the partial sum 


Np(x) = g(x) + y kom J axcee, x1) (x1) f dx. °° 


m=1 


f Gn-ty Xn) 40m) 8 On) dn (48) 


and apply the Cauchy convergence criterion (which is 
equivalent to demonstrating that lim 90{ | F(x) 
P20 
— N(x) |?} +0): 
{| Ne.o(x) — W(x) |?} 


= om > mem [dra x1)9(x1) f ape 
J eens Xm) (Xm) 8 (Xm) Em 


m=P-+1 
\ (49) 
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By the Minkowski inequality the right-hand side is less 


than the square of 

4 21/2 bid 

0 va ‘ 

+ P| ko'v/2M | (| Rov? |? — 1) 
| atom let — 1) 

~i | ko?v!/2M | A \ A (50) 


and according to (47), the bound (50) converges to zero 
as P—o. Hence the mean square convergence of N(x) 
to F(x) is established, in view of the previous definition 


December — 


of N(x) as the (formal) iterative solution of (41). We 7 


may sum up in the following theorem: 
Theorem. The boundary value problem for 


V?F (x) + ko?n?(x) F(x) = f(x) 


with homogeneous Dirichlet or Neumann boundary condi- 
tions and a radiation condttion uf some part of the boundary 
of the domain D is at infinity, 1s equivalent to the inhomo- 
geneous Fredholm integral equation 


F(x) = g(x) + ho? f Ca, x )g(e)F dx’, (51) 


where gq(x)=1—n*(x), provided the integral and the 
equality in (51) exist in the mean-square sense. 


If , 
(i) 2?(x) is a Gaussian process (1, v); 
and 
(ii) | ko2v/2.M | <1, where M is a bound for 


2 


> 


| J oc. x’) g(x’) dx’ 


and 


(iii) the Neumann series solution for the integral equa- 
tion 


U(a) = gx) + bet f Glx, x)U(w)ae’ 


converges in the ordinary way, 


then the integral equation (51) is solved by the mean-square 
convergent Neumann series 


F(x) = g(x) + Se kom f dx1G(x, x)aca) f dX» - 
m=1 D D 


, i Gm, Xn) 4m) Bn) 
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Scattering by Quasi-Periodic and Quasi-Random Distributions* 
V. TWERSKY} 


Summary—We consider the scattering of plane electromagnetic 
waves by parallel, coplanar, arbitrary cylinders distributed essentially 
as in a ‘‘one-dimensional liquid” of elastic objects. Green’s function 
methods are used to generalize and extend results obtained previ- 
ously’ by separations of variables for circular cylinders. Taking into 


‘a account coherent multiple scattering, we obtain a general form for 


ny 


<a 


the coherent field and a corresponding approximation for the inco- 
herent scattering. The field depends critically on the normalized dif- 
ference between the average and minimum separations of scatterer 


_ centers; say on d=(b,y—bmin)/ bay which equals the relative ‘‘elbow 
_ room” per scatterer. If d=0, then the distribution is periodic and the 


results reduce to those for the general grating;? thus the range d~0 
corresponds to the quasi-periodic case. Similarly, at the other limit 
d—1, the results reduce to those for the random “‘rare gas’’ case,? 
and the range d ~ 1 may be called quasi-random. Thus, as the param- 


_ eter d is varied from 1 to 0 (or as the distribution of scatterers is 


“‘compressed”’), the result exhibit successively the effects expected 
for gaseous, liquid, and crystalline distributions. 


I. INTRODUCTION 
Bey ket, scattering treatments for densely 


packed, quasi-random, and quasi-periodic dis- 
tributions of arbitrary objects are required to 
close the gap between the relatively well-known gas-like 
and periodic limits. The present results generalize and 
extend those obtained previously for a “one-dimen- 


_ sional liquid” of circular cylinders,! and thereby provide 


a continuous transition formalism between the one- 


dimensional “crystal”? and “gas”’ of arbitrary cylindri- 
cal scatterers. The liquid is specified by a Poisson one- 
particle distribution function, and by a more convergent 
transform of the pair distribution function introduced 
by Zernike and Prins.* 

The present paper is based on the multiple scattering 
formalism of references 2 and 3, and essentially applies 
the averaging procedure followed in reference 3 to the 
case of a more general distribution; the earlier paper® 
is to be consulted for the introductory discussion and 
mathematical formulation of the problem. 


* This work was supported in part by Signal Corps Contract 
DA 36-309 SC 78281. Additional details are given in Sylvania Elec- 


tronic Defense Lab. Rept. EDL-E37; 1959, 


+ Sylvania Electronic Defense Lab., Mountain View, Calif. 
1V. Twersky, “Multiple Scattering of Waves by Planar Random 
Distribution of Cylinders and Bosses,” Inst. of Mathematical Sci- 


ences, New York University, New York, N. Y., Rept. EM 58; 


. 1945 


October, 1953. Also “A Preliminary Report on the Reflection of 
Waves from Planar Distributions of Parallel Circular Mirrors, 
Nuclear Dev. Assoc., New York, N. Y., Rept. NDA 18-3; August, 
1952. ; stam 
2 V. Twersky, “On the scattering of waves by an infinite grating,’ 
IRE TRANS. ON ANTENNAS AND PRopacation, vol. AP-4, pp. 330- 
345; July, 1956. ; : 
3 V. Twersky, “On scattering and reflection of sound by rough 
surfaces,” J. Acoust. Soc. Amer., vol. 29, pp. 209-225; February, 
1957. Also, “On scattering and reflection of the electromagnetic 
waves by rough surfaces,” IRE TRANS. ON ANTENNAS AND PROPAGA- 
TION, vol. AP-5, pp. 81-90; January, 1957. Reference 3 as used in the 
text applies only to the first of these papers. The initial formalism 
is essentially an extension of that introduced by Foldy to treat ss 
“rare gas” of point scatterers. L. L. Foldy, Phys. Rev., vol. 67, p. 107; 


4 F, Zernike and J. A. Prins, Z. Physik, vol. 41, p. 184; 1927. 


We write the field of an arbitrary planar configura- 
tion of WN parallel arbitrary cylinders excited by a plane 
wave Wo = er cos (¢—-40) ag 


V=WH4+ U(r), U(r) = do u(r —24,), 
s= 0; 1) £2 eee 


where the elementary wave scattered by the sth object 
(located at r,) is given by an integral over its surface: 


1 
mal [Ho(& | r— fr,’ 


us(t — fz) )OnW(r2’; bo) 


— dnHo¥,|d A (r,’) 
= {Ho(k| r—2.|), ¥(x',60)}, Ho = Ho™. (2) 


In addition, it is convenient to introduce the “multiple 
scattered amplitude” of cylinder 0 fixed at the origin: 


Golo, bo) = {er oe @'-4), U(r’, go)}, yo = 0. (3) 


We are concerned only with an infinite number of scat- 
ters (NV), but may keep WV finite to facilitate dis- 
cussion. 

If we were to replace WV in (2) and (3) by the field on 
the isolated scatterer excited by Wo, the present func- 
tions would reduce to their corresponding single scat- 
tered values. In particular, the single scattered form of 
(3) will be represented by g (which we assume to be 
known through the far field form of the corresponding 
scattered wave e""(2/i1kr)1/?g). 


II. THe AVERAGE WAVE FUNCTION 


General Form 


The average wave function for a symmetrical distri- 
bution of identical scatterers along the y axis is given by 


UW) = Xf Waddr (4) 
(u)s = ({ Ho(kR.), ¥})e = {Ho(kR.), (Y)o} 
= { Ho(RRs), (W)o} eikue SEN Sie) | r—r’—y;|.(5) 


(Y)o = vo + (U)o 
= Po =f (u)o Ae By (u(r 7 Vs) )0s@0s(Yo; Vs) TVs. (6) 
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[See reference 3 (15) to (23) ]. Here (uz), is the average 
elementary wave scattered by an object fixed at y., and 
( )oe is the analogous average when there is an addi- 
tional scatterer fixed at yo. The function w, is the one 
particle distribution function, and wody, is the condi- 
tional probability of finding s in the range dy, once 0 is 
given in dy». In (5) we used the symmetry which exists 
for an infinite number of identical scatterers and for an 
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infinite range of y. (say L—+~) to write (VW). snare 
(W)o; however, in order to facilitate the following dis- 
cussion of the distribution functions, we may keep L 


finite. 
The corresponding average scattering amplitude for 


an object fixed at yo=0 is 
G(¢, 0) = (Gold, $0) )o = {e-#r’ 208 @'-#), ()o}. (7) 


Our aim is to express G in terms of the known single 
scattered amplitude g, and in terms of the parameters 
of the distribution. 


Distribution Functions 


One-Particle Distribution Function: If we assume that 
all positions on the range available to one scatterer are 
equiprobable, then it may be shown* that 


e—lvs—sB|/a cs} 
———-; f way, = 1, 
—oO 


we(Ye) = 29 


eae f 
Se ey ee 


y, — SB | ways, (8) 


where B and bare the average and minimum separations 
of scatterer centers, and D is the “elbow room” per 
scatterer; |y,—sB| is the displacement of the scatterer 
from its mean position sB, and q is the average displace- 
ment from the mean. Note that w, is essentially inde- 
pendent of s. 

The limiting forms of w, for the periodic and “rare 
gas” cases are identically those discussed previously.?? 
Thus if the average spacing reduces to the minimum 
(Bb, g-0) then 


(9) 


1.é., in the periodic limit the function equals the Dirac 
delta function. On the other hand, if B>>d, then 


iaOy,.= Sp) 0: 


1 1 
Ee ae ai (10) 


thus in the rare gas limit, the function equals the re- 
ciprocal of the total range.® 

We are concerned primarily with No and Lo. 
For this case there are only two forms of w, of direct 
interest: the periodic limit (9), and the more general 
form of (10) which we may write 


1 


Ww, — —————__ 
N(B — Bb) 


(10a) 


This form holds for the “liquid state” or “dense gas,” 
and reduces to (10) when the minimum separation is 
negligible compared to the average. 

Distribution of Separations: We specify the distribu- 
tion for the separation between any scatterer (say s = 0) 
and its sth neighbor by 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


a ae oe 


js b a) : ‘3 
8 co 


Vg SD, 


Ws 


Wos = 0, 


f WosdVs =e ik WosdVs = 1. 
—0 3b 


(11) 


This representation of wo, was introduced by Zernike 
and Prins! in their basic single-scattering treatment of 
the intensity pattern arising when liquids were irradi- 
ated with x-rays. (See second paper of reference 1 for a 
detailed derivation.) 

Note that the pair distribution for two scatterers s 
and ¢ equals w,w,:=P(s, t); our results are consistent in 
that for N— » wehave /P(s,t)dy,=w:and [P(s,t)dy.=Ws 
as required by fundamental considerations. 

The total probability of finding any neighbor in a 
range dn at some distance 7 from the center of a given 
scatterer is obtained by summing wo,(y) over all neigh- 
bors. A representation that is rapidly convergent near 
the periodic and gas limits is obtained by first taking the 
Laplace transform of >>wos, and then its inverse.! This 
gives the sum of residues ; 


ent, 


b+ Dey. 


win) = 2 Woe = dy 


s=1 v 


(12) 


where the y, are the roots of 1+Dy=e—”; the roots 
are of the form y,=—a),;+78|,,; with the a’s and f’s 
real and positive. 

The contribution of the pole at the origin, y=0, is 
simply 1/B; 1.e., the average number of cylinders in unit 
length of distribution. If D/b=(B/b) —1 is very large, 
then ba, ~ T +4 In [1 + (2|v| — 1)2x?/T?], and 
bBiy, ~ (2| y| —1)r(1+1/L) with TP =In [(D/b) In (D/2)]; 
retaining only the terms v=0, +1, we write yo=0, 
Y+1= —a+78 and obtain 


w(n) ~ [1 + e-#0-)2 cos B(y — b)|/B, » > b KB. (12a) 


Hence w approaches 1/B in an exponentially decreasing 
oscillatory fashion as 7 increases. The distribution of 
neighbors is “ordered” only in the immediate vicinity 
of each cylinder (corresponding to the “local order” of 
liquid state theory). For very large D/b, we note that 
w is essentially a step function which equals zero for 
n<b and 1/B thereafter. In the limit D/b—, (12a) 
reduces to the results for a “uniform” distribution; 1.e., 
w(n) =1/B for all values of 7. 

On the other hand if D/b-0, then the roots may be 
approximated by 


ef 1200 E £ 
B 


Ae D¥(2y7) 2(vmr D)? 


3B B; 


consequently (12) reduces to 


1 io) 
w(n) > ze Dd, e2rnl> = S 5(n — mb), 
m=1 ; 


S 


1 oe Beveoenminan) 


q 
i 
> 
. 
a 
‘4 
P - 
<a 
i 
b 
o 


AO ee 
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Thus in the limit D-0, we see that w reduces to the re- 
sults for a diffraction grating of spacing b. 


_ Average Wave Function 


The Wave Function: Substituting w, into (U) of (4) 
we may write 


(U) =a {S; (&)o}, 
Ge > [Hetero sin go 


s=—00 


e7ly¥e—sb] /a. 


See dy (13 
24 V5 = (13) 


_ where G is the Green’s function for the reduced problem. 


Writing Hp as an integral of plane waves, 1.e., 


Ho(k| x — r’ — y,|) 


1 20 gik|az—2!|V1—2+ ik (y—y’—ys) t 
-— ir AF dt (14) 
(where ! 
V1i-#=iVve?—1 forte > 1); 
yields 
1 © pik|a—ax!|VI-B+ik(y—y’)t 
g-— se a Ht, (15) 
Hii) S | agers $0)ue-lve-sBl lady, /2g 


1 1 1 
Ab + igk(t — sin ¢o) ge 1 — igk(t — sin a 


fe x ge kB (t—sin $0) 
‘ 1 Dees) 2 
= [eile Dt - s  - S) 
1+ g?k(t — sin do)? IRB yom kB 
y= 0, +1. (16) 


Thus, if B=b(q=0), then J reduces to the periodic 6 | 


function. On the other hand, if B ~d, then the term con- 
taining g*® vanishes for t=sin go, but is infinite other- 
wise; hence J equals (27/kB)6(t—sin @o) for all non- 
periodic cases. 

Substituting the final form of J into G and evaluating 
the remaining integral gives 


etk(y-y’) sin dytik|a—z| cos dy 


SOae 
g= 2) 1 (q2vn/B)? 
cue 2 
ee ee ng, (17) 
kB cos ¢, kB 


Thus, for the periodic case, (17) becomes identical with 
the Green’s function for the grating given in reference 
2 (20). On the other hand, if B+, then only the term 
y=0 of (17) remains and G reduces to the value for the 
“rare gas” given in reference 3 (20); 7.e., the gas and 
liquid give the identical result. 
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Substituting (17) into (13), and using the definition 
of the multiple scattered amplitude of (7), we obtain the 
forward scattered field 


CwG(¢,, go) 
1+ (g2vx/B)? 
and the reflected field 


Cw, G(r — dy, ho) 
So RR Mi ee) 
<5 ad 1 + (q2vm/B)? 


where y/, is the image of y, in the plane of the distribu- 
tion. If g=0, then (18) and (19) reduce to the results 
for the grating: the terms corresponding to sin ¢,<1 
are the usual propagating modes (or spectral orders), 
and those for sin ¢,>1 are the evanescent modes. On the 
other hand, if gq, then only the “specular modes” ¢o 
and $y remain. (See references 2 and 3 for detailed dis- 
cussion of these limiting cases.) 

The preceding method was followed to stress the rela- 
tion of the present general problem to the special cases 
treated previously; ?- z.e., we used essentially the previ- 
ous procedure. However, we can arrive at (18) and (19) 
more directly by rewriting (wv), of (5) in the form 


(U)> = Zoo 


» = etkr cos ($—$y), 


(18) 


A Wy = etkr cos (¢—r+4,) ; (19) 


) 
(u)s — af C,.G(¢,, ho)et* cos (¢yt+¢)+ikys (sin po—sin owdu, 
—0 


i ; Qua 
sin @, = sin do + ree 


(Sa) 
which holds for —7/2<¢<7/2; similarly for the re- 
maining two quadrants we replace ¢, by t—@,. This 
representation follows on substituting Ho as in (14) 
(with t=sin ¢,, dt=2mdu/kB) into (2) and using the 
definition of G as in (3). Thus (13) may be written 


(v) =X f aed, 


‘f “2C,GCbe6av, 1 (dn 2 eee 


=O). 


where J(u) is the function of (16) with t—sin bo = 27u/kB. 
Substituting the final form of J into (13a) and evaluating 
the integral (the 6 functions contributing when yu is an 
integer) gives (18) directly. Similarly (19) follows on re- 
placing ¢, by t—4,y. 

The Multiple Scattered Amplitude: In order to obtain 
a more explicit form for the scattering amplitude G than 
(7), we must determine (WV) of (6). Proceeding more or 
less as for (13) ff, we obtain initially 
{ A (RRs), (H)oe} Wosd Vs. 


(U)o — (uo = Dy (20) 
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Using the approximation (WV), ~(W),=etvsint (WY), 
which is exact for the periodic limit, and plausible other- 
wise [see discussion of (24) in reference 3] we obtain 


(U)o = (u)o a {3C, (h)o}, (21) 
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where SC is of the form of § of (13) with DeWs replaced 
by > s40 Woe. Thus, we may write JC as (15) with the 
previous J replaced by 


> 


s~0 


etkys (sin $0) wd 


ee) eo} (ys =< $0)2 = 
= 2 Re = aaa Ten 
» sb Ds(s =, 1)! 


eikua(sin ¢o—t)—(ya—sb) Ddy, 


=O Re 2 | alae: |. (22) 
Slt — ik Disin bo 0) 
We may rewrite the final form of (22) as 
Ke eee) 
== - + 
eC Gece tare a(1 Z =) 
= J; + J2(€), aU, 
d = kD(sin ¢o — 2), 
¢? = 2(1 + dsin 8 — cos 8) 
B = kb(sin do — 2), (23) 
and use 
ee oh 
Ga ee 
to reduce (23) to 
eae eu 2r8(V/f? + a’). (24) 


In the periodic limit (d—0, 2 sin B/2), Ji reduces 
to —1, and J2 to the periodic 6 function; z.e., for d=0, 
the zeros of ¢ occur for 8/2 =kB (sin do —t) =2v7). Thus, 


Qa ; 
fs ocak ies >» 4(sin $, — 2), (25) 
and consequently 5 = G(I<J) of (15) reduces to 
Ha = — Hp +2 d) Cet u-v') sin dytikle—z2’| cos $y (26) 


Substituting into (21), we see that the term in —H 
cancels (w)p in the expression (U))=(u)o+{3c, (W)o} 
and we obtain 


far Ue (27) 


where (U) equals the function of (18) and (19) with ¢=0. 
Thus, the result for the periodic limit is identical with 
that of reference 2. More conveniently (as in reference 
2), we use the plane-wave representation of Hy [2.., 
(14) recast as for (5a)] in (26) and leave 5¢ in the form 


Rya = S2C,e%# O-v) sin ¢y+ik|x—zx'| cos dy 

3 ’ 
ie) 2) 

S=| Ef temo e= lel 0, 60 
y=—20 00 


where »v is an integer for the sum operation, and a con- 
tinuous variable for the integral. (The Abelian con- 
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vergence factor et 08 ¢ —yelrl«/? is introduced to in- 
sure that the result of the operation exists.) 

If d¥0, then J» yields only the single 6 function at 
y=0, and Ji +1=d?/(@+d?) is essentially a “blurred” 
version of the periodic 6 function. In particular, if 
D/b>1, then 


J,— — 2 [sin kb (sin $0 — t)|/RB (sin go — i) > 0, 


and 


21 
J, = — 4@(sin go — ¢ (28) 
AB (sin ¢o — #) 
for the rare gas. [Note that in the forward direction (f= 
sin 9) we get Ji>—1+(D/B)?= — 2b/B+(b/B)?—0. | 
Using (28) in 5C gives only the term containing C» of (26). 
Consequently, for this case, (21) gives 


(U)o = (u)o + (U) 


as obtained in reference 3. 
We now reconsider the above in terms of the summed 
form w of (12), 7.e., instead of (22) we use 


(29) 


iia Ree ———— f etsiem 60-10 
, o0+ DeyYJ>5 
e-iTv—Ay 
Seer Rew [i + (D/de4®, GT, + A,) (22a) 
where 
: A, 1B, 
Yr = — a, 1 28, = sae ae 
T, = kb(t — sin $o — B»/k). 


In the periodic limit, D0, we have B,=2vr-+0(D), 

T,—kb(t— sin ¢,), and A,=0(D?). Thus, 
en iT 
J — 2 Re >> ———— 
iT, + A, 
A; tly | 

Tet AS rcp aAe ts 
The first term in the brackets gives the periodic 6 func- 
tion of (25): 


= 2:Re >) onl 


A, 


2 Re (IS Fe ag 
= OF ae 


2 
2g >. cos NT) = fF > iin os oe 


The second term equals® 


2 Re >> 


wl 


as in (25). 


et (To—-2vrz) e7 To) 2x 


i(T) — 2vrx) a1 2ix sin (To/2x) 


’W. Magnus and F. Oberhettinger, “Formeln und Satze,” 
Springer-Verlag, Berlin, Ger., p. 214; 1948. Here we used the limit of 
the first form instead of the result for x=1, because the limiting pro- 
cedure is called for by the corresponding specialization of (22a). 
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In the gas limit, we keep only the term vy =0 (y)=0) 


eof (22a). Thus, 


e-*To 
[t+ (D/)|GTo + A) 
2 sin [b(t — sin $0) | 
RBG — cin onl 


J—-2R 


er i 
~ 7B (sin go — #) — 


4 where the first term equals (28), and the remainder is 
_ the correction stated directly before (28). 


Rare gas: Having obtained (29), it facilitates discus- 
sion to recall the subsequent steps of reference 3 leading 


Be to G. Thus, representing (U) in (29) as the mean of the 


transmitted and reflected forms (U)s and (U)z gives 


(Y)o = vo + (U)o = wo + (U) + (u)o 
= Poll + CoG($o, 40) 


=f Por CoG(r ry $0, Go) ae (uo, (30) 


_ which is of the form of the solution of the problem of an 
_ isolated scatterer excited by two plane waves (po and 


its image Wo). Consequently, from the superposition 
principle, it follows that the multiple scattered ampli- 


_ tude G of (w)o is simply a linear combination of appro- 
_ priate single scattered amplitudes g. Thus, by inspection 


of (30), we have 


G(¢, $0) = g(¢, $0) [1 + CoG($o, $0)] 


+ g(¢, t — $0)CoG(r — Go, bo), (31) 


which, on substituting first 6=¢o and then 6=1—¢y, 


gives two simultaneous equations for the unknown 


_ values of G. Equivalently, on introducing the symmetry 


components 
fx(¢, t — $0) = g(b, T — $0) + B(¢, $0), 
Fs($, t — $0) = G(d, r — $0) + G(G, 0) (32) 
we reduce (31) to the simpler form 


F($,  — $0) = f($, r — $0) [1 + CF(m — $0, $0)]. (33) 


Letting ¢=¢o, solving for F(m —¢o, $0), and substituting 
back into (33) thus gives the explicit result 
S(¢, Use do) 


GES ee EE Ee 34 
1 — Cof(¢o, 7 — po) oF 


F(¢, 7 — $0) = 


[See reference 3 (25) ff]. 
Periodic Case: Similarly, for the periodic case, cor- 
responding to (30), we obtain 


(D)o = vo + [(U)o — (ato)] + (eo 
=y+ SC,|v.G(¢,, o) =f y,'G(r — oy, do) | 
ah (th) os 


where (U))— (u)o= U—wo followed from (21) in terms 
of 3 of (26a). Using the superposition principle, as pre- 
viously, gives 


(35) 
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G(¢, 0) a g(¢, o) 
+SC,|2(¢, $1) G(dy, $0) Se g(¢, Ti $v) G(r — Yr; vo) |, (36) 


or equivalently, 
Fyo <5 Suo + SCy furl v0, Suz ar Co Le bu), etc. (37) 


(See reference 2 and more recent papers* for detailed 
discussions of the periodic case.) 

General Case: For the general case, we use the alterna- 
tive form of (uw), as in (5a) to rewrite (21) in the form 


(W)o— (wo = [2,606 bbe/(u)dn =, (2ta) 
where J is the function of (22)ff and (22a)ff, with 
t—sin 6=2u/kb. With this plane-wave representation 
for (U))—(u)o, we write the average total field at a fixed 
scatterer as a collection of plane waves plus one out- 


- going cylindrical wave: 


(Ho = Yo +t (U)o = Yo + UF (u)o, (38) 


where, as previously, we use the mean of the trans- 
mitted and reflected forms for U. The previous super- 
position procedure thus leads directly to the forms (36) 
for G, and (37) for the symmetry components F, with the 
operator S now equalling 


S= [ dullueid ore, eet (39) 
In the periodic limit, we use J of (25) and obtain S of 
(26) directly. In the rare gas limit, we use J of (28), 2.e., 
276 (mu) /RB. 

The present result for G in terms of S of (39) makes 
clear how all the special results obtained previously for 
arbitrary scatterers? follow from the general “liquid” 
distribution. In addition, we also see that various | 
special procedures developed for separable problems 
may be carried over directly. Thus, the same algebraic 
relations between the multiple scatttered “coefficients” 
(the amplitudes of a Fourier series expansion of G in 
terms of #) and their single scattered values given for 
the periodic distribution of circular® and elliptic’ cylin- 
ders apply for the general distribution, provided that 
the previous functions 3 are now defined in terms of the 
new operator (39). 

Discounting the periodic limit, we use 


J = Ii + SJ2= Ji + 5p), (40) 


as follows from (23)ff for a nonperiodic distribution. 
Substituting (40) into (39) and then carrying out the 6 
function integration in the form (37) gives 


6 V. Twersky, “Notes on Scattering by Gratings,” and “On the 
Scattering of Waves by the Infinite Grating of Circular Cylinders,” 
Svlvania Electronic Defense Lab., Mountain View, Calif., Repts. 
EDL-M105 and EDL-E28, respectively; May, 1957, March, 1958. 
Reference 6 as used in the text applies only to the second of these. 

7 J, E. Burke and V. Twersky, “On scattering of waves by the in- 
finite grating of elliptic cylinders,” presented at URSI meeting, 
Washington, D. C.; May, 1959. 
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Fyo = fuo(l + CoF 00) + SiCofurF v0 (41) 


where the subscript on the operator indicates that J is 
replaced by Ji in (39). Letting u=0 in (41), we “solve” 
for Fo) and then substitute back into (41) to obtain 


Fo = Puyo Se SiC, purl v0, (42) 


Fu0Cofo» 1 


) =————; (43) 
Ve Cofrg BB GOB $e 


where »,,, which is specified solely in terms of the 
known single scattered amplitude, is of the form of the 
“transformed amplitude” introduced for the periodic 
case? to make explicit the “mode coupling” associated 
with the grating anomalies of Wood and Strong.” (There 
we “suppressed” the near grazing mode, where as now 
we removed the zeroth or specular mode from the func- 
tional equation.) 

In particular, the specular value Foo (the only explicit 
value required for the average wave function) equals 


Foo = foo + SiC, poF v0 = Las sacra - (44) 
1 — Cofoo 

As shown previously,?* the symmetry components F 
are also the scattering amplitudes corresponding to a 
distribution of protuberances on a ground plane (which 
serves as a model for a large class of rough surface re- 
flection phenomena), and the f’s are the analogous 
functions for an isolated protuberance. In a subsequent 
section, we use the known® dependence of f on angles 
near grazing, and the form (44), to determine the angu- 
lar dependence of the reflection coefficient near grazing. 


III. THe AVERAGE INTENSITY 


The intensity associated with a single configuration 
is the absolute square of W of (1): 


[wf?}=14+2Rey*U+l|U), U=DYHmu, 


|U?= Yim Deak = DF | ml? + DD wen. (45) 


eft ¢t 


Its average value, 
({¥?) = 14+ 2Rew*(U)+ (| U|?), (46) 


depends on (U) (the function determined in the previous 
section) and on the average scattered intensity 


(a )?) = (| wl) + SY (uae*) 


stl ¢ 


= = f« ty |? ody, 
LS EBy f if (aut) dy,dy., (47) 


where the prime on the double sum means s#t#, and 
where w,w,; is the two particle distribution function. 
Here the term involving the single sum is the “incoher- 


’ 
¢ 


ent scattering,” and the other is essentially the “co- 
herent scattering.” 

We use the approximations? (ustc*)er~ (ue)e(Ue")t, 
which essentially neglects contributions to the excitation 
of ascatterer arising from the fluctuations of the average 
radiation scattered by the others. Then in terms of 
(u), of (5a), the function (| U|?) of (47) reduces to 


(uly= fo MEO ges G6, 


— § COST 


es d(sin r ah: cos (1’-$)G¥(7!, $0) M(r, 1’). (48) 


2 © CORT 


M= Sil eikus(sin 7—sin 7 ws 
—« 


0 0 
a pe! pai f eikue(sin go—sin 7)—tky;(sin go—sin 7’) 
hie) 


WsWetd Yel Yi 


= E + > f dy et u-ve) (sin o—sin wn | 


5 Sif etkya(sin 7—sin wd ys 
= [1+ I(r, o0)]-I(r, 7’), (49) 


where I(r, 7’) is the function of (16) (with sin r—sin 1’ 
corresponding to the previous ¢—sin ¢o), and J is the 
function of (22). 

Thus, in the periodic limit we have, from (16) and 
(25), 


Qm\? 
M= (=) >> (sin ¢, — sin'z) 
kb 
2vr 
- > 6 (sins — sinr’ — =). (50) 


kb 


Substituting (50) into (48) and evaluating the integrals 
gives simply the square of (18) and (19) as required. 

On the other hand, in the rare gas limit, we obtain 
only the .=v=0 terms of (50), 


Qn \? 
se. =) 4(sin go — sin 7)6(sinr — sinr’), (51) 


2 


and (48) reduces to 
G(r, 00)? 
EL Fe Se | (uy |? 


ah 
wkB COS T 


V + | (U)|3, (52) 


where V is the variance of U. Reworking the y, integra- 
tion and | H |? back into V, and using the asymptotic 
form Ho = (2/irkr)/e gives the far-field form 


2 | G(¢., 0) |? y— Ve 
VG ees hit. 
aril |r—y.| : Le 


HT 


(| 7?) 


eras) 


as in (43) of reference 3. 
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(Jub) =f 


.Thus, we have shown that both the average wave 


| function and intensity of the general one-dimensional 


“liquid distribution” specified by w, of (8) and wo, of 
(11) go over completely in the appropriate limits to the 


results obtained previously for the periodic? and rare 
4 gas’ cases. 


More generally, we evaluate the integral over 7’ 


_ directly to obtain a function of the form (U)* treated 
_ in the previous section, 1.e., 


° d(sin 7’) 
fH See SS e tkr cos (rb) G* (7! 0) 
—0o @COS 7’ ‘ 
2 d(sint — sins’ — 2vr/kB) 
> kB [1+ @?k*(sinr — sin 7’)?] 
Qare er cos (ty-8)G* (7, do) 


> RB cos7,[1 + (2vnq/B)*] 


; eet: 2vr ai 
sin 7, = sinr + —- 

a (54) 
Except for the periodic limit (which we henceforth 
neglect) this expression reduces to the single term for 


v=0, and consequently (48) equals 


G(r, 0) 


cos T 


2 


[1 +J(r, $0) ]d(sinr) (55) 


which, of course, reduces to (53) in the gas limit. Writing 
J=Jy+Jo=Ji14+(21/kB) 6 (sin ¢o—sin 7) [as follows 


- from (23)ff for the nonperiodic limit] and transposing 


the 6 function contribution | (U)|?, gives 


v= (Uf) - [wl 


2 ~ Gs, 0) 
ae cies d(si 
wkRB J.) COST page HOLES) 
2 | G(¢, $0) |? 
(See ——— (14+ Ji)dy,, 56 
ars |r — ye| ne ike oH 


where the final representation is the far-field form 
analogous to (53). 


IV. THE AVERAGE ENERGY FLUX 


Proceeding essentially as in reference 3 (44)ff, we 
write the ensemble average of the total time-averaged 
energy flux per unit area divided by the time-averaged 
incident flux density as 


(S) = Re (W*VW/ik) 
= Re [o + yo*(o + V/ik) D> (ue) 
+ DD (utVu,/ik)|, 57) 
where o is a unit vector in the direction of incidence. 
Neglecting the periodic limit (since the previous section 


demonstrates that we would simply obtain the results 
treated in detail in reference 2), we obtain 
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(Ss) = | bo + (Us) |0 + Ls, ! 
(S<) = o+ Re (Wo*(U<))(o + 0’) + (| Ue|*)0 + I, 


(@) 


i = + 10s do + Jj sin do, (58) 


oO 
where, as for (18) and (19), the subscripts > and < in- 
dicated transmitted and reflected, and where the in- 
coherent flux equals 


2 | G(¢s, 0) he 


16 WAG 
ls] TRB |r —y.| 


CRESS J1)sdy., 


s=icos¢,+jsing,, (59) 


1.e., I, the “sum” of the incoherent fluxes of all scatterers 
differs from V of (56) in that its kernel possesses a 
unit vector pointing from the scatterer at y, to the field 
point r. _ 

Proceeding as in reference 3, we rewrite (59) as 


I= [ o, $0) : 


cos ¢; 


dds, 


i; } 
tres | G($s, $0) [21 + Ja), (60) 


where o is the differential scattering cross section per 
unit area of distribution. (We may introduce antenna 
gain patterns, etc., in (60) to obtain practical forms.) 

Since (58) is identical in form with (48), the energy 
theorem derived previously for the rare gas of lossless 
scatterers also applies for the present more general dis- 
tribution. Thus, equating the normal components of 
(Ss) and (S<) gives 


1=T7+R+ P/B cos do, 
T = | vo+ (Us) |? = | 1+ 2CcG(So, do) |?, 


R= | (U<)|? = | 2CiG(m — on, 40) |, 

P Qr 

Zee ii o(, dod; sa 
B 0 


where JT and R are the transmission and reflection co- 
efficients, and P is the total scattering cross section of 
one object in the distribution. Since 1/B is the average 
number of scatterers in unit length, and 1/B cos ¢o is 
the average number of scatterers “illuminated” by unit 
area of incident wave, we may interpret (61) as follows: 
the average power transmitted, reflected, and inco- 
herently scattered by the area of the distribution illumi- 
nated by unit area of incident wave is equal to the in- 
cident power density. The above may be directly ex- 
tended to absorbing scatterers by defining P as the sum 
of the present scattering cross section plus a surface 
integral corresponding to the average absorption cross 
section. 
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Rewriting the theorem of (61) in terms of G gives 


1 om ; 
— Re Go, 60) = 5 if ~ ( GC6, 0) LL + Silda 


Ste Col | G(¢, o) |? as | G(r a $0, o) [2] (62) 


as compared with the analogous theorem for the single 
scattered amplitude 


1 Qar 
= Re glu, 63) = = f a (or any eae tl63) 


For the rare gas limit, J; equals zero and (62) reduces 
to (54); for the periodic limit, we restore the additional 
6 function terms of (50) in (58), set 1+ J; equal to zero, 
and obtain (36)’, 2.e., 


— Re G(¢o, $0) 
= C[| Gl¢., $0) |? + | Gr-4,, 60) [2] (64) 


where the subscript » indicates that sum is only over 


the propagating modes. In (63), the energy “lost” from 
the incident wave through interference with the forward 
scattered wave appears as radiation in all other direc- 
tions; in (64), it appears in the discrete directions cor- 
responding to the usual spectral orders of the grating; 
in the rare gas, it is a superposition of radiation over the 
continuum of directions plus the discrete specular con- 
tributions (7.e., transmitted and reflected); in (62) the 
additional term J; “modulates” the continuum term and 
peaks it at discrete angles to result in a blurred version 
of (64). 

Similarly, we obtain analogous results for the symme- 
try components F, and for the corresponding intensities 
for distributions of protuberances on a ground plane. 
Thus 


1= R+ P/B cos dy, 
R= | 1+ 2CoF ($0, r — $0) |*, 


1 a 2 
ee 7 reo dda F(¢,7 — 2 
B J 26 Bae el | a $s) | ie 


(65) 


1/ 


| F(¢, r — 0) |2(1 + Jide 
/ 


—1/2 
| F(o, 7 — $0) |2 
RB cos do 


1 
— Re Fo(¢o,  — $0) = — 
2a 


(66) 


V. APPLICATIONS 
Single Scattering 


The previous multiple scattering treatment of the 
periodic’ and rare gas cases? indicate that the effects of 
multiple scattering are primarily significant when there 
is a scattered mode near grazing, or the direction of in- 
cidence is near grazing, or the scatterers are relatively 
closely packed; 7.e., when the average separation is of 
the order of their size. Discounting these ranges of the 
parameters temporarily we may then, in general, re- 
place G by its single scattered value g. 
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It was essentially the single scattered form of the in- 
coherent intensity which was considered by Zernike and 
Prins.4 They treated a finite range of distribution (small 
compared to the distance of observation) and obtained 
essentially 


ys (—)= | sb, 0) P+) 


- [Zee ova} 


d = kD(sin ¢o — sin 9), 
¢? = 2(1 +d sin B — cos B), 
B = kb(sin do — sin @). 


(67) 


Here (2/zkr) | g| 2 is the far-field scattered intensity for 
an isolated scaterser, N=L/B is the number of scat- 
terers, and 1+ J, is the “modulation” introduced by the 
distribution. See their paper* for plots of 1+J1 as a 
function of d for several values of D/b and for corre- 
sponding plots of w= > \woe(n) of (11) as a function of 7. 
Their curves for D/b=(B—b)/b=% (where B and 6 are 
the average and minimum spacings respectively) show 
that w is practically constant in the range y>6), and 
the corresponding plot of 1+ J; is a slowly varying 
function of d; on the other hand for D/b=1/10, both 
curves show pronounced (initially almost equally spaced) 
maxima whose heights decrease with increasing argu- 
ment. These two sets, plus their remaining set for 
D/b=4, show clearly the dependence on D/B in the 
transition from the “more random” to the “more 
ordered” ranges. See their paper for details.‘ 

Note, however, that their results near the forward 
direction do not describe the total scattering for a finite 
number of scatterers. The discrepancy arises from the 
fact that (67) which was derived for N= « does not in- 
clude the coherent scattering. To restore the coherent 
effects, we rework the derivation for the case of finite 
N; however, for simplicity, and to avoid redefining w, 
and w,:, we keep the range of the distribution infinite. 
We proceed essentially as in reference 1. 

Using | r—y,| ~r—Yzs sin d, we write the single scat- 
tered field of a cylinder at 0, y, as 


oD 
) “S's i= er o(d, oe us (sin ¢— sin ¢o) (68) 
wkr 


U,( lie 8 Vie 
and the total single scattered intensity as 


(| U; 


— |— | g(b, $0) | M(¢, $0), 


M, poe >> w dys 


t=—n 


M = M,+ Mz, 


—~* 


M,= > 3s yer ff ei Ye-ve)k (sin ¢—sin $0) 1 Wedd Ys. 
t 8 


(69) 


| December 


kh 4" 4 
“ AY Wee 
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[See (49).] With (8), we reduce M; to 


M, = (n+ 1) =N, (70) 


. where WN is the total number of scatterers. To evaluate 
ft M>», we change the variable y, to N=Vs—Yz; Since wy, is 
a function of y,—y,, the y, integral again gives unity and 


we obtain simply 


cof n+t n—t 
es | Seas + > al wosln)dn, (71) 
s=1 


t=—n sb c= 


- where K=k (sin d—sin $o), and wo, is given in (11). 


Evaluating the integral over 7 [as in (22) ], and summing 


_ over s and ¢ gives 


ices 


i 

ih) 
v2) 
oO 

pa 
ae) 
ised 
| 

— |e 
elit 
o/< 
eel 
—S— 


(72) 


where Q/(1—(Q) is the previous result J; of (23) as ob- 
tained for infinite JV. 

If D/b is moderately large and $40, t—¢o (2.e., 
K+#0), then we need retain only the term proportional 
to WV. For this case, M,+ M2 gives simply V(1+/J1) and 


- (69) reduces to Vi of (67) as obtained by Zernike and 


Prins.4 On the other hand, if K—0, then all terms of M2 
must be retained. For this case, 


0 C2 Kb On iKBN(N — 1) 
Se Fa N+ 
ea) KB Ve 2 


and M; reduces to N(N —1); consequently 


M=M,+ M.—-WN’? as K—0, (73) 
as required by elementary physical considerations. 

More generally, the limiting cases for finite NV can be 
obtained only by retaining the “end corrections” in M2. 
Thus, near the rare gas case B/b>>1, we have 


Q —72 sin bK 
Zune RS wee ee E) 
a0 BK 
1 — QN sin? (VBK/2) 
Lig rata ~ N(N — 1) et, 
(1 — 0)? (NBK/2)? 


and consequently 


Wy gale (NBK/2) | 
ua nl ey (NBK/2)? Bee’ 


K = (sin ¢ — sin $0), (74) 


where the second term is essentially the usual Fraun- 
hofer result for an aperture of width NB. The second 
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term is the significant one at the specular angles 
K=0(¢=¢0, t—@0); the second and third are significant 
near these angles, and only the first is required for large 
values of K. Since the second term drops off much more 
rapidly than the third as K increases, the third is sig- 
nificant over a larger range of ¢—d@o. Thus, for|¢—@o| 
>)/NB (the first zero of the second term), the first and 
third yield a series of maxima whose magnitudes hinge 
on 26/B. The pronounced specular lobes will be flanked 
by two fairly distinct sidelobes. 

On the other hand, if D/b-0, then Q—ei@+)K = eiBk 


) 1eiBK /2 


> 
iO Dance 


0" 


———_—_— — > eiBK(N—-1)/2 


Lieit 


sin (K BN /2) 
sin (KB/2) 


Consequently 


sin? (VBK/2) 


j (75) 
sin? (BK/2) 

where is the usual Fraunhofer result for a finite grating 

of spacing B. 


Scatterers in the Far-Field of Each Other 


The first paper of reference 1 treated a “liquid dis- 
tribution” of circular cylinders by means of separation 
of variables. We obtained closed forms for the monopole 
and dipole multiple scattered coefficients in terms of 
their single scattered coefficients, as well as a heuristic 
closed form for the complete multiple scattering ampli- 
tude in terms of its single scattered value. We consider 
first the scattering amplitude, and reserve discussion of 
the coefficients for a following section. 

By treating each scatterer as if it were in the far field 
of all neighbors (or equivalently, by using the asymp- 
totic form of (2) for R| r—r,| >1) we found! 


Tv Tv 
g($, go) + e(«, =) G (= a) igs 
T Tv 
x c(s : 5 )a(- oe ou) 


a ro) etki le sin $0) 
Peg ie 
Fr in J 9 a/kn 


[see reference 1 (28) and (33) ], where w(n) = > Woe of 
(11) or (12). Substituting first ¢=7/2 and then 
$= —1/2 gives two simultaneous equations which may 
be solved directly for the two special values of G on the 
right. [See reference 1 (30). ] 

The corresponding symmetry components, as defined 
in (32), were found to equal 


G(¢, $0) 


w(n)dn (76) 


I 
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F,(¢, a 0) 


= fx($, 7 — $0) +>|1(6 =\r,(F 0) 3 
Us des ee 


= 5(6,60) + (6, x — 0) +2| 8 (+, “\e(% 


tals -3)¢ wee 


F_(¢, Near 0) ies f-(¢, Talo 0) ; 
= g(¢, $0) — g(¢, t — $0). (77) 

To this approximation, the antisymmetric amplitude 

(or, equivalently, the amplitude for protuberances on 


a ground plane excited by horizontal polarization) 
shows no effects of multiple scattering; 7.e., because 


69 
[ilo -)-eloe-[E--DL-9 


The functions #4 were expressed in terms of the 
Fresnel integrals. Thus [as in reference 1(33)ff and (42)] 
we found 
se UNE) — oO (Ls 
>> (NL,) — 5( Z 

[1 + (D/b)eb"|/ikbL, 


(L,)+ = Rb(1 F sin oo) — iby, 


ies = 
(78) 


where §& is the Fresnel integral, such that 


F(n) > Vi/2[1 — e/i/an] for 4 >1, 


an 
F(q) > -V2n/r for 
For JV infinite, the case of present interest, we obtain 


vk i= 2/4 5(L,) ; 
aes x [1 + (D/b)e>”]/2kbL, 


The present expression for G, in terms of (79), may also 
be obtained by an asymptotic development (using the 
method of stationary phase) of the complete G of Sec- 
tion II in terms of J of (22a). In particular, for large 


values of L, we use the asymptotic form of ¥ in (79) and 
obtain. 


n— 0. 


(79) 


eily 
By 1+ (D/b)er] 


which is proportional to J of He with the previous ¢ 
replaced by 1. 


For the rare gas, 3C reduces to the term for y=0: 


3 = 4/ 2 {1 —5(zb[1 F sin $o]) 2/3} 
a 
“3 1 + sin do kB 


5, = 
+ ey (79a) 


- (80) 
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Plots of the real and imaginary parts of this edvcaon for 


kb =10, and a fairly detailed discussion, are given in refer- 


ence 1. In general for large kb [which is required for the 


heuristic form G of (76) to hold], we may neglect 5C_ and 


approximate 3C+ by 


2 ; 
= 2C>. 


ky 2 Sa (81) 
kB cos $o 
The resultant form of (76) is then 
via Tv 
G(¢, go) a g(¢, go) + g (0, =) G (+, =) Sy 
( zs (= 0) ae 

g ? =) g 2 , + 

= g(¢, do) + ————————___:_ (82) 


T Tv 
1—g a es 


[See reference 1 (39).] The multiple scattering “correc- 
tion” is significant only near grazing incidence (¢o—7/2), 
for which case 


G($, $0) > a ; 


T TT 
1g oe 2Co 


this last result is also the limit obtained by the more 
general, and more rigorous Green’s function treatment 
of the gas given in reference 3. 

Another case of interest corresponds to the grating 
anomalies of Wood and Strong (which may also occur 
for the near periodic limit). Thus if 


(83) 


L, = kb(1 — sin $0) — ibyn — kb(1 — sin do) — 2nr > 0, 


we need retain only the term v= of 5C, of (79); ignoring 
the term in § which remains finite in the limit, we ob- 
tain 


2 
[1 + (D/b)e, |\/2kbL, 
2 


HH ————— 
( 2nm\27 12 
kB\1— (sing +) | 
° "RB 

essentially as in reference 1 (43). Using this result in 
(82), or in the analogous form of Fy, of (77), gives the 
“resonance form” discussed previously in detail.2:° Thus 
since C, is imaginary if an evanescent mode is near 


grazing (sin do+2nr/kB=1+| E|—1), the first order 
terms of G may vanish for one value of ¢, 7.e., when 


Im {s(@, go) — 2C, | se, b0)8 (+ a 


“oD a)-« 


JC. = 


= 2C,, (84) 
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_ and G may show a marked maximum for another value 
i of @, 2.e., when 


Tenant, 
DR avid 


‘ Behavior of Reflection Coefficients Near Grazing Incidence 
ea In reference 3 we showed that the reflection coeffi- 
_ cients for rough surfaces consisting of a “gas distribu- 
_ tion” of protuberances on a ground plane approached 
| unity linearly as a function of the “grazing angle.” We 
- now apply (44) to show that the same results also hold 
a for the general liquid distribution. 
_ The function of primary interest is the “reflection 
s amplitude” of (U)=[1+2CoF00|Wo as involved in R of 
3 (65), or as is customary, the corresponding function for 
_ (U) divided by the incident field. Since the incident 
fields giving rise to (U;) and (U_) are, respectively, 
+YWo = er cos (¢—+40) and —Wy, we work with 
ps = + [1 + 2CrF (bo, + — ¢o)]. (85) 
_ Expanding Foo of (44) by a Neumann iteration proce- 
_ dure in terms of £,, gives 


4 CoF oo = Copoo + CoSiCsporpoo + CoSiCypouSiCrpurpvo + + - - 
E 

e (G, f Ci wiv 

‘ | ees Cofoo (1 — Cofoo)? 

: where the notation is to indicate the order of the de- 


pendence on the remaining terms containing functions 
Ee of po. 

- Weare concerned only with the range near grazing in- 
; cidence, 7.e., 


1 1 
= ————_ > — — ~, (87) 
kBcos¢ kBe 


: T ry 
af @¢=——er>—C 


Z 2 


In this range, we showed previously [see reference 3 


(11) ff] that 


= 4) 9000, 


ozs nw (KE 
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+) > 02); 88 
, + 2) ole) (88) 


cy 
i 
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F_+ Fy 2a1 cos do cos p 
ci 2 = 1— a1(Ho +- He) 


ado + 2a; sin do sin d + aa4[5C2 + 275C(sin do + sin ¢) — 5Cy(1 + 2 sin do sin ¢)| 
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CofooO(e), and Coforfro—0(e). Consequently 

T Tv 
CoF oo = O(c), pp> —14+ 0(6); do = ot tt ee (89) 


On the other hand, for vertical polarization, we have 


Cofoo 1 
Cofoo > 0, —————— = — ——_ = _ 44 ¢(): 
of 00 (oan ; i + O(e); 
Cofoo 
2 eee) 
i eS PS ee AG 
(1 — Cofoo)? Cofoo? 


Consequently 


Cling =?! 12 Ole), spp tee dey Ole 


Tv a: 
lami cell or geome (90) 
2 

Thus, both reflection coefficients R= | | * approach 
unity linearly as a function of the vanishing “horizon 
angle” e, and both fields have undergone a phase change 
of 7 on reflection. [See reference 1 (44) ff and (96)ff and 
reference 3 (35) for further discussion. ] 


Circular Cylinders 


As mentioned after (39), the forms (36) and (37) for 
the amplitudes in terms of the operator of (39), enable 
us to exploit the special procedures developed for the 
separable problems of circular and elliptic cylinders.®.” 
In particular for circular cylinders, we use the Fourier 
series representations of the amplitudes 


g(, $0.) = Dy aneino-oo), (91) 
G(¢, do) = DL Aner, (92) 


in (36), and obtain the infinite set of algebraic equations 


An = ane indo =I D> ys ea 
ey = Sloe tien], 


which relate the “multiple scattered coefficients” A, to 
their known® single scattered values ay. 

The value of G obtained by retaining only the terms 
n=0, +1 in (93) (z.e., all monopole and dipole contri- 
butions) was given originally in reference 1, (Al) of 
Rept. EM58. 


(93) 


(94) 


1 — aio — a1(5Co — He) + aoai (251? + Ho? — FCoFC2) 


f, is non-vanishing. These general consequences of the 
symmetry of the problem hold for arbitrary scatterers. 
Using (88) in (86), we find for horizontal polarization, 


which is identical in form with (95) of Rept. E28 in ref- 
erence 6. Similarly, the various series expansions and 
more general closed forms of E28 apply equally for the 
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present more general distribution provided that the 
operator in JC is taken to be (39). 

Comparison of (93) with analogous result obtained 
previously by separation of variables? leads to the 
identity. 


5Cn—m = Dap Hy—m(kn) Wos(n) [ein sin $o(_—_4)n—m 
s=1 


+ eitv sin Goldy (95) 


where H, =J,+iN, is the Hankel function of the first 
kind. More specifically, for even and odd order, we 
obtain 


Son = 22 SG, COS 2nd, 


2 >> SHon(kn)wos(n) cos (Rn sin bo)dn 


s=1 


(96) 


2 f Han(En)¢0(x) cos (kn sin 0)dn, 


KHon+ oe 


= Zi C, sin (2n + 1), 


l| 


— 21>) i; Hon+1(kyn)wos(n) sin (Rn sin o) dn 


I 
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The previous general considerations in regard to the 
behavior at grazing incidence, near-periodic resonances, 
etc., also apply to the present case. The primary range 
of interest for multiple scattering remaining to be con- 
sidered is that of relatively close packed scatterers. For 
simplicity, we restrict consideration to the low- 
frequency range (RB<1) and obtain closed forms for the 
“packing effects” for vertical polarization and perfect 
conductors. 

Instead of obtaining the required limiting forms 
through a detailed treatment of the functions 5C, we use 
the elementary procedure suggested in the analogous 
treatment of the periodic limit. Thus for kB—0. we 
approximate the Hankel functions by 


i(m — 1)!2 
Hon(%) > tN on(”%) — — —————_ , (98) 
TX” 
so that for normal incidence (96) reduces to 
i2(2n — 1)!2™ —p® w(by) 
on > — ———_____ of —— dn, 99 
2 a(kb)2” 1 nn 0 ( ) 


where w is as in (12) with 7 replaced by 67. 
In the near periodic limit (6B), we use w as in (12b) 
and obtain 


§W. V. Ignatowsky, Arch. Math. Physik, vol. 23, Pe LOS ONS) 
Also, V. Twersky, “Elementary Function Representations of 
Schlémilch Series,” Sylvania Electronic Defense Lab., Mountain 
View, Calif., Rept. EDL-E24; date, 1958. See equation (64) ff for 
extensions. 
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2 a(kB)?” =a gin 
Q) 2n B,2* LS 
ates (=) (100) 
kB ln : 
where the B,’s are the Bernoullian numbers such that 
B,=+, B2=z, etc. This result is identical in form with 
that obtained previously** for the periodic’case (B =)). 
On the other hand, near the gas limit, we use : 
ee b b eb 
of AA Meese bis eee SR: 
i nn B(2n — 1) veo (6+ De) yy 
b 
=——_ = W, {rh See 
Bn =D) | 
Thus, | 
12(2n — 1)!2?” b 
Be tes een | a w| 
a(kb)” B(2n — 1) 
= Hon,(kb aaa]: 102) 
at Mees — 1) ( 


In the following, we drop W for simplicity. 

For perfect conductors and vertical polarization (7.e., 
0,¥ =0 at the surface), the single scattering coefficients 
for radius (a) small compared to wavelength, may be 


approximated by 
inn (=)" 
= (ni)2?\27 ? 


im(ka)? 
Pag ) Qn 
4 
Using (106) and (102) in (93) (or in the more explicit 
forms of reference 6), we obtain the multiple scattered 
coefficients to lowest order in k=27/\-30: 


a= n=0. (103) 


in(ka)? 
Ay == — » (104) 
+ 
im (ka)? 
Ay = ayX — 4 AG (105) 


where X depends only on a, 6, and B (the radius, mini- 
mum separation, and average separation). 

If we take into account only “dipole-dipole” interac- 
tions, then 


1 
X= eRe : (106) 
In the near periodic limit, this reduces to 
Xi SENET Bx 6, (107) 
holes a) 
and for the gas, 
be 1 sy; | 
: (ay = ~ at , B>b. (108) 
B\b Bb 


, 1959 


7 If we let b =2a in (108), so that the minimum separation 


a “ . ‘ ; : 
_ or “exclusion region” (i.e., the smallest region contain- 


_ ing only one scatterer) equals the diameter of a cylinder, 
_ then X, reduces to 
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so that the reflected intensity is greater for the gas than 
for the near periodic array when a/B<1. 

If we include dipole-dipole, dipole-octupole, and 
dipole-dipole-octupole interactions, then 


1 it = a,0C 
Xe - (109) = Case) ane age 
a a (1 Se @15C2) (1 ac a35C6) —- A1035C4” 
B For the periodic case, this gives 
4 1 3 a 6 
ae 
XG — 
a a) 4 /a3/a2\8 79 (w\4/ a\8 (114) 
A rey ley ere ea ey, 
Thus, the near periodic and gas results are identical, if and for the gas, 
| a/B=3/n?, and X,>X, in the range (a/B)msax=4>a/B AB e 
- >3/m?. However, we require a/B<1 for the gas result = =(<) 
_ to be valid, and in this range of a/B<3/z?, we have BNE 
j = 5 (115) 
 Xg> Xp. 2bfa\? 4b/a\> 20/b\2/a\8 
In either case, X has the form (1—v)-, and the cor- as ) oe ( ) ai ( ) ( ) 
| B\b B\b 3\B/\o 
_ responding scattering amplitude can be written 
‘ If 6=2a, the gas result reduces to 
' tak? 2a? 
G(¢, 0) = — E a cos 6| 1 fa 
4 dod i: = (=) 
tak? 5 = shots 
Sa [én — (E+ n)ncos¢], (110) ee On/ @ eo ON! 
4 ep ee =) te = (=) (116) 
8 \B 92\ B 


a which is of the form of the single scattered amplitude of 
an ellipse with axis 


je ie /— 
a a; 
1—v 


, 
1+9 
where £ is perpendicular to the distribution. The cor- 
_ responding reflection amplitude has the form 


: (111) 


hae 


2 
a —— (5 ,9=- 
: up ow”) 


a’ 
(OK) 6 (112 
reek My 2 (112) 


thus, the a/B term in the denominator has been in- 
creased [relative to (109) ] by the octupole contribution. 

The above comparison between the two limiting 
forms of the general distribution indicates that the ef- 
fects of “packing” are relatively different for the periodic 
and gas cases for a/B1—even in the low frequency 
limit for which it has been customary to interchange the 
results. However, the present treatment is merely il- 
lustrative; for detailed considerations one should use 
more than the leading term of (101). 
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Summary—A new formulation of scattering and propagation 
problems has been developed using Green’s functions with essen- 
tially correct local behavior. This formulation, which is exact, yields 
the familiar WKB result as its zeroth approximation. Higher order 
corrections depend on the spatial variation of the local index of re- 
fraction. The convergence is rapid if these variations are gradual. By 
way of illustration, the method has been applied to the propagation of 
electromagnetic waves in an isotropic stratified medium and to the 
scattering of waves by an inhomogeneity. In the former case, the 
problem of total reflection, as by the ionosphere, has been studied 
and corrections to the usual WKB phase shift have been obtained. 
These corrections arise as a consequence of deviations of the effec- 
tive dielectric constant from linearity in the neighborhood of the turn- 
ing point, and also because of the slow approach of the height-gain 
function to its asymptotic value far from the turning point. In the 
latter example, approximate expressions are obtained for both the 
scattering amplitude and the close-in electric field which are valid 
when the index of refraction of the scattering center is close to unity. 
Polarization effects are examined explicitly. 


J. DESCRIPTION OF THE METHOD 
eee, involving the propagation of electro- 


magnetic waves in inhomogeneous media, or the 

scattering of electromagnetic waves by an in- 
homogeneity, are so difficult that exact solutions are 
unknown except in the simplest and most highly ideal- 
ized cases. Even in such cases, the solutions are usually 
too complicated to be generally useful; for example, the 
exact expressions for the scattering of light by a dielec- 
tric sphere are tractable only for spheres not too large 
compared to a wavelength. The entire history of these 
problems, from Huygens, Fresnel and Kirchhoff to the 
present, is accordingly dominated by attempts to de- 
velop suitable approximation methods. In the following 
we present still one more such attempt. 

In a certain sense our procedure is a generalization 
of the method of Fermat, by which we mean of the 
geometrical optical approximation or, in wave theory, 
of the WKB approximation. The essential idea is the 
following: the wave equation is rewritten as an integral 
equation by introducing a Green’s function which has 
essentially correct local behavior, that is, which de- 
scribes propagation along a geometrical optical path 
with correct local wave number.! This integral equation, 
which is exact, yields the WKB result as its zeroth ap- 
proximation. Higher order corrections depend on the 
variation of the local wave number along the ray and on 
the curvature of the ray. This procedure, while physi- 
cally appealing, is very complicated mathematically. 


* This work was sponsored in part by Republic Aviation C 
Farmingdale, L. I., N: Wee and the U.S. National Science Fonaditien 

+ Dept. of Physics, University of California, Los Angeles, Calif 

1D. S. Saxon, Phys. Rev., vol. 107, p. 871; 1957. 
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However, choice of a less complex Green's function is 
always possible. In particular, if a simple straight line 
approximation to the geometrical optical rays is intro- 
duced, one obtains a correspondingly simpler, but still 
exact, integral equation which has proved useful in the 
formulation of quantum mechanical scattering prob- 
lems.?/3 

The actual construction of such integral equations is 
carried out by first writing down a Green’s function 
with the desired character and then finding the differ- 
ential equation it satisfies, a straightforward matter. 
To the extent that the Green’s function is well chosen, 


EE ———— 


its differential equation differs little from that satisfied — 
by the actual fields. In any case, the integral equation © 


follows directly upon application of Green’s theorem. 


Of course, in the electromagnetic applications we have © 
in mind, there are often additional complications asso- | 


ciated with the vector nature of the field, but as it turns 
out these can be handled in a straightforward way. It 
should be mentioned that whenever a physical problem 
reduces to the solution of an ordinary differential equa- 
tion with a turning point, our method reduces to that 
of Langer.* 

Admittedly, these descriptive remarks are somewhat 
sketchy. We have chosen to fill out the picture by de- 
scribing the application of the method to two illustrative 
examples; namely, to the problem of total reflection 
in an isotropic stratified medium, and to the scattering 
of waves by an isolated inhomogeneity. 


II. ToTaAL REFLECTION IN AN ISOTROPHIC 
STRATIFIED MEprum® 


We consider first the total reflection of electromag- 
netic waves in an isotropic stratified medium. By an iso- 
tropic stratified medium we mean one characterized by 
constitutive parameters depending only on a single 
rectangular coordinate, the z-coordinate, for example. 
As is well-known,® the solution of the vector problem 
can be expressed in terms of a pair of scalar functions, 
one for the case in which the electric field is polarized 
perpendicular to the z-axis, the other where it is the 


oer S. Saxon and L. I. Schiff, Nuovo Cim., vol. 6, p. 614; 
3W. M. Brown, Ph.D. dissertation, Dept. of Physics, Univ. of 
California (to be published). i sige bre ah 
*R. E. Langer, Trans. Amer. Math. Soc., vol. 37, p. 397, 1935; 
vol. 67, p. 461, 1949. 
Bi 5 4 EP iipeaes sae Refer of Electromagnetic Waves in a 
ratified Isotropic Medium,” System Corp. of America, Tech. Rept. 
3-15-59; unpublished. F Baar sa - 
°H. Bremmer, “Encyclopedia of Physics,” Springer-Verlag, 
Berlin, Ger., vol. 16; 1958. This is an excellent summary which gives 
references to earlier work. 
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_ magnetic field which is so polarized. In each case this 
: scalar function, which is proportional to the height-gain 
_ function and which we denote by (sz), satisfies a differ- 
_ ential equation of the form 


2 


i + K(z)p = 0, (1) 
dz? 


_ where x(z) is the local wave number for propagation in 
_ the z direction. It depends on the effective index of re- 
_ fraction and on the obliquity of the rays. For the case 
_of E-polarization, at frequency w, for example, 

4 K°(2) = wpoe(z) — 7”, 

_ where é(z) is the effective inductive capacity, and y the 
_ transverse wave number. 

_ We restrict our attention to the case in which k*(z) is 
real, attains the asymptotic value k? as z recedes to 
' minus infinity and becomes negative when z exceeds 
if 0, which we shall call the turning point. Further, in the 
; immediate neighborhood of the turning point, we shall 
_ assume that x?(z) is linear in z, that is, that 


(2) ~ (20-2); 3 Bo. (2) 


~ Under these conditions a wave incident from z= — & is 
~ totally reflected since real propagation is impossible past 
; the turning point. The behavior of a geometrical optical 
_ ray is roughly indicated in Fig. 1 for a given initial di- 
- rection (y, and therefore zo, depend on this direction). 


Fig. 1—Geometrical optical path for a totally reflected ray. 


To apply our method, we must now construct an ap- 

_ propriate Green’s function, that is, one which has correct 

local behavior. In particular, in this example, we mean 

correct behavior both at the turning point and asymp- 

_ totically. We assert that the following is such a Green's 
- function:* 


egw GU, s) = 4 Cules)Cul¢0) (3) 


where zs means z or 2’, whichever is greater, while ze 
means the smaller of the two and where 


Gx(2) = e213 Z 1/2112 77, (Z), 
Cola) = eril9Z 1% -12{ F(Z) + 2e*!*Hy(Z)}, (4) 


with 


Z(2) = if “k(@)da. (5) 


0 
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Recalling that «?(z) is linear near the turning point, as 
indicated by (2), the phase of Z is chosen such that 


Z = |2| em /2, 
ies | Z| Cae; 


z => 20, 
2 < Zo. (6) 


- That the Green’s function of (3) has the desired be- 
havior can be seen by examining the characteristics of 
the functions C; and C2. First we look at their behavior 
in the neighborhood of the turning point. Here it fol- 
lows that 


pis, (Zo os z) 3/2 ~w Ke 


and hence, C; and C2 are exact solutions of the strictly 
linear turning point problem. Next we look at their 
asymptotic behavior. For z>— ©, using (6), and the 
known continuation properties of the Bessel functions, 
we obtain 


Cx(s) = 24/— cos (|2| — 7/4), 


pax 
Cale) & = 2 4/— sin (| Z| — 1/4), (7) 


while for z>~, 


Ci(z) & re E 


ct) = 24/ 


and hence, Ci and C, are also seen to yield the correct 
asymptotic solutions. 

The differential equation satisfied by the Green’s 
function of (3) is readily shown to be 


elZ1, 
| «| 


elZ1, (8) 


ae 4+ (x? — N)G = — dz — 3), (9) 
dz? 


where 


9 


d(z) = g—1/6,1/2 ' (ZUlbe ot) (10) 


g 

Consequently, applying Green’s theorem to G and the 
height-gain function y, we obtain after some manipula- 
tion, 


Pes Cie + [ reweres, ede Sea 


which is the fundamental equation of our treatment. 

In words, we have exhibited the height-gain function 
as the familiar WKB solution,® C;(z), plus a correction 
integral, the magnitude of which depends on the extent 
to which (z) departs from zero. It follows from the 
definitions that over any region (which may include 
the turning point) for which x?(z) is strictly linear, » 
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is identically zero, while for z-»— ©, \ vanishes as 1/2?.” 
Thus the correction to the WKB result is seen to con- 
tain two contributions: 


1) The contribution arising from deviations from 
linearity near the turning point; 

2) The contribution arising from the gradual ap- 
proach of the solution to its asymptotic form far 
from the turning point. 


In the usual treatment it is assumed that x? remains 
linear out to large enough distances from the turning 
point that the asymptotic solutions become valid. If so, 
d is small everywhere and the correction is presumably 
negligible. The present exact formulation thus furnishes 
a precise basis for these assumptions. More generally, 
with the aid of iterative, or other appropriate tech- 
niques, it makes it possible to calculate corrections to 
the WKB result. 

We now look at the asymptotic form in order to make 
explicit the effect of such corrections. From (3) and 
(11), we have for z>— ~~, 


1 lee} 
Vee) = Cxle) + Co) f EWOCAas 
where, introducing the asymptotic forms of C; and C2, 
it follows that y can be written in the form, 


We) ~2 gdesees gre Ore 2s 


TK cos 6 


(12) 
where 


1 co 
= tant iP Nea) Cr(2)de. (13) 
Physically, the phase shift 6 is seen to represent a change 
in the apparent location of the reflecting layer. 

The result of (13) is exact, of course, but it involves 
the unknown function y. However, if \ is not too large, 
we expect that an iterative solution of the fundamental 
integral equation will converge rapidly. Under this con- 
dition, the phase shift is then given to first order by 

Tv 
§~ tan) i M2)Cr2(2)de. (14) 
If «(z) is linear over a sufficiently extended region, as 


assumed in the usual WKB method, this result can be 
simplified to5 . 


20 ON 
6 = tan! if — dz. 
ns A 


As might be expected, the latter can also be derived 
more directly by a suitable transformation of the differ- 
ential equation satisfied by y. 


(15) 


7 Since the integrand is exponentially small for large positi 
the behavior of \ there isa matter of indifference, oer 
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We have thus obtained explicit expressions for the | 
correction to the WKB result. We shall not elaborate on — 
the application of this formulation here. We only re- | 


mark that its utility in correcting the WKB approxi- 
mation has been discussed in Saxon,’ where a detailed 
treatment of this problem is given by consideration of 
some special examples, simple enough that exact solu- 
tions can be obtained. 


III. SCATTERING BY AN ISOLATED INHOMOGENEITY® 


As our second example, we consider the scattering of 


electromagnetic waves by an isolated inhomogeneity in | 


empty space. For simplicity we take w to equal one 


everywhere (Gaussian units), so that the inhomogeneity — 


extends over the finite domain in which e differs from — 


unity. Assuming harmonic time dependence and elimi- | 


nating H from Maxwell’s equations, we obtain as the 
equation to be solved, 


(V+ R)E=—(e-1)#PE+V(v-E), (16) 


where k is the free-space wave number. As in reference 
(1), we introduce a scalar Green’s function 
etS(r,r’) 
COR heir UE eal 9) WOME et (17) 
Ar | r—r | 
where the phase factor S will later be chosen to give 
some approximation to the local propagation charac- 
teristics. For now we assume only that S(r, r) =0, or 
more precisely, that 


We further assume that as r=nr—, with r’ finite, the 
propagation proceeds along n with the free space propa- 


gation constant, 7.e., that 
r=nr—-o, 


VS = kn + O(1/r). (18) 


It is easily verified that F satisfies the differential 
equation 


VF + (vS)°F = o(r — r’) + iroty-(~), (19) 
p 


where 
= | r — r’|; 


(20) 


Applying Green’s theorem to F and each component 
of E, it can be shown that E satisfies the exact integral 
equation 


E + Eet#no:r+id0 (r) 


+ | (v's? — ee") - ed E(y')F(e, 2')d*r/ 


p? 


, 


4 {p [1 — Ce") JE(e!)-w'W'F(e, ra, (21) 


7 


a 


Ae 
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_ where we have introduced the local wave number 
_k(r) =k+/e, and where 


do(7) = — kno-r + lim [S(r, — nor’) — kr'|o (22) 


Thus 69 represents the change in phase of a ray incident 
from infinity along mp and arriving at r compared to its 


_ value for free-space propagation. 


Were the last integral of (21) not present, the com- 


_ ponents of E would be uncoupled and each would satisfy 
_ the scalar integral equation treated in the literature.!2 
_ The last term, the mixing integral, is the entire source of 
_ the difference between vector and scalar problems. In 


- the first place, it supplies precisely the terms required to 


annihilate the longitudinal components of the scattered 


radiation field and in the second, it gives rise to polariza- 
tion effects. 
We now remark on the choice of S. The simplest 


- choice is | r—r' | corresponding to free-space propaga- 


tion with corrections arising as a consequence of the 


_ deviation of e from unity. Only if these deviations are 


3 small, and do not extend over too large a region, will 


these corrections be small. In this way one is led to the 


_ Kirchhoff-Born approximation. A much better choice is 
_ (VS)?=x?(r), corresponding to propagation with the 
_ correct local wave number along the geometrical optical 
_ ray paths, that is, to the WKB approximation, with 


corrections arising from changes in wave number along 


_the ray and from the curvature of the ray. These cor- 
rections will be small if e does not change too abruptly. 


This description is mathematically very complicated, 
however, and for simplicity we actually choose straight 
line ray paths with WKB phase instead of optical ray 
paths. That is, we write 


S(r, 7) = [x@as = fiw + es)ds, (23) 


where e is a unit vector along the straight line from r’ 
to r. With this choice 


. = icc — mos) — k]ds. 


The integral (21) is, of course, still exact. 


If e does not deviate too much from unity, we expect 
that an iteration treatment based on the integral equa- 
tion will be rapidly convergent and that the first term 
will yield a good approximation to the scattering ampli- 
tude. To this order, the subsequent analysis (which is 
complicated) is almost exactly that of reference 2, the 


“mixing integral contributes nothing but the terms re- 


quired for transversality. Thus, for example, for large 
angle scattering (kR0@’>>1), the amplitude A for waves 
scattered in the direction n is given by* 
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=o Me nll (x? — R2)eila-r+00+8 1G 8y (24) 


where q=k(no—n) and where 6,, the phase shift from 
a point r along the straight line path to infinity in the 
direction of observation n, is given by 


b= [ete + ns) — k]ds. 


Techniques for approximately evaluating integrals, 
such as that of (24), have been developed by Brown.?® 

Note that there are no polarization corrections to this 
order. To estimate them consistently, an improved wave 
function must be used inside the scatterer, the term of 
interest being generated by the mixing integral. After 
an integration by parts this becomes 


if Fy'v'-[(1 — )E(r’) dr’, 


from which estimates of each component of the second- 
ary field can be obtained. If € is slowly varying, it is 
easy to see that the dominant contribution is polarized 
in the direction of incidence. 

As a specific example, the polarization corrections 
have been roughly estimated by Brown? for scattering 
from a dielectric sphere of radius R. In particular, for 
scattering in the direction of polarization of the incident 
wave (where the first order result vanishes identically), 
this scattered field, polarized in the direction of inci- 
dence, is given by 


— 1)?R (TikR(e — 1 
pees ff (<- ea 
8 /2 
eikR (8-6) IV 24+ g—ikRV 2} Bin G2), 
Note that this secondary scattered field is of the order 
(e—1)2, while the primary scattered field of (24) is of the 
order (e—1). It is also of interest to remark that the 
first term of (25) is a volume term, while the second and 
third terms are surface terms. 


IV. CONCLUDING REMARKS 


In the above we have described an attempt to de- 
velop a new formulation of electromagnetic propagation 
and scattering problems. The method has been illus- 
trated by considering its application to the problems of 
total reflection in an isotropic stratified medium and of 
scattering by an isolated inhomogeneity. Application of 
the method to the study of propagation in a noniso- 
tropic stratified medium for both the transmission and 
total reflection cases is now under consideration. In 
addition, the possibility of reformulating the scattering 
problem so that the polarization effects become explicit 
is also being investigated. 
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Summary—tThe problem of the interaction of electromagnetic 
radiation with nonuniform surfaces (terrain, roadways, etc.) is of 
interest for predicting the apparent temperature of radiometers or 
radio telescopes. In this paper, the interaction is described by the 
differential scattering coefficients of the surface, in terms of which one 
may express such parameters of the surface as the radar cross sec- 
tion, the absorption coefficient, the albedo, etc. By making use of the 
reciprocity properties of the differential scattering coefficients, 
Kirchhoff’s radiation law is derived in its most general form, which 
takes account of both the angular dependence and the polarization 
properties of the emitted radiation. Thus, the emissivity of the sur- 
face can also be expressed in terms of the scattering coefficients. 
General formulas for apparent surface temperature are obtained and 
are used to calculate the apparent temperature of an asphalt roadway 
and a vegetation-covered surface. The predicted temperatures are 
found to be in reasonably good agreement with measurements of 
Britt, Tolbert and Straiton! at 4.3 mm wavelength. 


INTRODUCTION—THE DIFFERENTIAL SCATTERING 
COEFFICIENTS 


N RECENT years the problem of predicting the 
if apparent temperature of terrain surfaces at micro- 

wave frequencies has become of interest in calcu- 
lating the performance of radiometers and radio tele- 
scopes. It is the purpose of the paper to show how the 
scattering properties of the surface determine its ap- 
parent temperature. The actual calculation of these 
scattering properties for the general nonuniform surface 
is an extremely difficult one and is not considered here. 
References to the subject may be found in two recent 
papers by Twersky.?? 

The interaction of electromagnetic waves with natural 
surfaces may most conveniently be described in terms of 
the differential scattering coefficients, for which several 
slightly different definitions exist. Here a generalization 
of one used in terrain return work is adopted.* Consider 
an infinite surface forming, on the average, a plane, al- 
though over small regions it may have any complexity 
of structure (see Fig. 1). If radiation of intensity JI, 
(watts per meter?) falls at an angle of incidence 0, and 
azimuth ¢, on a given element of surface area S, and the 
intensity of the scattered radiation in the direction 6,4, 
at a distance R from S is J,, then the differential scatter- 


* The research reported in this paper was sponsored in part by a 
contract between The Ohio State University Res. Found. and 
Wright Air Dev. Cen., under Contract AF 33 (616)-6158. 

} Antenna Lab., Dept. of Electrical Engrg., The Ohio State 
University, Columbus, Ohio. 

IVA. W. Straiton, C. W. Tolbert, and C. O. Britt, “Apparent tem- 
perature distributions of some terrestrial materials and the sun at 
4.3 mm wavelength,” J. Appl. Phys., vol. 29, pp. 776-782; May, 1958. 

2V. Twersky, “On scattering and reflection of electromagnetic 
waves by rough surfaces,” IRE TRANS. ON ANTENNAS AND PROPA- 
GATION, vol. AP-5, pp. 81-90; January, 1957. 

$V. Twerksy, “On scattering and reflection of sound by rough 
surfaces,” J. Acoust. Soc. Am., vol. 29, pp. 209-225; February, 1957. 

4R. C. Taylor, “Terrain return measurements at X, K, and Te 
band,” 1959 IRE NationaL ConvENTION REcoRD, pt. 1, pp. 19-26. 


Fig. 1—Geometry of the scattering problem. 


ing coefficient (0.0; 96s) is defined by 
(Oob03 Babe) = (4a RI.) /(LoS cos 6,). (1) 


For a general surface, the scattered radiation J, and 
thus y itself consists of two parts, a “specular” or co- 
herent part, and a “diffuse” or incoherent part.?* The 
specular part gives a y which has the character of a 
6 function. (E.g., for a perfectly flat surface y(8.60; Obs) 
= Arr| R,| 2 csc 0.70(0; —Osp)5(b: —sp) Where O5p, bsp repre- 
sent the specular direction and | Ril? is the reflection 
coefficient.) For the diffuse part, J, is proportional to S 
and inversely proportional to R? at large distances so 
that y is independent of Rand S. It is clear that S must 
be much larger than any significant structural feature 
of the surface if y is also to be independent of the par- 
ticular area at which the illumination is directed. 

For electromagnetic radiation, the polarization of 
both incident and scattered radiation must be specified. 
Although any two orthogonal polarization states are 
suitable, the customary vertical (v) and horizontal (/) 
polarization states are used here. Thus, in what is to 
follow, the scattering coefficient will be written in the 
form ¥;:,(0, s); here the first subscript indicates the 
polarization state of the incident radiation and the sec- 
ond subscript indicates which polarization state of the 
scattered radiation is being considered; the first letter or 
pair of angles in the brackets indicates the direction 
from which the radiation is incident and the second 
letter or pair of angles indicates the direction into which 
the radiation is scattered; the letter (0) is an abbrevia- 
tion for the angles 0,¢, and the letter (s) an abbrevia- 
tion for the angles 0,¢,. It is a consequence of the reci- 
procity theorem that the scattering coefficients satisfy 
the four relations, 


COS Oovij(0, 5) = COS Osy;s(s, 0). 14,7 either v or A. 


(2) 


_>D.E. Kerr, ed., “Propagation of Short Radio Waves,” McGraw- 
Hill Book Co., Inc., New York, N. Y., pp. 396-397; 1951. 
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To conclude this section two parameters common in 
radiometry will be defined in terms of’ the y's. The al- 
a bedo of a surface usually refers to the fraction of inci- 
_ dent radiation of random polarization rescattered by 
_ the surface for a band of frequencies in the optical 
_ tegion. Here the albedo A is defined as the fraction of 
_ the power incident on the surface from the direction 
80 (at a specific polarization and frequency) that is 
_ rescattered. With this definition the albedo is 


a A(, Po) = fi 


_ Here, and elsewhere unless otherwise specified, integra- 
. tion is over the upper hemisphere. Thus, from (1), 
_ taking account of the polarization properties of the sur- 
- face, the albedo A;(6.¢,) for incident radiation of 
specific polarization is 


=) 


I,R°dQ, 
STI cos 05 


NNER 


ve 


; 

4 Ai(6ob0) = (4) f [vie(o, s) + yas(o, s)]dQs, (3) 

J t=horyv 
j=vorhk. 


- 
c 
~ 


‘ 


Another surface parameter of interest is the absorp- 
tion coefficient (a), defined here as the fraction of power 
(of a given polarization and frequency) incident on the 
surface from the direction 6,6, that is absorbed by the 

surface. Clearly, for the types of surfaces considered 
here, which are assumed to be thick enough so that no 
energy is transmitted through the body they define, the 
absorption coefficient is just unity minus the albedo, 


a;(O oho) ay 1 = A i(Oobo) (4) 


ee Re eT ET 
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KIRCHHOFF’S LAW 


_ In addition to the parameters discussed in the Intro- 
- duction, a complete description of the interaction of 
: electromagnetic waves with nonuniform surfaces re- 
- quires a specification of their emissivities so that the 
radiometric properties (apparent surface temperatures) 
E, may be calculated. There do exist certain special sur- 
faces for which the emissivity may be calculated directly 
(for example,’ a perfectly flat surface of arbitrary di- 
electric constant). However, for nonuniform surfaces in 
general, it appears necessary to invoke Kirchhoff’s radia- 
* tion law in order to calculate the emissivity from the 
scattering coefficients y. An understanding of this rela- 
tion between the scattering coefficients and the apparent 
temperature of natural surfaces is particularly impor- 
tant at microwave frequencies. Here the scattering co- 
efficients can be measured rather easily, whereas it may 
be difficult, if not impossible, to separate the several 
contributions to the apparent temperature by measure- 
ment of thermal radiation alone. 


6 Max Planck, “Theory of Heat Radiation,” Blakiston, Phila- 
- delphia, Pa.; 1914. (Transl. M. Masius.) 
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Unfortunately, the usual statement of Kirchhoft’s Law 
is not adequate for the purpose. To remedy this situa- 
tion, von Fragstein’ has recently given a critical dis- 
cussion of the form which the law must take for both 
smooth and diffuse surfaces, and the relation between 
it and the reciprocity properties of the scattering co- 
efficients. However, his discussion was for the optical 
case and ignored the polarization properties of the sur- 
face. It will thus be necessary to extend his results to 
take account of these polarization effects in order to 
provide a statement of Kirchhoff’s Law in its most gen- 
eral form. 

Before carrying out the derivation, it will be conven- 
ient to define the parameters that will be used to char- 
acterize the ability of a surface to emit thermal radia- 
tion. 

These are, in the terminology of the review article by 
Rutgers,® the emission coefficients e,(.¢.), where 


Power emitted with horizontal polari- 
zation by unit area of surface into ele- 
ment of solid angle dQ, in the direc- 
tion 0... 

Power emitted with horizontal polari- 
zation by unit area of black body at 
same temperature into same element 
of solid angle in same direction. 


Ch (Oop) i (5) 


An analogous definition holds for e,(6.¢.), for vertically 
polarized radiation. For a black body, 


€n(Ooho) = €o(O00) = 1. 


It is to be understood that throughout this report the 
thermal radiation referred to occupies a narrow band of 
frequencies Af. 

To obtain the desired relation between the emission 
coefficient and the absorption coefficient, defined earlier 
in (4), consider a surface (see Fig. 2) in temperature 
equilibrium with black body radiation in the half-space 
above it. Under this equilibrium condition, it will be 
assumed that just as much energy of a given polariza- 
tion leaves the surface in a given direction as falls upon 
it from the same direction with the same polarization. 


Surface Emission And 
Reflected Black 
.Body Radiation 


Incoming Black 
Body Radiation 


dP.+ dP, 


a> 


Incoming 
B-B Radiation 


Fig. 2—Geometry for derivation of Kirchhoff’s law. 


7C. von Fragstein, “Uber die Formuliering des Kirchhoffschen 
Gesetzen, und ihre Bedeutung fur eine Zweckmassige Definition von 
Remissionzahlen,” Optik, vol. 12, pp. 60-70; 1955. ise 

8 G. A. W. Rutgers, “Temperature radiation of solids,” in “Hand- 
buch der Physik,” Springer-Verlag, Berlin, Ger., vol. XXVI, p. 129; 


1958. 
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To state this assumption quantitatively, let 2, be the 
power density per unit solid angle (watts-meter~?- 
steradian-!) of the black body radiation in a specific 
polarization state. (Thus, the total power density per 
unit solid angle of the black body radiation is 27,.) Then 
Zp is a function of frequency and the equilibrium tem- 
perature but not of the direction or polarization of the 
radiation. It refers to the energy in the frequency in- 
terval Af. The power dP; incident with horizontal polari- 
zation on an element of surface of area S from a range 
of solid angle dQ, in direction 0.¢, is 


The power leaving the surface is the sum of two parts, 
the thermal emission from the surface, and the external 
black body radiation reflected by the surface. The 
power dP, emitted by the same element of surface into 
the same range of solid angle with horizontal polariza- 
tion is, from the definition of emission coefficient, 


dP. = €n(90b0) tod QoS COS Oo. 


The power reflected by the surface into dQ, in the 
direction 6.6. with horizontal polarization, caused by 
black body radiation coming from the range of solid 
angle dQ, in the direction 6,¢, is, from (1), 


Q, 


d?P, = igd QS cos O[Yor(s, 0) + Yon(s, 0) | : 
T 


Thus the power dP, reflected into dQ, with horizontal 
polarization is 


194.295 
dP, = 


f [yaa(s, 0) + Yun(s, 0) | cos 6,dQ,. 


Assuming that the incident power of given polariza- 
tion is balanced by the sum of the emitted and reflected 
power of the same polarization, 


dP; = dP, + dP,. 
Consequently, 


1 
Loar eee 
en( 6) += f 


cos 0, 
EES [ynn(s, 0.) + Yen(s, 0) |dQ,. 


By the reciprocity relations of (2) this becomes 
1 
1 = €n(90¢0) + alt [yaa(o, 5) yiw(0; s)|dQ,. 
Tv 


The third term in this equation is just the albedo de- 
fined by (3), which is related to the absorption coef- 
ficient by (4). Thus, substituting, one finds 

€n(Oobo) = An(Dobo). (6a) 
A similar relation, 


Cy (CE) ey Iy(Oofo), 


is easily derived for vertical polarization. 


(6b) 
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Eqs. (6a) and (6b) constitute the desired generaliza- 


tion of Kirchhoff’s law, taking account of both the polari- 
zation properties of the surface and the angular de-— 


pendence of the coefficients. Furthermore through (3) 
and (4), the emission coefficients can be found from the 
scattering coefficients 7 of the surface. 

The correct standard form of Kirchhoff’s law, which 
usually refers to the somewhat imprecise notion of the 
“absorptivity” or “absorbing power” of the surface for 
radiation entering from the entire upper hemisphere, 


December 


f 
¥ 
. 


ee Se ee 


may be obtained by multiplying both sides of (6a) or — 


(6b) by cos 0, integrating over the hemisphere and — 


averaging over the two polarizations. 


APPARENT SURFACE TEMPERATURES 


In practice, real terrain surfaces are not in equilib- — 


rium with black-body radiation in the half-space above 
them. Thus the total radiation emanating from the sur- 


: 


face will be different from that emitted by a black body ~ 


at the same temperature. That is, the surface will have 


an “apparent temperature” different from its actual — 


temperature. The concept of the apparent temperature 

of a surface may be defined in the following manner. 
Within an enclosure whose walls are maintained at a 

fixed temperature 7, the black-body radiation is char- 


acterized by the quantity 7z,(7, \), the power density — 


per unit solid angle of radiation of a specific polarization, 
with frequencies in the interval Af. For sufficiently high 
temperatures and long wavelengths, 7,(T, d) is given by 
the Rayleigh-Jeans approximation,?® 


Me ce in 


2 


watts-meter *-steradian“}, 


where k is Boltzmann’s constant. For arbitrary tempera- 
ture and wavelength, the Planck distribution law must 
be used. 

Because of the unique relation between 7, and the 
temperature T of the enclosure, the radiation itself is 
also said to have temperature T. Consider now any ar- 
bitrary thermal radiation traveling in a specified direc- 
tion with specified polarization with frequencies in the 
small interval Af. Then the apparent temperature of 
this arbitrary thermal radiation is defined as the tem- 
perature of the black-body radiation which has the same 
power density per unit solid angle. To extend the con- 
cept to a surface, it is only necessary to postulate that 
the apparent temperature of a surface when viewed 
from some specified direction (with a detector of speci- 
fied polarization) is equal to the apparent temperature 
of the radiation emanating from the surface in the pre- 
scribed direction with the prescribed polarization. 

There are three principal contributions to the appar- 
ent temperature of natural terrain surfaces (see Fig. 3). 


* J. L. Pawsey and R. N. Bracewell, “Radio Astronomy,” Oxford 
University Press, Oxford Eng., pp. 13-15; 1955. 


1959 


Direction From Which Point Soure 
e 
Surface S Is Viewed Z Le, 
BENG 
SS | is 
4 / 
= ie Diffuse External 
¥ Bb Radiation With 
zw Characteristic 
Temperature 
ae ~ Th(@; $5) And 


TVG, $s) 


From Surface Tgh or Tgy 


Fig. 3—Contributions to the apparent temperature of a surface. 


__. The first is the thermal radiation emitted by the sur- 
_ face. It is customary to assume that as long as the sur- 
_ face has a well-defined temperature (T,), its emission 
_ coefficient is independent of conditions external to the 
~ surface. 
: The second contribution to the apparent temperature 
_ is caused by the reflection of the diffuse thermal radia- 
_ tion (7; or T,) impinging on the surface from the upper 
_ hemisphere. This diffuse radiation is, in practice, caused 
_ primarily by radiation from the earth’s atmosphere at 
- microwave wavelengths shorter than 10 cm, and by ex- 
_ traterrestrial (or cosmic) radio noise at wavelengths 
longer than 100 cm." 
_ The third contribution to the apparent surface tem- 
_ perature is caused by radiation from point, or quasi- 
point sources scattered by the surface. The most promi- 
nent of these is the sun. 
The power flow from these three principal contribu- 

_ tions adds directly to give the total power emanating 
- from the surface. Thus, for conditions under which the 

Rayleigh-Jeans approximation may be used, the appar- 
- ent temperature of the surface may also be expressed as 
bs a sum of contributing temperatures, vz: 


hep PRS = Len + Ion 
deg 1 et Lew 1 os (7) 


I 


“J 
- where 


Tan(Oobo), Tav(8..) are the total apparent tempera- 
tures of a surface for radiation of horizontal or 
vertical polarization, respectively, when the surface 
is viewed from the direction 6.4. (see Fig. 3). 

Ton, Tg» are the contributions to the apparent tem- 
perature caused solely by the thermal radiation 
emitted by the surface. 

T,x, Ts» are the contributions to the apparent tem- 
perature caused by the scattering of the diffuse ex- 
ternal radiation. 


10 P, D. Strum, “Considerations in high sensitivity microwave 
_ radiometry,” Proc. IRE, vol. 46, pp. 43-53; January, 1958. 
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Tyr, Tp» are the contributions to the apparent tem- 
perature caused by the bistatic scattering of radia- 
tion from point or quasi-point sources. 


The first contribution, that caused by thermal emis- 
sion from the ground, is easily calculated from the defi- 
nition (5) of the emission coefficient. Clearly, 


ii oh Joo) = €n(Oobo) T, 
L gv (DoPo) T € (Bobo) oe (8) 


where 7; is the actual temperature of the ground. 

The second contribution, caused by the external dif- 
fuse radiation may be calculated as follows. Let the ap- 
parent temperature of this radiation arriving from the 
direction 0.6. be T,(6.¢:), T»(0.¢.) for the horizontally 
and vertically polarized components, respectively. Then 
from the definition of the scattering coefficients, and 
from the fact that the apparent temperature of radia- 
tion is assumed to be proportional to its intensity, it is 
found that 


1 
Tsn(0b0) aa ell [Tn (Osbe) Vna(s, 0) ae T (Oss) Yon(S, 0) | 


cos 6, 


io ee 


cos 6, 


From the reciprocity relations, (2), this becomes 


T sn (O0bo) 
aes al [Tr(s)van(o, 8) + To(s)viw(o, s)|dQ,. (10a) 


Similarly, 


Ts(8oho) 


il 
es [To(s)-Yeo(0, s) + Ta(s)or(o, s)]d2,. (10b) 


The third contribution, that caused by point sources, 
may most easily be calculated by the artifice of replacing 
the point source by an equivalent source subtending a 
small solid angle 2,, and having an apparent tempera- 
ture T,. Then the contribution to the apparent tempera- 
ture of the surface caused by this quasi-point source is, 


Tri = (Tp Mp) (4n)—[yis(o, 8) + vas(o, s)]. (14) 


For true point sources, only the product TQ, is known.?® 

It may be of interest to estimate the contribution 
of the sun to the apparent surface temperature at micro- 
wave frequencies. At K, band, the apparent tempera- 
ture of the sun is about 104°K and a typical value of y 
is 0.1. Thus 7., caused by the sun is about 0.01°K. It 
seems likely that, unless great accuracy is required, the 
effects of the sun on apparent temperature may be ig- 
nored for diffuse surfaces. 
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Two qualifications to the above must be mentioned 
explicitly. First, all the matter in and below the surface 
must be at a uniform temperature. Secondly, the ap- 
parent temperatures calculated above apply only near 
enough to the surface so that there is no appreciable at- 
tenuation between surface and observer at the frequency 
of interest. If this condition is not fulfilled, the attenua- 
tion and thermal radiation caused by the intervening 
atmosphere must also be taken into account. 


APPLICATION TO THE APPARENT TEMPERATURES 
oF SOME NATURAL SURFACES 


In the previous sections, general formulas for appar- 
ent surface temperature were derived. They will now be 
applied to two surfaces for which some measurements 
are available,1 and which represent fairly well the two 
extremes of surface condition met in practice, vzz., the 
practically smooth surface, and the very rough surface. 

The first surface of interest is an asphalt roadway. 
Theoretical considerations! confirmed by scattering 
measurements!” show that the scattering from such a 
slightly rough surface is predominantly specular, with a 
reflection coefficient not much different from that for a 
flat surface having the same dielectric constant. The dif- 
fuse part of the scattering pattern, though of vital im- 
portance for predicting radar return, contains only a 
few per cent as much power as does the specular part. 
Thus for an approximate calculation of apparent tem- 
perature, the diffuse scattering may be neglected and 
the surface treated as perfectly flat. The emission and 
reflection coefficients of such a surface have long been 
known.® However, from the more general point of view 
taken here, one has merely to insert the 6-function repre- 
sentation of the specular scattering into (7) to obtain the 
apparent temperatures, 


Tan(Oobo) = [1 — | Ra) |*]7, 
+ | Rio) |27n(80, bo + 1) 
Tav(80b0) = [1 — | Ro(O0) |] 7, 
+ | R.(6c) |2Tr(Bo bo + 7). (12) 


Here Rk, and R, are the Fresnel reflection coefficients.5 
It may be mentioned that for the general surface, (12) 
also gives the correct form for the contribution to ap- 
parent temperature caused by the specular part of the 
scattering if the | Ril? are replaced by the appropriate 
specular reflection coefficients. 

In order to use (12), it is necessary to estimate the 
apparent “sky” temperatures 7;(0) and 7,(0). At 4.3 
mm wavelength, these are caused primarily by radiation 
from the earth’s atmosphere. A convenient formula, 
based on a simple model which represents the atmos- 


1 W. H. Peake, “Theory of radar return from terrain,” 1959 IRE 
ee RECORD, pt. 1, pp. 27-41. 

. P. Bachynski, “Microwave propagation over rough - 

faces,” RCA Rev., vol. 20, pp. 308-335; ae 1959, epee 
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phere as a uniform horizontal layer is 
T1,(90) es T (80) = T.(1 — 8ecbo) | 


where r¢ is the fraction of power of the given wavelength 


transmitted through the atmosphere at normal. inci-— 


dence and T, is the temperature of the model atmos- 
phere. Taking y=0.63, a value appropriate to the dry 
air of Texas, the predictions of (13) are in fair agree- 
ment with the sky temperatures measured by Straiton. 
With this expression for sky temperature, and assuming 
that the surface has a dielectric constant of 4.0, the pre- 


dictions of (12) are shown in Fig. 4. The measurements — 


of Straiton, Britt and Tolbert! on an asphalt surface are 
included for comparison. It will be seen that, apart from 
a systematic error of about 10°K, both the polarization 


(13) 


dependence and the angular dependence of the measured | 


temperatures are fairly well represented by the model. 


310 


O ,X = Measured 
(Ref. 1) 


Ow 
(e) 
(e) 


ine) 
oO 
oO 


APPARENT TEMPERATURE (°K) 
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20 40 60 
ANGLE OF INCIDENCE 


Fig. 4—Measured and calculated apparent 
temperature of an asphalt surface. 


80 


A second surface measured by Straiton et al., for 
which the differential scattering coefficients may be 
estimated, was one composed of grass and weeds. For 
such a surface (at 4.3 mm wavelength) the scattering 
is predominantly diffuse with no specular reflection ex- 
cept at grazing incidence. Thus, for an approximate cal- 
culation of the apparent temperature of such a surface, 
one may consider only the diffuse scattering. Radar 
return measurements by Taylor’ show that the back- 
scattering y(0, 0) tends to be independent of incidence 
angle, and measurements reported by Campbell!® in- 
dicate that the cross-polarized return is somewhat 
smaller than, but similar in character to, the direct re- 


adhe: eigigane eee pe characteristics of land and 
sea at X-band,” Proc. Natl. Conf. on Airborne Electronics, D 
Ohio, p. 107; May, 1958. i ETRE reas 
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4 

_ turn. A simple heuristic choice for 7 (0, s) consistent 
_ with both these measurements and the reciprocity 


principle is 


“Yeol0, 8) + Yan(0, 5) = (008 8, + 008 8,)/(2 c05 %), (14) 


_ where y, is a consvant. A similar expression should hold 

for horizontal polarization. This special choice for 
_ ¥(0, s), together with the sky temperature given by (13) 
_ may be substituted into (7) to obtain the apparent 
_ temperature. The results are shown in Fig. 5, in which 
_ AT, the difference between the actual and apparent 
_ temperature of the surface, is given as a function of in- 
_ cidence angle, together with the measured values.! The 
_ lower curve refers to dry grass and the upper one to 
_ damp grass; Taylor’s measurements of back-scattering 
_ from dry and damp grass (at 8.6 mm) indicate that ap- 
" propriate values of the constant y, are 0.1 and 0.2 re- 
_ spectively. Again, there is reasonably good agreement 
- between measured and calculated values except near 
grazing incidence. 


50 


XXXXX Measured (Ref.1) Grass And Weeds, Vertical Pol. 
OOOO Measured (Ref.!) Damp Grass And Weeds 


Calculated Assuming Yq 70.1, r 70,63 


Grazing Angle In Degrees 


4 Fig. 5—Measured and calculated values of the difference between 
~~ actual surface temperature and apparent temperature of a surface 
of grass and weeds. 
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Both of the above examples suffer from the fact that 
the complete scattering pattern of the surfaces (includ- 
ing both the specular and the diffuse part) were not 
known. Nevertheless they may be useful in illustrating 
the effects of different kinds of terrain on antenna tem- 
perature. However, an accurate calculation of antenna 
temperature must depend on much more detailed 
knowledge of surface scattering properties than is now 
available. This is particularly important in the case of 
tropospheric scatter antennas, where, because the main 
beam lies along the horizon, the details of the transition 
to specular reflection at grazing angles may have a sig- 
nificant effect on antenna temperature. A more com- 
plete discussion of the scattering properties of terrain is 
given in another report.4 


CONCLUSION 


It has been shown that the “bistatic” or “differential” 
scattering coefficients x2, etc., may be used to deter- 
mine a number of properties of the interaction of electro- 
magnetic radiation with natural surfaces, in particular 
the albedo and the absorption coefficient. By making 
use of the reciprocity relations satisfied by the scattering 
coefficients, it is then possible to derive Kirchhoff’s radi- 
ation law in a form which accounts for the angular de- 
pendence and polarization dependence of the emission 
and absorption coefficients and predicts them in terms 
of the y’s. Thus it has been shown that once the ’s are 
known, both the scattering and the radiometric proper- 
ties of the surface may be found in terms of them. The 
results have been used to predict the apparent tempera- 
tures of an asphalt- and a grass-covered surface, and are 
in fair agreement with the measured apparent tem- 
peratures. 


uW. H. Peake, “Interaction of Electromagnetic Waves with 
Some Natural Surfaces,” Ph.D. dissertation, The Ohio State Uni- 
versity, Columbus; 1959. 
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Electromagnetic Scattering by High-Density Meteor Trails* 
H. BRYSKt 


Summary—The discussion first concerns itself with establishing 
limits on the validity of the low-density approximation. These de- 
pend not only on the electron line density (as has sometimes been 
loosely stated) but also on the wavelength of observation and on the 
altitude of the trail. Next, a model is developed for scattering by a 
supercritical density distribution of electrons, based on the idea that 
the process can still be viewed as a superposition of individual 
Compton effects, but with the wave incident on the electron attenu- 
ated because of refraction (in analogy to the skin effect). Results of 
this model are compared with those obtained by the usual approach 
of replacing the electron distribution by a metallic scatterer whose 
surface is the critical density contour. Some calculations with non- 
Gaussian electron distributions help to clarify the physical interpreta- 
tion. 


I. PHASE ERROR IN INDIVIDUAL SCATTERER MODEL 


CATTERING by a meteor trail of low electron 
S density is usually treated by considering each 
electron to be subject to the incident field and to 
scatter independently (according to the Thomson cross 
_ section), the contributions from the electrons being 
added up coherently. 

For a moderately higher density (still below the crit- 
ical density everywhere), with an electron collision fre- 
quency well below the frequency of the radiation, the 
model is disturbed by the deviation from unity of the 
index of refraction of the inner region (which alters the 
phase relations between electrons). As an indication of 
when this effect can become significant, the phase error 
made in neglecting the variation of the index of refrac- 
tion is computed for a ray coming in from infinity to the 
axis of a cylindrical Gaussian distribution. When this 
phase error is small, the individual scatterer model is 
good; as it becomes large, the model breaks down. 

The index of refraction 1 is given by 


n* = 1 — (4rNro/k?), (1) 


where 


N=electron density, 
ro = e”/mc? = classical electron radius, 
k=27/wavelength. 


The electron distribution in a meteor trail is approxi- 
mated locally by a cylindrical Gaussian; 


N(r) = (a/ma?) exp (—1?/a?), (2) 


* The research reported in this paper has been sponsored by th 
Electronics Research Directorate, AF Cambridge Rasen) Cone 
Hos and Dev. Command, USAF, under Contract AF 19(604)- 

+ Physics Dept., Adelphi College, Garden City, N. Y. F I 
at Radiation Laboratory, University of Michigan, Ann Arbon Muck: 

1H. Brysk, “Electromagnetic scattering by low density meteor 
trails,” J. Geophys. Res., vol. 63, pp. 693-716; December, 1958. 
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The phase error ¢ is then ; 
$= # csc of (1 — n)dr, (3) 
0 


where @ is the angle between the trail axis and the ray 
(under the stipulated conditions, the bending of the ray ~ 
can be neglected). From (1) and (2) 


n*(r) = 1 — (4aro/k?a”) exp (—1r?/a”) (4) 
and the minimum value of 7 is that at r=0; ) 
n?(0) = 1 — (4aro/k?a?). (5) 9 


The expression in (3) can be reasonably well bounded 
by noting that 


ett see 8 Meme Daa pa 2 (6) 
Since 

122 n(0), (7) 

22 1-2 1 a): (8) 
and 


[1 + n(0)|— 2% csc ofa — n*)dr 


>o¢>2 csc f (1 — n*)dr. (9) 
0 


The integral is simple, 


fa — n*)dr 


= (dara/i#a") f dr exp (—r?/a?) = 271!aro/k2a, (10) 
0 


so that 
2m arg CSC 6/ka{ 1 + [1 — (4euro/k2a?) |1/2} 
= >= wary csc O/ka. (11) 


It is convenient to refer to the characteristic dimen- 
sionless constants 


B = 2aro)1/? (12) 
K = ka. (13) 
In terms of these, the last equation reads 
2~'rl!2(B?/K) csc {1 + [1 — (B/K)?]12}—1 
= 6 > 4-171/2(B2/K) csc 0. (14) 


For BKK, the phase error ¢ is exactly determined. At 
worst, for B=K (critical density reached on axis), there 
is a factor of 2 uncertainty. 


© 1959. 


The definition of what constitutes a small phase error 


_ is somewhat arbitrary. The simplest reasonable choice 
_ from (14) is 


(BY/K) <1; (15) 


(for 6=0, this leads to 6 <25° from the right-hand esti- 


mate). At the same time, if the trail is to be of subcritical 
density everywhere 


BS kK. (16) 


Hence, the rough criterion of applicability of the under- 
_ dense model is that 


Beck: 
B< K, 


Bey 
Bee aL 


(17) 
(18) 


_ Fig. 1 exhibits the limiting value of the electron line 
_ density as a function of the wavelength, using for a the 


initial width computed by Opik? with densities at four 
altitudes obtained from Watanabe, for a meteor veloc- 
ity of 40 km/second. This set of curves is to be con- 


_ trasted with the frequently made unqualified statement! 


_ that the transition from the underdense to the over- 


se aia 


dense case occurs at a= 10" electrons/cm. 


II. ATTENUATION FACTOR DUE TO PHASE VARIA- 
TION ON CRITICAL DENSITY CONTOUR 


Consider a plane perpendicular to the trail axis. If 
there is a critical density region, the intersection of this 
plane with the critical density contour will be a circle. 
The phase variation of rays reaching this circle will next 


be investigated. For simplicity, the rays will be assumed 


parallel. (This is fully justified, comparing the radius of 
the critical density region R with the source size and 
range, although it would be incorrect over the length of 
the trail.) 

The phase of a ray coming in from infinity and reach- 
ing the critical density contour is, in general, 


o = kcsc af n(8)dz, (19) 
R cos 8 


where B is the azimuthal angle. 
For a ray whose extension would hit the axis of the 


trail, 


do = kcscd He nod 2. (20) 
R 


The phase difference between the rays is 
R co 
5 bo= bese oy nds — f_ [no — nash (21) 
R cos 8 R 


i i ight i ” Inter- 
E. J. Gpik, “Physics of Meteor Flight in the Atmosphere, 
science Peplshees Inc., New York, N. Y.; 1958. : 

3K. Watanabe, “Ultraviolet absorption processes 1n the upper 


” Ad in Geophys., vol. 5, pp. 153-221; 1958. 
Beet ea. Wonnine end v. PR Eshleman, “Meteors in the Iono- 


sphere,” Proc. IRE, vol. 47, pp. 186-199; February, 1959. 
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Fig. 1—Maximum electron line density for which independent 
scatterer model assumptions are valid. 


The index of refraction is given by 
1 — (B/K)* exp |[—1r?/a?| 
1 — (B/K)* exp [—(z? + R? sin? B)/a?]. 
Since the index of refraction is zero at the critical den- 


sity contour, (B/K)? and Rare related, so that (22) can 
be rewritten more concisely as 


n? = 1 — exp [(R? cos? 8 — z*)/a?]. 


n? 


(22) 


(23) 

To evaluate the integrals approximately, an inequal- 
ity like (7) is again resorted to, after expressing 
1-1 -n9/A+2) 
(no? — n?)/(oo + 1), 


denominators by estimated mean 


(24) 
(25) 


n= 


no — 

by replacing the 
values. Thus, 

@ — bo = k esc 6{ R(1 — cos B) — (1+ 2) 

-exp (R? cos® B/a*)2-'r1!"a[&(R/a) — ®(R cos 8/a)| 

+ (mo + n)— [exp (R?/a”) — exp (R? cos? B/a*)|2-'/?a 

-[1 — &(R/a)]}. (26) 

In the asymptotic limit for R cos B>a, the last two 


terms in (26) are small to order (a/R)? compared with 
the first, so that (26) can be reduced approximately to 


& — oo = kR csc O(1 — cos B). (27) 


As (a/R) increases, a less tidy situation ensues. For a 
reasonable indication of the effect of phase variation 
(accepting a possible error in phase of as much as a 
factor of 2), (27) will be used. 
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Within the critical density contour the wave suffers 
no further phase change. Hence, if the electron distribu- 
tion has cylindrical symmetry, contributions for all 
values of B are equiprobable. Due to these phase differ- 
ences, there is an attenuation factor fp, at a given point 
along the axis, given for a two-way traversal by 


f= Om) ff "4p exp [—2ikR csc 6 cos 6] 


= J,(2kR csc 6). (28) 


For large argument, the asymptotic expression yields 

fp = (akR csc 6)-1/? cos [2kR csc 0 — (a/4)]. (29) 
Averaging out the oscillatory factor (7.e., averaging over 
time during the expansion of the trail, or simply recog- 


nizing that the critical density contour is less than per- 
fectly sharp), (29) reduces to 


fp (2ek ih esco) 


i 


(30) 


III. ATTENUATION IN SUPERCRITICAL REGION 


Scattering by an overdense region is usually handled 
by replacing the region by a perfect conductor whose 
surface is defined by the critical density contour. Aside 
from problems of computation of the scattering by the 
conductor, there are intrinsic objections to this model. 
An ionized region can maintain a transverse current, 
while a conductor cannot. Within a metal, the real and 
imaginary parts of the index of refraction are equal in 
magnitude, whereas within the overdense ionized re- 
gion the real part is zero (so that phase properties are 
entirely different). Furthermore, the critical density 
contour is not a perfect reflector. There is penetration 
into the overdense region with an attenuation factor, 
analogous to the skin effect for a metal. The electron 
density usually increases toward the center of the over- 
dense region, so that there are the counteracting trends 
of the skin effect tending to reduce the scattering from 
deep inside per electron while the density distribution 
indicates an increase in the number of scattering centers. 

The approach attempted here is a mongrel model. 
The scattering is considered to consist of three distinct 
regimes: the incoming wave, the Compton process it- 
self, and the outgoing wave. The Compton process is 
treated as an individual particle effect, just as for the 
underdense case. The waves, on the other hand, are 
handled from a ray-tracing viewpoint. The amplitude of 
the wave being scattered by the electron is taken to be 
the incident amplitude reduced by the skin-effect at- 
tenuation, the latter being computed along the shortest 
optical path from the critical density contour to the 
electron. The amplitude of the scattered wave is re- 
duced by the same factor in coming out of the over- 
dense region. It should be noted that the skin effect rep- 
resents a reduction of amplitude due to refraction away 
from a region rather than absorption in the region. The 
discussion assumes that the frequency of the electro- 
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“magnetic radiation is sufficiently higher than the elec- 


tron collision frequency that absorption can be neglected. 


The results will be expressed as the ratio of the scat- 
tering amplitude obtained from the overdense region to 
that which would be obtained from the same number of 


electrons treated as individual scatterers without phase — 


differences; i.e., in effect, the reduction in effectiveness 


of scattering fee to the denseness. =~ 
In particular, for a cylindrically avraterticss distribu- 
tion of electrons the attenuation factor f’ will be given by 


| J * drN (0) 
mn {—28 “atrhar'|} dp if " drN() (31) 


where #% denotes the absolute value of 1. 
For the Gaussian distribution, with the further nota- 


tion 


the 


= r/o, xX =-/R/a, (32) 


the exponent in (31) becomes 


2k ih See tie 2s. f “(B/K)t exp (—P) — 1]1/2a¢ 


= 2B flexp (—@) — exp (—X®)]/2dt. (33) 


The denominator is simply 


R 
f rdrN 
0 


x 
= (a/7) i xdx exp (—x?) = (a/2r)[1 — exp (— X?)]. (34) 
Thus, the attenuation factor is 


b 
f’ = 2[1 — exp (—x9} f xdx exp (—<x?) 


“exp {-28 flex (—??) — exp (—x)}"ah (30) 


The indicated integrations cannot be done analytically. 
Two special cases will be studied below. 


A. Very High Density 


If the electron line density parameter B is much larger 
than the critical-density-region size parameter K, 
(35) simplifies a bit on going to the limit X—> ©. (This 
limit can be used provided X is greater than about 3.) 
The integral in the exponent becomes 


[ lexp (—2) = exp (—x9)]at 


x 


a f ” exp (—/2/2)dt = (ar/2)"2 erfe (1/212) (36) 


December 


1959 


so that (35) reduces to 


= / 2 xdx exp (—«*) exp [—(2r)"2B erfc (%/2/2)]. (37) 


In this last form, f’ depends only on B; i.e., only on a. 


_ Thus for a sufficiently dense region, the attenuation de- 


pends only on the line density of electrons, and not on 


; _ the wavelength of the radiation or the width of the dis- 


tribution. These quantities do enter (in the combination 
ka) in the determination of what constitutes a “suf- 


; _ ficiently dense” region. Fig. 2 exhibits f’, from (37) ,.as-a 


function of a; on a log-log plot, the curve is very nearly 
a straight line. 
The scattering amplitude of the meteor trail is pro- 


_ portional to af’ and hence to Bf’. In Fig. 3, B2f’ has 
__ been plotted against B. The curve is fitted by 


Bf’ = 0.91 In B (38) 


apart from the small-B end [where (37) is not a good ap- 
proximation anyhow |. 

For an intuitive grasp of the characteristics of the 
scattering, it is instructive to compare (38) with the 
scattering amplitude obtained for two simpler electron 
distributions—a uniform cylinder and two coaxial uni- 
form cylinders—with the same line density and in the 
high density limit. 

For the uniform cylinder, NV is a constant, hence % 
is also a constant, and (31) reduces to 


{iv [rr sn| aie fo} /w fore 


(2/R*){exp [—2k#R]} [ow exp [2kar] 


0 


f 


= (kaR)-{1 — (2k#R)[1 — exp (—2kaR)]}. (39) 


For a large electron density, the second term in (1) 
predominates, so that 


kn = (4rNro)'/?. (40) 
The electron line density a is 
Qn R 
a -{ ao [ rdrN = 7 R?N (41) 
0 0 
so that k#R reduces to 
kaR = 2(aro)'/? = B. (42) 
For large B, the attenuation factor is then simply 
| ee ie (43) 
and the scattering amplitude is 
Bf! = B. (44) 


For two coaxial uniform cylinders, the procedure is 
analogous except that the r-integral is split into two por- 
tions (0 to R’ and R’ to R) for each of which NV and fare 
constants (denoted by subscripts 1 and 2, respectively). 
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Fig. 2—Attenuation factor for very high density. 
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Fig. 3—Scattering amplitude for very high density. 


The denominator of (31) is always (a/27), so 


R/ R’ R 
af’ [tx = Nf rdr exp {28 1 dr’ + as in| 


R R 
+ Mf rdr exp | - 26a f av 
R’ r 


= (N;R'/2knx){1 — (2ka1R’)-1[1 — exp (—2ka,R’)|} 


-exp [—2hm2(R — R’)] 
4 (N2R/2ki2) [1 — (2kv2R)-1] — (N2R'/2kn2) 


[1 — (2ki2R’)-] exp [—2k7io(R — Fone (45) 
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In the limit of large density and extent for both regions 
[z.e., for (40) valid and the negative exponentials on the 
mene. hand side of (45) all small], there results 


Bf’ = (4aroN2)!?R. (46) 
Note that 
R’ R 
a= aml Ns f rdr + wm [ rar| 
0 R 
a[NiR? + N2(R? — R”)| 
= tN2R? + (M1 — No) R”. (47) 


If the inner region has the higher electron density, there 
is thus a lower f’ (for a given a) than in the uniform 
cylinder case. 

For definiteness, the coaxial cylinder case will be 
specialized by making the proviso that each of the two 
regions contain the number of electrons that would be 
present in the corresponding part of the Gaussian. Then 


R — 
fe rdrN = N(R? — R’)/2 


= (a/2n) [exp (— R’?/a*) — exp (— R?/a*)|. (48) 
It was shown above that 
exp (— R?/a) = (K/B)?. (49) 
_ For convenience, write 

Ri? =p R? (50a) 

where 
Op <i ty (50b) 

so that 
exp (— R'?/a?) = (K/B)*?. (51) 


The value of Ne can then be expressed simply by 


(/a)N2(1 — p) R? = (K/B)*” — (K/B)? (52) 
so that (46) becomes 
BY’ = B(i — p)-?[(K/B)*” — (K/B)?]"7, (53) 


As the discussion applies to high densities (B>>K), only 
the first term in the bracket need be retained since p<1 
(with some care that p not be too close to 1). Thus 


Bf! = (1 — p)-2KPBre, (54) 


Comparing now the high-density limits of the three 
cases, we find that: 

1) for a given line density, the scattering amplitude 
is less for the two-region case (with inner region more 
dense) than for the uniform cylinder case, and still less 
for the Gaussian; 

2) the scattering amplitude for the two-region case is 
in fact, according to (46), just that which would occur 
if both regions had the density of the outer one; 

3) the scattering amplitude varies as the square root 
of the line density in the uniform region case, as a 
smaller positive power of the line density in the two- 
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region case, and as its logarithm (still owen in the 


Gaussian case. 

The implication of these observations is that, for a 
region of radially decreasing high electron density, the 
scattering characteristics are predominantly determined 
by the outer portions of the supercritical density region 
(the core not being sufficiently penetrated by the radia- 
tion). The result from increasing the line density of elec- 
trons is primarily to push the effective scattering region 
outward, rather than to increase its density. This does 
result in an increase in the scattering because the sur- 
face area is increased (hence more electrons are acces- 


sible). 
B. Critical Density Contour of Maximum Width 


The electron distribution spreads out in time due to 
diffusion, and a increases. From (4) it can be deduced 
that the radius of the critical density region is given by 


R? = a? In (4aro/k?a"). (55) 


The maximum value that it can attain (as a function of 
a—t.e., of time) is given by 


0R?/da? = In (4aro/k?a2) — 1 = 0 (56) 


which means that 


eet (57) 


Heuristically, the widest critical density contour 
might be expected to yield the largest scattering return 
from the supercritical region, because it corresponds to 
the greatest number of electrons being exposed to an 
unattenuated incident field. This argument would be 
much weakened if it should turn out that f’ (viewed asa 
function of X) has resonance-type oscillations. 

Ideally, the maximum value of f’ should be obtained 
by setting -0f’/0X =0, where f’ is given by (35). Un- 
fortunately, this is impractical because 0f’/0X includes 
a term in f’ and also a term involving an integral like f’ 
with an additional integral as a factor in the integrand, 
as well as a term independent of the f’-integral; the 
equation 0f’/0X =0 cannot be solved unless both f’ and 
the somewhat more complicated companion integral are 
known as a function of X. Hence, there is no direct way 
of determining the maximum value of f’ short of actu- 
ally computing f’ as a function of X. Since*this must 
then be repeated for each B of interest, the computa- 
tional effort required is quite large. 

In what follows, it will be assumed that the maximum 
value of f’ is indeed attained for X¥ =1. This is also the 
assumption in the metallic scatterer approximation, so 
there will be a direct comparison of results for the same 
configuration. The resultant special case of (35) is 


1 
f= 2[1 — e1|-1 xdx exp (—x?) 


0 


‘exp {-28 f [exp (—#) — espa, Eos) 


December 


‘ey 
waka 


a 
a 

< 
“s 


wwe 


1959 


f= (2me—/B csc 0)-/71.05B--89 = .52 sint/? @B-1-19, 


"i ‘This is plotted in Fig. 4. The curve is well fitted by 


f’ = 1.05B--%, (59) 


So far, the “skin effect” attenuation and the phase re- 
lations around the critical density contour have been 
considered. There remains to examine the phase change 


4 along the trail axis due to the deviation of the index of 
refraction from unity. This consists of two contributions: 
_ the phase error in reaching the critical density contour 


(evaluated in Section I), plus the error incurred in in- 


_ cluding the region inside the critical density region in 
the optical path 


¢ = kR csc 0. (60) 


During the growing phase (case A), the contribution of 
(14) dominates over that of (60) and leads to oscillations 
superposed on the scattering integrand. Near the maxi- 
mum expansion of the critical density contour (case B), 
on the other hand, the two contributions are comparable 
and vary in opposite directions, so that the longitudinal 
phase variation is very slow. 

Accordingly, for the maximum critical density con- 
tour the attenuation factor, instead of the exponential 


_ of Brysk! is approximately the product of the phase 


reduction factor of (30) and the “skin effect” attenua- 
tion factor of (59). In (30), the relations for this maxi- 


~ mum lead to 


bic ba = Ko = 2-128 (61) 


~ so that 


(62) 


The maximum return is now given by 


__S = .076 csc O@PGG’d? (aro) -81(é-é’)?/167?RR'(R + R’) (63) 


or monostatically 
S = .038PGG’*(aro)-81(é-6’)2/164?R®. 


This result is to be compared with that obtained by 
assuming the critical density region to scatter the elec- 
tromagnetic radiation like a metallic cylinder, the return 
from the latter being computed by geometrical optics, 
i.e., in the limit R>>d.5 The correct geometrical “cross 
section” for broadside backscattering from a metallic 
cylinder is 


(64) 


o = tRR. (65) 


This is a factor of two less than that quoted by Green- 
how,* and it leads to 

S = 048PGG'A*(aro)1/2(é-é’)?/167?- R°. 

Fig. 5 compares the maximum return from an over- 


dense trail as obtained by the present “skin effect” 
model with that obtained by the “metallic cylinder” 


(66) 


AJA etsy, Greenhow, “Characteristics of radio echoes from meteor 
trails: III, the behaviour of the electron trails after formation,” Proc. 
Phys. Soc., B, vol. 65, pp. 169-181; March, 1952. 
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Fig. 4—Attenuation factor for critical density 
contour of maximum extent. 
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Fig. 5—Comparison of “skin effect” model with “metallic 
cylinder” model. 


model. The Lovell-Clegg low-density result is also shown 
for orientation. For clarity of display exclusively, the 
overdense and underdense trail curves have been ex- 
tended to meet. The temptation to bridge the transition 
by fairing in from one curve to the other should be 
resisted; the intermediate region very probably does not 
behave that simply. The two overdense trail curves 
cross for relatively low a(~7 X10" cm). On the low-a 
side, they yield essentially undistinguishable predictions 
(especially taking into account the pile-up of theoretical 
errors in the transition region). On the high-a side, the 
“skin effect” model yields an increasingly larger result, 
as expected intuitively. 
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A feature deserving of comment is the specular nature 
of the return. In this respect, the present model leads 
to the same variation as the underdense trail model. 
The metallic cylinder model, of course, shows a strong 
aspect dependence. On the other hand, a loss of specular- 
ity as the electron line density increases has been 
reported experimentally. In so far as there is such a loss 
of specularity in the relatively early history of the trail 


(i.e., before enough time has elapsed for some form of — 


turbulence to be invoked), it would appear that the 


basic assumption of a uniform line density of ionization 
underlying both models must be abandoned; and that, 
although a uniform line density can be satisfactorily 
assumed for underdense trails, it is an essential feature 
of scattering by overdense trails that the line density is 
markedly nonuniform. 


Summary—This papery concerns the attenuation and phase char- 


acteristics of plasmas and, in particular, the electromagnetic proper- 
_ ties of high-temperature air. It is shown that by a suitable normaliza- 
tion of the parameters the e-m properties of plasmas may be uni- 


versally represented in convenient form in either the complex dielec- 


_ tric coefficient plane or the complex propagation constant plane. 


INTRODUCTION 


t IE crete of ionization, air at high temperatures 


contains an appreciable number of free electrons 
and ions. Under these conditions, the medium 


may be described as a plasma, 7.e., a gas containing 


charged particles in a sufficient quantity to seriously 


_alter the physical properties of the gas. One of the prop- 
_ erties of air markedly affected by the presence of the 


electrons and ions is the propagation of electromagnetic 
waves in such a medium. This interaction of electro- 
magnetic waves with plasmas is of current interest in 
connection with diagnostic techniques, space communi- 


- cations, and re-entry problems. 


This paper is concerned with the electromagnetic 
characteristics of plasmas and, in particular, those of 
high-temperature air. It is shown that by a suitable 


“normalization of parameters, these properties can be 


_ represented in a convenient universal form in either the 


complex dielectric coefficient plane or the complex prop- 
agation constant plane. As an illustration, the propaga- 
tion characteristics of high-temperature air represented 


in the propagation plane are shown for an impressed 


frequency of 6 kmc. 


UNIVERSAL REPRESENTATION OF ELECTRO- 
MAGNETIC PARAMETERS 


It is instructive to write the relationships determining 


- the complex dielectric coefficient of a plasma and propa- 


gation constant of an incident plane electromagnetic 
wave ona plasma in normalized form, and hence demon- 


strate their behavior in universal coordinates. Thus, 


we define the following parameters. 
1) normalizing with respect to frequency: 


S=v/w=normalized scattering frequency, 
N=(w,/w)?=normalized electron density, 
where 


w is the radian frequency of the electromagnetic 


wave, 
vy is the effective collision frequency of the elec- 


trons, 


t Research Laboratories, RCA Victor Co., Ltd., Montreal, Can. 
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@, is the parameter (ne?/eym) which has the di- 
mensions of seconds“! and is called the plasma 
frequency, e and m being the electronic charge 
and mass, respectively, n the electron density 
and € the permittivity of free space; 


2) normalizing with respect to plasma frequency (i.e., 
eae 
C=v/w,=normalized collision parameter, 
F=w/w,=normalized RF frequency. 


These relationships permit the mapping of loci of con- 
stant scattering frequency S, constant electron density 
N, constant collision parameter C, or constant RF 
frequency F on the complex dielectric coefficient plane 
and on the complex propagation constant plane. S and 
N are the useful parameters to consider in a diagnostic 
measurement, with a given frequency and varying 
plasma, while C and F are useful when the frequency 
behavior of a given plasma is of interest. 


Dielectric Plane 


Using the relationship 


K 


{1 ~ (»/0)* Pe 
2 i{(o»/s) os 


= Kr+ jKi (1) 


for the complex dielectric coefficient, it is easily seen 
that the normalized scattering term is given by 


S = Kis(Kr — 1), (2a) 


or 


(Kr —1)S + Ki =0, (2b) 


which is a family of straight lines in the complex dielec- 
tric (Kr vs Ki) plane, with slope (—S) and Kr-intercept 
of 1. 

Similarly, the normalized electron density is 


Nee t= Kr ke (1 — Kn), (3a) 


or 


(Kr— (1 — N/2))* +k? = (N/2)%, (3b) 


which in the complex plane is a family of circles of 
radius N/2 and center [Kr=(1—N/2), Ki=0]. 

Representation in terms of the normalized collision 
parameter is slightly more difficult in that 


C? = S?/N, (4a) 
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or in terms of the real and imaginary part of the dielec- 
tric coefficient 


(1 — Kr)? + K®(1 — Kr) — K?/C2?=0 (4b) 


or 


—1/2 
Ki= (1 — Kr) Gates) (4c) 


with a pole at Kr=1—1/C. 
The normalized RF frequency loci are again circles in 
the complex dielectric coefficient plane, since 


F = 1/V/N. (5) 


The radius of the F-circles is 1/1 and their centers are 
located at (Kr=(1—1/(2F")), Ki=0). 


Propagation Plane 


Representation of the normalized parameters in the 
complex propagation constant plane can be derived 
from a conformal transformation of values in the dielec- 
tric plane, or by directly solving for the normalized pa- 
rameters in terms of the attenuation and phase con- 
stants, since the propagation constant is defined by 


= — jkK"? = a + 56, (6a) 
where 
a | K| — Kr 
—= ——_—_——_— = 4 (6b) 
k o 
K K 
ik = (yAeS Is =e (6c) 
k 2 


(a is called the attenuation constant, 8 the phase con- 
stant of the plasma, and k is the wave number = 27 
/wavelength). Since the maximum value of the real part 
of the dielectric constant is unity, the upper limit in the 
propagation plane is given by the line Kr=1, which 
maps into the hyperbola: B?—A?=1. 

The normalized scattering frequency loci become rec- 
tangular hyperbolas rotated through an angle of 


z tan~*(1/S) in the complex propagation constant plane, 
namely: 


Peer se 
gee Bier) tg) 

or 
B? — A? + 2AB/S = 1, (7b) 


The normalized electron density families become 
quartic curves, since 


Wee A = B+ 4A2BY/1 + A2— Br (8a) 
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or 


(A? + B?)? — (2 — N)(B?— 42) + (1 — WN) = 0. (8b) 


The normalized collision parameter, C, can be ex- 
pressed in terms of A and B by the use of (7) and (8a) ‘I 
(4a). Similarly the values of normalized frequency F in 
the propagation plane is obtained by substituting (8a) 
into (5). ory 

It will be observed that the normalized parameters 
map more readily into the complex dielectric coefficent . 
plane than into the propagation constant plane. How- : 


and phase constants which are actually determined. 
Hence, the added difficulty in plotting the normalized 
contours in the propagation constant plane is generally 
justified. 

A second reason for representing the plasma parame- 
ters in the propagation plane is that the reflecting or 
transmitting properties of a plasma boundary are very — 
conveniently mapped in the propagation plane. Thus, 
if Z is the impedance of the plasma and Zp the imped- 
ance of free space, the fraction of the field of a normally 
incident electromagnetic wave reflected at a plasma 
free-space interface is given by the reflection coefficient 
R, where 


ai Z—Zo 

7A E, (9a) 
_Q-B +54 

Ga Bae A Sa 


The magnitude of the reflection coefficient is given by 


1+ A? + B?— 2B 
| R| yy es ee 


1+ A?+ B?+ 2B a 
1—« 
a /; re 10p) 
where 
x = 2B/(1+ A?+ B?). (10c) 


Similarly, the magnitude of the transmission coeffi- 


cient is 
———— 2 
It] = vi- [Ry = 4/—. 
1+ x 


For any magnitude of reflection coefficient, the rela- 
tionship between the attenuation A and the phase B 


is uniquely determined by (10c), which can be rewrit- 
ten as 


(10d) 


A? 4+ (B— 1/2)? = (= = 1), (10e) 


1959 


hich is a family of circles with center (A =0, B=1 {*) 


and radius 
1 = x? 1/2 
( a ) ; 


_ If, ina particular application, the maximum allowable 
attenuation and sence ton coefficient are known, then 
the ‘ ‘operating region” in the propagation plane is de- 
Baned by the area enclosed by the B-axis and the lines 
B- A?=1, R=Rmax and a/k =Qmax/k. Similar plots and 
operating regions may be determined for the transmis- 
ion (Tmin= V/1—|Rmax|2) properties of a plasma. 
_ The propagation characteristics of high-temperature 


a 
ae 


_air' are represented in the propagation plane for an im- 
_ pressed frequency of 6 kmc in Fig. 1. Contours of constant 
“temperature, constant density, and constant reflection 
coefficient are shown. At low temperatures, the plasma 
behaves nearly like free space at all densities. As the 

“temperature increases, the influence of the ambient 

density becomes more apparent as the plasma becomes 
more lossy. At high temperatures, the plasma is a good 
“conducting medium and the effect of density variation 
again becomes secondary. In this representation, an 
peperating region for propagation of electromagnetic en- 

ergy can be determined, provided the tolerable attenua- 
_ tion and reflection coefficients are specified. 


_ 


1 For methods of determining the properties of high-temperature 
ir and further extensive calculations, see M. P. Bachynski, I. P. 
Shkarofsky, and T. W. Johnston, “Plasma Physics of Shock Fronts,” 
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Fig. 1—Electromagnetic properties of high-temperature air at a fre- _ 
quency of 6 X10 cps, showing the variation of the attenuation and 
phase constants at constant temperature, constant density, and 
constant reflection coefficient. 


Similar plots can be made for the plasma sheath sur- 
rounding a vehicle traversing the atmosphere, since the 
temperature can be related to the vehicle velocity and 
altitude to density. 
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The Propagation of Electromagnetic Waves 1n 
Ionized Gases* 


Part I—Introductory Theory 
F. H. NORTHOVERt 


Summary—Recent studies lend support to the theory that whis- 
tling atmospherics are caused by lightning flashes, the electromag- 
netic energy radiated by these being guided along discrete columnar 
ionic irregularities which follow approximately the lines of force of 
the earth’s magnetic field. In Part I, the theoretical problems that 
arise are set forth and a general wave theory is developed which is 
first applied to the problem of propagation through homogeneous 
compound streaming media. In Part II, the simplest case of ‘‘stand- 
ard type” propagation along stationary columns is carefully examined, 
both for columns with a central ionic surplus and for columns with a 
central ionic deficiency. Although both types of columns can guide 
electromagnetic energy when sufficiently well developed, it appears 
that the former type is a much more likely mechanism for the 
whistler propagation than the latter. In Part III, an attempt is made 
to show how a systematic theory might be developed for the case of 
axially moving columns. It is hoped in subsequent papers to further 
extend this theory and also to deal with propagation of a more gen- 
eral type of disturbances along the columns. 


I. INTRODUCTION 


T is now fairly well established! that whistling at- 
if mospherics are caused by lightning flashes, the 

electromagnetic energy radiated by these being 
guided fairly well along the geomagnetic field lines 
through the ionosphere. 

This guidance alone does not seem sufficient to ex- 
plain the high intensities sometimes observed in multi- 
ple or very long distance single paths, but a waveguide 
effect might exist if the ionization were suitably bunched 
in columns along the field lines, and such an effect 
might explain the observed intensities. Further, this 
bunching could provide discrete preferred paths of prop- 
agation, each with its own travel time, which would 
account for the discrete dispersion traces frequently ob- 
served in the frequency against time of transit records of 
whistling atmospherics. 

There is reason to believe that such columns might 
exist, because electrons in a constant magnetic field have 
a natural tendency to execute helical paths whose axes 
are parallel to the magnetic field. Progression parallel to 
the field is at a constant rate, and the number of circuits 
per second about the helix axis is equal to the gyro-fre- 
quency. The suggestion is, that in the upper reaches of 
the ionosphere, where collisions are relatively infre- 
quent, this tendency causes inhomogeneities of charged 


* This research was supported by contributions from the Radio 
Physics Laboratory of the Defence Research Telecommunications 
Establishment, Defence Research Board, Ottawa, Can., under PCC 
D48-95-11-01, and the Department of Mathematics, Carleton Uni- 
versity, Ottawa, Can. 

tT Dept. of Mathematics, Carleton University, Ottawa, Can. 

1 See Bibliography at the conclusion of Part III. 


particles to diffuse (in approximately helical paths) 
along some of the lines of force of the earth’s magnetic 
field, ultimately forming more or less complete columns | 
of ionization. It therefore seems worthwhile to investi- 
gate the propagation of electromagnetic waves in the | 
presence of such columns. 

’ 

| 


| 


In the applications to columns of the general analysis 
which will be developed in this paper, the curvature of 
the axis of the column will be neglected; we shall suppose 
that the column extends to infinity in both directions 
and shall neglect possible variations of ionic density in 
axial directions. As far as our wave treatment is con- 
cerned, this is equivalent to supposing that the axial 
curvature is very small compared with the reciprocal 
of the wavelength in the medium and that the percent- 
age variations of ionic density along the axis are ex- 
tremely small over many wavelengths. 

It seems likely that the type of column to be con- — 
sidered consists of a compound cylindrically distributed 
ionic distribution consisting of a neutral ionized gas 
streaming through a neutral background of stationary — 
ionized gas. If N is the ionic density of the moving gas 
and W this quantity for the stationary gas, U the stream 
velocity of the moving gas and C the velocity of light, 
then the case of practical interest in regard to whistlers 
is that of N/N small, U/C small. If U/C is sufficiently 
small we have effectively a stationary columnar dis- 
tribution, and, in view of the extreme difficulty of the 
whole problem we shall make the first application of the 
general theory concerning columns to this case. 


A. Plane-Wave Incident Standard-T ype Disturbances 


Considering, for the moment, the modes of propaga- 
tion down a stationary homogeneous cylindrical column 
(NV constant through the column, N equal to a different 
constant outside), the disturbance within the column, 
as the radius of the cross section tends to infinity, must 
approximate those possible in a homogeneous medium 
of infinite extent. The simplest of these latter types of 
disturbance is the plane-wave mode with direction of 
travel parallel to the original column’s axis. The dis- 
turbance, propagated down the actual column, which 
would tend to this simple type were the column radius 
to tend to infinity, will be called the “plane wave inci- 
dent” or “standard” type disturbance. It will be taken as 
the standard type of disturbance in the present theory. 

The standard disturbance propagated down a non- 
homogeneous axially symmetric ionized column would 


1959 
‘ be defined as the one which would reduce to the above 
: basic axially traveling plane wave, when dN /dr—0 for 
' every 7, r being the distance from the axis of a general 
' point in the distribution. 
In the more complicated case of the compound dis- 
_ tribution, it appears that plane-wave propagation is 
_ generally possible when both constituent distributions 
_ are homogeneous. Standard-type disturbances can 
therefore be defined in a similar fashion. The theory 
_ would thus seem to fall naturally into the following di- 
visions. 
1) Propagation Down a Simple Columnar Distribu- 
_ tion: Standard and nonstandard type propagation in 
~ nonhomogeneous and homogeneous columns. 
_ 2) Propagation Down a Compound Columnar Dis- 
_ tribution: Standard and nonstandard propagation down 
_ nonhomogeneous and homogeneous columns. 

After general equations governing wave propagation 
_ of electromagnetic disturbances through ionized gases 
_ have been developed, the writer will endeavor to deal 

with some of these problems in a series of papers. 
The original magneto-ionic theory as developed by 
_ Appleton and Hartree is not sufficiently general for our 
_ requirements. We shall therefore employ magneto-hy- 
_ drodynamical methods. Since the simple type of dis- 
tribution is a special case (U=0) of the compound dis- 
_ tribution, we shall begin by developing the general 
_ equations for the latter, although the actual application 
_ will be to the simple-type stationary distributions first. 
A This will obviate the necessity of developing a general- 
_ type theory twice. 
7 II]. GENERAL THEORY OF WAVES IN 
CONDUCTING GASES 


The instantaneous current vector J at any point due 

_ to the passage of the wave consists of four parts; namely, 

_ the contributions due to displacements of the positive 

and negative ions in the steadily streaming gas and the 

contributions due to displacements of the two kinds of 

- jons in the “background” gas through which the former 

gas is flowing. The value of 9 thus calculated can then 

be used in Maxwell’s equations of the field to obtain a 
wave equation for the electric vector E. 


A. Detailed Consideration of the Moving Gas 


Let p be the gas density, Tdr the resultant force upon 
a volume element dr, W the velocity of this element and 
II the gas pressure. Then the hydrodynamical equations 
are? 


1 
Se grad TI (1) 
Di p 


2 We assume that the gases are sufficiently rarified for the effects 
of viscosity to be unimportant; although, of course, the analysis 
could be carried through with the viscosity term present. 
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where D/Dt denotes “differentiation following the 
fluid”; 7.e., 


D/Di = 8/dt + W-grad 
and 
div (pW) = — dp/pt. (2) 


Since we are supposing that the gas, although ionized, 
is electrically neutral, a volume element dr (taken to 
contain a large number 2 Ndr of particles) contains Ndr 
electrons and Ndr protons. 

The vibration of the electrons and protons is caused 
by the passing electromagnetic wave. The mass of a 
proton is considerably greater than that of an electron 
and so, for frequencies considerably greater than the 
proton gyro-frequency and not too near the proton 
plasma frequency, the wave is carried almost entirely 
by the electrons, the positive particles remaining almost 
stationary in comparison. We shall therefore concentrate 
mainly upon the propagation in the electron gas, al- 
though, for completeness, the equations of the propaga- 
tion in the complete medium will be noted. This would 
be of use in discussion of the frequencies excepted above. 

We proceed to the derivation of the equations of the 
theory. The force per unit mass acting upon an element 
dr either of electron or proton gas is compounded as 
follows: 

1) The Body Force per Unit Mass, F, Say, Due to 
Nonelectromagnetic Causes: In terrestrial problems, this 
may be taken as the local value of g. This, of course, 
neglects the effect of the internal gravitational attrac- 
tion of the gas on itself: this may become important in 
cosmogonical problems but it is not important here.® 

2) Collistonal Effects: As is now well known, this can 
be represented by a friction-type force on any given 
particle proportional to its velocity through the gas. If 
m is the mass of a negative ion, v the collision frequency, 
V; its velocity and U the velocity of the background 
material, then this effect can be allowed for by a force 
—mv(V;—U). Summing over the particles in the volume 
element, the contribution of this type of force to the ele- 
ment dr of electron gas is —mv(V—U) Ndr, where V is 
the average velocity of all the particles in the volume 
element. From considerations of momentum, it is easy 
to see that V is also the effective (hydrodynamical) ve- 
locity of the gas element dr. 

Similarly, denoting by an accent quantities pertain- 
ing to the proton gas, the force on a volume element dr 
of it due to this cause will be : 


— mp(V — U)Ndt. 
We can remark here the connection between the hy- 
drodynamical velocity W of the element dr of the com- 


plete (neutral) gas and the corresponding velocities V, 
V of the constituent negatively and positively charged 


3 A note on the calculation of this effect will be given later. 
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gases. From a consideration of the total momentum of 
the element dr of the neutral gas, we have 


mV + mV = (m+ m)W. (3) 


3) Force Produced on the Element by the Magnetic 
Field: Considering first the negatively charged gas only, 
the force exerted by the magnetic field B upon a con- 
stituent particle is (neglecting relativistic effects) 
—(e/C)(V:X B,), B; being the magnetic induction vec- 
tor at the ith particle. Summing this over the particles 
in the element dr, the total force produced on the ele- 
ment dr of electron gas through this cause, is 
—(e/C)Ndr(VX B), B denoting the magnetic field at 
the element. 

The corresponding force for the positively charged gas 
will, of course, be 


+(e/C)Ndr(V X B). 


4) Force due to the Electric Field E: This is obviously 
— (Nedr) E for the element of electron gas and +(Nedr)E 
for the proton gas. 

The hydrodynamical equation of motion for the elec- 
tron gas may now be stated. It is 

DV 


e € 
— = —— E-»o(V— —-—V)AB8B 
Di mM A 2 mC Ee 


1 
oor ics ones (4) 


where p here is the electron pressure (and so the force it 
exerts on dr is —dr grad p). Likewise, the corresponding 
equation for the proton gas is 


Bees MU TNR 
ay a a as rie 


1 
= py es (5) 


where # is the proton gas pressure. 
Since the electron gas density is mN, the hydrody- 
namical equation of continuity is 


div (VV) = — 0N/ét. (6) 


But the current vector J of the electron gas is —eNV 
and the electric charge in the volume dr for this gas is 
—eNdr. Hence, the electrical equation of continuity is 
the same as the hydrodynamical one and we shall there- 
fore refer to (6) without ambiguity as “the equation of 
continuity” (for the negatively charged gas). Similarly, 
the equation of continuity of the proton gas will be 

div (VV) = — dN /at. (7) 
Using these equations and (3) we obtain, as we should, 
the equation of continuity for the complete (netitral) 
gas, v7z., 


div (VW) = — dN /dt. (8) 
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In the passage of a small wave disturbance through 
the steadily streaming neutral material V—U, vV-—U 
will be small and so, neglecting second-order small quan- 
tities, we can take 


D/ Dt = 0/dt + (U-grad). s( 


Eqs. (4) and (5), when used in conjunction with (3), 
yield an expression for DW/dt and then, eliminating 
this quantity by (1) we can prove | 


so that Dalton’s law of partial pressures applies in sel 
waves to a first approximation. 

We now have to apply this theory to the passage of — ‘ 
such a small disturbance, and the equations governing j 
the passage of the electromagnetic wave through the 
medium will be obtained by a perturbation process; 7.¢., © 
by comparing (4) and (5) with the corresponding equa- 
tions for the steady state. Since we are neglecting the 
effect of the internal gravitational pulls of the gas on © 
itself, in this perturbation, 5F=0. Also, writing 


V=U¢+vyv 
B=H,.+H 


m= ptp+——f[ V-¥)x Badr (10) 


0 eh 


(11) 
(12) 
(where we are taking the permeability as unity and Has | 
the magnetic field due to the wave), Ho is the exter- 
nal (applied) magnetic field (effectively the earth’s 
field) and v, H are small quantities. Taking suffix zero 
to refer to steady-state values and retaining only first © 
order small quantities, we have (for the negatively — 
charged gas) 


LA hay ee) 
Fy grad)v 


é é é 
= pn gk mi shear LG Gs a 8 
5N 1 q 
“- me grad p — mV, grad (6p) (13) 
and 
(5N)/at + div {(5N)U} + div (Nov) = 0. (14) 


The current vector J in the electron gas due to the wave 
is 


I= — (eNV — eNyU) 
= — e{(6N)U+ Nw} (15) 
so that 
div I = ed(6N)/dt. (16) 
Let 
= (dp/dp)o (17) 


> being taken as a function of p (it would probably be 
reasonable to take this as the adiabatic relation, as 


. 
1959 | 


_ in sound-wave theory). Then, neglecting second- and 
: higher-order small quantities, we have 


dp = Bp 

| = B’msN (18) 
_and the first of the above perturbed equations becomes 
c v + (U-grad)v 


e e e 
———— fi — oy — ——y /\ Hy = —— 
= mC /\ Ay Soba! 


2 B? 

a7 d i ee : 

mNe grad po We grad (6) (19) 
E The term grad pp depends upon the body forces F which 
_ hold the material in the steady state. Writing into (4) 


steady-state values we have 


: 0=-— = U A Hy — ria gradfo+ F. (20) 

é Hence (19) is, effectively, (writing F= g) 

= + (U-grad)v 

: e e e 
epee tN Ma UAL 

j an =( Sa ars ae He) _ sachs (6N). (21) 

, No mC No 


= B. Specialization for Sound Waves Only 

Writing the electrical terms and U equal to zero and 
~ using the equation of continuity, we may verify that, in 
- this special case, 


_ 6°(5N) /dt? + vd(8N)/dt + g-grad (6N) 


= 6? div grad (8N). (22) 


_ If the frictional and gravitational terms are neglected, 

- this becomes the usual scalar sound-wave equation. It 
may readily be verified that this approximation may be 

_ made if the frequency makes w>g/8 and w>>yv. We shall 

_ make this approximation in our application of the gen- 
eral theory which follows. 


C. Determination of the Current Vectors 


Concentrating first on the electron gas and its current 
vector J, after a certain amount of reduction these equa- 
tions show that 


(= + U-grad + ”) {i+ (div 1U} 


A UAB avg 
m mC mC 
+ 6? grad div I. (23) 
Writing 
i wo? = 4rNoe?/m, ox = | | /mC (24) 
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n is equal to a unit vector along Hp. Taking Oz along the 
direction of U, and writing all vectors proportional to 
exp (tw/C+/xz—iwt),4 we have 


(-ie + = Eves r) { ~iol + (div DU} 


1 1 
= —— iad (B+ UA Ht) + twwrI /\ n 
4a C 


— (div Dg + 6? grad div I. (25) 


The equation for f, the current vector in the positively 
charged gas, will be obtained from this by replacing I 
by 1, B by 6 and changing wy into — dx. To obtain the 
equations for the current vectors in the stationary gas, 
e.g., I for the negatively charged part and J for the posi- 
tively charged part, we can write U=0 in the above and 
make the necessary alterations. We thus have 


= 1 ast 
(iw — v)iwl = — 7 tow E + iwoyl /\ n 
T 
— (div Dg + B graddivI (26) 
=x i hae =x 
(iw — v)iwl = — — iwdy?E — iwdyl /)\ n 
4 
— (div Dé + B grad div ve (27) 


If we neglect the pressural and body force terms in (26), 
we obtain an equation which, when solved for J and 
used in (32) with J therein taken approximately equal 
to I, embodies the results of the classical magneto-ionic 
theory for waves through stationary media. 

1) Note on the Correction for Internal Gravitation: If 
this is allowed for, then the perturbation 6F is no longer 
zero but satisfies the relation (if stationary and stream- 
ing gases exist together) 


div (6F) = — 4ry(m + m)(5N + 8) (28) 


where y is the gravitation constant. It is now possible 
to deduce the rather elegant result that the required 
correction will be made by adding to the right sides of 
(25)—-(27) the term —4my(p0+f0)(I+J) where po is the 
undisturbed mass density of the streaming gas and fo 
is the undisturbed mass density of the stationary gas. 


D. Derivation of the Equation Connecting E with 9 


Maxwell's field equations are 


Crag oD (29) 
curl Hl = — = 
Lee 
cull E = ——B (30) 
C 
together with 
div D = 4zp, div B = 0. (31) 


4 This is appropriate for propagation along columns. 
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From these equations, taking (as usual) the magnetic 
permeability as unity and also D= E in the conducting 
gas (since the electrons, etc., are taken as vibrating in 
vacuo) and, writing, as above, all vectors proportional 
to exp (—7wt), we obtain 

w? Atriw 


curl curl E — a E= Co 


(32) 


and connection with the preceding equations is made 
through the equation for the total current vector 


riers as eige ep 


The problem is now theoretically solved, for if (25)—(27) 
could be solved for the four constituent current vectors, 
we should, by use of (35) in (32) and by use of the rela- 
tion 


(33) 


iC 
H =— curl E 


(29) 


(34) 


to eliminate H, obtain an equation in the electric field 
E alone. 

The practical difficulties are obviously immense and 
we shall therefore proceed tentatively. We shall begin 
by investigating the propagation of plane waves along 
the Oz axis (direction of U) in the special case when Ho 
is also along this direction. This is the case which is of 
importance in whistling atmospherics. We shall then go 
on to examine propagation along columns, both simple 
stationary ones and the compound streaming types. In 
this connection, it is very interesting to remark that, 
for a stationary column, when the effect of the posi- 
tively charged particles are neglected, it is possible to 
to solve (26) for I. For in that case, div J can be ex- 
pressed directly in terms of div E from (32), by taking g 
as effectively J. 


III. Tort PROPAGATION OF PLANE WAVEs? 


We suppose that the frequency is considerably greater 
than the proton gyro-frequency and is also not near the 
; proton _ plasma frequency. In that case, we are neglecting 
Tf and ‘% in comparison with J and 7. Expressing our vec- 
tor equations in components, with all vectors varying 
as exp { (tw/C) \/xz—iwt}, we find that two different types 
of waves which are quite independent of each other can 
be propagated. These are the following. 


A. The Sound-Wave Type (E,=0, E,=0, E,~0) 


The propagation constant x satisfies the equation 


wo? @" 
ae Be FE lea =a". (35) 
Oana: ta 


We call this the “sound-wave” mode because, if we have 
a single stationary medium (V=0, w.=0), then de- 


5» and the term in g in this theory are neglected. 
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electrify it (e0, S20) and neglect the internal gravi- 
tational term in y, the phase velocity C/+/x—, as it 
should. We note that this mode is independent of the 
magnetic field, and, furthermore, that, for the stationary 
medium case, it is heavily attenuated for frequencies less 
than the medium plasma frequency. 


B. The Electromagnetic Type (E,=0) 
The propagation constant satisfies the equation 


Uae 
(1 a, Cc vi) wo?/w? 
=o ee 
gee ee 
6 


Go" 
pee 


w(wy — w) 


@ 


Having whistlers in mind, we have taken the solution 
that reduces to 


Pe ee | 

aati) Dees | 
From this equation, it appears that, if the direction of 
propagation is against the stream velocity (U<0), 
there is always one negative solution for »/x (backward 
traveling wave) and either two positive solutions (for- — 
ward traveling waves) or two conjugate complex solu- — 
tions. If U>0 (propagation with the stream) there is al- 
ways one forward traveling wave (./x>0) whereas © 
there may or may not exist two backward traveling | 
waves. This discussion is confined to the question of © 
whether there are any circumstances under which for- — 
ward traveling waves could go out of existence; there- 
fore limiting it to the case of propagation against the 
stream. The two positive roots for +/x from (36) disap- 
pear if 


4(1 — be:)3(a? + b)2a4 
— b8(a? + b)a?{8 + 4e1(5b + 9) — €:2(b2 — 185 — 27)} 


+ 4651 + 6) <0 (37a) 
where 
a= U/C, b = (we — w)/w, a? = 630?/w? 
wo?/ao?(= No/ No) 
b\-1 
(ie (1 + 5) €. (37b) 
a 
Writing 
oe 
ko = 1+ a (38) 


(the value of x when the moving medium is away) so 
that 


é1 = (1 — woe (39) 


the above condition for the two positive roots for ~/k to 
disappear in the case U<0 is equivalent to 


The case of most practical interest occurs when 
Ba<wn, e<1, a*>>b. Some simplification exists in the 
; ‘above showing that there is then a narrow band of val- 
4 ues for | a| , for which the two positive values of ./x repre- 
senting the two forward traveling waves become com- 
_ plex, unless, possibly, w/w becomes so small that 
i €@/w is no longer small. For example, if ewz/w becomes 
: large, the condition becomes || > €e—V2(@x7/200), which 
_ probably could not be satisfied in practice. 

: The question of the physical meaning of these com- 
_ plex roots now arises, because, being complex numbers, 
: one represents a disturbance which rapidly grows as z 
increases until the point is reached when this first-order 
theory fails. The writer has had considerable discussion 
_ of this with colleagues and there seems to be an element 
of uncertainty as to whether this “growing wave” can 
d really exist. The writer thinks not, for the reasons which 
follow. 
If a physical disturbance of the ionized gas corre- 
sponding to this particular complex value of +/x does 
_ exist, 


_ 1) it is no longer a simple traveling wave as the ion 
a disturbances no longer obey a law of the form 


Exp oe (zg — vo} : 


2) the particle vibrations are very large compared 
with what they would be for a real value of JK 
(for if not, first-order wave theory approximations 


would apply). 


As we are neglecting v and as the rate of working of 
the external magnetic force on a moving particle is zero, 
2) would imply a relatively large storing of energy by 
the medium. Since (for U<0) there is a negative solu- 
tion for +/x, and since the solution corresponding to (38) 
which we have so far left out, v7z., 
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ie 461(Sb + 9) — (6? — 185 — 27)ey? — [(6 + 9)e, + 8]?/2./e(6 + 1)) 72 | a/c 
8(1 — be;)8 \ b 
. f° + 4¢1(5b + 9) — (6? — 185 — 27)e? + [(6 + 9) + 8]8/24/ex(b + 1)) 12 

“Soe ib an ecag gmerce ees [bes < 1]; (40) 
ar/ko 2 ; : 
ako . [(o + 9)er + 8]2/2/e(6 + 1) — {8 + 4:(5 + 9) — (62 — 185 — 27)e2}) 12 
cores —__ 8(ba — 1) \ [ber > 1]. (42) 


gives, for all negative U, just one real value of /x, 
which is also negative, it seems clear to the writer that 
the case under consideration corresponds to reflection 
of any energy which might originally have been travel- 
ing in the Oz direction, via either or both of the back- 
ward traveling waves (which are given by the above 
negative permitted values of »/x). This interpretation is 
quite consistent with the usual way in which “reflection 
at a thick uniformly ionized layer at frequencies above 
the critical” is arrived at. For such a layer, ignoring the 
effect of the earth’s field, 


wo? 


20; k= 1 — ———_ 
w(w + iv) 


(v Kw) 


2 <0; c= 1. (44) 
The case w>w» gives complex values of +/« (which are 
similar in type to those under discussion above, being 
not strictly pure imaginary). There also results a nega- 
tive real root x= —1 to provide a channel for the 
carrying of reflected energy. The universally accepted 
interpretation here is to say that the reflection is total 
with the forward part in z>0 exponentially damped, 
the “growing wave” corresponding to the other complex 
root being rejected. It is, therefore, only consistent to 
adopt a similar interpretation above. 

Doing this, it now follows from the above theory that, 
under suitable circumstances, wave propagation against 
a streaming gas can suffer sharp breaks as the frequency 
is varied (U/C fixed). See (42), for example, which, 
when ewyz/w<1, is approximately 


wow 


(wy — w)8/? 


ee SO eon) <|= 


2 
<i+ SS eon/o)" (45) 


Since records of whistling atmospherics exhibiting ab- 
rupt truncations are sometimes observed, the above 
may provide a possible theoretical explanation of the 


phenomenon, 
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The Propagation of Electromagnetic Waves in 
Ionized Gases 


Part II—Propagation Along Stationary Columns 
F. H. NORTHOVER} 


electromagnetic wave propagated through a sta- 

tionary ionic distribution will be obtained from 
(32) of Part I, J and I being determined by (26) and 
(27) of that part. 

In what follows, we make the assumption that the 
wave is almost entirely carried by the negatively 
charged particles. This is equivalent to assuming that 
the wave frequency is large compared with the proton 
gyro-frequency (see Appendix I). Consequently, we take 
J as effectively equal to J, which by (32) of Part I implies 


dp HE general equation for the electric field E of an 


Soe AG) eee 
div I = — div E (1) 
At 
so that (26) of that part becomes 


= 1 a 
(iw — y)I = ——oP*E+ w”l Xn 
Ar 
| See - ; 
— — {(div E)g — B’ grad div E}. (2) 
At 
This equation can be solved for T and, then, taking 
§=I again in (32), Part I, this yields an equation in E 
alone. At the frequencies we are considering, the term in 


& above is unimportant; we shall therefore neglect it 
[see (22), Part I, et seg.]. Eq. (2) therefore becomes 


od 1 oe - 
(iw = v)I Dy ae aA +. wr ~< n (3) 
T 
where 
a B? 
A= E-—- Ags grad div E. (4) 


The solution of this vector equation is 


ee Sieh = fs 
l= uA — &(n-A)n — itA X n} (5a) 
where 
a = wky/(1 — &); 6 = w/w; § = wn/(w + wv) 
= w/wn. (Sb) 


The equation satisfied by E is therefore [from (32), 
Part 1] 
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curl curl E + k{a[A _ £2(n- A) 


-n— itA X n] — E} =0 Se 


where 


k = of C. (6b) 


Note: It is possible to obtain, in a similar fashion, an 
equation in E in the case of a simple moving gas with no 
fixed background gas; for, in this case, we can similarly 
write =I (neglecting the effect of the proton gas). 
Div I is then expressible in terms of div E, etc. The re- 
sult is in the form (6a) with A replaced by A, where, 


an 4 
A=A+—UxXcurl E 
@ 


1 1a ; 

a = (ie — — VK — r) (div E)U. 

wo" G 

I, STANDARD-TYPE PROPAGATION DOWN 
NONHOMOGENEOUS COLUMNS 


The radial distribution of the ionic density will be 
taken in the general form 


N = Nr + (N. — Nn)f(r/a) (7) 


where r is the distance from the axis of any point of the 
distribution, f(0) =1, f’(0) =0, f’ <0, otherwise: f(«) =0. 
VN, is the value of W at the axis and 7; as r> &. 

The length a will be a measure of the “extent” or 
“thickness” of the irregularity; as a>, dN /dr—0 for 
every r. Hence, according to the definition of standard- 
type propagation (see Part I), we require a solution for 
E which approaches the simple plane traveling wave 
(the components being Cartesian). 


Ho (1, 4,0) exp (= Nie iat) (8) 


as a@—, where, since lima... %=%,, kK takes the value 
appropriate to plane-wave propagation in a homogene- 
ous medium N= N,; v12., 

=1—a, — a (9) 


the suffix c denoting the value of a when V=N.. 
The proper type of solution to seek for “standard- 
type” propagation, is thus 
idee Drea 
E = Fexp = V«z + id — iat (10) 


where the cylindrical components of the vector F are 


q 


* 
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functions of r only which tend to 1, i, and 0, respec- 
tively, when a, and x takes the value (9). 
In classical magneto-ionic theory the pressure term 


: (t.e., that involving 8) is usually neglected. This does 
_ not cause any error when only plane waves parallel to 


_ the applied magnetic field in homogeneous media are 


considered, as was seen in Part I, Section III. 


et eel | 


bits 


re eee 


“ate 


, 7... 


TL Pee Ae aay 


When propagation down columns is considered, how- 
ever, the term in 8 enters. Owing to the complexity 


4 which is introduced by retention of this term we shall 
_ proceed tentatively: first, we shall discuss the propaga- 


tion when the pressure term is neglected; second, we 
shall try to elucidate the circumstances under which this 
approximation can be made; and, last, we shall try to 
extend the analysis to cover the 8 term. 

Neglecting, for the time being, therefore, the term in 
B, i.e., taking A as effectively equal to E, we find, on 
working out the components of curl curl Ein terms of F 


_ and substituting in (6a), the following equations for F,, 


Fo, F; 3 
tk~/KF sl + ir Fe! + r-2(Fi + iF 2) 


+ k{(k — 1+ a)Fi — iatF2} = 0 
—F il! — 1 (k/kF3 + Fi! — iF ys’) ee 
+ °F, — iF;) + k{(« —14 a) F2 + iatFi} = 0 


—Fy! +r (ikwWkFy — kv/«Fo — Fs’) 
+ 7?F, + ikwW/xFy + key — 1)F3 = 0 
the dash denoting d/dr. 
The distribution is expressed as a function of 7/a, not 


r, and we have to satisfy the conditions F—(1, 7, 0) as 
a— , for every fixed r. Writing, therefore, 


r=r/a (12a) 


and also 
a=a,—-Aa, e@=62+6 (12b) 
the equations become 


thav/KF yl + ir Fe! + 7-?(Fi + iF 2) ) 


+ ha?{ def(—F1 — iF2) — Aa(F — i€F2)} = 0 
— Fy! — okav/eFs + Fd — iF) + 77(Fo — iF) | (43) 
+ ka%{a.é(—F: + iF:) — Aa(F: + i€F:)} = 0 


— Fal! +r ikaWnFi — kav/cF 2 — Fs!) + 7s 
+ikav/xF i! + ha(62ky — 1+ &y6) Fs = 0 


where the dash now denotes d/dr. 


A. The Field at Long Distances from the Axis 
When 7 is large enough, we can find an asymptotic 
approximation of the type 


Fw etKkar Dy EV pe ae 


n=0 


(14) 


it being assumed that f(r) is expansible in powers of 
1/r. Writing a, =(An, Bn, Cn), we have, from the highest 
order terms, 
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—KV/uCo — (Ge& + A) Ao — (@ — A)iEBo = 0 
{K? — (a£ + A)} Bo + (a — A)itAo = 0}- (15) 
(K? + arty — 1)Co — KK Ap = 0 
Therefore, K satisfies the quartic equation 
K4(« + a%& + A) — K*[(A +a.£)(« + 1 — a7°€y) 
+ A(i + {2a + ACA — 8}] 
— (éy — 1)(1 + {2a + AL — H}A = 0. (16) 


By considering in detail the equations for the higher co- 
efficients (A;, B;, C;) 1>1 it appears that u=4 (as might 
have been expected from energy considerations) and, 
clearly, only roots of this quartic in K for which 
Im (K) >0 are physically admissible. 

The asymptotic approximation is therefore of the 
form 
FW @fKtkar S* g,)7-G19)—n 4 giKikar Dg, (2)7-G12)—" (17) 


n=0 n=0 


where K; and Kz are the two allowable roots of the 
quartic. 

Substituting the values of the parameters in terms of 
the various frequencies and neglecting the collision fre- 
quency 


—A+G(1 — y*)} Kt +—————~ 
{1-A+ G0 — 7} ae e 
-{2y — 1+ A(2y? — 4y + 1) + 2A%(1 — 7) 

+ 2Gy*(1 — y)(1 + Ay) } KX? 


= macy! —A-—Gy){2—A(1 — y)}A = 0, (18) 
where 

A = (N. — N1)/N. 

y = w/wy (as already defined) (19) 


G = wr? / ae". 


This equation can be written in the equivalent forms 


{1+ 


42y = 1 = 2d ~ 9) + 


Gil — at 
—_——_—=— K4 ee 
1— & é Gy*(1 = 4) 


Pvt — y+ Be 


1—A 

ee Sao (20) 
@ 1 — 9) vax: 

CUBE TOY: acye btn Luin: 
fit ee Ke Ais Saipan 

f142(F5 - 1) - n+ inh e 

eetey 
te: ee ee (21) 
Givi ley) ape 
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For strong guiding of the waves by the column, we 
require that: 


1) the field should decrease radially at a much 
greater rate than does the radial scattering fac- 
tor 7-1/2; 

2) with condition 1) satisfied, the central regions of 
the column should carry a reasonable proportion of 
the total energy carried by the cylindrical distribu- 
tion. 


We are now in a position to examine the circum- 
stances under which the fundamental condition 1) holds. 
To elucidate condition 2), we need to know the law of 
distribution of the column which (for example) affects 
the constant coefficients A;, B;, C; in the above asymp- 
totic expansion. It is, therefore, much more difficult to 
discuss than 1), prompting such a discussion to be post- 
poned until later in the paper. 

For condition 1) to be satisfied, we require ezther that 
both K,? and K,? be negative, or that both be complex. 
It must be noted that in connection with condition 1), 
A cannot, of course, be allowed to become too small, be- 
cause, since one of the roots Ki, K» tends to zero with A, 
r would have to become very large before the radial ex- 
ponential decline stipulated by condition 1) made itself 
felt. This point will appear again later. Essentially, 
A<1, and, in the cases in which we are interested 
(whistler propagation), y<1 also. Condition 1) therefore 


requires that 
a Gy? ) — 
2—A(1 — 1— Sans 
ete ‘e 7 


(22) 


and either 


Gy? x 
a) 142 73-1)a- nat iy >o (23) 
b) or that the discriminant of the quadratic in K? 
should be negative, 7.e. (after some reduction), 
that 


{(2y — 1)? + 4Ay(1 — y)} + 4°01 — ¥) 
-{(2y — 1) + A(L — ~)}G + 441 — 7)°G? < 0. ~(24) 


If A>0, it appears that (24) can never be satisfied. 
This can also be seen from the alternative form (31) 
given below. Accordingly, the requirements reduce, for 


this case, to (22) and (23) only; i.e., to the single con- 
dition. 


Pid —9A)/Gi" (25) 


which, since y<1 for whistler propagation, must nec- 
essarily entail the further condition 

1-A<G. (26) 
We turn now to a consideration of the columns for which 
A<0. In this case, the conditions (22) and (23) are 
satisfied if 


m<7<{(1— A/G}? (27a) 
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where 71 is the root between 0 and 1 of 


Gy? oro puts | 
1+2(- W_- 1) (0 —a)( + By) = 0. (27b) 


For most of the range 0<y<1 to be covered, we muse 
have first G<1—A or G near 1—A; we then have the 
close approximation 


1 
me {1-A-Vi4 BR}; 


= (28) 


for this makes Gy12/(1—A) certainly <1(A<0). 

Then, most of the range 0<y<1 will be covered pro- 
vided that —A>>1, for only then will 1 be small; 7.e., 
then 


(29) 


for —A>>1. 

Considering still the case A<0, we now write down 
the conditions that (22) and (24) may be satisfied; for 
this we require that 


< {(1 — A)/G}1? (30) 
and also [after a little reduction from (24)] 
= —1 1 
A< (~ + yy 1) (31a) 
LSE AY, 
where 
=1+ 71-76. (31b) 


It appears, as before, that a necessary condition for the 
fundamental condition (22) above to be satisfied, when 
A<0, over most of the frequency range given by 
0<y<1 is that G be either near 1—A or less than 1—A. 
The necessary and sufficient condition that this be the 
case is therefore that 


max (Yo, Yi) <1 (32) 


where Yo is the smaller of the two values of y in 0<y <1 
between which (31) is satisfied. By considering the 
unreduced form of the discriminant of (21) it is easy 
to see that 71> ‘Yo; hence, by (28), (32) will only be sat- 
isfied if —A>>1 and then there is a low-frequency cutoff 
given by 


y=" = 1/(—2A). (33) 


II. SuMMARY OF THESE RESULTS 


When N.>WN;(A>0), the necessary and sufficient 
condition that the field should decline exponentially in a 
radial direction outwards from the column at large dis- 
tances from the axis is 


a) Nr/N. < fu®/fe2 
b) (W1/N.)*!?(fe/fx) << y¥ <1 


where fz, f, are, respectively, the gyro-frequency and the 
axial plasma frequency. The cutoff frequency is here 


Ea eT a ee NTS Re ne ae eee Pan nan ee een ia ne RTS Swe ¥ aL i iael 


a ee en ee eee 


a 
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most of the frequency range 0<f<fxz, we must have 
(Ni/Ne)"!*(fe/fu) K 1. 


When WN. < N7(A <0) the necessary and sufficient con- 
dition that the field should decline exponentially in a 
radial direction outwards from the column at large dis- 
tances from the axis is 


v1 <7 < min ee (N1/N.)"!?(fe/fa)} 


where 7; is as defined by (28) and (29). Hence, for this 


guiding effect to hold over most of the frequency range 
0<f<faz, we must have 


a) Nr/Ne > fu/fe? 
or these two ratios approximately equal and, 


b) N1/N.> Ae 


A. The Field Near the Axis 
As has been pointed out already, to have a rapidly de- 


creasing field in a radial direction at sufficient distances 


from the axis is a necessary but not sufficient condition 
for the column to act as a good localized guide of elec- 
tromagnetic energy. For this we require also that the 
central (axial) regions of the column carry a reasonable 
proportion of the total energy carried by the distribu- 


= tion. 


We need, therefore, an estimate of the field near the 


- central part of the column. As the preceding asymptotic- 


type approximation is inadequate for this, we shall de- 
velop a series-type approximation. In order to do this, 
we must suppose that the distribution function f(r) is 
expansible in a series of powers of 7?, that is, 


f(r) = 1 — fir? — far = - 


As a—o we must have Fi 1, F271, F330. Also, it can 
be shown, from consideration of (13) for these quanti- 
ties, that series expansions for F, and fF: can contain 
only even powers of 7 and a series for F; only odd pow- 
ers. It is therefore assumed that 


(34) 


Fy = 14+ Agr? + Aor*§ + “gs = Nato” be sy 
Bae ar teers oe nT 
Peeaor yr ee art ee (35) 


For any r, 70 as a ~. The coefficients in the series 
tend to infinity with a but (as will be seen later and in 
Appendix II) they do not increase sufficiently rapidly 
with a to prevent every variable term in these series 
tending to zero as a>. Thus, the series satisfy the 
fundamental requirement above on Fi, /», Fs. 
Denoting by the abbreviation “A” the value of Aa 
at r= o, then 
(36) 


A= @ — @r 
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_(N1/N.)"f, so that for this guiding effect to hold over and 


. 


= 
ll 


Oy =i (& a az) f (r) 
& — A{1 — f(r} 


Il 


(37) 
so that in (13) we use 

Aa = Ali — f@)} 
where f(r) is expanded as in (34). 


The components Hi, Hz, Hz of the magnetic field in 
the wave are given in terms of Fi, Fe, F;, by 


tkH, = (ir Fs — ikv/kF.) etic 
tkhH2 = (ikW/kF, — F;/)eie tev 
ikHs = (1/r){ (rF2)’ — iF} eotawe 


(38) 


For the standard plane wave, obtained when a>, 


1.€., when T—0, 
E = (A, i, O)et tiene, (39) 


The value of the magnetic field in this standard plane 
wave is easily found to be : 
V/«(—i, 1, O)ettievee, (40) 


Hence, letting a—>~(r—0) and using the facts that 
F,—1, Fi—-1, we have from the above, that F;’=0. 
Thus 7-0. 

Substituting the assumed series expressions in the 
three simultaneous linear second-order differential 
equations in (13), the following difference equations for 
the coefficients are obtained: 


(2n + 1)ikavnn + (20 + 3)iungr + Angi 
+ ha?{ acé(—An — ttn) — A(\n-1 — t€ttna)fi 
— A(An—2 — i€n—2)f2— +++} =O (41a) 
—kav/Kvn, — (2n + 1)(20 + 3)ungr + i(2n + 1)Angs 
+ Ra?{ deE(—dn + in) — A(un—a + GAn—a)fi 
— A(uings + i€dn-2)f2— +++} =0 (4tb) 
—4(n + 1)(m + 2)onpi + RO (G7EY — 1)¥n 
+ haréyb.( fini + forn—2 + + -) 
+ kav/«{ (2n+3)idng1 — Magi} = 0 (4c) 
where 
(41d) 


These equations give, after somewhat heavy algebra, 


3 A(l+6A 
VE Stren eaepes 
4 1— & 
2 ae eae 
Se ee goes ae | 42 
Bi ores ( a) 
e ikav/« fill + &) 
oe 4 (eae 


a ee re —— 
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5 /Marak(a2ty — 1+) — 7+ dfide os 8) gs 
24dy = — (ee dd +) = er 
: (1 — a,)? ree 4 sas 
2q@2 fA 1 Le, 
Ra? fiA(1 + &£) (Sigrey =) x} —— PPAL+ Of 
A ec 2 
é Fes eae Ey OCT ik?a® frA(1 + &) 
Arete 4 (Aa gy —1—k) Ce E)fiA pac 4p+ ee — (etre Le on) | 
‘ ae eee (42b) 
ceae 4ifi(1 + 2A  ik?a? ACL + E)fitrt 
ee coe tha: 5 ces 
ikan/x [ BataE(G2Ly — 1 — x) — 2(7 Ae Aikav/nfo(t + £)A 
jy ae mu UEC eames Oa! \ naa fe ee ees oy 
4 (1 — &)? 1— &, 
ikea®/x ACL + £)frtieé 
2 1 i Qe 
We shall later need to know the order of magnitude of eae: she (Ee a4 
Yn» Mn, and yn, when 7 is large and ka is large. We note ioe hgees 
that 2, Me are polynomials in a of degree 2 while v2 is a 
polynomial of degree 3 with factor a. The general result eg (1 Ei aig? Ae ) sin v 
is that An, Mn are polynomials of degree 2n—2 ina, while 4 
vy, is a polynomial of degree 2n—1 in a (containing at . (46) 
least a factor a). This can be proven by mathematical 4H. = \v (dated grt pny 
induction using the difference equations of (41) (see severe 
Appendix IT). Fi, Ff, and F; therefore tend to the re- _ ~ (= r+ :-- )k cos y 
quired limits as a> ~. a 
H; = O(r’) cos py 
CCM OPEN PLOW) 10 TE AKIGL IRCSTONS i cow ey es eR DI ee an oa le rele 
Writing for brevity, = (1+ Air? +--+) cosy 
M1 
= Pet ee Eo = —({1 — 72 oes 1 
Y= o+ kv/xz — wt (43) 2 ( + Bie ) siny (47) 
and remembering that the actual physical field com- eae es shee -) ny 
ponents are to be obtained by taking the real parts of : i 
the mathematical expressions in the text, there results 
Whence 
eek (= Fav/« \ ef | 
eee Nep 2 ‘ (E A H); = 0(r°) sin y cosy. (48) 
H,= Re (Five +" 4 =) , (44) (EA B)s= Vel1 + a(cos?y +f sin?y)r? + « +}. (49) 


1 
H; = Re {- ree — 1h, + ra) et 
r 


the dash denoting differentiation with respect to r. 
Likewise, 
Ky = Re (F ye”) 
E, = Re (Pre) }. 
Es; = Re (Fe) 


(45) 


Using the series which have been developed for F,, Fs, 
and Fs, 


The flux of energy is therefore directed wholly parallel 
to the axis of the distribution, since the mean value of 
(E/\H); over a time cycle is zero. 

The total flux of energy down the column is thus 


Ca? 
mel ie tdrdo(E /\ A); 


_ Ca? 


~ rdrvi(t + bir? + Bort + +++} (50) 


by the above, where 


1959 
Lie 
b=A+—-— = 
thie tae: ika/K 
1 3 
bo = — (A? — m1?) +(a+4)- ; — . (51) 
2 4 tRav/k 


Vy Ma 
ale erin tan 
3ikav/x ( nas ) 


__ We must now make an estimate of the order of magni- 


tude of this integral when the necessary condition 1) of 


_ Section II-A, for good guiding over most of the range, 


0<y¥ <1, is satisfied. 


 C. AK=1; Permitted F-Range Effectively 


af A) ff 
As seen, the satisfaction of the necessary condition 1) 
of Section II-A implies either that G be near 1— A or that 


- G<1-—A. It is not likely that G would ever be much 
_ larger than unity in applications to whistlers and, since 
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provided that ¥ is not too near the upper or lower limits 
referred to above. Hence, with this proviso, 


tkag(K) = — 2rX(—4A)!2 (55) 


where 

LOG (56) 
and ),, the wavelength of the plasma frequency at the 
axis, is given by 


Go) C= 2a /Ne. (57) 
Thus, owing to the appearance of the exponential factor 
in the field at sufficient radial distances, the contribu- 
tion of the range $X—!(—A)-!/? to infinity, to the inte- 
gral (50), can be neglected in an approximate appraisal 
of its value. 

After some heavy algebra, we find the following re- 
duced forms for the second order coefficients Ae, Me, V2, 
which occur in the series for Fi, Fo, F3 


ery Gy Gy lt YO ty) oy ty fid 8fe 
A2 = \- +2( = +=) hoy 
6 y(1 + y) 36 a We Se ee Geese or 
mX? 14+7+ 67 — 26701 + y)(1 +37) 1 ft fad 8fs 
2 = | eS |e ee 
6 y(1 + y) 12 ye GP 4) eee 
{ Tol 267+) 1 G + Ty fad oe I, 
= ae = See ee? oe — SSS Se =— 1 
g 6 y(t by) ee Seley ena 


After further algebra, we find that the series in the 
integrand of (50) is 


m?X* 13+ 16y + 247? + 8Gy(1 + v)(2 + ¥ — 67’) — 24G%78(1 + 7)°(1 — ¥) 


2 
eh er niet | — = 


= have to have —A>>1 as a necessary condition for 
propagation over most of the frequency range 0< Jaf, 
(21) becomes, for this case, effectively, 


eee fp (1 — y)} K? 
is + oa aa! u ‘ 


1 2-A(l— 


where (since —A>>1) 


A 1 es - 
KR? : a aot {[ay( — v1} 
that is, 
eels (54) 
k= —( =) ? 


{14+ G1 — y)}va + 7) 
fies 
12 OY 


fid 
t+.GG 77) 


+ “2 mc) 


Writing Tm equal to the new upper limit 4X-1(—A)-¥? 


of the integral in (50), when approximated, as explained 
above, and considering the order of magnitude of the 
first few terms of the series, we have, for example, 


A 1 


ei y) 
1+ Ga — 7) 4x2/A| 


4 Y 


v Tm 


(60) 


o(—) < OC) 4) 7X2): 


If X?/| A|>>1 or order unity, then this is small or order 
unity and the order of the fourth-degree term is then 


X?| A| ym? = <O(\ Al (72. MCL} 


X2y?| A| 
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Considering, therefore, first the case X >>| A or 
X?=0({Al) then, if X*>| al, the flux of energy down 
the column approximates to 


aCdoX (62) 


where 


(63) 


See eS SSS 


4 wy | A| {vi —y)}1? 


If X?=0(|A| ), the energy flux is of this order of magni- 
tude. The flux of energy of the unit field E(1, z, 0) down 
a column of the “standard” radius X, is here taken as our 
standard of comparison for measurement of energy flux. 
x is then the ratio of the actual flux to this standard 
flux. 

We have now, however, to consider the case X 2<| Al : 
the difficulty here is that the series in question cannot be 
replaced by its first few terms. However, it will be 
noticed that the coefficient of r+ in the F series (and so in 
the above series) is a polynomial in A/y? of degree 2. 
The coefficients of this polynomial are of course inde- 
pendent of A but are bounded, continuous functions of 
G and y throughout 0<y<1, G>0. By mathematical 
induction (see Appendix ITI), the general result for the 
coefficient of r2” can be reached; hence, the above series, 
- for large |A| and X?<| A] is of the form 

A A? xX? 1 
SE Ge lta lt deed ais + 0(— =) +0(= =) (64) 
Y af 
where the a’s are continuous, bounded functions of y 
and G for 0<y<1, G>0. 

Although this series may diverge for sufficiently large 
t [it does, for example, if the distribution law is 
(1+7?)-1], the function which it represents is analytic 
along the whole real 7 axis (since the field is known to be 
finite and continuous for all r), and tends to zero as 
T>-+ 0. Denoting this function by ®(G, y, 6) where 
7?=6y/ A, then (since the function is derived directly 
from the field functions Fi, Fo, F3 which are continuous 
with continuous first derivatives), it follows that 


d®(G, y, 0)/d6 


is continuous in 0 and also in G, y for any fixed 6. Hence, 
6m (where 0, gives the maximum value of ® for 6-varia- 
tions) is continuous in G, y. Hence, ®(G, Y, Om) is con- 
tinuous in G, y and is therefore bounded. 

Hence, in this case also, the order of the integral (50) 
is as found above. If, however, X is so small that Tm> ie 
the field spreads appreciably away from the axial re- 
gions. This happens if X <|A|-/?; we must not have 
this for good guiding. 

Hence, in the case under consideration (—A>>1) we 
obtain good guiding throughout most of the frequency 
range 


tha/(—A) <f < fu, 
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ably greater than unity) subject to the requirements 


(N1/N.)>>1; X>4(N./N1) 2, €.g. Obviously, these re- — 


quirements cannot be met unless fu/fe is small. Alter- 
natively, we may state the requirements as follows. 
Writing the (small) lower cutoff frequency as yzfx (so 
that y,=3(N-./ Nd), we require that 2(f./fz)7xz should be 
as large as possible (appreciably greater than unity, 
e.g.) and also that the column satisfy the “thickness 
condition” X >+/Yt. 


D. The Case 0<1—A<1; Permitted F-Range 
(LBs far tee 
In this case, it is essential that 
1-A<G (65) 
4.€., that 


(N./N1) > (fe/f)? (66) 


for the freqency range 0<f<fz to be well covered. The 
equation for K is now, effectively, 


G(1 — y?)K4 
2(1 + Ay) he lie A 
———— K*?+ — = 05 46% 
a Y Gy he (67) 
where 
1 
Giri") yG(1 — y) 


Since A is nearly unity in the present case, we have, ef- 
fectively, 


4 


Ky = K i (69) 
VGy(1 — 7) 
Thus 
kaS(K) = 2nX (70) 
cay, 
Hence, here 
1 1 — 
Ui ae ry] Lie (71) 
2 7 


and, for the field to be fairly well localized near the axis 
of the column, we require Tm <1 for all the values of y in 
the permitted range [this in view of the radial attenua- 
tion factor karg(K) ]; 7.e., we require that 


X-UG/(1— A} <2 
Ter. 
A{G/(1 — a)}¥4 (72) 


4.€., 


ee (73) 


apmher a 


when (f,/f) (N-/ Nr) is as large as possible (e.g., appreci- — 


| 
| 


"tn. We 


SO) tee rele Ss oe ihe | 
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where yz is the lower limit {(14—A) /G}'2 of the per- 
mitted range for y. Hence, X has, in the present case, to 
be fairly large. Here, X >| A| and, considering the size 


_ of the first few terms of the series in (50), 


AiTm? = 0(X?y-*) (74) 
and the term in 7‘ with T=T» is 
PRES ez, 
0 (= a ) = 0(X-*y-4), (75) 


Hence, if y is not too small, the series in (50) approxi- 


mates to unity and then, using the value of rm from (71), 
1—y f 1 
1 fa (A — yh 
ees Coma) a io) fat) 


x= xX 


in general of this order of magnitude. 
If y becomes small (although of course still >yz), 


_ then the series in (50) can no longer be approximated by 


unity nor even by its first few terms. We then wish to 
know its order of magnitude. a 
Now since [by condition (73) ], X2>>1=A, and since, 


_ by Appendix II, the dominant part of the coefficient of 


7” in the series in question is X2"—?/y” times a function 
of y, G bounded throughout 0<y<1, G>0, then the 
series is of the form 


2 ) 
1+ —)y7? + — 7'P (77a) 
“4 Ya 
where FP isa series of the form 
ao X2n 
Pn ren (77b) 
n=0 y" 


wherein the p’s are bounded functions of y, G and are 
independent of X. 

As before, this represents a function whose continua- 
tion along the real axis is analytic, so that P(Xr/vy) 
is bounded for all real 7, tending to zero as T> © (be- 


cause the complete series, being derived directly from 


F,, Fi, Fs, does. ’ 
Hence, the series in question is, when T=T» and ¥ is 
so small that it does not approximate to unity, of order 


Fy (78) 
when y<X-¥2, 
The order of x is now 
| 1—y fe 1 bs , 
Kx HX “il — 9) 
. ey ate 71 =<) 
= 0f 2 xara - ye sx). 9) 
Su 


This estimate of the order of magnitude of X is valid 
when y<X-"2[y>4X7-*; see condition (71) with 
Tax iF 


- 
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when y>>X~—"/?2, When vy becomes near this value yx is 
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III. Conciuston 


Energy can be carried either by columns of the central 
ionic surplus type (which we shall call S-columns) or by 
the central ionic deficiency type (D-columns) over a 
large part of the frequency range 0<f<fz, provided 
that both types are well developed (N.<«WNy or N.«KN?i 
and are not too thin. 

The main difference in the two cases is in the order of 
magnitude of the energy parameter x; apart from simple 
factors in y, there is an extra small factor |A|-1 in 
the expression for D-columns [see (76) and (63) ]. It is 
therefore clear that, when the thickness parameter X 
is large enough for both types of column to be operative, 
far more energy is carried down an S-column than down 
a D-column. There are, however, some qualifying con- 
ditions over and above the necessity condition that the 
columns should be well developed. These are now ex- 
plained. 

If the S-columns are operative, they are much better 
energy carriers than the D-columns, but they have to be 
rather thick (X>$yz-"?). On the other hand, quite 
thin D-columns are permissible (X¥>+/7z). However, 
since for them —A cannot much exceed f,/fz (otherwise 
the carried energy becomes small) it follows that 
vyi{=1/(—4A)} cannot be much less than 4(fz/},). 
This may not allow a low enough cutoff frequency 
(yxfx) to enable propagation to be explained in terms 
of this type of column. In view of this, therefore, and 
in view of the fact that the energy flux along S-columns 
is so much greater than along D-columns, it is likely that 
the whistler propagation can be accounted for by sup- 
posing the existence of columns of the former type. 


A. The Effects of Gas Pressure 
In the above analysis, we have neglected this effect; 
this [see (4)] is equivalent to making the assumption 
B 
— | graddiv E| «| E| (80) 
0" 
B being the velocity of sound in a nonelectrified gas of 
equivalent pressure and density; 7.e., B=(dp/dp)o. In 
this brief section is investigated the problem of how far 
this assumption is valid. For the components of grad 
div E, it is found that 


d Bi 
grad div E = < a ikavieh ae 
{Fi + (Fi + iF2) + ikav/eF 3} e%. 


We shall investigate the order of magnitude of this: 1) 
near the axis, 2) far from the axis. It has, of course, to 
be remembered that, when taking the actual vectors, 
we have to take the real part of the analytical expres- 
sions. 


Src: 
grad div E = a-°(3\1 + ius){1, 4, than them. 
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Using the effective expression 6o?/ { (wn —@) \ for K, 
hav/k = 1/Tm (A > 0) 


=r f{lape(— ee (K <0). 


Hence, (80) will be satisfied provided that 
B2a-éo-? | (3X1 + ivr) | K1 


A\ 2 
(BY as 
C 
Taking account of permitted ranges for y and X in the 


two types of columns, satisfaction of (80) over these 
ranges requires 


B/C « | al-3? 


1.e., provided that 


ele a 8) 
27? X*y 


(A < 0) 
<4 (A > 0). 


2) t Large: 

d = ae 
grad div E ~ (< “(hs ita) a~?(Fy’ + tkav/kF3)e¥ 
~ — B2(K;0; VW) (KFi + iV/kFs)e¥. 


3) Case A>0: Here [see (69) ] K=~/x; hence, on tak- 
ing real parts, 


| grad div E| ~ bx{ FY + (F,/i)?}” 
| E| = [F,2 cos? y + {i(Fs a F;)}? sin? yp], 


Hence, requiring 


1.€., 


4) Case \<0: Here {see (54) } 
— K/V« = 3| BPE — y)/y pr, 


Hence, except if y is very near unity (z.e., provided that 
1—y>>A7!), the above dictates that the condition (80) 
is here 


B2 
ne acl AP2< 1, 
In view of the probable smallness of B/C, it seems likely 
that condition (80) will be satisfied; i.e., pressural effects 
can probably be neglected for Salen propagation. 
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APPENDIX I : 
A. The Conduction Current Equation in the Neutral 
Ionized Gas | 

Neglecting the effect of the pressure terms (which 

seems reasonable, in view of the investigation of the 
text) we find from (5) of the text 


T= a {E— #(n-E)n — #E A n} 
where 
& = oty/(1—#); ¢ = ao/o, £ = on/w+ w) 
1 w/w. 


Similarly (using the notation of Part I), we have, for 
the proton gas 


l= ie alE — £(n- E)n + itE ( n} 
where 
A= PE4/(1— 2); 6 =Bo/w; E= dz/(wt+ i) 
9 = w/dn 


Adding these two current vectors to obtain the total 
current, we find that the equation for Eis now 


«2 w? 
curl curl E— = B= 1 {((@+ aE 
— (a? + &&)(n-E)n — i(ak — 48) E / n}. 


Considering a plane wave with all fields proportional to 
exp (ik+/kz), we find from this that 
k-1+44+4,= = (a — &£). 


Hence, neglecting v and , 


We” m 1—y¥ 
jaa ik ee ee ie ee ee ee 
w(wH — w) nm om 
So ay 
mn 


which approximates to the value of x used in the text 
when w>>d xz. 


APPENDIX I] 
A. The Coefficients in the Series for F 
Multiplying (41b) by 7 and subtracting it from (41a) 


(2n + 2)ikavV/rrm + (2n + 2){2m + 3)iungr + Angi} 


i ReaA(1 + £) BS On ce til alie = 0, 
s=1 


2 


A 
: 
r 
4 


* 


eRe eR eee 
= r 


EP TE Nee EY EERE CA ee ee 


1959 


_ Hence 


B20 + 3)tunga + Anti 


— ikav/xy, + 


ae + £) xs Ons — 


s=1 


Beg se 


B substituting this ee in (41a), 


— Qnikay/Kyy, + 5 Par +g) oe (ne — tttn—e)fs 
s=1 
= k?a* fat(—r, <= ifn) ra A 3 (Ans a on, = 0 
s=1 
Hence 
A tka ‘ ; 
TE go SO n n 
py We BE(An + itn) 


+a(1- 


Increasing to m+1 in this and then substituting in 


re 
2 a | 2d Name = ium )fh ° 


- (4tc), 


x 
a 


: . tka 
2(n a 2) = {On Si ipsn+1) 
BVA 


mb (Ans al 


s=0 


Ee tine 
Aji— 
st ( 2n + 2 
+ k?a*(o,"Ey oa 1)yn + hatyd. Be ine 


s=] 


+ ikay/«{ (20 + 3)rng1 + tpngs} = 0. 


ices) i s+ , 


| Substituting in this equation for \,41 from the second 
equation of this Appendix, and writing 


; 


C= — ikav/nm + 


i sas a ; 
, k?a?A(1 + £) De Nae = Shinaa) tes 
s=1 
this is, 


tka ‘ 
2(n + 2) —adlc — 2(n +-t)ipnsil 


#A(1-5 


+ ka2(o2éy — 1) rn 


itn ia) st+1 


—)> Ons — 


s=0 


2n+4 
+ Raeyb. Dy fYn—s 
os 


+ ikav/x|—4i(n + 1)(a + 2)ungr + C(2n + 3)] = 
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The coefficient of jn41is 4(m+1) (m +2) ka(/k+aE/+/x) : 


hence, 


A(n ie 1)(n ale 2) (x + Dick) Mn 41 
+ i{k(2n + 3) + (2n + 2)a,¢}C 


= kav/k(62£7 ak 1)y,, = i kav/xky5¢ 2 pgee 
a= 


= +ré\< 
— 2i(n + 2)A (1 — i ) 2d Opes = tenes er an 


and 
Kk+aé=1—-— a. 
B. The Induction 


Assume now that pn, An are polynomials in X of de- 
gree 2n—2, whose highest term is of the form X2"—-2/y” 
times a function of G and y which is bounded as y—0. 
In view of the occurrence of the factor ka+/k in the series 
for F3, the correct form to assume for v, will be a poly- 
nomial in X of degree 2n—1 whose highest term is of the 
form! X2"~1/y"-1/2 times a bounded function of G and y 
inG>0, 0<7<1. 

Then, inspection of the above equation shows that the 
term in Mn4y1 involving the highest power of X will be of 
the form 


“a function of G, y, bounded as y—0, times X2"y-"-1” 


and this completes the induction for pz. The second 
equation of this Appendix will then complete the induc- 
tion for A, and then (41c) completes it for vp. 

When X is moderate and A is dominant, we have to 
consider the coefficients from the point of view of poly- 
nomials in A. The correct forms to assume for the 


highest term in A, and p, are 
(A/)” times a bounded function of y in 0<y<1 
and, for vp, 
A*/y"-2 times a bounded function of y in 0<y<1. 


Inspection of the above equation then shows (remem- 
bering that AxA) that the term in u,41 involving the 
highest power of A will be of the form 


(bounded function of vy), times A™*1/y74+1, 


which completes the induction for pn. 

The induction for \, is then completed by the second 
equation of this Appendix and that for , by (41c). (Re- 
garding the last note that 5, x A/y? but the relevant terms 
are those in Anya and pn43.) 


1 kav/x=Xy'/2(1—y)-¥? times (a bounded function of y in 
0<+<1), and refer to the known expressions for 2, ps and v2. 
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The Propagation of Electromagnetic Waves in 
| Ionized Gases 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


Part I1I—Propagation Along Moving Columns 


F. H. NORTHOVER} 


I. THE EQUATION FOR THE FIELD VECTOR E 
EGLECTING the pressural and gravitational 
| \ terms and the effects of collisions, and writing 
all vectors proportional to exp (iw/C+/Kz—“wt), 
the equations for Jand J are 


—iw (1 — “ vi) {ial + (div 1)U} 


1 1 
=~ = iwas'(B+ = UAH) + toad An (1) 


T 


Zs 1 nie 
—wl = — — iw’? E + iwwgl /\ n. (2) 
4a 
The Maxwell relation is 
a? Atrio = 
curl curl E — 2 j5 eS = (I+ 1D) (3) 


the contributions in J and 7 on the right being omitted 
since we shall be confining ourselves to cases in which 
the effects of the positively charged gases can be neg- 
lected. 

In the present problem, U is along the direction of Ho 
so that U= Un, hence, the equation for I becomes 


—iw(1 — pv/x){ -iwl + U(div Dn} 


1 
= — — iwwy’& + iwonl /)\ n (4a) 
Aor 
where 
10 
& = E—-—n/f/ curl £, (4c) 


(23) 


and C is the velocity of light. Eq. (4a) can now be 
solved for the vector function J and, after extensive 


analysis, 
wo? 
bron 


espe (tes 
4r(Q? — wy?) w 


: Uwy 
++ u| aiv (z - 
oQ 
U. N’ 
(0-850) 
wQ N 


t Dept. of Mathematics, Carleton University, Ottawa, Can. 


1Uwy 


P 


(Sa) 


the suffix referring to a radial component and the dash 
meaning differentiation radially, and where 


mae w(1 = pv), 
p= U/C; 


N = ionic density of moving gas; 


k = &/C; 


W = ionic density of stationary gas; 


wo? > 4nNe?/m; 
@o? = 4rNe?/m; (5b) 
OT = e| Hh | /mC; 


a = a0'/(O — on’); a = dut/(w* = wn”); 


WG) 


2 
— (n-E)n; 


1wH 
T= E-—EAn-— 
Q Q 


iQ 
P= curl E+—n/ curl E. 


WOH 


Putting U=0 and using bars, the solution for the cur- 
rent vector in a stationary medium is deduced as a spe- 
cial case; thus 


16)9°w 


I = —————_ 
Ai (w? — wy?) 


z “3 ae (n-E)n -“EA a . (6) 


This agrees with a previous result; see equation (5) in 


Part II. It must be noted that the above method could 


be used to evaluate 7 and J, and thus the effect of the 
positive ions could be investigated via the full form of 
(3). This will not be done in the present paper. Use of 
(3) now gives the required equation for the electric field 
vector E; it is 


Q 
curl curl E + k? E {= r— 


a) @ 


1U Uwy N’ 
w wQ N 


2 . 
+@-1)EB- at (Bn ak An|=0. (7) 


Uowr 
aQ 


II. THE ForM OF THE FIELD 


Owing to the complexity of this equation as compared 
with the corresponding equation for the stationary col- 
umn case, it is not practicable to give such a careful 


1959 


examination of the field as was given in Part II. The 
difficulties are greatest in evaluating the field near the 
_ axis, but it is possible to gain an idea of the asymptotic 
_ behavior of the field at long distances from the axis. 
- This will now be investigated. 

As in Part IT, solutions of the form 


(Fi, Fa, Fe)etslovestio 


_are considered where the F’s are functions of r alone. 
An asymptotic solution, as in Part II, of the form 


F = ¢iKikar > a, Dp-Hi-n 4. gikjkar >? a, 2)era—n (8) 


n=0 


RTO I ee nT Se PN 


n=0 


4 can now be found where K, and K; are roots of acertain 
- equation in K, which is the eliminant of the following 
_ three equations [which correspond to the simpler equa- 
tions of Part II (15)]. 

— («x — 1+ a+ saz) Ao 

a a 4&(Gz + saz) Bo = 0 

| K? e (k —-1i+a,+ saz) } Bo -+- 1€(Gr + saz) Ao = (0 (9) 
é ( 


Re Te STR Re TL IS CN TN 
bi ’ 
a 
CY 
o 


RA or or? —1)Co 
— K(x — psar) Ao — iK péazBy = 0) 


Lidl be 


_ where the suffix J denotes value far from the column’s 
axis, the a’s having already been defined at general 
' points by (5b), and 


a: 


bai 


: or = w7/Q 
E s = Q/w (10) 
a =1—-— pv 


; so that 1—s is the ratio of the column stream velocity to 
- the axial wave propagation velocity. 
__ After considerable algebra and some reduction, the 
_ following equation for K is found: 
2 K4a —— eT Sar) 

+ K{ (x —i+art+ S?acz) (2 — a — Sar — oy? — a7?) 

+ £(a + sar)(ar + ar)} 
+ (1 — 6 — of){e —1+ a + say — E(& + saz)} 
{e—1+ a + star + E(Gr + saz)} = 0. (11) 
_ The special case of the stationary column is of sufficient 
importance to warrant special mention; it is obtained 
_ from the above by writing ar=0. Hence, for stationary 
columns 
K4(1 — ar) + K2{(« — 1+ a7) (2 — a — a7) + Par} 

: ob (1 — or’) (k —i+ar— Gre) (k —i+a+t+ aré) = (0) (12) 


A. Statement of Principle and Method 


- Following Part II, (7), the stationary and moving gas 
distributions are supposedly given by single analytic 


Foe 
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distribution functions f(r/a) and f(r/a) in the form 
N = Nr + (N. — Npj(r/a) 
N = Nr+ (N. — Nadf(r/a) (13) 


where the real functions f and f decrease steadily from 
unity on the axis to zero as r>«. The suffix c denotes 
value on the axis and the suffix J denotes value far from 
the axis. 

The parameters @ and a can be thought of as “column 
thickness parameters,” or as “smoothing” parameters. 
As @ and a tend to infinity the distributions become 
smoothed out to the homogeneous distributions N = N,, 
N=VN., for all finite r. 


B. On the Class of Waves Guided by the Columns 


A necessary condition for electromagnetic waves to 
be guided by the column is for the values of K given by 
(11) to be complex, for this makes the field decrease 
radially at long distances from the axis like r~¥? exp 
(—Ar), where A>0. Sufficient conditions can only be 
obtained through close consideration of the flux of 
energy along the distribution, particularly in the axial 
regions, as noted already in Part II. It does not seem’ 
practicable to take this further step in the general case 
owing to the great complexity of the general problem 
and to limitations of space. 

Consider now the behavior of the solution when a and 
a are made to tend to infinity. The case of the homogene- 
ous media is then reached and, by analysis similar to the 
preceding, the asymptotic behavior of the vector wave 
function F(r) far from the axis of the column, must be in 
the form r—'/? exp (1Kikar), where Ky satisfies an equa- 
tion similar to (11) but with the suffix J replaced by c; 
that is, K, satisfies 


Ki4(1 — & — sac) 
+ Ki{(« — 1+ a + s%a.)(2 — a — sae — G2 — 2”) 
+ (Ge + sar) (& + a)} 
+ (1-42 —62){e -—1+a% + s’a. — Ea + sa)} 
-{e-—1+ a + s’ac + Ea + sa.)} = 0. (14) 


It seems physically obvious that, if the column is 
“smoothed out” by making a and 4 tend to infinity, any 
modes originally guided would eventually be made to 
“leak” radially. Hence, it seems reasonable to require 
that the values of K, should be real in addition to the 
requirement that the values of K should be complex. 
These two conditions impose restrictions upon the co- 
efficients of the two quartics (11) and (14) which, when 
worked out, give rise to interesting restrictions upon 
the propagation number x which, in general, is forced to 
lie between definite limits which are functions of the 
frequency. This idea has been worked out by the writer 
for the simpler case of the stationary column and the 
results are listed in the Appendix. It is hoped that this 
may be generalized for the moving column in a subse- 


quent paper. 
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The present paper, however, shall be confined to a 
consideration of the case of the propagation of a “stand- 
ard-type” disturbance; #.e., of a disturbance such that, 
when a and 4 tend to infinity, it reduces to the axial 
plane wave of Part I, Section IV, traveling through a 
homogeneous compound distribution for which V=N,, 
V=N,. Eq. (38) of that part gives the value which we 
must take for x: the equation is evidently equivalent to 


e-1ta t+ sa, + &(& + sa) = 0 (15) 


which, by (14), is consistent with a zero value for K1. 
This is as it should be. 

Owing to the complexity of the problem, we shall not 
immediately begin by investigating the conditions un- 
der which the roots of (11) are complex (necessary con-) 
ditions for guiding). It will be easier (and also of inter- 
est) to first investigate the circumstances under which 
these roots are sensibly the same as those appropriate 
to the stationary column for the standard type propa- 
gation case, as this simpler case has already been fairly 
fully discussed in Part II. Before doing this, however, 
the three roots for »/« of (36) of Part I, which can be 
written in the following form, must be considered. 


a7e(1 — px) 


x? — x2 = Spiess (16a) 
where 
Cia a, b = (wr — w)/a, 
C= Ort) ast, A) A/K =e, 
ko = 14+ a2/b = xp. (16b) 


C. The Equation for « 


As far as ionospheric problems and whistling at- 
mospherics are concerned, the most interesting cases 
are NW (and so e.«1) and a*>>b. Of course, p<1 al- 
ways. 

If ¢, is sufficiently small, the three roots of (16a) ap- 
proximate to +x9 and —b/p. The first two represent 
waves traveling with equal (but opposite) phase veloci- 
ties equal to the phase velocity of a plane wave-in a 
stationary homogeneous medium with N=W,, while 
the root —b/p represents a wave traveling against the 
ion stream with phase velocity y/(1—~y) of the stream 
velocity | U| , where Y=/wy. 

In what follows, we shall confine our attention to 
propagation against the stream (U<0, «>0). For e 
sufficiently small, there are, then (with a single excep- 
tion noted below), two possible forward traveling waves 
given by x= +x) and x=b/(—p). The exception occurs 
when the phase velocities (defined by C/x) of these two 
waves approach equality; true wave propagation in the 
medium then becomes impossible as the roots « become 
complex. This can easily be seen from a diagram. 

When e, is sufficiently small, the second approxima- 
tions to the two roots x under discussion are found to be 
as follows: 
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{1 as ae, 1— mh 
pais Dior b + px) 
be. Wb — ap 
= a {1 += woth 
2 63/2 + ap 
(17) 
b ae, i+ 6 
v= ——ft- ——— | 
p b 2/p? — x0 


a’e.(1 + 0) p? 
1 ay 53 = a*p? \ 


‘Il 
. 


These approximations obviously fail if p— —b/x0; 1.e., | 
(effectively) if p—b*/2/a; 7.¢., to (wa—w)*!?/@-/w. The 
phase velocities (C/x) of the two forward waves then 


approach equality and (42) of Part I shows that the two 
values of x under discussion then become complex. 
We begin by investigating the circumstances under 


which the column type behavior is “quasi-stationary.” 


By this, we shall mean that (11) effectively approxi- 
mates to (12). It should be noted here that the column 
actually behaves like a stationary column only for the 
standard-type propagation waves for which «= +X; 


this would not be so for the wave x= —6/p even if (11) _ 


approximated to (12). 
For quasi-stationary type propagation [(11) ap- 
proximating to (12) ], we require that 


o7?/ar2?<K 1 (18) 


and 


| ar/ar| «1. (19) 


The first condition is equivalent to €7/s?<«1. This is sat- 
isfied under our hypothesis which is | er| «Ki and p<0, 
x>0 (so that then s>1). 

The second condition is equivalent to 


er| (1 — y*)/(1 — s*)| «1 (20) 
1.€., since er<1, to 
er| (1 — y)/(4— sy)| «1 
1.€., to 
erb/(b + px) K1. 
Writing 
x = — (b/p)(1 — w) (21) 
this condition is equivalent to 
er/uK1. (22) 


Hence, since é; is small, propagation along the column 
will be quasi-stationary except if a particular root x 
of (16a) were so near to —b/p that p became comparable 
with, or small compared with, ez. We examine this con- 
dition further. Eq. (16) may be written 


(23) 
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: ae, 1— px 

= x? — x? 

7g 

ie ONE 
a au eae 
i Xo 

7 Since in determining our criterion we are concerned (as 
a explained above) only with small values of bu, this gives, 
_ effectively, 

q 6 \? 

q w= +e(1 + a) / (= = i ; (25) 


provided that the right hand side of this equation is 


: small (e.g., <) for otherwise we should be involved in 
_ acontradiction in our derivation of (25). What happens 
1 if the right of (25) becomes large is that all forward 
; traveling waves disappear, owing to the appropriate 
_ roots x of (16) becoming complex. 

j Hence, subject to the proviso just mentioned, we have 
j b\? 

| wy 

4 €r a pxo (=) 

L 1+06 € 

a We 


: ain! 
; (—) -1 
7 Cg p Xo 


1—A 
L 1+ 06 1—<A 
where, with a similar notation to that of Part II, 
; A = (N, — Nd/N. A= (Ne— Nr)/Ne. (27) 


Propagation, therefore, fails to be quasi-stationary when 
| (@/pxo)? — 1] /( + 1) = 0(1) (28) 


or 


| (b/ pao)? — 1| /(@+ 1) >1. (29) 


In the latter case, it may be said that the propagation 
along the column is “anomalous.” 
Condition (29) for anomalous propagation is easily 
seen to be (using a?>>)) equivalent to 


| 2] K wa — 0)*?/a.Von. 


Columns for which the axial velocity is so slow that 
(30). is true will be termed “columns with slow drift,” 
Hence, descriptively, for columns with slow drift, there 
are two waves which are propagated truly quasi-sta- 
tionarily [7.e., those for which Vk= +&,/Vo(wu—)}; 
but there is in addition a third “slow” wave (anomalous 
propagation along columns with slow drift) for which 


Ve = — b/p{ =(ox — «)/o| »| } (31) 


(30) 


D. Discussion of the Anomalous Wave 


For this wave, we must use the condition ar>ar 
[to which (29) and (30) are equivalent] and the already 
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established condition o7?¢é;? in (11) in order to obtain 
the exponent numbers K which govern the axial spread- 
ing of the field; thus the approximations obtained are 
Vos 
K? = 44 ——— 
1—<A 


WH? Wr," 


oun +(1- 1 


(32) 


or 
= eee) {a +A) + 0 - a) 


Po = (wn — &)9!9/i,/on 


and used in the working was the fact that (Q—wy) /wy<1 
(equivalent to w1); in fact, the result 


where 


(32a) 


Q — we = — dup 


= — €(wy — w)(p/Po)? for this case, (33) 


was used. 

It is at once apparent that, for radial exponential at- 
tenuation of the field (which in general is expressed 
asymptotically for large r in terms of both of these roots 


in K*), we require 
A<0 (34) 


and this attenuation will only be appreciable (exceed 7 
nepers when r=a) if 


—1/2 
4(= ss xi si Ne a ees » Sal 


2 2 XP 
Gee fort 
WH — Ww p Q@ 


where X=a/)., w-/C=27/d\.. For (35) to be satis- 
fied over most of the frequency range 0<w<wuy, 
X(Po/p) > 
XV/(—A)>1 


(35) 


ta-aho od 


(36) 


must hold. It is of interest to notice that 


1) there does not appear to be a low frequency cutoff 
for this “anomalous” wave, and 
2) provided that X is not small compared with unity, 
large values of |A| are apparently not needed. 
A complete investigation, however, would require the 
determination of the energy flux distribution through 
the column, as was attempted in Part II, but, for the gen- 
eral problem considered in Part III, this appears too 
formidable a task. 


SUMMARY 
If 
| (6/pxo)? — 1] /@ + 1) >> V2«. 
the roots x of (16) approximate closely to +x, —b/p. 


$360 


MWe 


Fig. 1—Case A> 0. 


If further, 
V2 K | (b/pxo)? — 1] /(@+1) «1 


then the propagation along the column is truly quasi- 
stationary (column behaves like a stationary column) 
for the waves given by x= +x» [ (11) then approximat- 
ing the simpler (12) ]. The propagation of the wave for 
which «= —b/p, as regards amount of axial spreading, 
has not been investigated [one would need to make the 
approximation «= —6/p in (12) ], but the work of Part 
II shows that the waves « = +o would be carried along 
the column (if of central ionic surplus type and suffi- 
ciently developed) quasi-stationarily. If 


| (b/pao)? — 1] /(6 + 1) = O(1) 
or >1 


propagation is still truly quasi-stationary for the waves 
for which x= +x, but is not so for the wave x= —b/p, 
_as, for this wave, (11) does not approximate (12). The 
case when | (b/pxo)?—1| /(b+1) is O(1) has not been 
investigated owing to the complexity of the equations. 
However, if 


| (6/px0)? — 1] /(6+1)>1 


and if, in addition, A<0, the wave x= —b/p is expo- 
nentially attenuated radially and likely to be well 
guided under relatively light restrictive conditions. This 
is in contrast to propagation down a stationary column 
under x= +0, where the most favored columns are 
those for which A>0. 


APPENDIX 


ALLOWED VALUES OF kK AND A FOR THE 
STATIONARY COLUMN 


Key: The following key refers to Figs. 1 and 2. 


Fig. 2—Case A<0; 0<v7:'<1 where 
1—2y1'2—26'y12(1 —y1”) =0. 


1 
Gy(1 — ) 
2(1 — Gy?) 
G{1 — 27? — 2G,7(1 — y?)} 


(1) 


(2) 


11-Gt- Va-GAl1+G0—W}} @) 


G = wH?/ ae". 


The dashed numbers in Figs. 1 and 2 represent graphs of 
the above functions with G replaced by G’, where 


G’ = wx? / ar? ae G/(1 — A). 
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Summary—On the basis of the results obtained by Silver and 
Saunders [4] for the field radiated from an arbitrary slot in a per- 
fectly conducting circular cylinder, expressions have been derived 
for the field radiated by a narrow helical slot, with an arbitrary aper- 
_ ture field distribution, in a circular cylinder. The cases of a standing 
_ wave and a progressing wave aperture field are given particular con- 

sideration. It has also been indicated how a finite width of the slot 

can be taken into consideration. The results for the helical slot have 

been used for calculating the field radiated from a U-shaped slot 
_ antenna in a circular cylinder. 

By a procedure similar to the one used by Silver and Saunders, 
expressions have been derived for the field radiated from an arbitrary 
surface current distribution on a cylinder surface coaxial with a per- 
_ fectly conducting cylinder. The cases where the space between the 
two cylindrical surfaces have the same characteristic constants and 
different constants are treated separately. 

Extensive numerical computations of the field radiated from the 
slot antennas described here are being carried out, but no numerical 
results are yet available. 
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INTRODUCTION 
Hee) tesa’ the last ten or fifteen years, there has 


been a great interest in antennas on or near 
- circular cylinders. In particular, a large number 
of papers have dealt with the radiation from slots in 
such cylinders. In 1958 the author [1] gave a survey of 
- the results of this work. The report containing this 
survey was made for the Martin Company, Littleton, 
Colo., by the P.E.C. Corporation, Boulder, Colo., 
_ and published by this corporation. This report contains 
_ references to the literature, working formulas for the 
_ radiated fields, and a compilation of graphs of radiated 
_ fields, many of these graphs published for the first time 
- there. No derivations of the formulas are given; in col- 
- lecting the material for this report, a bibliography pub- 
lished by Wait [2] in 1957 was found very helpful. 

Wait [3] has published a very useful monograph in 
which a large amount of material is compiled regarding 
the fields radiated from slots in.circular cylinders and 
other types of cylinders; derivations of the formulas are 
given in the necessary detail, and the meaning of the 
formulas are in many cases made clear by graphs. Much 
of the material in the book is due to his own investiga- 
tions. 

The present paper deals with the field radiated from 
various types of antennas on or near circular cylinders. 
The work described is a minor part of some work which 
the author undertook for the P.E.C. Corporation on a 
contract with the Martin Company from September, 
1958, until June, 1959. 

Among the many excellent papers published during 
the last decade on the field radiated from slot antennas 
in circular cylinders one paper, by Silver and Saunders 
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+ The Technical University of Denmark, Copenhagen, Denmark. 
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[4], is outstanding in this author’s opinion. Their paper 
has served, or could have served, as a model for any 
paper dealing with the field radiated from a slot, with 
a prescribed aperture field in a circular cylinder having 
a diameter of the same order of magnitude as the wave- 
length. It has also served as the basis for all our slot 
antenna computations and as a model for the computa- 
tions made here regarding the field radiated from wire 
antennas near circular cylinders. We shall, therefore, 
start by stating the result of Silver and Saunders in a 
form suitable for our own use. 


ARBITRARY SLOT IN CIRCULAR CYLINDER 


For convenient reference, we shall state here the 
formula derived by Silver and Saunders for the field 
radiated by an arbitrary slot in an infinitely long circu- 
lar cylinder. Consider a circular cylinder with radius a 
as shown in Fig. 1. A rectangular coordinate system 


Fig. 1—Arbitrary slot in circular cylinder. 


(x, y, 2) is introduced with the axis of the cylinder as the 
z axis, and we further introduce a cylindrical coordinate 
system (p, ¢, 2) and a spherical coordinate system 
(r, 0, @) related in the conventional way with the rec- 
tangular coordinate system. On the surface of the cylin- 
der is a slot of arbitrary shape; the slot is situated in the 
region between z= 21, and 2= % (2: <ze), and it is bounded 
by the curves ¢= ¢:(z) and $= ¢2(z). 

It is assumed that the tangential component of the 
electric field strength in the slot is described by 


F,(¢, 2) in the aperture, 
ie to outside the aperture, 
J 2d, 2) in the aperture, 

E, = 


0 outside the aperture, 


where F,(¢, 2) and F,(¢, 2) are prescribed functions of 
g@ and z. 
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Here, and in what follows, we use as a time factor 
et and define the wave number k=27/\ where d is the 
wavelength. The components of the electric field 
strength in the far zone field may then be expressed as 


#, = 0, 
eikr ro) jntle—ing 
ee pette SRRO TDS FC) 
2 r no» Sin 0H,’ (ka sin 8) 
—jkr © jn p—jnp 
five e7 yceus E& sw n cos 0 1 |, 
2m?r n=» Hy? (ka sin @) ka sin? 0 


where 


29 $2(§) 
1,0 = f agente [ 8, Doman «= Land 2. 
Z1 Ci 


1(&) 


In carrying out the above integration, it is convenient 
to be able to use any orthogonal coordinates (#4, 2) on 
the cylinder surface which fit the geometry of the slot. 
For this purpose, we redefine the components of the 
aperture field F by 


- ‘i (41, 4M) in the aperture, 

cece lO outside the aperture, 
5 ‘e 2(u1, M2) in the aperture, 

; 0 outside the aperture. 


An element of length di on the cylinder surface r=a 
may now be expressed by 


dl = V(hydus)® + (hadus)?, 


where ky=hy(u1, v2) and he=he(m, uve) are functions of 
the coordinates “, and uw. We further express £ and 6 as 
functions of #; and %, 


g = E(w, 2), 
B = B( 1, U2). 


Often the tangential electric field F(u, 2) in the 
aperture is expressed as a certain constant voltage Vo 
divided by a certain constant length w and multiplied by 
a normalized dimension-free field distribution function 


f(u, U2) 
an Vo- 
F(u1, U2) = — f(a, ue). 
w 


It may be convenient to further express the far zone 
field E(r, 0, $) in the following way 


—jkr 


E(r, 6, ¢) = Vo : 


2(0, $). 


The normalized electric field strength é(6, ), which does 
not depend upon 7, has the components 
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e, = 0, 
oo int+lp—ingd 
Peg ke chess peer ER Ss 3 
Qn? nx» sin 0H, (ka sin 6) 
2 ine ine n cos 0 

pg ws Td eee E Ct = eee | 
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2m? now Hn? (ka sin 6) ka sin? 6 


where i,“ are dimension-free quantities given by 


1 
i, = —{f fic(t1, U2) 
aw 


° eilhE (u, 49) cos 6+nB (uy) fry (at, U2) he(u1, U2) du, du» 


K =01 andeZe 


This is a convenient formulation of Silver and Saun- 
ders’ results for many practical purposes. 


HELICAL SLOT IN CIRCULAR CYLINDER 
Arbitrary Aperture Field 


Although there is a considerable practical interest 
attached to the use of inclined slots in a circular cylin- 
der, to the author’s knowledge no analytical expression 
for, and no numerical computation of, the field radiated 
from an inclined slot in a circular cylinder have been 
published so far. The content of this section is a revised 
edition of part of a Master’s thesis by Pedersen [5]; 
the thesis work was done under the author’s direction in 
1958. 

With reference to Fig. 2, let us first consider an in- 


Fig. 2—Helical slot in circular cylinder. 


finitely narrow, helical slot in an infinitely long, circular 
cylinder, and let us assume that the field in the slot is 
prescribed. The radius of the cylinder is called a, 
The centerline of the slot is assumed to be a piece of a 
helix with its midpoint passing through the point 
(x, y, 2) =(a, 0, 0) as shown in Fig. 2. The angle which 
the helix forms with a plane transverse to the axis is 
called v. We introduce a coordinate o along the slot so 
that s=age is the length of arc in the o direction. The 
ends of the slot are assumed to be situated at 


is December 


ag 
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_ The tangential component of the aperture field is as- 
__ sumed to be transverse to the slot. Denoting by # a unit 
vector pointing in such a direction transverse to the 
slot that ¢X# is a unit vector pointing normally out- 
wards from the cylinder surface, we may express the 
tangential aperture field by 


Vof(o) . 


Ty 


F= 


w 


where Vo has the dimension of voltage and w the dimen- 

sion of length, whereby f(a) becomes dimension-free. 

We may think of w as the width of the slot and of Vy as 
a reference voltage across the slot. 

Using the general formulas for the field radiated from 
an arbitrary slot in a circular cylinder given in the last 
section, we may now obtain the following expressions 
for the components of the normalized electric field 
strength radiated from the inclined slot 


cos v 2 


27? sin 0 n=. H,,@(ka sin 6) 


ne—ines 
ly = Sy = 


LS | - sin Uv 
en? Selle: 5 oP sin @) 


gees eines, 
Co 


N COS V0 COS “| 
ka sin? 6 
where 


F(a)e**"da 


—¢; 


aT oad 
with 
K, = ka sin v cos 0+ n cos v. 
When the aperture field is given, 7.¢., when f(a) is 
known, the integral 7, may be computed and the field 
found from the above formulas. 

So far, we have considered only infinitely narrow 
slots. It is desirable also to have formulas available for 
the field radiated from an inclined slot of finite width. 
Considering an inclined slot with a finite width w, as 
shown in Fig. 3, and assuming that the tangential aper- 


Fig. 3—Inclined slot with finite width. 


ture field is transverse to the longitudinal direction of 
the slot and that the field does not vary in the trans- 
‘verse direction, we find that the formulas for the radi- 
ated fields given above should be replaced by 
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é dee ea 7, | : rine Osea 
,=— ——_———_| — sin» + ——__—_ 
2 eee |? (ea Sine 6) ka sin? 6 | ne 
where 
. Anw 
sin 
2a 
P, = 
H,w 
2a 
with 


H, = ka cosv cos 6 — n sin v. 


The present formulas differ from the corresponding ex- 
pressions for an infinitely narrow, inclined slot with the 
same field distribution only by the factor P,, which is 
present here, but absent in the formulas for the in- 
finitely narrow slot. If we let the width, w, of the slot 
tend towards zero, we find 
Tis Poe 1 
w-9 
The expressions for the components é and e,, derived 
here, then converge towards the expressions for eg and 
é» for an infinitely narrow, inclined slot, as they should. 
In the following, only the expressions for an infinitely 
narrow slot will be stated. 


Sinusoidal Aperture Field 


One use of the above expressions is for obtaining an 
approximate expression for the field radiated from a 
plane, inclined slot with a sinusoidal aperture field. 

A plane slot in a circular cylinder actually is part of an 
ellipse. However, when the slot is short, as compared to 
the circumference of the cylinder, it may be well ap- 
proximated by part of a helix. The theory given in the 
last section may, therefore, be used in finding the field 
radiated from such a slot. The length of the slot is 
called 7, and the center of the slot is assumed to be 
situated at (x, y, 2) =(a, 0, 0). A sinusoidal field distri- 
bution in the slot will then be expressed by the normal- 
ized field distribution function 

ra 
f(c) = cos e o. 
Inserting this function in the above formula for the 
integral 7,, we obtain 
2ra l 


— cos K, — 
l a 


in = —— 
Twa 


where K,, is given above. This expression for j, should 
be inserted in the above expressions for the @- and &- 
components of the normalized electric field strength é. 
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Setting v=0 in the formulas described above, we ob- 
tain the well-known formulas for the field radiated from 
a circumferential slot. On the other hand, setting »=90° 
in the above mentioned formulas, we obtain expressions 
which are identical with the well-known formulas for the 
axial slot found in the literature, except for the fact that 
the two formulas have opposite signs. This difference in 
sign is due to the circumstance that here the positive 
direction for the field in the aperture is chosen as the 
direction of é (which in the case of the axial slots be- 
comes ¢= —$) whereas in most papers dealing with the 
axial slot, it is customary to choose the direction of ¢ as 
the positive direction for the aperture field. 

In the above investigation, we have assumed the in- 
clined slot to be helical instead of being an ellipse as it 
would be if the slot were formed by cutting the cylinder 
with a plane. The distance A between the end points of 
the actual elliptical slot and the helical slot (see Fig. 4) 
is approximately 


A = asin 0(¢m — SiN dm), 


where 


lcosv 
2a 


™m 


For the special case of a half wavelength slot, the relative 
distance e between the helix and the ellipse at their end 
points, defined as the distance A divided by the length 
1 of the slot, has been plotted in Fig. 5. It is seen from 
this figure that when the diameter of the cylinder is one 
wavelength or more, the maximum relative deviation e 
between the actual and the approximating slot is only 
a few tenths of one per cent. 

From the above expressions for the components of the 
field radiated by an inclined slot with a sinusoidal aper- 
ture field distribution, we may obtain the following sym- 
metry relations 


eo(a 0 —¢) = e4(8, ¢), 
ég(r — 6, —) = e4(8, 4). 


Since these symmetry relations could also have been 
established directly by inspection of the geometrical 
properties of the slot and its excitation, the derivation 
of these relations furnishes a partial check of the above 
expressions. The preceding symmetry relations seem 
generally to exhaust the symmetry properties of the 
field radiated from an inclined slot with a symmetric 
excitation. However, in special cases further symmetry 
relations may exist. For a circumferential slot (v=0), 
for example, we have further 


€9(8, —¢) = e0(9, ¢), 
€9(8, —$) = — e4(6, ¢). 


a 
Zz 
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Fig. 4—Relative deviation of helical slot from 
plane, elliptical slot. 


Fig. 5—Relative deviation of helical slot from 
plane, elliptical slot. 


For an axial slot (v=90°), we have the following addi- — 
tional symmetry relation 


es(0, —¢) = e4(6, ¢). 


All of the previous symmetry relations also hold for the 
approximate field expressions obtained from the exact 
expressions by replacing the summation from — © to « 
by a summation from —WN to N. The above symmetry | 
relations may therefore be used as a partial check in 
carrying out the numerical computations. 


Progressing Aperture Wave Field 


It has been suggested that the field radiated from a 
helical slot in a circular cylinder with a progressing wave 
in the aperture be investigated. We assume that the 
normalized aperture field distribution f(¢) is a pro- 
gressing wave given by 


fle) = e-iviee, 


where p is the quotient between the velocity of light and 
the velocity of the aperture wave field. Considering only 
a helical slot with an integral number, NV, of turns, we 
obtain, by using the general expression for the radiated 
field given above, the following expression for the nor- 
malized field 2(@, ) radiated from the slot 


&(8, 6) = G(o)e*(0, 6 — (N — 1)z), 


where G(@) is the array characteristic of an array of N 
single turns, and where é*(0, ¢) is the field radiated from 
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_a single turn of such a helical slot. The components of 
_ the normalized electric field strength é@*(9, @) radiated 
_ from a single turn are given by 


sinmu © eiln (84 /2)—)-+r /2] 
a*(0, ¢) = — —— ee 
m* Sin 6 po» (u + n)H, (ka sin 6) 
sinqm © ein ( (31 /2)—9) 
* =s 
e4 (6, ¢) em 


T COSY naw (u + 2)H, ©’ (ka sin 6) 


| =sin 0+ 


N COS V COS =| 
p] 


ka sin? 6 


where w= ka (tan v cos 0—p/cos 2). 

It should be noted that the above relation between 
the field 2 from a helical slot with N turns and the field 
é* from a single turn of this slot connects @(0, ¢), not 
with é*(@, ¢), but with 2*(6, 6—(N—1)z). This is due 
to the fact that helical slots with an even number of 
turns are oriented differently in the coordinate system 
(x, y, 2) from the helical slot with an odd number of 
turns, in that the end-points of a helical slot with an 
even number of turns are situated on the line x=a, 
y=0, whereas the end-points of a helical slot with an 
odd number of turns are situated on the line x= —a, 
y=0. This is illustrated in Fig. 6 for the cases of N=1 
and N=2. 


U-SHAPED SLOT IN CIRCULAR CYLINDER 


One type of antenna that seems to be generally used 
as a flush-mounted, radiating element in a circular 
cylinder is a U-shaped slot. In this section, expressions 
shall be derived for such an antenna under the assump- 
tion that the slot is infinitely narrow, and that it is made 
up of parts of three helical slots. Only the case of a sym- 
metrical slot shall be considered here. 

In Fig. 7 is shown a symmetrical, U-shaped slot on 
the surface of a circular cylinder with radius a. The 
length of the central part of the slot is called c and the 
length of the outer parts of the slot d. A coordinate sys- 
tem (x, y, g) is introduced as shown in the figure, so that 
the midpoint of the slot is located at (x, y, z) =(a, 0, 0). 
The slot is given a positive direction, and the angle 
which the central part of the slot so oriented forms with 
a plane transverse to the axis of the cylinder is called v. 
We introduce a dimension-free coordinate o along the 
slot with o=0 corresponding to one end-point of the 
slot, and so defined that s=ag is the length of the arc 
along the slot. The aperture field in the slot is assumed 
to be everywhere transverse to the longitudinal direc- 
tion of the slot. The component F,(c) of the aperture 
field in the transverse direction, counted positive from 
the “inside” of the slot towards the “outside,” is as- 
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Fig. 6—Helical slot with (a) an odd and 
(b) an even number of turns, 


Fig. 7—U-shaped slot in circular cylinder. 


sumed to be 
ore 
F,(c) = — sin go, 
w 


where 
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By using the general formulas given above for the field 
radiated from an arbitrary slot with an arbitrary aper- 
ture field distribution, we then obtain the following ex- 
pressions for the components of the normalized electric 
field strength of the field radiated from the U-shaped 
slot with a sinusoidal aperture field distribution, 


1 ) Gig: ne 
é€ =-—l ee ns 
; 2r? sin 6 n=» Hy, (ka sin 0) 
1 gre ae n cos 0 
Chien iSpy ee An mers ahr 2). B, ? 
lr? n=» Hn’ (ka sin 8) ka sin? 0 
where 


An = jn* COS V:— J, Sin 9, 


Bn = jn¥ Sin v--+ 7, COs 9, 
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C 
— K, cos (« =) 
2a 
02) — sn(0 7) } 
] ae |) Sa = 
7g cos ( j Te ’ 
2 GoNte: C 
oo {0 cos (x. =) sin (4 =) 
g? — (K,®)? 2a 2a. 
va (ers) (3) 
— K, i n'?? — ] cos = 
sin ( 2a Thay lee 


K,© = kacosv sin @ — n sin 2, 


jn™ = 


K,® = ka sin vcos 6 + cos v. 


A partial check of the above formulas may be ob- 
tained by applying them to the case of d=0, in which 
case the U-shaped slot degenerates into an ordinary in- 
clined slot with the length c. It may readily be verified 
that in this case the above formulas simplify to the 
formulas obtained previously for a simple inclined slot. 


ARBITRARY CURRENT DISTRIBUTION ON CIRCULAR 
CYLINDRICAL SURFACE COAXIAL WITH CIRCULAR, 
CONDUCTING CYLINDER 


The author has been asked to solve the problem of 
computing the field radiated from a helical wire, with 
a progressing current wave, coaxial with a conducting, 
circular cylinder. This problem may be considered a 
particular case of the more general problem of finding 
the field radiated from an arbitrary, given distribution 
of surface current on a circular cylinder coaxial with the 
conducting, circular cylinder. Since the latter, more 
general problem may be solved with only a little more 
work than required for solving the particular problem 
of a helical current distribution, and since the solution 
of the general problem may also have practical applica- 
tions to other problems, we shall here solve this problem. 

Consider a perfectly conducting cylinder with radius 
a and a coaxial, circular cylindrical surface with radius 
6 as shown in Fig. 8. In formulating the problem, we 
shall use cylindrical coordinates (p, ¢, 2) with the axis 
of the cylinder as the z axis, whereas for expressing the 
far zone field, we shall use spherical coordinates (r,0, 0), 
these coordinates being related to the cylindrical co- 
ordinates in the usual way. On the cylindrical surface 
with radius 0, a distribution of electric current is as- 
sumed to exist. The surface current density is assumed 
to be equal to zero outside a finite region (the aperture), 
the circumference of which is given by the curves 
¢=¢1(2) and ¢=¢2(z), these curves being confined to 
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Fig. 8—Surface current distribution on circular cylindrical surface — 


coaxial with conducting, circular cylinder. 


the region z;SzSz2. The surface current density 
K(¢, 2) =K4(¢, 2)6+K.(¢, 2)2 is given by 


- Ve ¢) in the aperture, 

sce tt outside the aperture, 
2 Nat ¢@) in the aperture, 

. 0 outside the aperture, 


where Gi(6, ¢) and G2(6, ¢) are prescribed functions. The 
problem is to find the field that satisfies Maxwell’s equa- 
tions in the regions a<p <b and b<p< 0, the boundary 
conditions at the metallic surface p =a, the saltus con- 
ditions at the surface p=), and the radiation conditions 
at infinity (7.e., for r+). The boundary condition at 
r =a is expressed by 


E, = 0 


oth for p = a, 


and the saltus condition at p=6 is expressed by 


—Hig+ Hy = K, 
Hy, — Hy, = Kg 
and for p = b, 
Ey — Ex = 0 
Ey, — Ex = 0 


where index 1 refers to the inside and index 2 to the out- 
side of the surface r=. 

If the field set up by a Hertz dipole near a conducting 
circular cylinder were known, the solution to the prob- 
lem formulated above could be obtained as a vectorial 
superposition of the fields set up by the infinitely many 
dipoles, into which the present current distribution may 
be decomposed. Now, the far zone field of a Hertz dipole 
near a conducting circular cylinder has been obtained 
by Carter [6], who first computed the current induced 
in a Hertz dipole near a cylinder by an incident plane 
wave and then used the reciprocity theorem. However, 


51959 


_ for the following three reasons, we shall here use a more 
_ direct approach, without making use of Carter’s 


S. results. 
_ 1) Itis inherent in Carter’s derivation that his results 
4 can be used only for finding the far zone field. For 


some problems, it may be desirable to have for- 
mulas available for the field at any distance from 
the current distribution. 

2) A certain amount of work is necessary for arriving 
at the desired result using Carter’s formulas. It 
seems, therefore, more motivated to spend the 
energy in making a direct derivation of the for- 
mulas instead of using a method which depends 
upon the use of the reciprocity theorem. 

3) As has been pointed out elsewhere by the author 
[7] and by Nielsen [8], Carter’s paper, the ex- 
cellence of which is undisputed, contains many 
trivial errors. It seems, therefore, preferable to use 
a different and more direct method for obtaining 
the desired formulas. 


The method which will be used for solving the present 
problem is completely analogous to the method used by 
_ Silver and Saunders [4] in finding the field radiated 
from an arbitrary slot in a circular cylinder. The surface 
current density on the cylinder may be expressed by the 
following expansion 


1 c) co) 22 
K,(¢, 2) = mes >> eine ip dh ip dé 
; n=—0 i) Z1 


4 T yoke 


ee EO Ste Neer e ste TAT eee a Las TSA RP NIN SPE ; ey al 
OPT io ad : Ai Payne . et 


$2(E) 


G,(8, £) 


$1 (&) 

ein8 o—ihe—5) ap, 
The field outside the metallic cylinder is expressed by 
superposition of basic sets of cylindrical waves (see for 
example Stratton [9]). We have to use different ex- 
pansions in the region 1 (7.e., for a<p<b) and in the 
region 2 (i.e., for b<p<). The field in the region 
a(a=1 or 2) may be expressed by 


E,©(p, ¢, 2) = f &(2(p, $, 23 h)dh, 


—~o 


H,(p, ¢, 2) = f e,(°(p, b, 2; h) dh, 


where 
@=—i1ior2 and v=p,¢ or z. 
Region 1 
Ns | me | shea! (x0) + bnHn®’ (yp)) 


ee (ochre ic duds) | coat ent 
p 


s A 1 (1) 
and corresponding expressions for &, &,, 5C,, Fy 
and 3#,%, 
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Region 2 


ioe) 


6,2) = o> 


n=—0o 


mea ae 
= as Fnln™ (yp) | ein? > eae, 


and corresponding expressions for &®, 8, 5C,@, 5Cy 
and 3¢,@, where 


dines VR? zs h’, 


and where the quantities @n, Bn, Cn, dn, €n, and f, are con- 
stants to be determined from the boundary conditions 
and the saltus conditions of the problem. 

Inserting the previously determined expressions for 
the field components in the equations expressing the 
boundary conditions and the saltus conditions, we find 


Ape Dao Gat 1) Oa ae 0 
13S VIR We Oe) WG) On 0 
Ga HH; Tn Ky Ik M, Cn 0 
NZOL20 0 Ps Oe dsl Oe 
OF Rn Dn ip. (Ge Ve Cn Po 
Ome ORS Xero Olin ti ®, 
where 
nh 
An —— 4 re eat a (i) 
a 
key 
R,, =j Se yD), 
wy 
Zn = — VA, (yd), 
and where 
1 22 $2(E) ' 
b=—| #[{ GB, derPds x = 1 or 2. 
An? J 2 $1(8) 


Solving the preceding system of six linear equations 
and inserting the expressions for the coefficients a, to fn 
so obtained in the expressions for the field components 
given before, we obtain the expressions for the compo- 
nents of the electric and the magnetic field strength in 
regions 1 and 2. As an example of the expressions for 
these twelve quantities, we here give the expression for 


E, ; 
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B® = =f “| pD pes 22) (—JIn(yb) Hn (ya) + In(va) Hn (7b) Hn" (vp) 
‘ id ape —0 n=—00 


ypH, (ya) 


where (= V///e is the intrinsic impedance of free space. 
In the far zone field, those parts of the expressions for 
the field components in which p occurs in the denomina- 
tor are insignificant as compared to the remaining parts 
of these expressions. Making use of this fact, we notice 
that each component of the electric field strength may 
be expressed as 


E,(p, ¢, 2) = ie _ [s5*Spnlta (yp) 


n=—00 
+ ttn bla "(yp eit eidh, 


where 


lI 


Syn YB, oe Syn Bo, 


tyn By a2 Uren Qo, 


Syn 


lyn 


and where the index » stands for one of the cylindrical 
coordinates p, ¢ and z. The symbols s,, and t,, stand for 
one of the coefficients e, and fn, and the coefficients s,* 
and ?#,* are determined from the expressions for the 
various components. 

In the expression for the components in the far zone 
field, we now approximate the Hankel function and its 
derivative, both of argument yp, with the first term of 
the asymptotic expansions. Introducing further spheri- 


cal coordinates instead of cylindrical coordinates, we 
find 


1 2 
ie p 0) z= — ero. /- 
(>, @, 2) Ar? mr sin 0 


0 : 22 2(€) 
>> pei} fa 
n=—o 21 


+f a 


G.(B, dein*ag f ui(h) 


$1(&) 


seit ly sin 6+A cos dh 


$2(£) 


G.(B, Eenag f sin(h) 


$1(&) 
seit y sin 6-++h cos ant . 

where 

Mx(A) = [s*5yn) — jty*tyn|(R2 — 2) Meh? yy = 1 or 2. 


For large values of r, z.e., for points in the far zone field, 
approximate expressions for the above integrals with h 
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as the variable may be obtained by using the saddle- 
point method. Silver and Saunders [4], in their paper 
on the field radiated by an arbitrary slot in a circular 
cylinder, have made a saddle-point evaluation of inte- 
grals of the above type. For large values of r, they 
hereby find 


f u(h)e—ir sin 0-+h cos #)qj 


Qak 
= y/ — sin 6u(k cos 0)e~*rei@l4) | 
i 


Using this approximation in the previous expression for 
E,, we obtain the desired far zone expressions for the 
cylindrical components of the electric field strength. 
From these formulas, we finally obtain the following ex- 
pressions for the spherical components of the electric 
field strength in the far zone field. 


E; — 0, 
i. eikr kh 2 jntle-in¢S, (ka sin 8, kb sin 6) 
/ 7. AR aes H,, (ka sin 6) 
n cos @ 
. I, — sin ar, ; 
kd sin 0 
etkr “kb 2. jne-intV, (ka sin 6, kb sin 6) 
.= ak fii ee a abs BS ES 
Agee H,,’ (ka sin @) 
where 


x=1lor2, 


22 $2() 
I, = it déeitt cos 6 i G,(8, £)ein8dB 
21 ¢ 


1(&) 
and where we have introduced the functions 
Sn(x, y) = In(x) Hn (y) — Hn (x)In(y), 
Vnl@, 9) = In! (x) Hn” (y) — Hn" (x)In'(y). 


In carrying out this integration, it is convenient to be 
able to use any orthogonal coordinates (u, u2) on the 
cylinder surface which fit the geometry of the aperture. 
For this purpose, we redefine the components G, of the 
surface current distribution G on the cylindrical surface 
r=b by 


q 1959 
. 


‘tie ge ue) in the “aperture,” 

0 outside the “aperture,” 
Ka a uz) in the “aperture,” 

0 outside the “aperture.” 


_ An element of length di on the cylinder surface r=b may 


ewe Ss ke om 


a a a 


5 - es oS ti ne) hi ei 


now be expressed by 


dl = +/(hiduy)? + (hodur)?, 


where hy=hi(u1, U2) and h2=he(u1, v2) are functions of 


_ the coordinates u; and uw. We further express B and £ as 


functions of the coordinates u; and wu, 


B= B( 1, 2), 
E = £(u1, ue). 


Often the surface current density G(u1, 2) in the aper- 
ture is expressed as a certain constant current J divided 
by a certain constant length w and multiplied by a nor- 
malized, dimension-free surface current distribution 
function 2(u1, u2), 


ae Te 
G(u1, U2) = A 2 (ur, U2). 


We also introduce a normalized, dimension-free electric 
field strength 2(0, ¢) in the far zone field defined by the 
equation 


—jkr 


E(r, 6, ¢) = clo e(8, ?); 


r 


_ where, as usual, (=+/u/e is the intrinsic impedan of 


the free space. We then have 


kbsind @, jtle-i¢S,, (ka sin 6, kb sin 6) 


ak Bp iio H,,(ka sin @) 
{—" eo i], 
kb sin? 0 
kb 2. jrein*V,,(ka sin 0, kb sin @) , 
&¢ —— in, 


Oe nies H,,®'(ka sin @) 


where 


1 
dn ® = — ff &«(M1, 1) entbE (u1.u2) cos 0+n8(u1,u2)] 
bw 
-hy(m, U2) h2(11, U2) duidus. 


It appears from the preceding expressions that when 
the surface current density is purely axial, z.e., when 
g:(¢, z)=0, then the radiated field will have no com- 
ponent in the ¢-direction, 7.¢., E,=0. On the other 
hand, the formulas also show that when the surface cur- 
rent density is purely circumferential, 7.e., when 
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g2(%, 2) =0, then the radiated field will have a 0 com- 
ponent and a ¢ component that are both nonvanishing 
except in certain directions, 7.¢., in this case the radiated 
fields will in general be elliptically polarized. 

An obvious way of establishing a current distribution 
on a circular cylindrical surface coaxial with a circular 
conducting cylinder is to coat the conducting cylinder 
with a dielectric or permeable material and then to 
establish the current distribution on the outside surface 
of this coating. The expression for the field radiated 
from the current distribution on this structure has been 
obtained by an analysis similar to the one made above 
for the special case with no coating present. However, 
since the resulting expressions are so complicated that 
their practical utility may be questioned, they are 
omitted here. 


CONCLUSION 


It has been the object of this paper to obtain an 
analytical expression for the field radiated from slots in 
and from wire antennas near conducting, circular cylin- 
ders under the assumption that the field in the slots or 
the current in the wires are given. All the work done in 
this report on the field radiated from various types of 
slots in circular cylinders is based on the paper by 
Silver and Saunders [4] regarding the field radiated 
from an arbitrary slot in a circular cylinder; this paper 
has further served as a model for all the work done 
here on the field radiated from wire antennas near 
circular cylinders. The derivation of the formulas 
in this report has, therefore, in principle been a fairly 
straightforward matter. However, due to the complex- 
ity of some of the physical problems solved here, the 
derivations have in several cases become rather involved. 

The expressions for the far zone field in all the cases 
treated in this paper are series expressions containing 
cylinder functions. In general, very little information 
regarding the radiated field can be obtained by inspec- 
tion of the formulas. For obtaining the desired informa- 
tion, numerical computations must be carried out. For 
cylinders having a diameter of the same order of mag- 
nitude as the wavelength, most of the field expressions 
derived in this report are well suited for numerical com- 
putations. Due to the complexity of the formulas and 
to the large amount of parameter values for which it 
will in general be desirable to have numerical computa- 
tions carried out, the use of an electronic computer is 
strongly indicated. 
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ADDENDUM 


When presenting this paper at the Toronto Sym- 
posium, the author was informed by Dr. George Sinclair 
that part of the material given here on the inclined slot 
with a sine-shaped aperture field is contained in an un- 
published report by Sinclair, “The Distant Field of an 
Arbitrary Slot Antenna in a Cylinder,” Antenna Lab- 
oratory, The Ohio State University, Columbus, 1950. 
This report also contains some numerical results, which 
will be very valuable as a partial check of the extensive 
electronic computer computations we are undertaking. 
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Impedance Properties of Complementary Multiterminal 
Planar Structures* 


GEORGES A, DESCHAMPSf{ 


Summary—Booker has shown that Babinet’s principle, properly 
extended to electromagnetic fields, leads toa simple relation between 


_ the impedances of two planar complementary structures. A relation, 


which generalizes this result, is found between the impedance ma- 
trices of two complementary n-terminal structures. 

This relation is applied to the particular n-terminal structures 
having n-fold symmetry and to those that are also self-complemen- 
tary. In the latter case the impedance matrix is real and entirely 
determined by the number of terminals. It is therefore independent 
of the exact shape of the elements composing the structure and of the 
frequency. By connecting in groups the terminals of such a structure 
various impedance levels, all frequency independent and real, may be 
achieved. 

Structures having their terminal pairs in different locations in the 
plane are also considered. A self-complementary two-port structure is 


_ found to be equivalent, from the impedance point of view, to a length 


of lossy transmission line having a characteristic impedance of 607 
ohms. 


INTRODUCTION 
1 cio, 6 principle, generalized to electromag- 


netism, gives a relation between the fields scat- 
tered or diffracted by two complementary plane 
structures. The structures to which the principle ap- 
plies are made of infinitely thin perfectly conducting 


- sheets of arbitrary shape. Two such structures are called 


- complementary if one is obtained from the other by ex- 


changing the open and the conducting portions of the 
plane. 

After obtaining this generalized principle, Booker! 
showed that it implies a precise relation between the im- 
pedances of a pair of complementary two-terminal 
structures measured between closely spaced terminals 
in the plane of the structure. For example, a narrow slot 
in a conducting plane, excited across its center, and the 


~ complementary narrow strip, forming essentially a di- 


pole with a gap at the center [see Fig. 1(a) ], have their 
impedances Z; and Z; related by 


Z1Z2 = (36)? (1) 


where ¢ is the intrinsic impedance of the surrounding 
medium (in free space, or in air, $£ is practically 607 
ohms). The same result holds for any pair of comple- 
mentary two-terminal structures. 

The first problem considered in this paper is the gen- 
eralization of (1) to structures that have more than two 
terminals. Fig. 1(b) is an example of two complemen- 
tary three-terminal structures. Since the impedance prop- 


* This work was supported by Contract AF33(616)-6079, Wright 
Air Development Center, Dayton, Ohio. 

+ University of Illinois, Urbana, III. : 

1H. G. Booker, “Slot aerials and their relation to complementary 
wire aerials,” (Babinet’s principle), J. JEE, pt. III-A, pp. 620-627; 
March-May, 1946. ; 
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Fig. 1—Two-terminal and three-terminal complementary structures. 


erties of these structures are now represented by ma- 
trices Z; an Z» it is readily seen that the relation be- 
tween them must take a form different from (1). 

Motivation for this investigation came from work 
done at the University of Illinois on frequency inde- 
pendent antennas. It had been noted by Mushiake and 
Rumsey? that Booker’s relation implies that a two- 
terminal structure congruent to its complement, 7.e., 
“self-complementary,” must have an impedance equal 
to 607 ohms independent of the frequency. Examples of 
such structures are shown in Fig. 2. For Fig. 2(a), made 
up of two right angles, the impedance can be computed? 
directly and is indeed 607 ohms. The structure in Fig. 
2(b) obtained by rotating the arbitrary curve C about O 
through angles multiple of 90° has also a frequency in- 
dependent impedance of 607 ohms. 

These considerations may seem of little practical im- 
portance since any self-complementary structure con- 
tains equal areas of conducting sheets and openings and 
must therefore be infinite. However, it was found by 
Rumsey,? and DuHamel and Isbell* that for some struc- 
tures of this type fed at the center the currents in the 


2V. H. Rumsey, “Frequency independent antennas,” 1957 IRE 
NATIONAL CONVENTION RECORD, pt. 1, pp. 114-118. 

3R.L. Carrel, “The characteristic impedance of two infinite cones 
of arbitrary cross section,” IRE TRANS. ON ANTENNAS AND PROPAGA- 
tI10N, vol. AP-6, pp. 197-201; April, 1958. saree 

4. H. DuHamel and D. E. Isbell, “Broadband logarithmically 
periodic antenna structures,” 1957 IRE NATIONAL CONVENTION 
REcoRD, pt. 1, pp. 119-128. 
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Fig. 2—Self-complementary two-terminal structures. 


conducting sheets, and the electric fields tangent to the 
complementary openings, decrease rapidly with dis- 
tance. The exact law of decrease has not been found but 
it is faster than 1/r. As a consequence the structure may 
_ be truncated at a finite distance without affecting the 
input impedance. Fig. 2(c) isan example of such a struc- 
ture. The impedance measured at O is found to be close 
to 607 ohms down to a frequency where the “end effect” 
becomes noticeable. (This occurs when the distance 
across the outside teeth approaches half a wavelength.) 

Isbell and Mayes considered structures made up of 
several conducting sectors of this type. By connecting 
the terminals in groups they were able to obtain fre- 
quency independent impedances with values different 
from 607. 

One purpose of this paper is to show that the meas- 
ured values can be predicted by using a proper extension 
of Booker’s relation. The extension makes it possible to 
compute exactly the impedance matrix of a self-com- 
plementary n-terminal structure having n-fold sym- 
metry. This result also gives, through a simple transfor- 
mation, the characteristic impedance matrix for TEM 
wave propagation along symmetrical cylindrical and 
conical structures. Planar structures with terminal pairs 
at various locations in the plane are also briefly consid- 
ered. 


GENERALIZATION OF BOOKER’S RELATION 


Consider the feed region of an n-terminal structure 
where conducting sectors come together at a point O 
(see Fig. 3). Assume that these sectors are limited to the 
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Fig. 3—Feed region of the -terminal structure. 


outside of a sphere S small compared to the wavelength 
of operation. A source located inside S may be con- 
nected in several manners to these terminals producing 
different field configurations about the structure. Since 


| 
i s F 
ee es ee ee ee ee 


the sphere is small we may describe the various possible 
connections as we would for a low-frequency circuit — 
without regard for the exact shape of the conducting © 


leads. The situation is completely specified by indicating 


; 


which groups of terminals are connected to the two — 


terminals of the source. For each such grouping a defi- 


4 


nite field configuration will result and a definite imped- | 


ance will be seen by the source. 


The method of solution will consist of associating — 


those field configurations produced about complemen- 
tary structures that are related by duality. From their 
comparison a relation will result between the corre- 
sponding voltages and currents at the terminals and 
therefore between the impedance matrices of the two 
structures. 

Referring to Fig. 3, consider the various directed 
paths of integration designated by a, a2, +++ dn, bi, 
bo, ++ + bn. They are drawn in the region I above the 
plane of the structure, very close to it, and have their 
beginning and end points in the plane. The b paths go 
from metal to metal and the @ paths from opening to 
opening. 

For any path c and any vector field U, let us intro- 
duce the shorthand notation c- U to indicate the integral 
of the vector U along the directed path c. 


oU= f U-ds. 


Let F=(E, H) be an electromagnetic field produced 
about the given structure by some configuration of 
sources inside S. 

The voltage difference between terminals 7 and i+1 
is the integral of the vector E along the path 5; 


(2) 


Vi — Vina = 0;-E. (3) 


_ The current J; flowing into terminal i may be ex- 
ressed by 
: qT; se 2a;-H. (4) 


This is seen by noting that the field F has even sym- 


metry with respect to the plane of the structure and 
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_ that a; and its image by reflection in the plane (with 
orientation reversed) form a loop enclosing the ith 
terminal. 


The integration paths a and 6 may be somewhat dis- 
torted in the region of the feed point without changing 
the values of the integrals (3) and (4). 

“Consider now the complementary structure obtained 
by replacing the open portions of the plane by conduct- 
ing plates and replacing the metal by apertures. An ac- 


ceptable solution for the electromagnetic field about this 


structure is obtained by taking the dual of Fon one side 
of the plane (Region I for example) and the negative of 
the dual on the other side (Region II). This gives a field 
that has even symmetry with respect to the plane and 


_ satisfies the new boundary conditions. 


The dual of a field F=(E, H) is defined by 


SE ODE 20 et eat Pat 223) (S) 


where ¢ and 7 ={—' are respectively the intrinsic imped- 
ance and the intrinsic admittance of the surrounding 
‘space. It is a simple matter to verify that F’ satisfies 
-Maxwell’s equation when F does. 


For the field equal to F’ in I and to —F” in II rela- 


- tions similar to (3) and (4) will hold 


ae 2b (6) 
Vi = V' ig1 = Qi31'E’. (7) 


They define a set of currents and voltages that may 
exist at the terminals of the complementary structure 


and can be produced by a proper arrangement of 


sources in 5S. 
Making use of (5) these may be expressed as 


If = 2n(V; — Visi), (8) 
Vi — Vous = 3h Tigt. (9) 


(By convention in these formulas as well as in 3); 


4 (4), (6), (7), 2-+1 is taken as equal to 1.) Formulas (8) 
| and (9) may be collected in matrix form by introducing 


the vectors V, I, V’, I’ having for coordinates (V;), (J:), 


(Vi), Uz), respectively, and the matrix 


e022 Oe ae 0 1 
= eee Oe? O.-.0 
A= Pode i <0 OO}. (10) 
: Grete oO —1-1 
Then (9) and (8) become: 
AV! = 381, (11) 
AsV 4bF (12) 
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(A? denotes the transpose of A.) 

These relations are general in the sense that to a con- 
dition specified by V and I on one structure is asso- 
ciated another condition described by V’ and J’ on the 
complementary structure. 

In order to proceed we have to express the relations 
between V and I and those between V’ and J’ which de- 
scribe the properties of the two structures. We shall 
only consider the case of truly n-terminal structures, 
1.e., those that may be fed arbitrary currents [= (hh, Is, 

- +, I,) with the only restriction that }°7,=0. The 
field configuration about the structure then depends 
upon m—1 independent parameters. When these ‘are 
given, the voltage difference between any pair of ter- 
minals is defined and depends linearly on the vector J. 
Instead of choosing one of the terminals as a zero refer- 
ence for the voltage it is convenient to use voltage 
parameters V=(Vi, Vo, - - +, Vn) related by the condi- 
tion >) V,=0. An impedance matrix may then be con- 
structed such that 


V=ZI (13) 


operates in the m— 1-dimensional space P defined by the 
relation 


k=n 


—e (14) 
k=1 
where the x; are the coordinates of a point. 
A similar impedance matrix Z’ describes the comple- 
mentary structure 


Vi=Z'l’. (15) 


Starting from a given vector J in space P the voltage 
vector V results from (13). Then the vector J’ =2nA7V 
represents a set of currents feeding the complementary 
structure and producing the voltage V’=Z'I’. But from 
relation (11), J=2nV’. Finally 


AZ'ATZI = 36°1 (16) 
for any vector in P. 
This will be expressed by 
AZ'ATZ = 3? (17) 


The sign = is to remind one that the two sides are 
equivalent only when applied to vectors in P. The left 
hand side transforms any vector into a vector belonging 
to P and therefore could not be equal to the right hand 
side without this restriction. 

Eq. (17) is the generalization of Booker’s relation to 
n-terminal structures. It will now be applied to sym- 
metrical structures and then to self-complementary 
structures. 


STRUCTURES WITH ”-FOLD SYMMETRY 


Let us now assume that the structure has n-fold ro- 
tational symmetry. This means that a rotation through 
the angle @=27/n carries the structure upon itself. For 
example, Fig. 4 shows two complementary structures 
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Fig. 4—Two complementary structures having four-fold symmetry. 


with 4-fold symmetry. The corresponding matrix Z (and 
Z’ for the complementary structure) will be completely 
determined by its first row. The next row is obtained by 
shifting all the elements one step to the right and taking 
the last element to the first place. The following rows are 

obtained by the same method and we may write: 


Zo Z1 Ze os Ke Znet 
Virgie 5g TA WIRY sees: 
Z= Zn? Link Zo 2 Lies (18) 


i Z2 Zs Fore Zo 
Because of the symmetry of the matrix Z, Zn1=Z,, 
Zn-2=Z2,°+*+* and the number of parameters is ac- 
tually (n+1)/2 for m odd and n/2+1 for n even. 


Rather than using matrix notation it is convenient to 
consider Z as a sequence of numbers 


Z = (ZoZ1 °° + * Zn-1). 
Similarly, V and J are sequences of m numbers 


V= (ViViV2 oo ie me Viena) 


(PE el Re ray 


(By convention, the index m is equivalent to zero or, 
more generally, any index is defined modulo .) 
The relation between V and I becomes 


Vix Zl, (19) 
k 
and is then expressed as a convolution 
V = Z«1. (20) 


In order to represent the product by the matrix Aasa 
convolution we introduce the sequence 
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U=(100---0) 


which plays the role of unity for the convolution prod- 


uct (U * X=X for any sequence X) and the sequence 

Si= (Ord Oe = ae ; 
Convolution of any sequence X by S has the effect of 
shifting each element of X by one step to the right and 
bringing the last element to the first place. ~ 


Multiplication by A then becomes convolution by 
U—S. Introducing also the sequence 


S=(00---0 1) 


5 operates a shift by one step to the left and multiplica- : 


tion by A? becomes convolution by U—S. 
The basic relation (17) between Z and Z’ becomes 


(U — S)*Z’*(U —S)*Z=3° (21) 


or commuting and reducing the factors, making use of 
the fact: that/S: + S=.05 


(QU. SS SS) 4 Oe eae (22) 


[As for (17), this has to hold only when applied to a se- 
quence I such that >) 7,=0.] 

The usual technique for handling an equation of this 
type is to apply a Fourier transformation which will con- 
vert the convolution into an ordinary product. In the 
case of finite sequences this is also known as finding the 
“symmetrical components” of the sequence. 

Introducing €= exp 27j/n and the matrix 


fact 1 oe | 
Live e a ip 
T =i 1) ee et eeee hth) (23) 
E aol 2G) inn re 
The transform of a sequence 
X= (XoX ye Xpey) 
is the sequence 
Y= (0%1 - > * Ba) (24) 
obtained by 
a= TX 


where x and X are considered once more as column vec- 
tors rather than sequences. The inverse transformation is 


1 
X= Ty = — T*x, 
n 


(25) 


The asterisk means the complex conjugate. We shall 
systematically denote the transform of a sequence by 
the lower case letter corresponding to the capital letter 
describing the given sequence. Thus the transform of U 
is the sequence 


u = (1,1,--- 1) 


«1959. 


and the transforms of Sand Sare, respectively, 
Sy (1, Se hae e™1) 
Sep ene Ae OD), 


a Eq. (22) becomes 


a ic 


— 


(2u — s — saz! = Bf? (26) 


Projecting this relation on the space P simply 
amounts to neglecting the zero component in the equal- 
ity. Eq. (26) becomes 


pe nT 1 
2mZm Sin? —— = (= °) 
| n 4 (27) 
- for all m0. 


This is the complementarity relation for symmetrical 
structures. It implies that if the impedance properties 
of a symmetrical structure are known, those of the com- 
plementary structure can be determined. Each sym- 
metrical component or eigenvalue of the impedance 
matrix satisfies a relation similar to the original Booker’s 
relation modified by a factor sin? ma/n depending on the 
_ order of the component and the number of terminals. 


iS a i ek ae Moat de ch ie dee ee da 


.. 
~ 


SELF-COMPLEMENTARY SYMMETRICAL STRUCTURE 


A self-complementary symmetrical structure (with n- 
_ fold symmetry) may be obtained as shown in Fig. 5. 
_ Starting from a curve Cy extending from the origin O 
to infinity, rotations of 7/n about O bring it successively 
ein positions Cy’, Ci, Cie: Co, Se Kin G31; Cat CCF coin- 
- cides with Cy). If the alternate sectors C; to C;,’ are 
filled with conducting plates, the structure obtained will 
have n-fold symmetry since a rotation of 27/n brings it 
onto itself, and it will be self-complementary since a 
rotation of half that angle transforms it into the com- 
plementary structure. 

By choosing for Cp a curve with some oscillations in it 
or taking a zigzag line as was done by Isbell, a structure 
is obtained with small end effects. Impedance measure- 
ments may be taken on a truncated structure and they 
should agree with those taken on the infinite structure. 

In the relation (27), 2m’ =2m, therefore 

1 
2m = ees ee m # 0. (28) 


- m 
£02 bet yo 
nN 


The symmetrical components of the admittance se- 
quence may be taken as 


Ym = 4n int m ~ 0. (29) 
(As noted above we may assume 29> yo=0 since both 
the zero order symmetrical components of V and J have 
been assumed equal to zero.) 
By using the inverse transformation (25) the compo- 
nents of Y may be evaluated. 
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Fig, 5—Self-complementary symmetrical structure 
(nine-fold symmetry). 


After some computation it is found that 
ee 
sin — 
2 
YY, = — ——_—_——__ (30) 


cos m@ — cos % 


where 6 = 27-/n is the angle of one sector of the structure. 
Only the coefficient Yo is positive; all the others are 
negative and they add up to — Vp since yo=0. 

It should be noted that the zm and ym are also the 
eigenvalues of the matrices Z and Y belonging to the 
eigenvectors I(m) Or Vim) represented by the mth column 
of the matrix T. 

The formula (30) for Y,, has a simple graphical inter- 
pretation which may be useful to see how the coeffi- 
cients of Y vary with n and m. If a circle is divided in 1 
equal parts (see Fig. 6 where we have assumed n=5) 
the values of cos m@ are read on the x axis as OM». Con- 
sidering the point A at angle 6/2 on the circle, the slope 
of the line A M,, is proportional to Y,, (more exactly the 
slope equals —7Y,,,/4n). 

The admittance matrix, or the impedance matrix, of a 
symmetrical self-complementary structure is entirely 
defined by the number of terminals. The coefficients 
are real and independent of frequency. 


NUMERICAL RESULTS—EXPERIMENTAL VERIFICATION 


When the admittance sequence ( Y,) is known, the im- 
pedance properties of any combination of terminals can 
be computed by simple circuit analysis techniques. 

A systematic procedure can be found to deduce first 
the admittance matrix resulting from a grouping of the 
nm terminals into p sets of connected terminals. If 
C=(C;,;) is the p Xn connection matrix defined by C;;=1 


~ 
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Fig. 6—Construction for the coefficients Yin/y (case n=5). 


when terminal 7 belongs to set 7 and’C;;=0 otherwise, 
the reduced admittance matrix is 
VYo=C' Yc. (31) 

If the source is connected between group j and group 
k, all the J’s are zero except J; and I,= —J;. The volt- 
ages are unknown except for the difference V;— Vi. The 
equations are in sufficient number to define the ratio of 

V;— V;, to I; which is the impedance sought. 

_ The computations have been carried out for a number 
of configurations involving up to 7 elements and the 
results compared to experimental measurements. 

The measurements are difficult because the feed lines 
of finite dimensions always disturb the ideal geometry. 
The thickness of the metal plate is also an important 
factor. In view of this, the agreement with observed 
values may be considered as satisfactory. 

A plot of measured impedances obtained by D. Isbell 
and W. Guffey vs computed values (see Fig. 7) leads 
to the following observations. The experimental values 
are systematically below the theoretical ones. This may 
be explained by the finite thickness of the plate and in 
fact the agreement becomes better for thinner sheets. 
The percent error for a given thickness increases almost 
linearly with the number of terminals, independently of 
the manner in which they are connected. 

Disagreement with the theoretical, real, and fre- 
quency independent value of the impedance is ac- 
companied by a small variation of the impedance with 
frequency about a point on the real axis. This variation 
is of the same order of magnitude as the disagreement. 
For log-periodic structures the variation is periodic over 
an approximately circular locus. The values used in 
Fig. 7 are average impedances corresponding to the 
center of these circles. 

Theoretical values for some of the configurations con- 
sidered are represented graphically in Fig. 8. It is clear 
that by increasing the number of terminals, a large 
range of frequency independent values can, in principle, 
be obtained. 
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Fig. 7—Comparison with experiment. 
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Fig. 8—Table of impedance levels obtained for various configurations 
of terminals. For each configuration, the two groups of terminals 
connected to the source are represented by small circles. The 
floating terminals are represented by black dots. 


APPLICATION TO SOME ELECTROSTATIC AND 
TEM PROPAGATION PROBLEMS 


Eqs. (17), (22), and (24)-(29) have been derived 
without reference to the particular shape of the ele- 
ments composing the structure. They do of course apply 
when these elements are simple angular sectors limited 
by straight lines [see Fig. 9(b) ]. It is known, however, 


> 


4 (a) (b) 
q 
q 


bess 


(c) 
Fig. 9—Related electrostatic and TEM propagation problems. 


(d) 


that these special conical structures support TEM 
modes of propagation and the admittance matrix of the 
infinite structure then becomes the characteristic ad- 
mittance matrix. 

Furthermore the characteristic admittance is simply 
related to the capacitance matrix of the trace of the 
structure on a sphere of center O. 


ee a ee EN TRE a NE Cee Se Cee Ree 


BBA Nala Ya 
3 
mn 


(32) 


The complementary relations (17), (22), and (27)- 
_ (29) therefore have their counterparts for the capaci- 
_ tance of structures made of conducting arcs on a circle. 
_ For example, a structure made of equal conducting arcs 
of circles [see Fig. 9(d)] separated by equal openings, 
_ has a capacitance matrix representable by a sequence: 
4 : 6 
4 sin 2 
(33) 


cos m0 — cos , 


- (Note that this assumes >+5Qm=0, hence does not give 
information about the capacitance of the whole struc- 
ture connected at a given potential with respect to in- 
finity.) 
The circular structure may be placed on an arbitrary 
sphere and considered as the trace of a conical set of 
plates [Figure 9(a) ]. The characteristic admittance 
- matrix of this conical structure is the same as that of 
the planar structure from which it comes.’ 
Finally the circular structure may be thought of as 
the trace of a cylindrical set of plates [Fig. 9(c)] and 
- the characteristic admittance matrix is again the same 
as for the planar structure. 
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The appropriate complementary formulas could have 
been proved directly for each of these structures but it 
is worthwhile to note the relations between these prob- 
lems. 


STRUCTURES WITH SEVERAL TERMINAL REGIONS 


The structures considered so far had all their termi- 
nals coming to a point or in practice connected to 
sources inside a region small in terms of wavelength. 

One may also consider structures having terminals at 
different locations in the plane. Fig. 10 shows an exam- 
ple of a five-terminal structure having two terminal re- 
gions. The terminals may be numbered (1, 2, 3) (4, 5). 
Those of the complementary structure will be (1’, 2’, 
3’) (4’, 5’) as shown in the figure. By convention i+1 is 
the terminal “next to” 7, thus 3+1=1, 5+1=4. It is 
convenient to use as voltage parameter V;, the poten- 
tial difference between terminal 7 and 7+1. The sum of 
the V; as well as the sum of J; is thus zero for every 
terminal region. 

Introducing the shift operator defined by 


ia i 
Ts i 
SHU ACT lati alal eee (34) 


Pe raebs. 

Ts I4 

the relation between the impedance matrices of the two 
complementary structures becomes 


ZZ = 40S. (35) 
There again the sign = means that the two sides of the 
equation give the same result when applied to a vector I 
such that }>J,=0. Eq.. (35) is obtained by the same 
method as (17). This is an alternative form of comple- 
mentarity which could have been used instead of (17). 
The only difference is in the choice of the voltage param- 
eters. Those used in (17) were found more convenient 
in solving the problem of grouping of the terminals. 


Two-Port SELF-COMPLEMENTARY STRUCTURES 


A case of special interest is that of the two-port struc- 
ture, having two terminal regions with two terminals 


each. 
Choosing at each location, 1 and 2, a +terminal, the 


currents 


(36) 
are defined as those flowing into 1; and 2,, the voltages 


at 


(37) 
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Fig. 10—Planar structure with 3+-2 terminals. 


are respectively the voltage differences between 1,, 1 
and 2,, 2_. The impedance matrix Z relates V and J. 


V = ZI. (38) 


Fig. 11 shows a self-complementary two-port struc- 
ture. By reflection into the straight line this structure is 
transformed into its complement. 

Applying the duality transformation to the field as 
was done in (6)—(9) it is seen that 


Vy = 3th, 

Ty = 2nVi, (39) 
while 

Vee= = 2612, 

To! = — Ve. (40) 


The sign reversal comes from the fact that in the dual- 
ity transformation each quantity (V’ or J’) is related to 
the dual quantity (J or V) belonging to the terminal im- 
mediately to its left (seen from the region above the 
plane). At location 1 in Fig. 11, this relates the two + 
terminals, but at location 2 it relates the + terminal to 
the — terminal of the reflected structure. 
Introducing a matrix 


+ 0 
¢= ( , a (41) 
the formulas (39) and (40) may be expressed as 
V! = dol 
I' = InoV, (42) 
and using (38) which applies also to V’, I’, 
Lgl = Z2noV (43) 
or, finally, 
(eZ) 3t7 (44) 


- Transformation 
in the Reflection 
Plane 


Fig. 11—Self-complementary two-port structure. 


This is the relation that Z must satisfy in order to — 
represent the self-complementary structure. 
Explicitly, if 
pl 


{ Zi = Z22 
Zi° — 21:7 = +. 


This may be recognized as the impedance matrix of 
an ideal attenuator having a characteristic impedance of 
607 ohms. The attenuation and phase shift through the 
element cannot be found from the symmetry considera- 
tions but depend on the form of the structure. 

Another method of proving the equivalence with an 
attenuator is to consider the transformation of imped- 
ance (or reflection coefficient) through the two-port. If 
a resistive load of 607 ohms terminates 2, an impedance 
of 607 ohms will be seen at 1. Ploting 607 at the center O 
of the reflection chart as in Fig. 11, the point O becomes 
its own image (iconocenter of the transformation). If 
an open-circuit load P is mapped at point P’, the short 
circuit load Q will be mapped at Q’ corresponding to the 
reciprocal impedance with respect to 607. The segment 
Q’P’ has therefore O as its middle point. The image of 
the unit circle I’ is a concentric circle I’. An equivalent 
circuit for the structure is therefore a length of trans- 
mission line with 607 ohm characteristic impedance in 
cascade with an ideal attenuator. 


Zu 
221 


Z12 


; (45) 
Z22 


it follows that 


(46) 
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The Bandwidth of Helical Antennas* 


s 


Summary—The propagation along a finite helix is examined by 
using a propagation constant which was determined by Sensiper for 
the infinite helix. By utilizing the Hansen and Woodyard condition, 
the bandwidth variation with the dimensions of the helix is obtained. 
It is shown that for a pitch angle y equal to 13°, the normally accepted 
bandwidth of 0.77<C,<1.25, where C, is the circumference in 
terms of free-space wavelengths, is applicable only to antennas up to 


about two wavelengths long. A curve showing the bandwidth as a 


function of length has been computed, and the shape of this curve has 
been confirmed experimentally. Good patterns and axial ratio with 
sidelobe levels no greater than —10 db were obtained for helices as 


- long as 10 wavelengths. Good patterns and axial ratio may also be ob- 
_tained for y as small as 2° provided that the helix is sufficiently long 


to establish the surface wave. 


INTRODUCTION 


HE discovery of axial radiation from a uniform 
helix by Kraus! in 1947 resulted in a thorough and 
fairly complete investigation of the helical an- 


_tenna, from the viewpoint of both pattern and imped- 


ance, over a wide frequency range. This investigation 
covered antennas of between three and ten turns and 
pitch angles of 5° to 24°. At the same time, sufficient 
analysis was carried out to give an adequate understand- 


_ ing of the operation of the antenna in terms of inward- 


and outward-traveling waves along the conductor. 


_ These investigations were completed by 1950. 


An alternative and more complete theoretical ap- 
proach to the problem of electromagnetic wave propa- 
gation along helical conductors was given by Senisper? 
in 1951, but since he was interested primarily in its ap- 
plication to traveling-wave tubes, and his approach was 
necessarily mathematical, little effort has been made to 


_ apply his results to the helical antenna. The object of 


the present investigation was to carry this out, and asa 
result, new information is available about the limits of 
the helical pitch angle which may be employed, and 
about the bandwidth of helical antennas as long as ten 
wavelengths. 


PHASE VELOCITY 


The characteristics of the helical antenna are func- 
tions of 1) the over-all length in free-space wavelengths 
(Ly); 2) the pitch angle (y); 3) the circumference of the 
imaginary cylinder on which the helix is wound (Cj); 
and 4) to a lesser extent, of the conductor diameter 
(dy). It is desirable to consider a single parameter, the 


* The research reported in this paper was sponsored in part by the 
U. S. Army Signal Engrg. Lab., Fort Monmouth, Nc]: é 
+ Antenna Lab., The Ohio State University, Columbus, Ohio. 
On leave of absence from Edinburgh University, Edinburgh, Scot- 
l d. . . . 
Bets Ateane Lab., The Ohio State University, Columbus, Ohio. 
1 J. D. Kraus, “Helical beam antenna,” Electronics, vol. 20, pp. 
109-111; April, 1947. : 
2S. Sensiper, “Electromagnetic 
Conductors,” Res. Lab. of Electronics, 


Tech. Rept. No. 194; May, 1951. 


Wave Propagation on Helical 
Mass. Inst. Tech., Cambridge, 


T. S. M. MACLEAN} ann R. G. KOUYOUMJIAN{ 


phase velocity v along the conductor, rather than each 
of these separately, since v is a function of each of these 
variables and is directly related to the radiation char- 
acteristics of the helical antenna. The same simplifica- 
tion can also be used profitably in the case of the Yagi 
antenna.® 

The determinantal equation to be solved for obtain- 
ing numerical values of phase velocity along an infinite 
helix is? 


o~>d> | (0% — Ra? + ha? "os 
m (Y¥ma)? 


Tn(¥m@) Km(Yma) 


5 r) 
sin mr — 


+ ka? cot? V1n!(1ma)Ka!(rna)t (1) 


where 


Bo is the propagation constant to be determined, 
a=radius of imaginary cylinder on which the helix 
is wound, 
k=wv/ue the free-space phase constant, 
y =helical pitch angle=tan— h/27a, 
Ym? = (Bm? —k’), 
Bm =Botm(27/h), 


6 =tape width of helix conductor. 


The primes on the modified Bessel functions denote 
differentiation with respect to the argument. 

An alternative but essentially similar form of the 
equation has been given by Chodorow and Chu,‘ and 
it is this form which has been used in the computations 


throughout: 
matress C3(0 Cc (- 2 
é ee Ge) 


— 25 
h 


O~Uo+ Vot+ Losiny 


(2) 


sin 
7) 


3H. W. Ehrenspeck and H. Poehler, “A New Method for Obtain- 
ing Maximum Gain from Yagi Antennas,” presented at the WESCON 
Convention, Los Angeles, Calif.; August, 1956. 

4M. Chodorow and E. L. Chu, “Cross Wound Helices for Travel- 
ing-Wave Tubes,” Microwave Lab., Stanford University, Stanford, 
Calif., Rept. No. 249; November, 1954. Prepared under Office of 
Naval Res. Contract N6 onr 25123 (NR373 361). 
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where 
Uo = (yoa)*Ko(y0)Lo(yoa) sin? y, 
Vo = — (ka)?K1(y0a)Ii(y0a) cos? y, 
Lo = (yoo)? sin? y — (ka)? cos? y, 

with 


Ym? = Bm? — k?, 
uy Qa 
Bm = Bo m h ) 
6 
cos m (— 2n) 
h 
m3 
IAL 2 6 
= (29) log (—-2") 
WIND h 
378 - 1/5 4 
- =(— 2n) ‘ aa(>?") mined 
4\h 288 \h 
Y, = (Ym)? K m(Y¥m2)Im(Ym@) sin? yp 


+[( meet Kat) Ent) 


Yn 


2 
Jean 
| & 
bo 
Sa 
ll 
iMs 


Il 
—_ 
i) 
= 
bo 
ao 


+ (ka) *Kn' (m0)! (7m) coe 


3 (MBm@) K m(Y¥m@) Im (ma) sin? y. 


It is to be noted that in common with other periodic 
structures,’ there are certain forbidden regions asso- 
ciated with the helix, in which a solution to the above 
equations may not be found. The regions where solu- 
tions may be found correspond to 


¥md = [(Bn? — k)a?]"? > 0 (3) 


or 
| Bma | > ka. 


For both positive and negative By and | m| = 1, this con- 
dition becomes? 


ka | Bo| a 
<< 
cot y cot y 


ka 
cot 


| m| + < |m| — 
A graph of this inequality is shown in Fig. 1, where the 
shaded areas indicate the forbidden regions for different 
values of m. The pass band region for the beam-mode 
type of helical antenna is also shown. It will be noted 
that the forbidden regions become continuous for 
ka/cot w>0.5, i.e., for d>d/2. This condition also 
arises in the theory of linear end-fire arrays, where for 
d>/2 there is no longer a single major lobe in the pat- 
tern. 

The choice of coordinates shown in Fig. 1 has the ad- 
vantage of making the graph applicable to any value of 


(4) 


5 D. A. Watkins, “Topics in Electromagnetic Theory,” John Wi 
and Sons, Inc., New York, N. Y.; 1958 : ry,” John Wiley 
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pitch angle y, which would not be true for the w—B co- 
ordinates more commonly used with periodic structures.’ 
At the same time, the slope of the solution to the deter- 


minantal equation for a given value of ka, 1.€., 
ka Boa 
coty cot y’ 


still gives the axial phase velocity along the helix as it 
does when the w—f coordinates are used. 


THE BANDWIDTH OF A MEDIUM- 
Pitcu HELIX 


The reason for obtaining numerical values of the 


propagation constant along an infinite helix was to de- 
termine if such values would be of use in predicting an 
upper frequency limit for a finite helical antenna. It is 
known, for example, that if the propagation constant 


along the conductor satisfies the Hansen-Woodyard 


condition along the axis, the pattern will be an optimum 
one for a uniform helix. If the phase velocity exceeds 
that for the Hansen-Woodyard condition, the width of 
the main lobe will be increased, while if it is lower, the 
sidelobe level will be increased. In order to examine the 
bandwidth of the medium-pitch helix quantitatively, 
the case of y= 13° will be considered. 

The reasons for choosing ~=13° were that a) accu- 
rate experimental values of phase velocity for this pitch 
angle and for a specific length of 1.6 \ were available, 
and b) it was known that an angle of about this size 
gives the largest bandwidth for a helix 1.6 wavelengths 
long. 

Fig. 2 illustrates this graphically for an array of 50 

isotropic elements. The array factor is 


HN bet ah ape 


m Denotes Number Of Forbidden Region 


Fig. 1—Chart of forbidden regions. 
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Fig. 2—Array factor for 50 isotropic elements. 


3 
; 


, 


Le Les oe eae 


4 


ee ey 


og 


sae basi 


SAS 


> 


ph! 


isch Dice Noa) Bi 


+ 
a: 
> 


4 
3 
- 


eer 
i 


Maclean and Kouyoumjian: 


sin 50y'/2 
sin ¥//2 


where 


vy’ = Bd cosd—a 


is 
= 2nrC) tany-cos¢@ — aS 
v/¢ 


(5) 


Only the part of this pattern to the right of the point 
corresponding to @¢=0° is traced out; this point is a 
function of the phase velocity v along the conductor. 
It should be noted that ) is the free-space wavelength. 
Point A represents the point ¢=0° for the Hansen- 
Woodyard phase condition, and point B is the point 
¢=0° where the sidelobe level has increased to 45 per 
cent of the main beam. This sidelobe level will be arbi- 
trarily taken to represent the upper allowable frequency 
of operation for the antenna. 

It will be noted that in moving from A to B, y’ has 
increased from 3.6° (=7/50) to 4.6° (=0.080 radian). 
Substituting these values in (5) and taking C,=1.0 
enable the two corresponding values of v to be calcu- 
lated. The percentage change in v as A moves along the 
array factor curve to B is only 0.22 per cent. Use will be 


_ made of this result later. 


Ja 
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Conversely, if v as a function of C, is known accu- 
rately, the value of C, for which the sidelobe level will 


‘be equal to any percentage of the main beam can be cal- 
culated from the same equation. 


In solving the determinantal equation, the normal 
range of ka (=C)) from 0.7 to 1.3 has been used. Values 
of the phase velocity over this range are shown in Fig. 


_ 3, where it must be remembered that it is the phase 
_ velocity along the conductor which is plotted. This is 
- related to the fundamental axial phase velocity by 


Vaxial 


sin y 


Veonductor 


Superimposed on the same graph is the Hansen- 


Woodyard condition for an infinitely long array, which 


also represents the in-phase field condition for a finite ar- 
ray. It is noteworthy that over the region 0.7 <ka <1.0 
the two curves coincide within the thickness of the 
curve, although (a) is always slightly below (b). This 
result encourages one to utilize the solution for the in- 
finite helix in connection with the helical-antenna prob- 
lem. 

However, in order to estimate the upper frequency 
limit of the finite helix, the Sensiper solution must be 
compared with the Hansen-Woodyard curve for the 
finite helix. Fig. 4 compares the Sensiper solution with 
the Hansen-Woodyard condition for 50 turns. Using the 
point where the divergence of the two curves becomes 
significant, an estimate for the upper frequency limit is 
that C,.~1.1. This can be evaluated more accurately 


using (5); 2.e., 


* saa 
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i 
oe (6, tany — =) = — (2n + 0.080). 
v/¢ 


It is noted that L,=C) sec y, so that for y = 13° there are 
two unknowns, C) and », Using the relationship between 
v and C) resulting from Sensiper’s solution, the desired 
solution of (5) is obtained. For the case considered here 
the solution is C,=1.10, confirming the previous esti- 
mate of the same value. 

This result has been obtained by use of only the ar- 
ray factor for 50 turns, and the calculated phase velocity 
for the infinite helix. In the same way, using the array 
factors for 3, 5, 10, 15, ---,45 turns, and the phase 
velocity for the infinite helix, the upper frequency 
limit C, can be computed for each of these numbers of 
turns. The results of these computations are shown in 
Fig. 5 as curve (a). For comparison, the experimental 
results for 3<m<50 turns are shown as curve (b). 


For Infinite Helix 
y =13° 


(a) = Theoretical Solution ( Sensiper) 
(b) = Hansen — Woodyard Condition 


0B 
ka(=Cy) 


Fig. 3—Phase velocity vs circumference in wavelengths. 


10 


(a) = Theoretical Solution(Sensiper) For Infinite Helix BE 
(b) = Hansen — Woodyard Condition For 50 Turn Helix 


os 1.0 12 1.4 16 1.8 
ka (= Cy) 


Fig. 4—Phase velocity vs circumference in wavelengths. 
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CEN Solution For Infinite Helix 
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Fig. 5—Upper frequency limit vs number of turns for y=13°. 


S382 IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


The agreement in the variation with number of turns 
is satisfying, although the calculated absolute values 
are necessarily high. This follows since the phase veloci- 
ties used correspond to those for the infinite helix, which 
are known to be greater than the ones applying to a 
finite helix. 

In order to complete the picture of the variation of 
bandwidth with the length of the antenna, it is neces- 
sary to consider also the variation, if any, of the lower 
frequency limit. The physics of the situation in this 
case is quite different from the limitation at the upper 
end. There the pattern break-up is caused by the phase 
velocity’s not increasing rapidly enough with frequency, 
but at the lower end the pattern begins to become useful 
only with the effective launching of a new transmission 
mode. For a 13° pitch angle, this occurs at 0.77 C, for an 
infinite helix. Measured values of approximately 0.75 
C, for helices as short as 0.7 wavelength suggest that 
this frequency remains substantially constant with 
length. Therefore, in Fig. 5 it is suggested that the or- 
dinate of upper frequency limit essentially determines 
the ratio of upper to lower frequency limits with a scale 
conversion factor of 1/0.77 or 1.3. This result corrects 
the earlier, quite widely held notion that the useful 
frequency range of a helical antenna centers in the 
frequency C,=1.0. According to the results reported 
here, however, it should rather be considered as exist- 
ing above C,=0.77 for the 13° pitch angle case. The 
value of 0.77 is a fixed lower limit, while the upper limit 
is variable. 

In obtaining the experimental results for Fig. 5(b), 
it was necessary to take patterns of Ey, Ey, and axial 
ratio for 3<n<50 turns. A selection of these patterns is 
shown in Figs. 6-20. The most important of these are the 
ones for large 1, since it is believed that these represent 
the patterns of the longest helices which have as yet 
been tested. In all cases it can be seen that both the pat- 
terns and the axial ratios are good. The measurement 
frequency of 8 kmc corresponds to 0.92 C). 

The variation of half-power beamwidth with length 
of the antenna is shown in Fig. 21 for the Ey and Es 
patterns. These curves are based on the experimental 
measurements shown in the previous figures, and agree 
closely with the values which may be predicted from 
Hansen-Woodyard conditions. The constant frequency 
to which the curves are applicable is 0.92 C). 

At still higher frequencies corresponding to the upper 
bandwidth limit, the larger sidelobes are accompanied 
by a smaller half-power beamwidth which is plotted in 
Fig. 22. This occurs as the result of a reduction in phase 
velocity so that the array factor is shifted further into 
the imaginary region.® 

In Figs. 23 and 24 the measured variation of axial 
ratio with length of the antenna is shown for the fre- 
quencies used in Figs. 21 and 22. 


6 F. K. Goward, “An improvement in end-fire arra OY HOD. 
vol. 94, pt. III, pp. 415-418; November, 1947, z ; 


Fig. 8—Polarization pattern for 50-turn, 13° helix; f=8 kme. 
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Fig. 10—, pattern for 40-turn, 13° helix; f=8 kmce. 
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Fig. ee Pol eeariok pattern fon 40-turn, 13° helix; f=8 kmce. Fig. 14—Polarization pattern for 30-turn, 13° helix; f=8 kme. 
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Fig. 21—Half-power beamwidth vs number of 
turns, f=8 kmc, 13° helix. 
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Fig. 22—Minimum half-power beamwidth vs number 


of turns, 13° helix. 
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Fig. 23—Voltage axial ratio vs number of turns, 13° 
helix; f=8 kmce. 
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Fig. 24—Voltage axial ratio vs number of turns, Tay 
helix; at upper frequency limits. 
om APPROXIMATE GRAPHICAL SOLUTION TO 


DETERMINANTAL EQUATION FOR 
Meprum-Pitcu HELix y= 13° 


The solution to the determinantal equation for the in- 
finite helix with y=13° has been given as curve (a) in 
Figs. 3 and 4. An alternative way of presenting the same 
information is to show the solution on the same graph 
as the pass band region, as illustrated in Fig. 25. This 
has an advantage in that it shows clearly the degree of 
approximation in an approximate graphical solution 
suggested by Sensiper,’ which takes the form of the two 


straight lines AB and BC. AB lies along the edge of the 
= —1, and BC is that portion of the 


~ 
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For Infinite 

Helix In Antenna 

Pass Band 
Region 
W=13° 


(a) = Theoretical Solution ( Sensiper) 


(b) = Approximate Graphical Solution 
ABC 


B,o 
coty 


Fig. 25—Solutions of determinantal equation for y=13°. 


line ka/cot y= | Bo| @/cot y-sin Wy that lies between the 
m= —1and m= —2 forbidden regions. 

It will be seen that the approximate graphical solution 
always gives a value of phase velocity along the axis of 
the antenna which is too high. Nevertheless, in the 
medium-pitch angle range it offers a quick method of 
estimating the upper frequency limit along BC, the 
solution obtained being about 15 per cent above the 
exact solution for long helices. It should be mentioned, 
perhaps, that this approximation involves only a few 
minutes work compared with the several days of com- 
putation required for the exact solution. 


THE BANDWIDTH OF A NARROW- 
Pitco HELIX 


An examination of the narrow-pitch helix was begun 
after the approximate graphical solution to the deter- 
minantal equation had indicated that propagation of 
the axial-beam mode with the proper phase velocity ap- 
peared to be possible even for narrow-pitch helices. It 
was further believed that the existence of this modeif,in 
fact, it did propagate, might have been overlooked in 
the past because of concentration on the center fre- 
quency of C,=1. The advantage of applying Sensiper’s 
theory in this case is that it indicates that the first ex- 
perimental check for the mode should be made in the 
vicinity of the lower frequency limit which is well below 
Cy=1. 

An experimental model was constructed with the 
smallest pitch angle which could be wound with enam- 
elled wire of diameter 0.032 inch, at 3-cm wavelength 
—this was an angle of 1.8°. At this pitch angle, the turns 
were in physical contact and the helix, of length about 
1.5 \, was self-supporting. No success was achieved with 
this model, and it was therefore decided to construct a 
longer one of length 4A, wound with 181 turns. This was 
found to give good patterns and a good axial ratio, hav- 
ing an upper frequency limit of 0.81 C) compared with 
1.1 GC for the 13° pitch helix. Three of the patterns ob- 
tained are shown in Figs. 26-28. 

The propagation constant for this helix was solved 


S386 , IRE TRANSACTIONS ON ANTENNAS AND PROPAGA TION December” 


Ty 


Fig. 28—Polarization pattern for 181-turn, 1.8° helix; f=8 kmce. 


. : 
as in the medium-pitch case. One minor difference which 
should be noted is that asymptotic expressions for the 
modified Bessel functions must be used since the argu-~ 
ments of interest are outside the range of tabulated — 
values. It was found that the upper frequency limit for” 
the same criterion of sidelobe level as in the medium-— 
pitch case was 0.87 Cy. The argeement with experimental 
results is therefore of the same order as for Y= 13°. ‘ 

An additional antenna with the same pitch angle an 2 
of length 2 \ was constructed and was found to give less _ 
satisfactory patterns, although it still satisfied the con-_ 
dition for increased directivity. It appears that it may be ¢ 
more difficult to excite the surface wave on a short nar- — 
row-pitch helix than on a medium-pitch helix of the t 
same length. This may be because the axial phase veloc-_ 
ity is less for Y=1.8° than for Y=13°, so that a greater | 
length of helix is necessary to bring about this reduction ~ 
of velocity. Some evidence exists which suggests that — 
the necessary over-all length may be reduced by starting | 
off the helix winding with a medium-pitch turn before — 
proceeding to the remainder of narrow-pitch. This will — 
be discussed further in a separate report on the modu- © 
lated helix. j 

No claim that the narrow-pitch-angle helix is supe- 
rior to the medium-pitch helix in radiation pattern seems — 
to be proper, nor is it expected that there will be any — 
advantage in impedance characteristics. It is relevant — 
to suggest, however, that for a constant length and © 
constant diameter, there must be at least some dif- 
ference in the axial phase velocity since it seems rea- 
sonable to presume that the different conductor dis- 
positions result in different dielectric constants for the © 
artificial dielectric medium. It would appear from past — 
experiments that this effect is relatively small. 

The elimination of this gap in the lower pitch-angle © 
range is satisfying since, from a theoretical viewpoint, — 
there is no valid reason for it to exist. It is now believed — 
that a satisfactory pattern may be obtained for any 
pitch angle up to the value where the deterioration is 
caused by the pattern of the array factor. 


CONCLUSIONS 


It has been shown that the propagation constant de- 
termined from the theoretical solution for propagation — 
along an infinite helix can be used to predict the upper 
frequency limit of a finite helical antenna of medium 
pitch angle, and of any length up to about ten wave- 
lengths with an accuracy of the order of ten per cent. 

This upper frequency limit decreases considerably © 
with length, e.g., from 1.35 Cy for a three-turn helix 
down to 1.0 C, for a 50-turn helix. The patterns in this _ 
range always satisfy the increased directivity condition, 
and the voltage axial ratios are less than 1.2 from 5 to 
50 turns. ; 

It has been established that radiation in the beam 
mode with good patterns and axial ratio can be obtained 
from a helical antenna four wavelengths long with a © 
pitch angle as low as 1.8°. 
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Numerical Integration Methods for Antenna 
Pattern Calculations* 


CHARLES C, ALLEN+ 


Summary—A study of numerical integration methods suitable 


_ for antenna pattern calculations was conducted for the purpose of de- 


termining which method provides a given accuracy with the greatest 


- economy. The accuracy for a given method depends on the number 


_ of points at which the integrand is calculated, while the cost for a 


_ given number of points depends on the complexity of the method. 


_ This paper discusses the general principles of numerical integration, 


and outlines four methods in detail. The results of applying these 


_ methods on a digital computer to a simple cosine distribution are pre- 
_ sented and analyzed. The relation of these results to those obtained 
4 for a pattern integral having a nonlinear phase function is discussed. 
_ The Gaussian quadratures are shown to have, in general, the highest 


degree of precision and lowest cost, while Filon’s method is pref- 


_ erable when integrals having a linear phase function are calculated 


over a large range of pattern angle. The procedure for applying these 


- methods to double numerical integration is outlined. 


I. INTRODUCTION 


HIS PAPER presents the results of a study of 
ae integration methods suitable for an- 
tenna pattern calculations. While the examples 
use antenna pattern integrals, the methods discussed 
are general and may be applied to any problems in which 
an oscillating function is to be integrated. Typical fields 


- in which such problems arise are acoustics, vibration, 
_ network theory, modulation, and astronomy. In many 


cases, the functions involved cannot be integrated liter- 


ally and recourse is made to an approximation based on 


the first few terms of a series expansion. A more direct 
approach which preserves the original functions and 


their physical significance is to perform the integration 


numerically on a digital computer. 

Complex problems which are being handled on the 
high-speed digital computers available today would 
have taken prohibitively long on the machines of a 
decade ago. With much shorter machine time now mak- 
ing such problems as the calculation of antenna patterns 
which require double integration of the current distribu- 
tion on a shaped reflector feasible for computer calcula- 
tion, closer attention must be paid to the efficiency of 
the methods of calculation used. While modern ma- 
chines are fast, they are expensive to operate and cal- 
culation time must be kept to a minimum for econom- 
ical operation. 

The purpose of this study of methods of numerical in- 
tegration was to determine their relative accuracy and 
costs. The accuracy for a given method depends on the 
number of points at which the integrand is calculated 


* The research reported in this paper has been sponsored by the 
Electronics Research Directorate of the AF Cambridge Res. Ctr., 
Air Res. and Dev. Command, under Contract AF 19(604)-1848. 

+ General Engrg. Lab., General Electric Company, Schenectady, 


N. Y. 


while the cost for a given number of points depends on 
the complexity of the method. Only single numerical 
integration was investigated in this study since double 
numerical integration merely requires repeated applica- 
tion of the principles of single numerical integration as 
discussed in Section V of this paper. Further, if the in- 
tegrand is a vector quantity and/or is complex, it can be 
resolved into separate vector components and/or real 
and imaginary components and each component inte- 
grated separately by numerical methods. 

Four methods of numerical integration were studied, 
namely, the increment method, Simpson’s rule, Filon’s 
method, and Gaussian quadratures. The increment 
method is a simple one with which the author has ob- 
tained good results in calculating antenna patterns!” 
on some of the earlier computers. The results of this 
study show that Filon’s method and Gaussian quad- 
ratures are much better suited for calculation of the 
more advanced antenna pattern integrals which present 
day computers are capable of handling. 

A brief discussion of the methods of numerical inte- 
gration which were studied is given in Section II. The 
results of applying these methods to a simple cosine dis- 
tribution are presented in Section III. This distribution 
permits direct comparison with the exact solution ob- 
tained by literal integration and illustrates some char- 
acteristics of the different methods when applied to 
antenna pattern integrals. The results of applying two 
of the methods to an integrand having a nonlinear phase 
function are presented in Section IV. The latter inte- 
grand is representative of those encountered in calculat- 
ing the scattering from objects or the patterns for non- 
collimating reflectors. 


Il. MetHops oF NUMERICAL INTEGRATION 


A. General 


The integrals encountered in the calculation of an- 
tenna patterns are generally of the form 


oe f “feces ead (1) 


where f(x) is an amplitude function, ®(w, x) is a phase 
function, and uw is a parameter related to the pattern 
angle. Eq. (1) can be written in two parts as 


1C, C. Allen, “Antenna pattern calculation for asymmetrical 
aperture distributions,” IRE Trans. ON ANTENNAS AND PROPAGA- 
TION, vol. AP-3, p. 60-62; August, 1952. ; 

2C. C. Allen, “Radiation patterns for aperture antennas with 
nonlinear phase distributions,” 1953 IRE CONVENTION RECORD, pt. 


2, pp. 9-17. 
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pla) = fv fle) cos (uw, a) (2) 
and 
a(n) = f(a) sin Bu, sa (3) 


such that E(u) = p(u) +jq(u). 

The integrands in (2) and (3) are seen to oscillate be- 
tween +f(x) and —f(x) as an envelope with the number 
of oscillations depending on the change in ®(u, x) within 
the interval of integration (a, b). When ®(u, x) is a linear 
phase function, such as ux, Filon’s method can be ap- 

- plied directly to (2) and (3) as discussed in Section II-D. 
For other methods of numerical integration, however, 
the integrands in (2) and (3) will be considered to be the 
single functions gi(w, x) and go(u, x), respectively. 

_ Dropping the subscripts on g(u, x) for purposes of gen- 
eral discussion and dropping wu since it is held constant 
during integration, we are interested in studying nu- 

_ merical integration formulas of the form 


ff s@iae =X mse) (4) 


t=1 


where the u values of g(x;) are ordinates or samples of 
the integrand and the u values of H; are appropriate 
‘weight coefficients. If (4) is to be exact when g(x) equals 
a constant, the sum of the m weight coefficients must 
equal (b—a). 

There are two general categories of such integration 
formulas which are discussed in considerable detail in 
recent texts** on numerical analysis. The Newton- 
Cotes integration or quadrature formulas, which form 
one category, are based on Lagrangian methods and 
employ equally-spaced abscissae, x; The Guassian 
quadrature formulas, which form the other category, 
employ abscissae, x;, that are roots of orthogonal poly- 
nomials. Both categories are derived by representing the 
integrand, g(x), by an approximating power polynomial. 

According to the Weierstrass theorem on polynomial 
approximation,’ any continuous function can be ap- 
proximated within the finite interval (a, b) as closely as 
desired by a power polynomial of sufficiently high de- 
gree. If none of the m H;’s and the n x;’s in (4) are arbi- 
trarily assigned in advance, there will be 2” constants 
available which are sufficient to completely specify the 
definite integral of a power polynomial of degree 
m=2n—1. If the H;’s and the x,’s are properly chosen, 
therefore, (4) will be exact for g(x) of degree m equal to 
2n—1 or less. A quadrature formula having this degree 
of precision was derived by Gauss in a paper® published 
in 1816 and is discussed in Section II-E. 


§ Z. Kopal, “Numerical Analysis,” John Wiley & S Inc. 
York, N.Y., ch. VIL; 1955. pets Eo Sr! 
. B. Hildebrand, “Introduction to Numerical Analysis,” Mc- 
Graw-Hill Book Co., Inc., New York, N. Y., chs. 3 and 8: 1986, = 
5 Kopal, op. cit., p. 19. 
8 Kopal, op. cit., p. 431. 
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‘TI-B and II-C. 


If the m x,’s are prescribed to be equally spaced, on the 
other hand, only ” constants are available to specify the 
definite integral, and the degree of g(x) for which (4) 
will be exact is reduced to m equal to n—1 or less for 
even n and to or less for odd n. The degree of precision 
of the Newton-Cotes formulas is, therefore, about one 
half that of the Gaussian quadratures. _ 

When g(x) is given as a table of equally-spaced ordi- 
nates, such as might be obtained from experimental 
measurements or a table of functions, one of the New- 
ton-Cotes formulas is a logical choice for numerical inte- 
gration. When g(x) is known analytically, however, and ~ 
the integration is to be performed on a digital computer, ~ 
it is just as easy to calculate g(x) at the irrational abscis- — 
sae of a Guassian quadrature formula as at the equally 
spaced abscissae of a Newton-Cotes formula. In apply- 
ing a single integration formula to the interval (a, 6), 
therefore, only the Guassian quadratures were investi- 
gated in this study. : 

_ The repeated application of simple two or three point 
Newton-Cotes formulas (7=2 or 3) to equal subinter- — 
vals of the interval (a, 6) is often simpler than the use of © 
a single quadrature formula employing the same total 
number of ordinates, on the other hand, and achieves © 
satisfactory accuracy for many problems. The results — 
are the familiar trapezoidal and parabolic or Simpson’s — 
rules,’ respectively, which are discussed in Sections © 
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An extension of the Newton-Cotes formulas of the 
open type® downward to a one-point formula not given 
in the referenced texts results in the increment formula — 
of elementary calculus. Repeated application of the in- 
crement formula to equal subintervals of the interval 
(a, b) results in the increment method of numerical in- 
tegration discussed in Section II-B. ; 

Which integration formula should be used for a par- — 
ticular problem and the number of points required de- — 
pends upon the nature of g(x) and its derivatives. Ex- — 
pressions for the error incurred when a numerical inte- © 
gration formula of given precision is applied to a func- 
tion g(x) of higher degree are derived in the texts. Since © 
these involve higher derivatives of g(x), which are gen- 
erally difficult to evaluate, their main usefulness is in — 
comparing the order of magnitude of the error incurred | 
by different formulas or the same formula with different 
n. The required derivatives are the uth for a Newton- 
Cotes formula with even m, the (n+1)th for a Newton- — 
Cotes formula with odd n, and the 2th for a Gaussian 
quadrature. 

Hildebrand has shown? that for some functions, the 
repeated application of the two or three point Newton- 
Cotes formulas to equal subintervals can attain greater — 
accuracy than the straightforward application of a 
Newton-Cotes formula having the same total number of 


, 


7 Hildebrand, op. cit., p. 75; Kopal, op. cit., p. 406. 
® Hildebrand, op. cit., p. 74. Se . 
* Hildebrand, op. cit., p. 81. 
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ordinates. In fact, the latter can actually result in an 
eeewer that diverges from the correct one after a certain 
value of # in this case. If the radius of convergence of the 
Taylor series expansion for g(x) about all points in the 
interval (a, b) is greater than (b—a), however, this diffi- 
culty does not occur. 


ee. Increment Method and Trapezoidal Rule 


A The increment method of numerical integration is a 
simple method which permits the integration process for 
a given function, g(x), to be easily visualized. In apply- 
“ing this method, the interval (a, b) is divided into n 
equal subintervals or increments, Ax = (b—a) /n, and the 
ordinates are taken at the center of each increment. In 
each subinterval, the area under a graph of g(x) is ap- 
_ proximated by the rectangular area Ax times g(x,). The 
' weight coefficients, H;, are all equal to Ax, therefore, and 


5 (4) becomes 


n 


f g(a)dx = Ax > g(x). 


i=1 


(9) 


e- 
& 
e 
py 
-. 
“ 
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_ Eq. (5) becomes exact in the limit as m approaches in- 
- finity for any g(x) which is continuous in the interval 
' (a, 6); therefore, the integral can be calculated as ac- 
_ curately as desired by choosing n sufficiently large. 

Eq. (5) is exact for m as small as one when g(x) is of 
first degree [i.¢., g(x) =Ao+A:x]. For g(x) of higher de- 
" gree, it is subject to an error of 


paket oiit bi 


*% 


; 
4 Bere cet), (6 — a)(Ax)? 
4 E; = — ie (x) = —- ea (x) (6) 


‘4 


' where g’’(x) is the second derivative of g(x) at some 
point x in the interval (a, 6). When g(x) is of second de- 
_ gree, g’’(x) is a constant equal to 2A: and Ey varies di- 
} rectly as 1/n?. For g(x) of higher than second degree, 
" g'’(x) depends on m and E, varies as g’’(x) | n*. 

' For comparison with the increment method, consider 
the trapezoidal rule in which the interval (a, 0) is divided 
into (n—1) equal subintervals, Ax = (0 —a)/(n—1), and 
- the n ordinates are taken at the ends of each subinterval. 
E For the ith subinterval, the area under a graph of g(x) 
is approximated by the trapezoidal area Ax/2 times 
~ [g(xs) +2(xi41) |. The resulting weight coefficients, Hi, 
in (4) are then H,=Ax/2, Hz through H,-1=Ax, and 
= Ax/2. 

The trapezoidal rule is exact for 7 as small as two 
when g(x) is of first degree. For g(x) of higher degree, it 1s 
subject to an error of 


_— = | 


¥ 


See er An 7 
oe a SS 
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where g’’(x) is defined as before. Note that when g(x) is 
- of second degree, Er has twice the magnitude of E; and 
is of opposite sign for an equal number of subintervals. 


ft 
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For an equal number of ordinates, Er is still larger. For 
g(x) of higher than second degree, g’’(x) depends on 
and will generally be larger than the value obtained with 
the increment method. 

For the same number of ordinates, therefore, the in- 
crement method will generally have less than one half | 
the error obtained with the trapezoidal rule. This can 
be seen intuitively by considering the error in the trape- 
zoidal rule as the sum of the areas between arcs and 
chords of g(x) and the error in the increment method as 
the sum of the areas between arcs and tangents of g(x). 


C. Simpson's Rule 


With Simpson’s rule for numerical integration, g(x) 
is approximated with a series of short parabolic arcs 
rather than the tangents or chords of the increment 
method or trapezoidal rule, respectively. This, in gen- 
eral, reduces the error for a given number of ordinates 
since the area between g(x) and its approximation is re- 
duced in each subinterval. 

In applying this rule, the interval (a, b) is divided into 
an even number of equal subintervals, h=(b—a)/(n—1), 
and the odd number of 7 ordinates are taken at the ends 
of each subinterval. The Newton-Cotes three point 
formula is then applied to successive pairs of subinter- 
vals, Ax =2h, so that the area under a graph of g(x) is 
approximated in each double subinterval by 4/3 times 
[g(xoaa «) +4 g(xi41)48(Xi42) |. The resulting weight co- 
efficients, H;, in (4) are H,=h/3, H2 through H,1=4h/3 
for even 1, H3 through H,2=2h/3 for odd 7, and 
H,=h/3. Eq. (4) then becomes 


b h 
f g(ade = — [g(us) + dele) + 2era) + 40) 


Hoes + 2g(Hn-2) + 4g(an—1) + g(%n)] (8) 


where x1=a@ and x, =D. 

Eq. (8) is exact for m as small as three when g(x) is of 
third degree [i.e., g(x) =Ay+Aiw+Aox?+A3x5] or less. 
For g(x) of higher degree, it is subject to an error of 


Eg (9) 


180(n — 1)4 
where gi*(x) is the fourth derivative of g(x) at some 
point x in the interval (a, >). When g(x) is of fourth de- 
gree, gi*(x) is a constant equal to 24 Ay and Eg varies 
directly as 1/(m—1)‘. For g(x) of higher than fourth de- 
gree, g'*(x) depends on 2 and Es varies as gi*(x) /(n—1)*. 

The error obtained with Simpson’s rule using  ordi- 
nates can be compared with the error obtained with the 
increment method using (7—1) ordinates by substitut- 
ing (n—1) for min (6). Ax in (6) is then equal to / in (9), 
and Eg is seen to be —2h?/15 times Er modified by the 
ratio of gi*(xg) to g’’(xr). This comparison is qualitative 
at best since even if the second and fourth derivatives of 
g(x) were available, the proper values of x would be un- 


known. 
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D. Filon’s Method 


While numerical integration formulas corresponding 
to (4) can be derived for integrands of the form f(x) w(x) 
where w(x) is a weight function,” the restrictions im- 
posed on w(x) do not permit the trigonometric weight 
functions in (2) and (3) to be used. Filon showed'!;” 
however, that when ®(u, x) is a linear phase function ux, 
(2) and (3) can be solved directly by an extension of 
Simpson’s rule. Filon’s method is exact when f(x) is of 
third degree or less, and for f(x) of higher degree, the 
accuracy depends on how closely the integral of f(x) 
alone can be approximated by Simpson’s rule. 

For this method, (2) and (3) become: 


p(u) - [1 cos (ux)dx = ec x) dx (10) 
and 
q(u) -{ f(x) sin (ux)dx -{ g2(u, x)dx. (11) 


As in Simpson’s rule, the interval (a, 6) is divided into 
an even number of equal subintervals, h = (b—a)/(n—1), 
and the odd number of x ordinates are taken at the ends 
of each subinterval. The odd- and even-numbered or- 
dinates are then summed separately for each equation 
as follows: 


n—2 
Coaa = gi(u, a) + 2 aD gi(u, eae gilu, b) 
1=3 
(odd i only) 
n—-1 
Coven =4 SS gi(u, 2) 
i=2 


(even 7 only) 


n—2 


Soaa = S2(u, a) + 2 py 82(u, Xi) + go(u, b) 
(odd Aan 
(even i only). 


Filon’s numerical integration formulas for (10) and (11) 
are then: 


p(u) = hi a(u)[go(u, 6) — go(u, a)] 


+ B(u)Coaa + (#4) Coven} (12) 
and 
q(u) = hta(u)[gi(u, a) — gi(u, b)] 
IF B(u)Soaa @ ¥(u)Seven} (13) 


E ee es P. 373. 
. N. G, Filon, “On a quadrature formula for tri ic in- 
tegrals,” Proc. Roy. Soc. Edinburgh, vol. 49, pp. 38-47: 1928 ep 
2 Kopal, op. cit., p. 408. 
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where 
(uh)? + (uh) sin (wh) cos (uh) — 2 sin? (uh) 
a(u) = (ul)? 
(uh) + (uh) cos? (uh) — 2 sin (wh) cos (uh) 
(.) = ee 
(uh) : 
= sin (uh) — (uh) cos (uh) : j 
1) > agua ; 


When (uh) is small, the equations for a(u), B(u), and- 
(wu) can be solved more accurately on a digital com-— 
puter by their series expansions. In the limit as u goes 
to zero, a(0) equals zero, B(0) equals 3, and y(0) equals | 
1 in which case (12) becomes equal to (8) with g(x) set | 
equal to f(x). The corresponding reduction of (13) to 
Simpson’s rule is trivial since go(u, x) is zero for all x 
when u equals zero. 


E. Gaussian Quadratures 


As indicated in Section II-A, the Gaussian quadra- 
tures have the highest degree of precision of all numer- 
ical integration formulas of the form given in (4). In 
fact, if g(x) is of higher degree than m=2n—1, the error 
resulting from the use of an m point integration formula — 
is a minimum for the Gaussian quadrature. * The deriva- 
tion of the Gaussian quadrature formula is treated 
thoroughly in the referenced texts and only the results © 
will be presented here. 

The m abscissae, x;, are not equally spaced in the 
Gaussian quadrature, but are the roots of orthogonal 
polynomials which depend on the limits of integration. 
Likewise, the 1 weight coefficients, H;, depend on the — 
limits of integration since their sum must equal (b—a). - 
In order to prepare tables of x; and H; for different values 
of n, therefore, the interval (a, 6) must be suitably nor- | 
malized by a linear transformation. To do this, let the © 
function to be integrated over the interval (a, b) be G(s). - 
Letting s=(6+a)/2+«(6—a)/2, the integral becomes 

6 6 —a 1 
f G()ds = J gla)ax (14) 
a —1 
where g(x) =G(s) for s corresponding to x. The quad- | 
rature formula for numerical integration over the nor-— 
malized interval (—1, 1) is then 


if g(x)dx = b2 Hig(x;). (15) 


When (15) is a Gaussian quadrature, the  abscissae, 
«;, are the roots of the Legendre polynomials, P(x). The 
corresponding weight coefficients, H;, are given by : 


2 
(1 + 1) Payi(i) Pn’ («:) 
; 
MPn—1(%5) Pr’ (4) 
18 Kopal, op. cit., p. 359. 
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_where P,,’(x,) is the first derivative of P,(xy at x;. The 


; 
- 


_ symmetry of the Legendre polynomials about the origin 


results in x;= —%,_s41 and H;=H. n—i41- Tables of x; and 
H; for n equal to 2 through 16 are given by Kopal™ in 
his Appendix 4.1. 

For comparison with the increment formula for a 
single subinterval, it is interesting to evaluate x; and H. i 
for n=1. The results are x, =0 and H,=2 which corre- 
spond in un-normalized quantities to x; at the center of 
the subinterval and H; equal to Ax as given in Section 


eII-B. 


} 


i 


_ When g(x) is of higher degree than (2n—1), the Gauss- 
ian quadrature formula is subject to an error of 


z 2?2nt1(m!)4 
(2n + 1)[(2n)!]? 
a (6 =* a)?n+1(q!)4 


n+ 1)[(2n) I] 


Eq = g(x) 


GOn)(s) (16) 


where g°”)(x) and G@”)(s) are the 2nth derivatives of 
g(x) and G(s), respectively; at some point x in the inter- 
val (—1, 1) and the corresponding point s in the interval 
(a, 6). Setting m equal to one reduces the second form of 
(16) to EZ; for n=1 as given by (6). 


IIJ. PATTERN FOR COSINE DISTRIBUTION 
A. True Paitern 


The antenna pattern integral for a one-dimensional 
aperture distribution having uniform phase was used to 
investigate the accuracy of the methods of numerical 
integration discussed in Section II. This integral in 
physical units has the form 


E(¢) = (1 + cos ¢) "F(s)e BIR’ o ds (17) 


—a 


where F(s) is the amplitude distribution, ¢ is the pat- 
tern angle measured from the normal to the aperture, 
k =27/wavelength, and 22 is the length of the aperture. 
In this study, the term (1+ cos ¢) was dropped since it 
does not affect the integration. 

It is customary to normalize the integral of (17) by 
letting s=ax and u=ka sin ¢. The normalized pattern 
integral is 


E(u) =a : f(x)e™*dx. (18) 


For this study, the simple cosine distribution was se- 
lected; that is, f(x) = cos (ax/2). Since f(x) is then an 
even function and sin ux is an odd function, g() as de- 
fined by (3) is zero. The normalized pattern integral 
then becomes 


“4 Kopal, op. cit., p. 523. 
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E ax 
E(u) = of cos — cos uxdx 
7 2 
a 1x 
= 20 f cos — cos uxdx. (19) 
0 


The second form of (19) was used for the numerical in- 
tegrations performed in this study. 
Literal integration of (19) gives as the exact solution 


4a COS 4 
E(u) = —- 
OF asa aay (20) 
{eres 
12 


This is the true pattern with which the patterns ob- 
tained by numerical integration were compared. As is 
customary, the results of the exact and the numerical 
pattern calculations are presented in decibels below the 
peak of the main beam. The antenna pattern in decibels 
is given by 


E(u)av = 20 log = . Gp 

The true pattern in decibels is, therefore, 
True E(u)an = 20 log kas . (22) 

og 


The true pattern as given by (22) is shown by the 
solid lines in Fig. 1(a)—(e) for « from 0 to 100. This wide 
range of u was used in order to determine the accuracy 
of numerical integration when the integrand has many 
oscillations. The latter condition corresponds, for in- 
stance, to that encountered in scattering calculations. 
While more complicated integrals are generally involved 
in such calculations, they still have the basic form of (1). 

The numerical error in the value of an integral cal- 
culated by numerical methods is of primary interest 
from a mathematical point of view. For antenna pat- 
tern integrals, however, the error in decibels is generally 
of greater interest. The error incurred by applying a 
particular numerical integration formula to (19) is ex- 
pressed in this paper as the difference between E(x) ap 
obtained by numerical integration and the true E(w) ap. 
The error in decibels must be interpreted properly, how- 
ever, since a small numerical error near a null of the pat- 
tern can result in a decibel error which is large in itself 
but small compared to the pattern level in decibels. 
What is of interest is the decibel error at the peaks of 
the sidelobes. For that reason, the decibel error is pre- 
sented as the error in the envelope of the sidelobes 
wherever possible. 

The numerical error corresponding to a given decibel 
error depends on the true numerical value to which the 
error applies. Table I shows for a range of decibel error 
the ratio of the numerical value of E(u) to the true value 
of E(u) and the corresponding numerical error relative 
to the true value of E(u). 
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Fig. 1—(a) Antenna pattern for cosine distribution calculated by increment method. (b) Increment method pattern (continued). 


c ae method pattern (continued). (d) Increment method pattern (continued). (e) Increment method pattern 
continued), 


TABLE -I 
NUMERICAL ERROR VS DB ERROR 
i Numerical £ i 
End aoe ae (x) pia es es oa Error 
True E(x) True E(u) 
+20 10/0.1 9/—0.9 
aoa2 4/0.25 pate 
+6 2/0.5 1/—0.5 
+1 1.12/0.89 0.12/—0.11 
+0.1 1+0.012 +0.012 
+0.01 1+0.0012 +0.0012 
_ +0.001 1+0.00012 +0.00012 

+0.0001 1+0.000012 +0.000012 


A larger decibel error is usually allowable at lower 


_ decibel levels since the corresponding numerical error 


is a smaller percentage of the maximum numerical value 
of the pattern. If a 1-db error exists at E(u) a» = —20 db, 


_ for example, the numerical error is 0.12 E(u) or 


_ 0.012 £(0), while a 1-db error at E(u) ap = — 60 db results 


in a numerical error of 0.00012 E(0). 


B. Pattern by Increment Method 


The normalized pattern integral for a cosine distribu- 
tion, (19), was calculated by the increment method dis- 
cussed in Section II-B for m equal to 10, 25, and 50. 
The corresponding subintervals, Ax, are 0.1, 0.04, and 
0.02. The patterns were calculated over the following 
ranges of u in steps of 0.5: 


n Ax Range of u Au 
10 0.1 0-50, 70-75, 95-100 0.5 
25 0.04 0-100 0.5 
50 0.02 0-25, 45-50, 70-75, 95-100 0.5 


The results of these calculations are plotted in Fig. 
1(a)-(e) for comparison with the true pattern. 

The decibel error in the envelope of the sidelobes for 
these calculations is shown in Fig. 2. For a given sub- 
interval size, as u is increased to the value at which 


_ uAx=m, the error builds up smoothly to a maximum 
- value. The ordinate at the center of each subinterval is 


zero for this value of u and results in E(u) obtained by 
numerical integration being equal to zero. For the cosine 
distribution, however, a sidelobe occurs at this value of 
u and results in the split lobe shown in Fig. 1 at w= 31.4 
for Ax=0.1. This condition occurs at u=78.5 for 
Ax =0.04. 

Further increase in « to the value at which wAx= 27 
(i.e., one cycle of wx per subinterval) results in each or- 


| dinate, g(x,), being equal to —f(x«;). The value obtained 


for E(u) ap is then equal to E(0)ap, and the decibel error 
to minus the true sidelobe level for that value of w. 
Obviously, the increment method should not be used 
for u greater than some value smaller than that for 
which wAx=7, the upper limit chosen depending upon 
the allowable error. Letting ~ designate the value of 
equal to x/Ax, the error curves shown in Fig. 2 form 
essentially a single curve when each is plotted against 


the renormalized pattern angle w/w, as shown in Fig. 3. 


This result indicates that the error for the increment 
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Fig. 2—Error in envelope of pattern for cosine distribution 
calculated by increment method. 


Fig. 3—Error in envelope of increment method pattern vs 
renormalized pattern angle, u/u1. 


method is independent of the number of oscillations 
under f(x), but depends instead upon the size of the 
subinterval relative to the period of oscillation. 

As an example, Fig. 3 shows that the error will reach 
1 db when wu becomes equal to 0.47u;=0.477/Ax. Con- 
versely, to limit the error at Umax to 1 db, about two sub- 
intervals per half cycle of wmaxx are required. If four 
subintervals per half cycle of wmax are used instead, 
Umax Will equal 0.25u: and the error at max” will be re- 
duced to about 0.2 db. The application of these results 
to an integrand having a nonlinear phase function is dis- 
cussed in Section IV. 


C. Pattern by Simpson's Rule 


The normalized pattern integral for a cosine distribu- 
tion, (19), was calculated by Simpson’s rule discussed in 
Section II-C for m equal to 21, 51, and 101. The corre- 
sponding double subintervals, Ax = 2h, are 0.1, 0.04, and 
0.02. The patterns were calculated over the following 
ranges of uw in steps of 0.5: 


n Ax =2h Range of u Au 
oH) 0.1 0-50, 70-75, 95-100 0.5 
51 0.04 0-100 0.5 
101 0.02 0-25, 45-50, 70-75, 95-100 0.5 
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Fig. 4—(a) Antenna pattern for cosine distribution c i 
: 1 ¢ 1 alculated by Simpson’s rule. (b) Simpson's rule patt i 
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_ The results of these calculations are plotted in Fig. 
4(a)-(e) together with the true pattern for comparison. 
_ The decibel error in the envelope of the sidelobes for 
_ these calculations is shown in Fig. 5. The error for 
_ Simpson’s rule changes with increasing u in a more com- 
_ plex manner than the error for the increment method. 
For a double subinterval, Ax = 2h, equal in size to a sub- 
interval of the increment method, the error for Simp- 
son’s rule is seen to increase more slowly at first than the 
_ error for the increment method. Once u becomes larger 
_ than “,=7/Ax, however, the error for Simpson’s rule 
_ increases rapidly to a maximum at about u=1.31 after 
_ which it decreases rapidly, changes sign, and reaches a 
_ maximum near w= 2 which is equal to about 10 db less 
_ than minus the sidelobe level at 2a. At u= 21, the odd 
_ ordinates equal +/f(«;) while the even ordinates equal 
_ —f(x;) which results in a value of E(2u) equal to about 
— E(0)/3. Finally, at «=4u; there is one full cycle per 
_ subinterval, /, and all ordinates equal +/(x,) with the 
result that E(4u:) equals (0) and the decibel error 
equals minus the true sidelobe level. 
As with the increment method, therefore, Simpson's 
rule should not be used for u greater than some value 
smaller than w, the value of u#max depending on the al- 
lowable error. If the decibel error curves for Simpson’s 
rule were plotted against the renormalized pattern angle 
u/uy, as was done for the increment method, it is seen 
from Fig. 5 that essentially a single error curve would be 
obtained. This indicates that the error for Simpson’s 
rule depends mainly upon the size of the subinterval 
relative to the period of oscillation as was observed for 
the increment method. 
Simpson’s rule results in a 1-db error at about twice 
_ the renormalized angle u/m for which a 1-db error is ob- 
tained with the increment method. For the same num- 
ber of ordinates, “; would be about half as large for 
Simpson’s rule as for the increment method, however, 
and the values of wu at which 1-db error is obtained 
- would be about the same. For a given error of less than 
~ one decibel, on the other hand, the value of u for Simp- 
son’s rule is greater than for the increment method with 
the same number of ordinates. This can be observed by 
comparing the curve for »=51 in Fig. 5 with the curve 
for 2 =50 in Fig. 2. 


D. Pattern by Filon’s Method 


The normalized pattern integral for a cosine distribu- 
tion, (19), was calculated by Filon’s method discussed in 
Section II-D for 1 equal to 9 and 21. The corresponding 
double subintervals, Ax=2h, are 0.25 and 0.1. These 
patterns were calculated over the range of u from 0 to 
100 in steps of 0.5. Most of the sidelobes for the calcu- 
lated patterns were within 0.1 db of the true pattern and 
none differed by more than 0.4 db. 

The decibel error in the envelope of the sidelobes for 
these calculations is shown in Fig. 6 with the error at 
each of the sidelobe maxima indicated by a small circle. 
The error is seen to behave in a systematic manner 
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about values of u which are multiples of v= 2a /Ax = 23. 
These values of u correspond to the positions of the 
[M(n—1)—1]th sidelobes for integer values of M. 
When w= Mus, there are M complete cycles of ux in 
each double subinterval with the result that the posi- 
tions of the nulls on either side of Mz» are sensitive to 
the departure from f(x) of its parabolic approximations. 
Because of the rapid changes in these regions, the actual 
error has been shown rather than the error in the en- 
velope of the sidelobes. 

As u is increased toward uz, the decibel error goes to 
minus infinity at the value of u just before u2 for which 
E(u) calculated by this method is zero. The decibel 
error then changes rapidly through zero to plus infinity 
at the value of u for which the true E(w) is zero (i.e., 
uU=U,—m/2); however, the separation in u between 
these two null positions is so small that the nearly verti- 
cal line is not shown in Fig. 6. From plus infinity, the 
decibel error decreases to zero near u and continues on 
to minus infinity at the value of u just after uz for which 
E(u) calculated by this method is zero. Finally, the 
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Fig. 5—Error in envelope of pattern for cosine distribution 
calculated by Simpson’s rule. 
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Fig. 6—Error in envelope of pattern for cosine distribution 
calculated by Filon’s method. 
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decibel error changes rapidly through zero to plus in- 
finity at u=+7/2 (line not shown in Fig. 6) after 
which the error decreases smoothly for several sidelobes 
until the next multiple of 2 is approached. The be- 
havior just described is then repeated. 

The large changes in the decibel error in the regions 
near u= Mu will generally correspond to small numeri- 
cal errors as discussed in Section III-A since they occur 
near the pattern nulls and result from the calculated 
nulls being slightly displaced from the true nulls. In 
general, all of the pattern nulls calculated by numerical] 
methods are displaced to some extent from the true 
pattern nulls which results in the decibel error between 
all sidelobes behaving in a manner similar to that dis- 
cussed above. These effects are less pronounced than in 
the regions near u = Mu, however, since reinforcement 
of the effect from each subinterval does not occur. In 
this calculation, for example, the only significant devia- 
tions from the curve for 7 = 21 plotted in Fig. 6 occurred 
at values of u equal to 11, 33, 55, 77, and 99 which are 
very near the nulls of the true pattern. The correspond- 
ing deviations are only 0.02, 0.06, 0.03, 0.02, and 0.01 db. 


E. Pattern by Gaussian Quadratures 


The normalized pattern integral for a cosine distribu- 
tion, (19), was calculated by Gaussian quadratures, dis- 
cussed in Section IJ-E, for m equal to 5 and 10. The 
patterns were calculated over the range of u from 0 to 50 
in steps of 0.5. Since the table of abscissae and weight 
coefficients referenced in Section II-E is based on the 
normalized interval (—1, 1), the proper abscissae for use 
with the interval (0, 1) of (19) were obtained by letting 

=0.5+0.5X,;, where X; are the abscissae obtained 
from the table. The corresponding weight coefficients for 
use with the interval (0, 1) are one half the H; obtained 
from the table. This corresponds to the transformation 
indicated in (14). 

The decibel error for these calculations is shown in 
Fig. 7 with the error indicated by a small circle at each 
of the sidelobe maxima and by a small + at each of the 
nulls, As might be expected for a formula having a high 
degree of precision, the decibel error remains very close 
to zero as u is increased over a useful range from 0 to 
some value Umax beyond which the error behaves in an 
erratic manner and becomes quite large. Since the ab- 


scissae are not equally spaced, the error does not build — 
up systematically at particular values of u as it does for © 
the methods previously discussed. In general, large 
changes in decibel error occur for u greater than max as © 
a result of the calculated nulls belng displaced from the © 


true pattern nulls as discussed in Section III-D. 


For 2=5, Umax is about 8 which corresponds closely to _ 
the degree of precision of the 5 point Gaussian quadra- — 
ture formula, m=2n—1=9. Likewise for 7=10, Umax iS — 


about 21 which corresponds closely to the degree of pre- 


cision m=19. This correspondence can be analyzed in — 


terms of the degree required for a power polynomial to 
closely approximate g(uUmax, x). Since there are Umax/7 
half cycles in the interval (0, 1), the polynomial must 
have at least ¢max/m roots which places a lower limit on 
the required degree. Assuming that a polynomial of de- 
gree equal to about three times the number of roots in 
the interval (0, 1) will adequately approximate 
£(Umax, X), the required degree of precision is about equal 
tO Umax. The required number of ordinates, 1, is then 
equal to about umax/2, which agrees with the results 
noted above. 


F. Comparison of Results 


The results of the calculations discussed in Sections 


III-B through E are compared in Table II which shows ; 


the upper value of u for a given decibel error over the 
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Fig. 7—Error in envelope of pattern for cosine distribution 
calculated by Gaussian quadratures. 


TABLE II 
UPPER VALUE OF u FOR GIVEN DB ERROR 


Increment Method 
db Error 
Less Than 


Simpson’s Rule 


Filon’s Method Gaussian Quadrature 


S31 101 9 21 5 10 
3.0 i”.0 4.0 229 2.0 

PPA) Paes) 10.5 4.0 4.0 

48.5 8.5 43.5 Bye 16.5 

>is 19.0 58.5 8.0 21.0 

> 100 23).0* 61.0* JES) 229 


* See text below. 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION aged Decemt op 


SN ee ge ee a See nee 


ye Pt os ee ee 


1959 


_ useful range of allowable error. The most meaningful 


comparisons are between the increment method for 


__ »=5S0 and Simpson’s rule for 7 =51, between Simpson’s 


rule for »=21 and Filon’s method for »=21, and be- 
tween the increment method for n=10, Filon’s method 
for 2=9, and the Gaussian quadrature for n=10. The 
last comparison clearly demonstrates the high degree of 
precision of the Gaussian quadrature. 

The values of max shown in Table II for a 1.0-db 
error with Filon’s method are somewhat artificial since 
they result from the behavior of the decibel error curves 
hear “=WU as discussed in Section III-D. Disregarding 
the error in this region, which is actually well under 
1.0 db at the sidelobe maxima, the upper limit of wu for 
a 1.0-db error was not reached for this method. In fact, 
the errors at the sidelobe maxima near u= Muy appear 
to be decreasing with increasing M. 

The time per ordinate per step in u required to calcu- 
late the pattern integral on a digital computer was found 
to be about the same for all four methods except for 
some additional time per step in u required to calculate 
a(z), B(u), and y(z) in Filon’s method. This additional 
time was about 56 per cent for 2=9 and about 24 per 
cent for m=21. For the same range and number of steps 
in u, therefore, the relative costs of calculating a pattern 
by each of these methods are nearly in proportion to the 
number of ordinates required for each to obtain the de- 
sired accuracy with the exception that the cost for 


_ Filon’s method is proportional to 7 increased by a factor 


that depends on n. 


~. TV. PATTERN FOR NONLINEAR PHASE FUNCTION 


A. Pattern Integral 


The antenna pattern integral for an integrand having 
a nonlinear phase function was calculated by the incre- 
ment method and by Gaussian quadratures in order to 
study the application of the results of Section III to 
such integrals. The geometry for the integral studied is 
shown in Fig. 8 and represents a cylindrical reflector 
illuminated by a point source located at F. The quanti- 
ties shown in Fig. 8 result in an integrand having a large 
number of oscillations between the limits of integration. 
_ The single integral of the current distribution on the 
reflector was taken in the x-y plane with limits of inte- 
gration equal to the angles +a,, at which the feed vector 
p is tangent to the reflector. With the phase reference at 
F, the pattern integral is 


m6) = f~ H(y) 


—an p(a) 
where 7 is a function of a, H(y) is the field intensity pat- 
tern of the feed in the x-y plane, k= 2/wavelength, 
and P(a, ¢) results from the vector product a X (61 X@) 
which appears in the integral of the current distribution 
on a reflector.¥ 


P(a, hp) e~ tke (a) [1 +008 (¢+y)] Rda (23) 


18 S. Silver, “Microwave Antenna Theory and Design,” McGraw- 
Hill Boole Co. Inc., New York, N. Y., p. 150; 1949. - 
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dX =WAVE LENGTH 


Fig. 8—Geometry for pattern integral with nonlinear phase function. 


For a feed polarized in the z direction (perpendicular 
to the x-y plane), P(a, ¢) =cos (a++¥) and is independ- 
ent of ¢. For a feed polarized in the «-y plane and per- 
pendicular to p, P(a, ¢) =cos (a—¢). Since the polariza- 
tion is not pertinent to the present study of methods of 
numerical integration, P(a, ¢) was taken as unity in the 
pattern calculated. This simplification merely results in 
an amplitude function that is greater than that for 
either polarization over most of the interval of integra- 
tion. 

Letting E(¢) = p(¢) +j¢q(¢) for purposes of numerical 
integration, (23) assumes the form of (2) and (3): 


p(é) = Rf” f(a) cos (a, oda (24) 
and é 
6) = — Rf” flo) sin (a, 6)da (25) 
where 
jo) = 2, 
and 


@(a, 6) = kp(a)[1 + cos (6 + y)]. 


The amplitude function, f(a), for H(y) =cos? y is shown 
in Fig. 9 for the dimensions given in Fig. 8. The corre- 
sponding phase functions, ®(a, ¢), for o=0°, 30°, and 
60° are shown in wavelengths in Fig. 9. In the calcula- 
tions discussed in Sections IV-B and C, the constant R 
in (24) and (25) has been dropped. 
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B. Pattern by Increment Method 


The increment method discussed in Section II-B was 
used to calculate the integrals in (24) and (25) for the 
functions shown in Fig. 9. The interval (—29.0°, 29.0°) 
was divided into 580 equal subintervals, Aa=0.1°, in 
order to obtain fairly accurate integrations with which 
the results of using larger increments and Gaussian 
quadratures could be compared. For »=580, the mini- 
mum number of subintervals per half cycle of ®(a, ¢) 
for 6=0°, 30°, and 60° is 5.5, 4.4, and 4.1, respectively, 
near a= —29°. The number of subintervals per half 
cycle is much greater in the region of stationary phase 
(i.e., near zero slope of the phase function) which pro- 
vides the major contribution to the integral. There are, 


for example, about 46 subintervals between a= —2.3° 
and +2.3° which provide the major contribution to 
p(0°). 


The results of these calculations are: 
Interval (—29.0°, 29.0°), Aa=0.1°, n=580 


E(0°)=0.464 727—j0.441 472 or, 0.0000 db 
E(30°) =0.527 252+ 70.219 958 or, —0.9999 db 
E(60°)=0.141 333-+70.368 132 or, —4.2198 db 


All calculations were made using eight significant fig- 
ures, but the results have been rounded off to six. E(0°) 
for Aa=0.1° has been taken as the zero decibel level for 
purposes of comparison. 

To better visualize the integration process, p(¢, a) 
and q(¢, a) have been plotted for ¢=0°, 30°, and 60° as 
a function of the upper limit, a, as it is increased from 
—29.0° to +29.0°. Subtotals of the numerical integra- 
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Fig. 9—Amplitude and phase functions for ¢=0°, 30°, and 60°. 
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tion were printed out by the digital computer every 0.2° 
in a to provide these integral functions which are shown 


in Figs. 10-15. The oscillations of the integral are { cycle © 


out of phase with the oscillations of the integrand since 
as a positive half cycle of the integrand is completed, the 
integral must reach a positive maximum and then de- 
crease as the integrand begins a negative half cycle. As 
the stationary phase region is approached, the amplitude 
of oscillation of the integral increases due principally to 
the increase in the period of oscillation and also to the 
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Fig. 10—Integral p(¢, a) for nonlinear phase function with ¢=0°. 
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Fig. 11—Integral q(¢, a) for nonlinear phase function with ¢=0°, 
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Fig. 12—Integral p(¢, a) for nonlinear phase function with ¢=30°, 


Dacemiien 3 


ee ee 


1959 


_ increase in the amplitude function, f(a). After the major 
contribution to the integral occurs in the stationary 
phase region, the amplitude of oscillation of the integral 
decreases as the period of oscillation decreases. 

_ The results of numerical integration using increments 
equal to 0.3° were obtained at the same time that the 
calculations for Aa=0.1° were done by summing sepa- 
rately every third ordinate starting with the second 
(t.e., the middle of the first 0.3° subinterval). This re- 
_ duced the number of subintervals per half cycle to 4 of 
_ that for Aa=0.1°. Since 58.0° is not a multiple of 0.3°, 
the results of numerical integration for the two sub- 
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Fig. 13—Integral q(¢, a) for nonlinear phase function with ¢=30°, 
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Fig. 15—Integral q(¢, 2) for nonlinear phase function with ¢=60°, 
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interval sizes are compared below for the interval 
(—29.0°, 28.6°). 

Interval (—29.0°, 28.6°), Aa=0.1°/0.3°, n=576/192 


E(0°)=0.467 923—j0.443 767 or, +0.0527 db 
0.467 798—70.443 940 or, +0.0530 db 


E(30°)=0.523 239+ 70.218 170 or, —1.0669 db 
0.523 374+70.217 785 or, —1.0672 db 


E(60°)=0.143 691+ 70.372 269 or, —4.1168 db 
0.143 403+30.372 331 or, —4.1178 db 


In relating these results to those discussed in Section 
III-B for a linear phase function, the maximum slope of 
(a, ¢) in radians per unit of a corresponds to the value 
Of Umax discussed in connection with Fig. 3, and a slope 
equal to 7/Aa corresponds to ™. The maximum slopes 
of the phase functions shown in Fig. 9 are +5.70, —7.10, 
and —7.66 radians per degree of a for 6=0°, 30°, and 
60°, respectively. The corresponding values of u/u for 
Aa=0.1° are 0.181, 0.226, and 0.244 which, according 
to Fig. 3, would result in errors of 0.1 to 0.2 db for linear 
phase functions having these slopes. The error resulting 
from the use of Aa =0.1° is considerably less than 0.1 db, 
however, since the effective values of u/u, are much less 
than the maximum values given above. The low effec- 
tive values of u/u result from the small slope of ®(a, ¢) 
in the region of stationary phase and the progressively 
changing relation between the size of Aa and the period 
of oscillation of ®(a, ¢). The close agreement between 
the results for Aa =0.3° and 0.1° indicate that these two 
factors are very effective in keeping the error small. 


C. Pattern by Gaussian Quadratures 


The Gaussian quadratures discussed in Section IJ-E 
were used to calculate the integrals in (24) and (25) for 
the functions shown in Fig. 9. Because of the large num- 
ber of oscillations of the integrands, a single quadrature 
formula was not used. Instead, the Gaussian quadrature 
formula for 7=16 was applied to each of 10 equal sub- 
intervals of the interval (—29.0°, 29.0°) for ¢=0°, 30°, 
and 60°. The corresponding total number of ordinates 
is nr =160. The 16 point formula was also applied to 
each of 6, 9, and 12 equal subintervals of the interval 
(—29.0°, 29.0°) for =60°, the corresponding values of 
nr being 96, 144, and 192. The results of these calcula- 
tions are compared below with the results of the incre- 
ment method for »=580. 

nr £(0°) by g(0") 


160 0.464 784—j0.441 483 or, +0.0007 db 
580 0.464 727—70.441 472 or, 0.0000 db 


nT p(30°) +7 4(30°) £(30°) db 


160 0.527 247+ 70.219 903 or, —1.0003 db 
580 0.527 252+ 70.219 958 or, —0.9999 db 


np (60°) +7 (60°) (60°) db_ 


96 0.133 527+j0.436 480 or, —2.9493 db 
144 0.141 062+ 70.368 046 or, —4.2238 db 
160 0.141 371+70.368 198 or, —4.2182 db 
192 0.141 366+70.368 131 or, —4.2196 db 
0.141 333+70.368 132 or, —4.2198 db 


E(0°) db 


S400 


A further comparison is made in the Appendix of the 
results for the 16-point Gaussian quadrature and the 
58-point increment method in each of the ten 5.8° sub- 
intervals of the interval (—29.0°, 29.0°). The values 
given in the Appendix for the two methods agree within 
better than one in the fourth decimal place for most 


subintervals. As seen above, this same order of agree- 


ment was obtained for the complete integral since the 
differences tend to cancel when the contributions from 
all subintervals are added together. 

The results discussed in Section III-E for a linear 
phase function can be applied to the nonlinear phase 
functions in Fig. 9 to obtain an estimate of the largest 
subinterval size for which a 16-point Gaussian quadra- 
ture provides a satisfactory approximation. The degree 
of precision of the 16-point formula is m=2n—1=31. 
Assuming that the required degree of the power poly- 
nomial approximating g(a, ¢) is about three times the 
number of roots in the subinterval, the number of cycles 
of ®(a, ¢) in the subinterval must be limited to about 
five. This limit can be exceeded somewhat for those 
subintervals which make a very small contribution to 
the complete integral since a given percentage error in 
their contributions is a smaller percentage of the total. 
The results of Section III-E clearly indicate, however, 
that the error becomes large rapidly as this limit is 
exceeded. 

The results presented in this Section satisfy the above 
condition fairly well except for 77 =96 which produced 
considerable error. The subinterval (—29.0°, —23.2°) 
for np =160 has about 5.1, 6.2, and 6.8 cycles of ®(a, ¢) 
for 6=0°, 30°, and 60°, respectively. The subintervals 
(—29.0°, —193°), (—29.0°, —228°), and (—29.0°, 
—242°) corresponding to mr=96, 144, and 192 have 
about 11.7, 7.9, and 5.9 cycles of B(a, 60°), respectively. 


V. DouBLE NUMERICAL INTEGRATION 


Double integration is performed numerically by ap- 
plying one of the methods of single numerical integra- 
tion discussed in Section ITI to a set of NV ordinates which 
are the result of single numerical integrations with re- 
spect to one variable for NV appropriate values of the 
second variable. Consider the double antenna pattern 
integral 


d by) 
Ea f i g(u, », 2, y)dedy (26) 


(y) 


where g(u, v, x, y) equals either 

gi(u, v, %, y) a F(x, y) cos P(u, v, x, y) 
or 

Solu, 0, %, y) = f(x, y) sin B(w, v, x, y). 


The amplitude function, f(x, y), and the phase function 
@(u, v, x, y), correspond to either the field distribution 
over an aperture or the current distribution over a re- 
flector surface. In either case, the amplitude function 
may represent one component of a vector distribution 
and include any dot products that usually appear before 
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the integral sign. The parameters u and v are either the 


actual or normalized antenna pattern angles. 
Eq. (26) can be written as 


E(w, +) = f “I(u, 0, dy (21) 


where 


b(y) Bo, 
1(u, 0,9) = [sls ® #, s)de. 
a(y) 


Now let (28) be integrated numerically NV times for V 
appropriate values of y, the jth numerical integration 
being 


b(yj) 
I(u, v; 3) = ‘i g(u, v, %, yj) dx 


(ws) 
= y9 Hijg(u, 2, Xi, 3). (29) 

Numerical integration of (27) then becomes 
E(u, v) = 33 WI (u, 0, 93) (30) 


j=l 


where the W; are the appropriate weight coefficients for 
the N-point numerical integration formula being used. 

Eq. (29) and (30) can be combined to form the double 
summation 


Ne oe 
E(u, v) = ps a W Aig u, v, Xj, yi). 


j=1 i=1 


(31) 


When a and bare functions of y as in (28), it is generally 
simpler to program the computer to perform the two 
operations given by (29) and (30) in sequence. When a 
and 6 are constants, on the other hand, the N sets of H;; 
are the same for all 7 and (31) may be used conveniently. 

In order to determine the values of 2 and WN required 
for double numerical integration, the phase function can 


be calculated over the x-y plane for several combina- — 


tions of (w, v) in the range to be used. Examination of 
the number of cycles of ®(u, v, x, y) in the interval (a, b) 
for different values of y will determine the required value 
of n. While the number of cycles of &(u, v, x, y) in the 
interval (c, d) for different values of x will give some in- 
dication of the required value of N, this is more ac- 
curately determined from the number of oscillations of 
I(u, v, y). If B(u, v, x, y) has regions of stationary phase 
when plotted against x for constant values of y (similar 
to the phase functions in Fig. 9), the number of oscilla- 


tions of I(u, v, y) in the interval (c, d) is about the same 


as the number of cycles through which the phase of the 
stationary phase points varies over the interval. 


VI. ConcLusIons 


The general principles of numerical integration have 
been discussed and four particular methods studied in 
detail. The increment method, Simpson’s rule, and 
Gaussian quadratures resulted in about the same cost 
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per ordinate for an antenna pattern integral calculated 5.8to 11.6 —0.025 144 0.036 121 
on a digital computer. The higher degree of precision of a Bae RE 
the Gaussian quadrature results in a lower total cost per 11.6to 17.4 0.009 540 0.003 078 
integral for that method, however, since fewer ordinates Bt Gns 0.003 108 
are required for a given accuracy. While the Gaussian 177440 | 25.9 —0.001 833 —0.005 815 
quadrature has an error that becomes large rapidly for ie pe lboe —0.005 875 
pattern angles greater than the range which yields 23.2to 29.0 0.000 562 0.001 546 
good accuracy, it has the advantage that the error over RUS 0.001 564 
most of this range is smaller than that obtained by the Subinterval p(30° q(30°) 
other two methods for a given maximum error. Proper Se G tes @ ood ise 
4 application of Gaussian quadratures to antenna pattern 0.000 496 0003 967 
integrals results, therefore, in greater accuracy and Peele ai nut 
lower cost for a given maximum error than is obtained baSE: ~ 0003 645 = 0°00 662 
with the increment method or Simpson’s rule. Mebee aie None 
| When the antenna pattern integral has a linear phase eee 0.004 605 0:08 761 
function, Filon’s method can be used and results in an 
5 3 —11.6to —5.8 0.001 178 0.015 617 
error that is less than any desired amount over an essen- 0.001 195 0.015 721 
tially unlimited range of pattern angle. Th i 
f 8 P Be - Saipan —5.8 to 0.0 —0.096 633 0.012 830 
error occurs near the pattern angle uw for which there is —0.096 815 0.012 696 
one half cycle of the integrand per subint land is de- 
Bat re : ‘ 8 ; he caida reat ioe sar 0.0to 5.8 0.579 140 0.269 806 
termined by the number of ordinates used. If the range 0.579 285 0.269 770 
frees : 
of pattern angle is limited to about uw, the Gaussian BAA eg Ae el AG 
| quadrature will provide greater accuracy over most of 0.043 657 —0.110 109 
the range tO cost for the same number of ordinates, Pe oe mera costa Raver 
since Filon’s method requires additional calculation —0.008 692 0.024 458 
time per integral to evaluate the a(u), B(u), and yu) “we eee anes oy ysinee 
coefficients. For a range of pattern angle appreciably 0.001 844 —0.005 072 
greater than U2, however, Filon’s method has the greater Be F950 ides Rea 
economy since the error remains below the maximum 0.005 322 0.003 428 
with no increase in the number of ordinates required. : = : 
The procedure for applying the methods of single eae eon) ater) 
numerical integration to double antenna pattern inte- =29.0 to —23.2 0.000 412 0.000 822 
grals has been presented. Different methods can be used 0-000, 42! TAU 
for the two integrations with the number of ordinates —23.2 to —17.4 0.001 113 —0.000 219 
required for each, m and JN, being determined by the 0.001 142 —0.000 254 
functions involved and the desired accuracy. Since the Ti Aton t106 —0.003 638 —0.006 416 
total number of ordinates required is m times JN, it is —0.003 738 —0.006 567 
important to use the most suitable method for each in- 49°95 ton 5.8 0.009 462 = 0.009 672 
_ tegration to achieve the greatest economy. 0.009 598 —0.009 784 
; —5.8to 0.0 —0.011 961 0.075 809 
APPENDIX —0.012 080 0.076 333 
iSOL -pol i d- 0.0 to 5.8 0.146 198 —0.070 814 
Comparison of results for 16-point Gaussian aie 0.146 227 —0.071 093 
rature and 58-point increment method in each 5.8° sub- 
interval of the interval (—29.0°, 29.0°). 5.8 to 11.6 Se Fe 0.389 808 
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The Numerical Solution of Antenna and 
Scattering Problems* 


GEORGE SINCLAIR{ 


Summary—It is pointed out that numerical solutions of electro- 
magnetic boundary-value problems deserve to receive greater em- 
phasis, particularly those arising in practical applications. Numerical 
methods of solution can also be of great help in theoretical studies 
where suitable analytical solutions are difficult to obtain. By using a 
certain fundamental integral equation for the electromagnetic field, 
it is shown that many problems can be reduced to the solution of 
standard types of integral equations for which numerical techniques 
of solution already exist. 


INTRODUCTION 


HE purpose of the present study was to investi- 
ae the usefulness of numerical methods of solu- 

tion of antenna and scattering problems. It was 
prompted by the need for more general methods of solv- 
ing the boundary-value problems which are encountered 
in the design of practical electromagnetic systems. Also, 
there are reasons for believing that numerical solutions 
have much to contribute to theoretical studies of an- 
tenna and scattering problems when analytical solutions 
are difficult to obtain. Numerical solutions appear to be 
of definite interest in investigations of scattering by 
bodies in the so-called “resonance region.” 

In attempting solutions of boundary-value problems 
in electromagnetic theory, the emphasis is practically 
always placed on the desirability of obtaining analytical 
solutions. Numerical solutions of such problems are 
generally completely ignored, and this is most unfortu- 
nate as there are many situations where a numerical 
solution could provide as much (or even more) informa- 
tion than an analytical solution. Analytical solutions 
may be aesthetically more pleasing than numerical solu- 
tions, but this is of little interest to the engineer con- 
cerned with the design of a specific electromagnetic 
system. 

Even when analytical solutions can be obtained for 
electromagnetic problems, it is usually found that a 
great amount of calculation is required to obtain nu- 
merical values, as, for example, when wave functions 
in a given coordinate system have to be computed. In 
many cases, direct numerical solution of a suitable dif- 
ferential or integral equation can yield the same accu- 
racy of result with little, if any, increase in the amount 
of computing required. 

It may be assumed that most persons concerned with 
the solution of electromagnetic problems now have ac- 
cess to high-speed electronic computers. It appears that 


* This work was performed at the University of Illinois, Urbana 
Ill., while the author was on sabbatical leave from the University of 
Toronto. - 

Tt University of Toronto, Toronto, Ontario, Can. 


few of them are aware of the potentialities of a high- 
speed computer as an aid in the solution of boundary- 
value problems in electromagnetic theory. This situa- 
tion is due, in part, to the lack of suitable numerical 
techniques for solving such problems. 

Of the possible methods which could be used to ob 
tain numerical solutions to antenna and scattering prob- 
lems, those based on integral equations would appear to 
be most useful. For one thing, the boundary conditions 
can be inserted into the integral equation before at- 
tempting the solution, so that if a solution is obtained, 
it automatically satisfies the boundary conditions. For a 
specific problem, various integral equations can be de- 
rived which may differ in their suitability for numerical 
solution, but for many applications, an integral equa- 
tion basically due to H. A. Lorentz}? offers a number of 
advantages, especially that of flexibility. 


THE FUNDAMENTAL INTEGRAL EQUATION 


The following integral equation is considered to be 
fundamental for analytical as well as numerical solu- 


tions of electromagnetic boundary-value problems. Its 


usefulness in the solution of a variety of problems was 
particularly pointed out by Albert and Synge.? Consider 
a region V bounded by a surface S in which a field 
exists, defined by the vectors E and H, and let Ei, Hi be 
another arbitrary field, of the same frequency in the 
same region. Then 


f@xH- E X H,)-ndS 
Ss 


= [ © BJ — HM, + Hy Mae (1) 
Vv 


(see Appendix). 

The field E,, Hi, which will be called the auxiliary 
field, is chosen to simplify the calculations. It is often 
taken to be a Green’s function, but in many problems 
it will be more convenient to take a different choice, 
especially when the appropriate Green’s function is not 
readily available. 

The fundamental integral equation can be applied in 
a number of ways in order to solve a given problem, as 
has been indicated by Albert and Synge.? Typical meth- 


1 P. Frank and R. von Mises, “Differential- und integralgleich- 
ungen der mechanik und physik,” vol. 2, Vieweg, Brunswick; 1935. 
Reprinted Rosenberg, New York, N. Y., p. 576; 1943. 

2G, E. Albert and J. L. Synge, “The general problem of antenna 
radiation and the fundamental integral equation, with application 
to an antenna of revolution—part I,” Quart. Appl. Math., vol. 6 
pp. 117-131; July, 1948. f 
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ods of applying it will be illustrated by considering first 
a transmission problem and then a receiving (diffrac- 
tion) problem. In each case, it will be shown that there 
_ results a linear integral equation of the first kind, 


f KG sf eax = eG) - 


where f(x) is the unknown function. A number of meth- 
ods for the numerical solution of this type of integral 
_ equation can be found in the literature.’ 


A TRANSMITTING PROBLEM 


By way of illustration, consider a two-dimensional 
problem, requiring the calculation of the pattern of an 
infinitely long narrow-slot antenna in a uniform infinite 
cylinder of arbitrary cross-sectional shape, when the 
slot is excited by a voltage applied across the gap formed 
by the slot. Suppose that the curve bounding the cross 
- section is a closed curve (see Fig. 1). 


y 


Fig. 1—Coordinate system. 


The choice of the region V is made as follows: let V 
be the region bounded by the surface of the cylinders, 

the surface at infinity, and contained between two 
transverse planes, whose separation may be chosen as 
unity without loss of generality. Assuming that both 
fields satisfy the radiation condition at infinity and 
have no variation in the axial or z-direction, then the 
surface integrals over the surface at infinity and over the 
transverse planes all vanish, leaving a surface integral 


3 Z, Kopal, “Numerical Analysis,” Chapman & Hall, Ltd., Lon- 
don, Eng., Ch. 8; 1955. 
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only over the surface S’ of the cylinder. Noting that J 
and M are zero in V and that the tangential component 
of E vanishes on S’, except at the gap where it equals 
Vo/6 (Vo=voltage applied to gap of infinitesimal pe- 
ripheral width 6), then 


ih Pras’ Va UOyat f (E-J, — H-M,)dv (3) 
, V 


where 


Fi;=the component of E; tangential to the sur- 
face S’ (see Fig. 1), 
HH, =the axial component of Hon S’, 
H,,(Q) =the value of Hi, at the location of the slot. 


In this equation, the unknowns are H, in the surface 
integral and E and H in the volume integral. In order to 
solve the equation, it will be necessary to reduce the un- 
known quantities to one. Hence, assume that J; and 
M; are zero in V, so that the only sources for the auxil- 
iary field lie outside the region V; 7.e., lie inside the 
cylindrical surface S’. Then the integral equation be- 
comes 


$ EyH,ds = VoH,.(O) (4) 


where 


s=distance along the periphery of the cross section 
from an arbitrary origin. 


If this equation can be solved for a suitable choice of 
auxiliary field, then H, on the surface of the cylinder 
(i.e., the surface current produced by the voltage ap- 
plied to the slot) is obtained. 

The auxiliary field may be chosen arbitrarily, subject 
only to the restrictions already imposed, namely: 


1) it must satisfy Maxwell’s equations; 

2) it must be of the same frequency as the field being 
determined; 

3) it must satisfy the radiation condition at infinity; 

4) it must be independent of z. 


Eq. (4) is true for any auxiliary field satisfying these 
conditions. However, when this equation is being used 
to determine the unknown field H,, it is important to 
consider the completeness of the representation chosen 
for H,. The auxiliary field must be chosen in such a way 
as to allow for the determination of all the unknown 
parameters in the representation for H.. This can be il- 
lustrated by considering the case of a circular cylinder. 
The appropriate choice for H, on S’ is then a Fourier 
series in the angular variable ¢. 


+00 
Dp Caen s (5) 


m=—oO 
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A possible choice for the auxiliary field would be the 
cylindrical wave function 


Hi, = Hy (kp)e'?? (6) 


where # is a fixed integer. The integral equation would 
then determine only the single coefficient c_p. The com- 
plete expression for H; is obtained only when the param- 
eter is allowed to take on all possible integral values. 

An alternative choice for the auxiliary field is the 
field of a uniform infinite line source of magnetic current 
located at a fixed distance d from the origin, in an ar- 
bitrary direction ¢:. The usual addition theorem for cy- 
lindrical wave functions shows that this field has the re- 
quired arbitrariness to yield all the coefficients in (5). 
For this case, the integral equation can be written in 
the form 


Qr 
i Exe(¢1, 6) Ho($)ad@ = VoHs.(¢1) (7) 
0 o=$' 


where ¢’ is the angular location of the slot on the cylin- 
der. It is evident that this equation is of the same form 
as (2). It can be shown in a similar way that (4), for an 
arbitrary cylindrical surface, is also of the same form as 
(2) when the proper choice of auxiliary field is made. 

Having determined the surface current, the radiated 
field produced at a given point P can be found by an- 
other application of the integral equation. Consider an 
auxiliary field produced by a line magnetic current Ko 
volts located at the point P where the field from the slot 
is to be found. Then the integral equation becomes 


g Eyl Hds = Volls.(Q) + KoH.(P) (8) 


where E’, H’ is the field due to the line source at P. In 
this equation the only unknown is H,(P), so the field at 
P can be found by mechanical quadrature.‘ If P lies in 
the far field of the slot, the pattern of the slot antenna is 
obtained by choosing P successively in various direc- 
tions at fixed distance from the slot. 


A RECEIVING OR DIFFRACTION PROBLEM 


An alternative procedure for calculating the pattern 
of the slot antenna is to consider the receiving case. 
It is well known’ that the pattern of the slot antenna 
can be calculated if the field produced at the surface of 
the cylinder when a plane wave is incident from various 
directions can be found; 7.¢., if the diffraction problem 
can be solved. 

Let the cylindrical surface without any gap be desig- 
nated S’’, and suppose the cylinder is illuminated by 
the field of an infinite magnetic line source Ky’ volts 
which is located at a distant point P (it is convenient to 
use a line source instead of a plane wave in order to en- 


ac} bad., Ch, 7: 
5G, Sinclair, “The patterns of slotted-cylinder antennas,” Proc. 
IRE, vol. 36, pp. 1487-92; December, 1948. 
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sure vanishing of the surface integral over the surface 
at infinity). Assume that the sources for the auxiliary — 
field lie outside V. Then, in this case, the integral 
equation becomes 

[ Bultas” = — Ke'Hu(?). (9) 

In this equation the only unknown quantity is H, on the 
surface .S’’. If the equation can be solved for P located 
at a fixed distance in various directions, the pattern can 
be found by evaluating H, at the point Q where the © 
slot is to be located. This procedure is equivalent to © 
calculating the pattern of the slot antenna by determin- 
ing the current produced in a short circuit across the 
terminals of the antenna when a (plane) wave is inci- 
dent from various directions. Eq. (9) is again of the 
same type as (2). 


THREE-DIMENSIONAL PROBLEMS 


The above techniques may be applied to problems in 
three dimensions. The amount of computing to be done 
may be greater than in two-dimensional problems, but 
not necessarily so. If the system has rotational sym- 
metry, then the integral equation can usually be re- 
duced to one of the same type as (2). In more general 
cases, it may be possible to solve the integral equation 
by analytical methods for one of the surface variables 


CONCLUSION 


The fundamental integral equation, (1), has already 
proved to be very useful in analytical studies of electro- 
magnetic boundary-value problems. It appears to be 
equally useful for numerical solutions of a wide variety 
of problems, particularly those which are difficult to 
treat by known analytical methods. It offers flexibility 
in the solution of a given problem, in that the auxiliary 
field can be chosen to simplify the mathematics as much 
as possible. For the engineer, it has the merit that the 
one integral equation, properly applied, provides a 
mathematical approach to a wide variety of problems. 


APPENDIX I 
THE LoRENTz RECIPROCITY THEOREM 


Let E, H be the field associated with a distribution of 
electric and magnetic currents of densities J and M, and 
let Ei, Hy be another field of the same frequency, asso- 
ciated with a distribution of currents of densities J; and 
M;. Then Maxwell’s equations can be written (time 
variation is assumed in the form e#**) as 


curl H = J + jweE, (10) 
curl E = — M — jouH, (11) 
curl Hy = Ji + jweFy, C13) 
curl EF) = — M, — jopHy. (13) 
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Then by forming scalar products, the equations can be 
combined to yield 


(E,-curl H — H-curl E;) — (E-curl H; — Ay-curl E) 

= E,-J +H-M,—E-J,—H,-M. (14) 
Hence 
div (E, X H — E X H;) 

= E-Ji—E\:-J -—H:-M,+ Ai:-M. (15) 


Now consider a region V in which both fields exist, and 
let S be the surface enclosing the region. Then, integrat- 
ing the above equation throughout the region V, and 
using the divergence theorem, there results 
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[@xa- EX H;)-ndS 
S 


s f (E-J, — E-J — H-M, + Hy-M)dv (16) 
Vv 


where n is a unit normal directed out of the volume V. 


This is the expression of the reciprocity theorem to be 
used. 
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The Finite Conical Antenna* 
Ss, ADACHI}, R. G. KOUYOUMJIANY, anv R. G. VAN SICKLE} 


Summary—This paper describes the results of a theoretical and 
experimental study of the finite conical antenna. The antenna con- 
sists of a perfectly-conducting cone of finite length excited at its tip 
by a linear element. The radiation patterns and radiation resistance 
have been calculated by taking the current distribution on the linear 
element to be sinusoidal and approximating the current distribution 
on the finite cone with that of an infinite cone. Calculated and meas- 
ured radiation patterns are found to be in good agreement. The de- 
pendence of beamwidth, beam tilt, and side-lobe level on the an- 
tenna dimensions is discussed. A simple interpretation of the pat- 
terns in terms of the superposition of a wave radiated directly from 
the linear element (in the presence of the infinite cone) and a wave 
diffracted from the edge of the cone is pointed out. Measured values 
of the input VSWR (voltage standing-wave ratio) are presented and 
discussed. 


INTRODUCTION 


HIS paper describes the results of a theoretical 
ee experimental study of the finite conical an- 

tenna. The antenna consists of a perfectly-con- 
ducting cone of finite length, excited at its tip by a linear 
element. The radiation patterns of the wide-angle coni- 
cal antennas have been calculated by using the current 
distribution of an infinite cone as an approximation to 
the distribution on a finite cone. A similar approximate 
method has been applied quite successfully to the prob- 
lem of the radiation from annular slots on a finite cir- 
cular disc by Meixner.! The radiation field due to the 
finite cone (0<r<R,) is calculated as the difference be- 
tween the radiation field due to the infinite cone 
(0<r<o) and that due to the complementary cone 
(Ro<r<o) with the infinite cone current. The radia- 
tion field due to the infinite cone antenna, and the cur- 
rent distribution on the complementary cone are ob- 
tained by making use of a special Green’s function.? A 
sinusoidal current distribution is assumed along the 
linear element at the tip of the cone. The length of the 
cone is assumed to be large compared to a wavelength 
and the length of the antenna at the tip of the cone. The 
approximate expression for the far-zone electric field of 
the wide-angle conical antenna is obtained in rather 
simple form for computation. Calculated and measured 
radiation patterns are found to be in good agreement. 
The dependence of beam tilt, beamwidth and side-lobe 


* The research reported in this paper was sponsored in part by 
the U. S. Army Signal Res. and Dev. Lab., Ft. Monmouth, N. AiSee 

{ Antenna Lab., Dept. Elec. Engrg., The Ohio State University, 
Columbus, Ohio. Currently on leave of absence from Tohoku Univer- 
sity, Sendai, Japan. 

ft Antenna Lab., Dept. Elec. Engrg., The Ohio State University, 
Columbus, Ohio. 

1 J. Meixner, “The radiation pattern and induced current in a cir- 
cular antenna with an annular slit,” IRE TRANS. ON ANTENNAS AND 
PROPAGATION, vol. AP-4, pp. 408-411; July, 1956. 

* L. B. Felsen, “Back-scattering from wide angle and narrow angle 
cones,” J. Appl. Phys., vol. 26, pp. 138-151; February, 1955. 


level on the antenna dimensions is shown, and the radia- 
tion resistance of the infinite, wide-angle conical an- 
tenna is obtained. This provides a reasonably good ap- 
proximation to the radiation resistance of the finite coni- 
cal antenna when the cone is large compared with a 
wavelength. The input VSWR of the finite conical an- 
tenna for different exciting elements at the tip of the 
cone is measured. 


THEORETICAL FORMULATION 


The configuration of the finite conical antenna is 
shown in Fig. 1, where it is seen that / is the length of 


Fig. 1—Finite conical antenna. 


thin linear element, Ro is the slant length of the finite 
cone, and the conical surface is defined either by the 
angle 6) measured from the axis of the cone or the angle 
a measured from the horizontal plane. The antenna 
terminals are located at the junction of the linear ele- 
ment and cone tip. A sinusoidal current distribution is 
assumed to flow on the thin linear element, and as men- 
tioned in the Introduction, the current distribution on 
the finite conical surface is approximated by that of the 
infinite cone. This may be expressed in an alternative 
way which is more convenient for carrying out the solu- 
tion. Let the far-zone electric fields in the cases of an 
infinite cone, and a finite cone be denoted as Kp” and Eo, 
respectively, and the far-zone electric field due to the 
infinite-cone current distribution flowing on the comple- 
mentary base cone extending-from Ry to © be denoted 
as Ej. Then the far-zone electric field under considera- 
tion is approximately 


Ey Ey — Ep. (1) 


The fields of an infinite conical antenna excited at its 
tip by a linear element are expressed by using a special 
Green’s function which has been given by Felsen.2 In 
addition to satisfying the usual requirements imposed 
on a Green’s function, this Green’s function vanishes on 
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the surface of the cone; furthermore, its representation 
in series form has the desirable property of rapid con- 
vergence when either the source point or the field point 
are Close to the tip of the cone. The far-zone electric field 
has the form: 


& Io ear 
ES, 6) = = : 


De oFe4(2g + 1)54(61) 


Lp 


P4(—cos 60) 0 
arly COs:6),. (2) 


xX 


d 6) 
sin gr — P,(cos 69) 
oq 


The magnetic field on the surface of the cone for r>/is: 


oo HE 
Hy(r', 6.) = — = D> (2q + 1)S,(0) 
Ar’ “¢ 
) 
Pq(—cos 4) a P,(cos 6) 
x he (Br’) (3) 


0 
sin gr — P,(cos 60) 
og 


where J is the sinusoidal current amplitude on the linear 
element, 7) is the free space intrinsic impedance, and 


1 ‘sin B( — r’) 
SB) = — f ae 


fulo) = 4/7 Forsnle) (5 
q: P(cos 90) = 0. (6) 


The far-zone electric field Ej is given in terms of 
the magnetic field H; on the complementary cone 
(Ro<r< ~) by 


jnB er 


Ey = — 
3 4r fr 


f Het, 9o)2° (41 X Fo X ay)ewr'r-hdS (7) 


where 7; and % are unit vectors in the directions of r and 
6, respectively, and % is a unit vector directed from the 
origin toward the source point on the complementary 
cone surface. The integration is carried out over the 
complementary cone surface extending to infinity. We 
note that the above expression is approximate in the 
sense that it does not explicitly take into account the 
change of the unit vector directed from sources on the 
complementary screen to the field point. Although it is 
difficult to establish the validity of this approximation 
in the general case, it is readily done for the case where 
6)=7/2. Substituting (3) in (7) and performing the vec- 
tor operation about the conical geometrical structure 
shown in Fig. 2, the Ej is finally expressed in the form: 


3S, Adachi, “A Theoretical Analysis of Infinite Conical Antennas 
—Part I,” Antenna Lab., The Ohio State Univ. Res. Foundation, 
U. S. Army Signal Res. and Dev. Lab., Fort Monmouth, N. J., 
Rept. 662-20, prepared under Contract DA 36-039 sc70174; Feb- 
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r= Ry 
ee 
Fig. 2—Configuration and coordinate system for the 
infinite, complementary cone, 
c Ion e—iBr 
E (6) =" sin &) —— Y 2¢ + 1)S,(8)) 
16m 2 es, 
te) 
P,(—cos 69) ae P,(cos 60) 
> 
: 0 
sin gx — P,(cos 0) 
dq 
x d(Br') hq (Br') eiBr’ e08 60 cos @ 
BRo 
2a 
x i (sin 4 cos 8 cos ¢’ 
0 
— cos 0) sin 0) Br’ sin 00 sin @ cos ¢' do’. (8) 


Using the expansion: 
eft cos d’ — Jo(t) — 2J2(t) cos 29’ + 2Ju(t) cos 4g’ — - + - 
+ j2{ Ji) cos ¢’ — Js(#) cos3¢’ +--+} (9) 


the integration with respect to ¢’ in (8) can be easily 
carried out, 7.¢., 


Qa 
i) (sin 09 cos 8 cos ¢’ — Cos 6 sin 8) e78r’ sin 4% sin 6 cos 6’qg! 
0 


= — 2lcos 0 sin 6Jo(Br’ sin Oo sin 6) 


— j sin 0) cos 6J,(Gr’ sin 4 sin 6)]. (10) 
The length of the cone is assumed to be large compared 
with the wavelength and the length of the linear ele- 
ment, and hence, the modified spherical Hankel func- 
tions in (3) can be expressed by their asymptotic forms: 


Re br) = (etter (11) 
Substitution of (10) and (11) in (8) leads to 
E45(6) = Es(6.)0(), (12) 


where E,*(6o) is the far-zone electric field on the surface 
of the infinite cone, which is obtained by introducing 
6 =6, into (2), and the function (6) is expressed by the 
following integrations: 


i 6 > ° . 
e(6) = — Sects sin 8) cos 8 Ji(x sin 9 sin @) 
2 


BRo 


x e—iz(1—cos 80 cos A) dy 


+ j cos 6 sin 0 Jo(x sin 4 sin @) 
BRo 


x e iz (1—cos 80 cos oa | (13) 


The factor 0(6) is only a function of the configuration of 
the finite cone, and it is independent of the sinusoidal 
current element at the tip of the cone. 

The condition 


BRo sin 4 sin 86> 1 (14) 
is true in the case of a long (8Ro>1), wide-angle cone 


except for aspects @ close to the axis of the cone (6 close 
to 0 or 7). Under this condition, Bessel functionsof zeroth 


and first order in (13) can be expressed by the following” 


- well-known asymptotic forms: 


Jo(6r sin 6 sin @) 


2 : T 
= (=o cos {or sin 69 sin 6 — =I 
aGr sin 8 sin 6 4 


Ji(Br sin 69 sin 6) 


, 2 Z P 3r 
= =m cos {or sin 6) sin? — —>. (15) 
aGr sin 0 sin 6 4 


Introducing (15) into (13) and carrying out the inte- 
gration, the approximate expression for @(@) in terms of 
Fresnel’s integrals is obtained: 


j sin Ao 
Ba Zy/ in 60 os 3(0 + 6){1 — C(EBRs) 
2 sin 6 


— S(EBRo) — j(C(EBRo) — S(EBRo))} 
+ cos $(8 — 60) {C(‘BRo) — S(¢BRo) 
— j(1 — C(§BRo) — S(EBRo))}], (16) 


where the signs (+) correspond to the regions (0 $4), 
respectively, and 


£ = 1— cos (0+ 6), 
¢ = 1—cos (6 — 6), (17) 


and C(x) and S(«) are Fresnel’s integrals, 7.e., 


C(x) S(e) [a 
2 9) — 
: ors 
r <! * sin ¢ 
—— ji 


VirJo Vi 


Thus, the far-zone electric field of the tip-excited finite 
cone is given by 


E4(0) = E4(8) — Es(.)0(6). (19) 
Next, consider the E%,(r, 6) expressed by (2). For the 


dt. (18) 
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wide angle cone, the following approximations can be | 
made: 


fae (nt am = % (20) 
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where is an odd integer, and consequently 


—cos 0 1 
ide ee (21) 
c 0 60 : 
sin gr — P,(cos 0) 
0q ; 
Substitution of (21) in (2) yields . 
i) nl é iBr t 
Egle, 9) oe 
alr ) 460 Tr q ; 
OP,(cos 6 F 
Xeien(2g + 1)5,(6) MMS (an) | 
: 
It can be shown by the equivalence between an elec- 


tric dipole and a small annular slot on an infinite plane ~ 
that in the special case of an infinitesimally small dipole i 
on a circular disc (Q9=7/2), (19) is identical to the ex-  — 
pression for the field from a small annular slot on a cir- : 
cular disk, as discussed by Meixner.? : 

As mentioned before with regard to (14), the asymp- 
totic expression of @(6) in (16) is invalid for high angle ~ 
radiation. The two integrals in (13) must be carried out 
by numerical integration in the region of 6 close to 0 and 
mw. The integrations from BR» to © are transformed into 
the integrations from 0 to BR» (1 —cos 4 cos 8), as given 
in the Appendix. 

It is known‘ that the radiation resistance of a linear 
antenna on a large circular disk is fairly well approxi- 
mated by the value of the radiation resistance of the 
same linear antenna located on an infinite ground plane. 
The radiation resistance of an infinite, wide-angle cone 
excited by the linear antenna is obtained in the follow- — 
ing form: 


n 
5 SRG Bey 1)(2 2 
46) sin? Bl u g(q + 1)(2q + 1)S,(81)?. (23) 


DISCUSSION 


The radiation patterns have been calculated for the 
finite cones: 1) 6)>=90°, 103.81°, 115.50°, and 2) BR» 
=15, 30, 50. The function S,(6/) given by (4) is rather 
complicated for arbitrary values of 61.3 When 61 = (m/2)z, 


7=1, 2,3,---, S,(6l) is given simply by 
5%) 
s(=i) = ae (24) 
2 q(q + 1) 


The calculations presented here will be made only for 


* J. E. Storer, “The impedance of an antenna over a large circular 
screen,” J. Appl. Phys., vol. 22, pp. 1058-1066; August, 1951. 

° A. S. Meier and W. P. Summers, “Measured Impedances of 
Vertical Antennas over Finite Ground Planes,” Antenna Lab., The 
Ohio State University, Columbus, Rept. 233-3; 1946. 
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Fig. 3—Calculated patterns. 
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6103.81, £2%, BR=50 


(c) 
Fig. 4—Calculated patterns. 


1=)/4, and \/2. The radiation pattern of an antenna 
over a circular ground screen (@9=90°) has been theo- 
retically treated by use of spheroidal wave functions® 
and by a variational method.’ The former solution is not 
appropriate for a large ground screen because of the 


6 A. Leitner and R. D. Spencer, “Effect of a circular ground-plane 
on antenna radiation, ” J. Appl. Phys., vol. 21, pp. 1001-1006; 


October, 1950. - ; 
1], E. Storer, “The radiation pattern of an antenna over a circular 


ground screen,” J. Appl. Phys., vol. 23, pp. 588-593; May, 1952. 
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(a) 


8 *103.8I°, £2, 


(b) 


BR,=30 


9,2103.81°, £= ¥2, pR,=50 


(c) 
Fig. 5—Calculated patterns. 
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Fig. 6—Calculated patterns. 
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Fig. 7—Calculated pattern. 


lengthy numerical computation, and the latter one is 
not available for the numerical computation of the en- 
tire pattern. 

Calculated, polar, radiation patterns are shown in 
Figs. 3-7. The disk is considered here to be a special case 
of the finite cone (@)=90°). In each figure the orienta- 
tion of the pattern with respect to the conical surface is 
indicated by a sketch at the center of the pattern. The 
characteristics of the antenna such as the direction of 
the main beam, the width of the main beam and the side- 
lobe level are readily obtained from these patterns. In 
Figs. 3-5, the slant length of the cone given by BR» in- 
creases in the division of the figures into (a), (b), and 
(c). As the slant length increases, it is seen that the di- 
rection of the main beam more closely approaches the 
conical surface and that the sidelobes on the upper part 
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of the pattern increase in number and amplitude (rela- 
tive to the main beam). In the case of the infinite cone 
the direction of maximum radiation would be along the 
conical surface and the ripple-like sidelobes would van- 
ish. Comparing Figs. 4 and 5, it is seen that these side- 
lobes are less pronounced when the more directive \/2 
linear element replaces the \/4 linear element. These 
effects may be explained by using the following simple, 
geometrical interpretation of the radiation from the an- 
tenna. Let the field of the antenna be regarded as the 
superposition of a wave radiated directly from the linear 
element in the presence of the infinite cone and a wave 
diffracted from the edge of the cone. This interpretation 
is based on (19), where E;°(@) is the former component 
and Ej (@)@(6) is the latter component, with 0(@) 
being naturally interpreted as a diffraction coefficient. 
Thus, for field points above the conical surface the two 
components interfere and give rise to the ripples on 
the pattern. Below the conical surface there is just one 
component present, and consequently the pattern is 
smooth. This behavior is typical of antennas where a 
significant portion of the radiation emanates from a 
wave guided over a finite distance. In this case, however, 
it should be noted that some of the lobe structure at 
aspects in the vicinity of ©=0° and 180° may be at- 
tributed to the interference of waves emanating from 
different segments of the circular edge. 

The relationship between the direction of maximum 
radiation y and the cone angle 09, and the relationship 
between y and the cone length are illustrated in Figs. 8 
and 9, respectively. It is interesting to note that y de- 
creases almost linearly with increasing 6) and that y be- 
comes less sensitive to incremental variations in BR» and 
l as BRo increases. Fig. 8 provides a theoretical basis for 
the design of a finite conical antenna having a main 
beam in the direction 0~y~~30°. 

The numerical integration of (25) and (26) for the 
high-angle radiation pattern (6~0, 7) has been carried 
out only for two cases because of the formidable compu- 
tational difficulties. In the case of Fig. 6, only the part of 
the radiation pattern for @~0 has been calculated. The 
results of the numerical integration are indicated by 
dotted lines, and it is seen that this more painstaking 
calculation does not lead to a great difference in the pat- 
tern. It can be shown that the difference is very small 
for the longer conical antennas. 

In making the initial comparisons between calculated 
and measured patterns, conical antennas having the 
same PRy and / as those used in the calculations were not 
available. However, as has been implied earlier, small 
differences in these dimensions are not too important. 
Comparisons of Fig. 10(a) with Figs. 6 and 7 and Fig. 
10(b) with Fig. 3(a), generally speaking, show good 
agreement between the calculated and measured pat- 
terns. In Fig. 11 the measured and calculated beam tilts 
7 are seen to be in very good agreement; conical an- 
tennas having the same dimensions as those used in the 
calculations were available for this comparison. 
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Fig. 10—Measured patterns. 
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Fig. 11—Direction of maximum radiation. 
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Fig. 12—Plot of VSWR vs frequency. 
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Fig. 13—Radiation resistance of an infinite, wide-angle cone 
(length of linear element =)/4). 


The input VSWR for the finite conical antenna with 
different exciting elements at its tip was measured, and 
is plotted in Fig. 12. The cone used in the experiment is 
made of a solid piece of aluminum with a hole drilled 
along its axis to accommodate the feeding coaxial cable. 
The dimensions of the cone are shown in Fig. 12; at 
9 kmc the linear element is a quarter wavelength long 


and the slant length of the cone in terms of BRo is 14.1. 


The measurement for the disk is simply carried out by 
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inserting the cylindrical element through the base of the 
cone. The characteristic impedance of the coaxial cable 
is 57.5 ohms. The radiation resistance approximated by 
that of the infinite cone case (0) =115.5°; length of linear 
element =\/4) is 65 ohms, as may be seen from Fig. 13. 
This result is consistent with the low VSWR observed in 
the vicinity of 9 kmce, and it also indicates that the re- 
active part of the input impedance is relatively low in 
this vicinity. If the VSWR curves for the disk and cone 
were plotted as a function of BRo, they would be nearly 
superimposed. The most interesting result, however, is 
that when the cylindrical element is replaced by the 
conical element shown in the figure, there is no rapid in- 
crease in VSWR below 7 kmc, and the antenna has good 
broadband properties with respect to the input VSWR. 
It was noted in replacing the cylindrical exciting ele- 
ment with a conical exciting element that there is an 
inappreciable change in the pattern. Thus, to a first ap- 
proximation the input VSWR of this antenna can be 
adjusted to an optimum without affecting the patterns. 


APPENDIX: THE TRANSFORMATION OF 
Two DEFINITE INTEGRALS 
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where the signs (+) correspond to the regions (9 S64), 
respectively. 
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Summary—A multislot antenna was built, of which the VSWR is 
smaller than two in the band of 100 to 1000 mc. 

The principle of this antenna is analogous to the one of pass band 
filters in which few modes of resonance are possible, appearing one 
after the other when frequency varies in the band. While one mode 
is decreasing and the following is increasing, the simultaneous trans- 
mitted waves by the two modes are in quadrature of phase. 

To do this, it is necessary to have, for each central frequency of 
the different modes, the radiated electric field on the antenna in the 
opposite direction with respect to the direction of the electric field for 
the central frequencies of the two close modes, the direction of the 
electric field in the feeder being the same in every case. 


multislot antennas of theoretically unlimited 

bandwidth but practically limited by mechanical 
considerations. This may be demonstrated as analogous 
to a lattice network. 

Consider Fig. 1. This lattice network consists of two 
pairs of oscillating circuits, one pair turned on frequency 
fi and the second pair on frequency fo. 

Let fi be smaller than fo. 

Let R be the load and the characteristic impedance of 
the line by which the power is entering the filter. 

Let Q be the quality factor of the tuned circuits at 
work, 


Bes purpose here is to show the possibility for 


be 
Ci 
ae FR 


Le 
C2 


Let the difference (f2—/1) be such that 
f= Jr oh 


fath Q 


Consider Fig. 2. It is seen by the dotted lines, as a 
function of the frequency, the transmitted power and 
the phases of the transmitted waves by each pair of 
tuned circuits work alone, the other pair of tuned circuits 
being out. 

When the two pairs of tuned circuits are working 
together, the transmitted power and the phase are rep- 
resented by full lines; the two pairs of tuned circuits are 
working independently at every frequency. 

For all frequencies smaller than fi, the first pair of cir- 
cuits is working practically alone. For all frequencies 
greater than fe, the second pair of circuits is working 
alone, and between these frequencies f, and f the two 


} Centre National d’Etudes des Telecommunications, Issy-Les- 
Moulineaux, France. 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 
Broadband Multislot Antenna 
P. MARIEt 


Fig. 2—Phase and power transmitted: ---—-—, through each pair 
of tuned circuits working alone; , through the two pairs 
of tuned circuits working together. _ 


pairs of circuits are working independently, because in 
this region the difference of phase between the two 
transmitted waves is approximately constant and equal 
to 7/2. Therefore, the two waves are independent of 
each other and we can add the electric fields and the 
powers. 

The method may be extended to three or more tuned 
circuits. The number of tuned circuits would be limited 
only in practice, but not theoretically. If Q is given, the 
bandwidth of the filter is proportional to the number of 
pairs of tuned circuits. This method may be extended 
to multislot antennas. 

Consider Fig. 3. Three slots are on a panel. Slots A 
and B are the same, tuned at fe frequency and excited 
in the same phase by two 100-ohm coaxial lines fed by 
a 50-ohm coaxial line represented by dotted lines. Slot 
C is tuned at f; frequency and excited by the motion of 
the electric charges on the edges of slots A and B nearest 
to slot C. 


It is to be noted, with respect to the electric charges 
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Fig. 3—A multislot antenna. 


brought by the feeder, indicated + and — on Fig. 3, 
that the electric field in slot C would be just in the oppo- 
site direction to the field of slots A and B, if the phase 
would not be modified by the reactance of the slot. 

So the excitation of slots C and AB are crossed just 
like the two pairs of oscillating circuits in Fig. 1. 

When slots C and AB are radiating together, the radi- 
ated waves are in quadrature of phase, and electric field 
and power are added. Changing the frequency, we can 
go from f; to fe without discontinuity of the impedance 
at the transmitter. Note that the excitation of the panel 
working like a dipole is crossed with the excitation of 
slot C and thus the radiation of slot C is joined with the 
radiation of the panel and its dimensions give the lowest 
frequency radiated by our device. 

In this way a multislot antenna was built with a 
VSWR of less than two, in a frequency range between 
100 and 1000 mc. 
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Resonance and Supergain Effects in Small Ferromagnetically 
or Dielectrically Loaded Biconical Antennas 


CHARLES POLKt 


Summary—The input impedance and the radiation pattern of thin 
biconical antennas which contain materials of high dielectric permit- 
tivity « and high magnetic permeability » can be evaluated by meth- 
ods due to Schelkunoff and Tai. Examination of numerical results 
shows that resonances of the input impedance are obtainable for an- 
tenna lengths much shorter than that of the ordinary half-wave di- 
pole. It becomes also apparent, however, that the impedance band- 
width at these resonances is narrow and decreases with increasing 
eand p. 

Analysis of the pertinent equations leads to the following conclu- 
sions concerning radiation patterns: 1) The pattern of an antenna 
which is small in terms of free-space wavelengths ) and is also small 
in terms of material wavelengths, \/+/ye, is essentially that of a small 
current element in air; 2) If the biconical antenna is small in terms of 
free-space wavelengths, but is large in terms of material wavelengths 
the radiation pattern is also that of a small current element, except in 
certain well defined and very narrow frequency bands where multi- 
lobe or narrow lobe patterns appear. A similar “supergain” effect has 
been noted by Knudsen [33] in his discussion of small loops which 
carry currents of varying phase. 


INTRODUCTION 
\ NTENNAS containing dielectric or ferromag- 


netic materials have been investigated as early 

as 1946 [1-3]. With the advent of new ma- 
terials having either very high dielectric constant (ferro- 
electrics) or having, simultaneously, fairly high dielec- 
tric constant and magnetic permeability (ferrites), in- 
terest in antennas of this type has been renewed [4-14] 
and, in particular, the question has been raised whether 
such antennas offer any advantages over other types in 
the HF and VHF range. 

The two problems to be considered are the effects of 
the materials upon antenna input impedance and upon 
the radiation pattern. It is well known that the radia- 
tion pattern of a current element of infinitesimal length 
differs only slightly from the pattern of a half-wave di- 
pole [15]; nevertheless, at frequencies where the phys- 
ical size of the half-wave dipole does not become prohib- 
itive, this larger antenna is decidedly more practical. 
The reason is that the input impedance of a small an- 
tenna consists essentially of a large reactive term. The 
radiation resistance is small compared with the input 
reactance [15-17] and the loss resistance of the match- 
ing circuit which must be inserted between the re- 
active antenna and the transmitter or receiver is likely 
to be larger than the radiation resistance; consequently 
a considerable part of the available power is wasted in 
the matching network. 
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The use of dielectric and ferromagnetic. materials in 
small antennas seems to be desirable if it does not 
change the radiation pattern in such a way as to pro- 
duce many lobes and if, at the same time, the input im- 
pedance is modified in such a manner as to reduce the 
reactive component without making the input resist- 
ance either impractically small or large for matching. 

If an antenna without dielectric or ferromagnetic ma- 
terial is sufficiently small in terms of free-space wave- 
lengths, only the small current element (“dipole”) pat- 
tern will show up in the far field [18]. This is discussed 
later in the section called “Radiation Patterns” and in 
the Appendix. It will also be shown that a thin biconical 
antenna containing dielectric or ferromagnetic material, 


as indicated in Fig. 1, will also exhibit the pattern of a i 
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small dipole, if it is small in terms of free-space wave- — 


lengths and material wavelengths. If the antenna is 


? 


small in terms of free-space wavelengths, but large in — 


terms of material wavelengths, the dipole pattern will 
again be preserved, except at certain well defined fre- 
quencies, or lengths. 


"ANTENNA REGION" 


Fig. 1—Biconical antenna containing material with relative dielectric 
permittivity e and relative magnetic permeability p. 


InpuT IMPEDANCE 


To obtain numerical results, it is useful to consider 
the biconical antenna because this structure can be an- 
alyzed exactly and also because it reduces, in the lim- 
iting case, to the cylindrical antenna [20]. The input 
impedance of a thin biconical antenna embedded in di- 
electric material has been derived by Tai [21] and a 
slightly more general expression applicable to a biconical 
antenna embedded in a lossless material of arbitrary 
permeability and permittivity has been given by Schel- 
kunoff [22]. Tai has also considered a biconical antenna 
embedded in a dissipative medium [23]. 


1959 


The input impedance, Z,, of a loss-free, symmetrical 
biconical antenna considered as a terminated uniform 
- transmission line is 


cee KyiZr + 1K ;? tan Bil 
; Ki + iZr tan Bil 


(1) 


where 


4A, =characteristic impedance of biconical transmis- 
sion line, 


K, = 120 /~ log. | cot + 
€ 2 
yr ” 
= 4/* k=" ky (2) 
€ n 


uu, €=relative permeability and permittivity, 
y =apex semiangle of cone (Fig. 1), 
Ko=characteristic impedance of biconical line with 
air dielectric, 
N, 11 = Wave impedances +/jo/€o and ~/upo/€eo. 
Zr is the effective terminal impedance of the line when 
used as antenna; it is related to Schelkunoff’s “inverse 
radiation impedance” Z,=K,?Y,r (the impedance seen 
_at the distance \/4 from the end of the line) by 
Kz Ke? 


Lr = = . 
KYVor Ko’Vr 


(3) 


~Schelkunoff [22] and Tai [21] give expressions for 
- K,?Vr7 which are valid when y is small. By an obvious 
modification of their equations one obtains the expres- 
sion for Ko2Yr7 for the symmetrical biconical antenna 
illustrated in Fig. 1 which contains material of relative 
permeability « and relative dielectric permittivity «. 


ak+1 ee 
Ri(B1!) 
ie =e 
(4) 


We aK ge ss '120 2 
ae 422 rarer 


e S;,(Gil) 


where 


Bo=phase constant in free space =w-V/Mo€o 
w =radian frequency 


Bi=Bov/ue 


ila) = 4/2 Hern), RIC) = RAG) 


Si(x) = /= Tip1j2(*), 


Higysj2(2) (x) and Je41/2(x) are, respectively, the Hankel 
functions of the second kind and the Bessel functions 
with half-order index which usually occur in problems 
with spherical symmetry [24-26]. 
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Numerical results for Ko?Y7 were obtained to three 
significant figure accuracy on an IBM-650 computer — 
[27, 28]. Results for three different values of B1(61=Bo, 
BovV/10, Bo 10) and lengths / corresponding to 0<B)l<1 
are shown on Fig. 2. Once values of Ko?Y7 are available, 
one can easily compute actual values of input impedance 
of biconical antennas with any specified small apex 
semiangle by employing (1), (2) and (3). As an example, 
the input impedance of biconical antennas with apex © 
angle y = 2° is plotted on Figs. 3 to 7 for w=e=1; y=1, 
€=10;w=1, €=28;4=e=10 and w=1, e=100. 


RADIATION PATTERNS 


The radiation field for a thin biconical antenna can be 
obtained from expressions given by Schelkunoff [22] as 
shown in the Appendix. For the antenna (see Fig. 1) 
with w=e=1 itis 


rE = 1a ae 


k=1,3,5++* 


28 1 


“pany Bi Gw)SilBul) Pecos 6), (5) 


where 


a=constant defined in the Appendix, 
ry =distance from the antenna center to point where 
field is evaluated, ; 
P;' (cos 0) = (d/d6) P;(cos@) = first associated Legendre 
function with index k. 


The functions P;’(cos 8) with indexes k=1, 3, 5, 7 are 
plotted on Figs. 8 to 10. P:’(cos @) =sin @ is the single 
lobe pattern of the infinitesimal dipole, while the higher 
order functions exhibit many lobes. In the Appendix it 
is shown that R,’(6r) is a phase term which does not 
contribute to the magnitude of the terms in the series 
and that all except the first term are negligible when the 
antenna is small (8)/<1). 

When the “antenna region” in Fig. 1 is filled with di- 
electric or ferromagnetic material, (5) is replaced by 


s > 2k+1 Ry’ (Bor) [ n Rx’ (Bol) 
rie =a Se ra 
Rr eae rhe Tal) Ru(Oid) 


m  Rx(Bol) 

Sx’ (Br!) 

Sx (Bil) 
All symbols are defined below (2), (4) and (5). In the 
Appendix it is shown that for Bol<1 and 6il<1 all ex- 
cept the k=1 term in the series are negligible. When 
Bol<1, but Bl>>1, which is the case when materials with 
large « and ¢ are used, it becomes apparent (see Ap- 
pendix) that again all terms beyond the one with k=1 
are negligible, except for certain critical lengths or fre- 
quencies given by 


tan [BolV/ue] = Bolr/ue = Bil 
Paes ¥ Byl sin Bil + 6 cos Bil 
a Bol %3 B,l cos Bil — 6 sin By) 
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Fig. 2—K,?Yr for 2° biconical antennas. 
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Fig. 4—Input impedance of 2° biconical antenna n»=1, e=10. 
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Fig. 3—Input impedance of 2° biconical antenna p 
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Fig. 7—Input impedance of 2° biconical antenna, p=e=10. 
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Fig. 11—Solutions of tan y=y; intersections of £=y and =tan y are 


solutions. Fig. 12—Solution of (7a) or (30). ; 4 


50 Re, 


alias 


: These equations can be solved graphically as shown 
“on Figs. 11 and 12 for the special case we = 100, 
_ Comparison with Fig. 7 (n/m= 1) and Fig. 6 
(n/ m*10) shows that these solutions always lie in the 
“neighborhood of extreme values of the input impedance. 
The result stating that all higher order terms in (6) 
are negligible in comparison with P,/(cos 6) =sin 6 when 
_the antenna is small in terms of free-space wavelengths 
(B01) and material wavelengths (Bl<1) is hardly 
‘surprising. When the antenna is small in terms of free- 
“space and material wavelengths only the fundamental 
_TEM (transmission line) mode can be supported inside 
the antenna region, and, since the antenna is small, the 
current distribution must be nearly uniform. The radia- 
tion pattern should, therefore, be that of a short, uni- 
form current element. 
_ When the antenna is small in terms of free-space 
wavelengths (6o/<1), but large in terms of material 
wavelengths (6)/>>1), the antenna region (see Fig. 1) 
_corresponds to a long transmission line. The current dis- 
tribution on it may therefore be highly nonuniform. 
The result expressed by (7) indicates that under these 
‘circumstances there exist critical frequencies (or 
lengths) when the small antenna (8/1) will produce 
radiation patterns normally only associated with much 
larger antennas. At these frequencies it thus becomes a 
-“supergain” antenna in the sense discussed by Chu [32], 
and one would expect extreme frequency dependence of 
both radiation patterns and impedance in the neighbor- 
hood of the “supergain” points. A similar result has been 
obtained by Knudsen [33] for a small circular radiator 
which carries a progressively phased current with the 


phase going through several complete reversals along 


the circumference. 


CONCLUSION 


The object of the computations was to obtain some 
quantitative idea of the effect which ferromagnetic and 
dielectric materials of finite extent would have when 
they surround a small dipole-type antenna. Examina- 
tion of Figs. 3 to 7 shows the following. 

1) Biconical antennas filled with dielectric or ferro- 
magnetic material exhibit resonances at shorter lengths 
than the corresponding air-filled antennas. The first 
resonance, which in the air-filled antenna occurs in the 
neighborhood of /=/4(8ol=1.57), is shifted almost 
exactly according to the rule (Gb \scidankee 2h: O07 V/ Me. 

2) When e=10, the radiation resistance (the resistive 
component of the input impedance) at first resonance is 
about the same as the resistance of the air-filled antenna 
of the same length. When »=e=10, the resistance at 
first resonance is lower (approximately 0.1 ohm) than 
the corresponding value when «=10, u=1 (approxi- 
mately 0.8 ohm), but higher than the value for e=100, 
p=1. 

3) When wp or € are sufficiently large, second and 
higher resonances occur at several lengths which are 
smaller than the length for first resonance (\/4) of the 


~ 


Polk: Resonance and Supergain Effects in Loaded Antennas S419 


air-filled biconical antenna. While extremely large and 
extremely small values of input resistance (greater than 
1000 ohms and less than 0.1 ohm) appear at some of 
these resonances, it is apparent from Figs. 5 to 7 that 
zero reactance points also exist where the input resist- 
ance lies between 0.1 and 1000 ohms. 

4) The insertion of dielectric or ferromagnetic ma- 
terial into the biconical antenna structure causes in- 
creased frequency dependance of the antenna. The 
larger the product pe, the more rapid is the variation of 
the input impedance. This is apparent from Figs. 4 to 
7, where it is illustrated qualitatively by the polar plots 
of input impedance which go through an increasing 
number of revolutions over the same frequency range 
(or range of Bol) as the values of yw and « are increased. 
For example, considering first resonances, on the basis 
of the plotted data one obtains [29, 30] an effective un- 
loaded antenna Q of 5.3 for the 2° air-filled biconical an- 
tenna (at Bol =1.57); when e=10(6ol =0.47) the Q lies 
between 95 and 240 and when w=e=10(6ol =0.15) one 
obtains 2700 <Q <5600. A Q of 3000 at a frequency of 
100 me corresponds to a half-power width of 33 kc; 
ample for voice communication purposes, but much too 
narrow for television. 

Resonance is obtained at shorter length clearly at the 
expense of decreased bandwidth. This is of course not 
objectionable for applications where narrow bandwidth 
is sufficient. One should, however, keep in mind that the 
largest obtainable value of wu or € is not necessarily the 
best; rather the lowest values of yu, € which will give the 
desired impedance at the desired length should be se- 
lected if bandwidth is at all a consideration. Also, in 
view of the pronounced dependence of the system upon 
p and ¢, stability of material properties (which may for 
example depend upon temperature) must be carefully 
evaluated when antennas of this type are to be con- 
structed. 

Finally, there is a pronounced effect of losses upon a 
high Q circuit. The introduction of a loss resistance equal 
in magnitude to the radiation resistance of the antenna 
at resonance (Rres) would reduce the antenna Q to one 
half of the corresponding value in the loss-free case. A 
loss resistance equal to R,.s means, of course, that the 
power dissipated as heat would be equal to the radiated 
power. Such a loss resistance (equal to Rres) would, how- 
ever, be only a very small fraction of the antenna react- 
ance at a frequency only slightly removed from reso- 
nance in the numerical examples considered earlier; in 
other words, keeping in mind that 


m (energy stored in circuit) 


energy dissipated and radiated per half cycle 


it is clear that in a high Q antenna where the value of the 
energy radiated per cycle is only a small fraction of the 
energy stored in the induction field, the ratio of lost 
power to radiated power will be large, if only a small 
fraction of the stored energy is converted into heat. 

5) The radiation pattern of a small biconical antenna 
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(Bol<1) filled with dielectric or ferromagnetic material is 
identical with that of a small current element except at 
certain well defined points. There the antenna exhibits 
“supergain” characteristics, producing patterns asso- 
ciated normally only with much larger antennas; both 
patterns and impedance are highly frequency depend- 
ent in this case. 


APPENDIX 
EVALUATION OF RADIATION PATTERNS 
The radiation field of a biconical antenna is given by 
Schelkunoff [22] as 
b R,'(6r) d 
rE = 4 ae 3S, : 
Qt pa-i.35--- kR(kR +1) R,(6l) dé 
where P;(cos 0) is the Legendre function of index k and 
the derivative (d/d0)Px(cos 9) is identical [24] with the 


first associated Legendre function P;,"(cos @). 
R,’ and R; are defined as above: 


P(cos@), (8) 


R(x) = (= As1j2 («) 


x 
iy V5 [Jerrje(x) — iNey1/2(x)] (9) 


d 
R,/ (x) = , Ri). (10) 


The coefficients b, are given [22] for the “air-filled” 
antenna by 


—V() 


Gl 
b = (2k + 1) =F [Fe+1/2(8l) || Hi+1/2(1)] (11) 
where V(/) is the voltage between the two cones of the 
antenna at the radial distance r=/, and K is the char- 
acteristic impedance of the antenna (2). Thus, from (8) 
and (11) the expression for the radiation field is 


nV) 2k+1 
ee Fe ty 
Rx’ (Br) Si (81) Px’ (cos 0). ~(12) 
At points removed from the antenna Br=y>>1 one 


may therefore use the first term of the asymptotic ex- 
pansion for Vmy/2Hi41/2(y) [24]: 


my 2 k+1 
Ri(y) = 4/* ie exp — i[ Rica r|. (13) 


It is obvious, therefore, that 
"| 


only contributes to the phase and not to the amplitude 
of the kth term in the summation of (12). 

If the antenna is small in terms of free-space wave- 
lengths such that 6/=x<1, the first term of the power 
series expansion for Ji.41/2(x) may be used [24] in (12): 


Rial 


Ry’ (8r) = — iexp — i| or - 
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pie “ kth 
Si (x) = = Fig 1j2(%) = Vv" Ta 4 3/D 2 ; 


Clearly, only the first term in (12) contributes to the 
radiation field if the antenna is small. This, of course, 
is well known; P;'(cos @) =sin @ is the radiation pattern 
of a linear current element. 

The next question to be answered concerns the radia- 
tion pattern which is obtained if the “antenna region” 


of Fig. 1 is filled with dielectric (e>1) or ferromagnetic — 


(u>1) material (if ferrite is used w>1 and e>1 are sat- 
isfied simultaneously). 
The coefficients }, in (8) must in this case be multi- 


December 


(14) 


<br ee et he od eee Oat bla 


b> 


plied [22] by : 
y 

1+ F = — [GORD ; 

k 4 

{ n RG) _ ee re 

m  Rx(Bol) Si.(B1!) i 


As before, Bo is the phase constant in free space and ~ 
B1=~/ me Bo is the phase constant in the antenna region. 
If the multiplication is performed, the expression for the © 


radiation field becomes [ from (8), (12) and (15) | 
VQ)n 2k+1 RR,’ (Bol) 

QaK pa1.3,5--- R(R+1) R,z(Gil) 

| 1 Ry! (Bol) _ Si’ (Bil) 

mi Re(Bol) Sx (Bil) 


If one notices the relation between Bessel functions 
[24] J,’(x).N,(x) —N,'(x)J>(x) =2/2x, it is easy to show 


rE = — 


] Pe (os 6). (16) 


that (16) reduces to (12) if 8: =8) and n=m. As long as © 


small antennas are considered such that B)ol<1, two 
cases are of interest: 

1) 6iJ<«1. This condition places an upper bound upon 
wand € if Bol is finite, since 8,1 =Bol/we. The antenna is 
small not only in terms of the free-space wavelength 
Xo, but also in terms of the material wavelength \o/~/ue. 

2) Bol<1 while 6,/>>1. No upper bound is placed upon 
Mand e. The antenna is small in terms of the free-space 
wavelength, but large in terms of the material wave- 
length. 

If we want to decide whether the field pattern con- 
tains terms P;’(cos @) with k>1 which are significant, 
we are only interested in the behavior of the following 
expression in (16), since | Rx’ (Bor) | = 1(i3)e 


a 2k+1 E Rx! (Bol) _ Sx! (Bil) 5 
fe mi Rx(Bol) iid ee 


R(R + 1).Ri (Bil) 
The analysis of the two cases indicated above now 
requires different steps. 


Case 1: (Bol<«1, Bil<1) 


Employing (14) and appropriate approximations for 
the Hankel [25] and Bessel [31] functions we obtain, 


{ 59 


when Xo =Bol<K1 and 1 =6l<1, , 


= 2k ae i Vr xy 
k(R + 1) it(R + 4)2* 


k k 1)772 
f2=45 + ‘| 
Ni Xo xy 


The ratio of successive terms in (16) is then 


| fer. r 
| fel 


i= 


(18) 


(2k + 5)(k + 1)k 
(2k + 1)?(2k + 3)(k + 3)(R + 2) 
; nkxy + mi(k + 1) 29 5 
n(k a 2) x1 +f ni(k me 3) xo , 


(19) 


Obviously, when x; <1, x)<1, 


Sire 


Sie 


(20) 


For example, when 


n=, % = 0.1, 2, = 0.4: 


| fs/fi| = 1.56(10-%). 


Case 2: (Bol<1, Bil>1) 


Again, since the magnitude of R,’(Gor) in (16) is one, 
only the factor f;, given by (17) has to be considered. 
R,(Bol) and R,’(8ol) are approximated as for Case 1; 
however, since 6,/>>1, the quantity R;(8:/) is given by 


(13) and S; is approximated [24] by the first term of the 


asymptotic expansion for J,(y). 


Sky) = 4/2 dusssl) = Cos E - 


(k + 1) 
2 


r|. 
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It is obvious that | fr12/ fl <1, and particularly 
| fs/fil <1, unless the denominator of (23) approaches 
zero. In that case | Sit2/ fi would seem to approach in- 
finity indicating that the radiation field given by (16) 
does not converge. However, small real parts of R, and 
R;’ were neglected in obtaining (22) and (23). If we let 


R;! 3 eon k 
SM og ek LASS (24) 
(22) would have to be modified. 
| | * 2k+1 1X0 
ees kk +1) |b — neo tan y — immrxo| 
bs 2k + 1 Xo (28) 
1/2 


R(k+1 2 
ares | (2 — 4% tan y) + mnt | 
1 / 


The denominator of this expression can obviously not be 
zero and consequently | fr or | fa+2/fe| never become in- 
finite. However, the values of y which would make the 
denominator of (22) zero, still seem to indicate critical 
points where | Fiet2/, fie | becomes larger than one, although 
not infinite. Critical points of this sort actually do exist, 
but it turns out, as shown below, that (22) and (23) are 
very poor approximations for | fe and | fer2/fr| in the 
neighborhood of these points. Also, (22) and (23) lo- 
cate only some of these critical points and these not 
very accurately. 

If we want to show that the antenna pattern (16) sig- 
nificantly deviates from the radiation pattern of a short 
dipole it is sufficient to show that |fs/fi| >1. The func- 
tions P;’(cos 9) are plotted for k=1, 3, 5, 7 in Figs. 8 to 
10. Pi'(cos 0) = —sin @ is the pattern of the short dipole; 
if any of the higher coefficients f, are comparable to fi 
in magnitude, or larger, it is clear that the pattern will 
not be that of the short dipole. 

The exact expressions [26] for S,(y) and S;’(y) give 


3 1 *sin y+ y cos y — sin y |? 
| fal -=|-+ 5, Sea AS Sasi naa *] (26) 
2 m1 Xo y(sin y — y cos y) 
tf | 7 3 —y'sin y — 6y? cos y + 21y? sin y + 45y cos y — 45 sin an (277) 
[fs = (3)4 ij af xo y(y* cos y — 6y? sin y — 15y cos y + 15 sin y) 


As a consequence, for x» =Ao/<1 and y=fi/>1, 
2k + 1 


1%0 


= eee er 22 
| fe| k(k +1) nk — mixo tany ue 
fuse} (QR TS)RAT 1) 
fe | (R+2(& + 3)(2k + 1) 

n(k) — mixo tan y (23) 


n(k + 2) — nro tan y 


If only the leading terms in the fractions of trigono- 
metric functions in (26) and (27) were considered, these 
equations would reduce to special cases of (22); how- 
ever, it is clear that when y—>(2”+1)(a/2) the terms y’? 
cos y and y! cos y in (26) and (27) are zero and any 
valid approximation must include terms of the next 
lower order in y if they contain sin y. The following ex- 
pression is valid for any y>1. 
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nied y sin y + cos y | 
oleae m 9 (sin y — y cosy) (28) 
Ab) 36 n 3 me] 
er Xo y cosy — 6sin y 


The critical points where | fs/ /f;|>>1 are obviously 
located, where either the numerator approaches infinity 
or the denominator becomes zero, the conditions are 


tany = y (29) 


a 3 _ ysiny + 6 cosy (30) 
m1 X% ycosy— 6siny 
These two equations can be solved graphically as indi- 
cated on Figs. 11 and 12. 

Some critical values obtained by (29) and (30) were 
compared with the corresponding values obtained by a 
digital computer evaluation of (16). The results are as 


shown in Table I. 


TABLE I 
yy Bil n 
—= — By (29) or (30) |By (16) (IBM-650) 
Xo Bol m1 
10 1 4.49 4.49 
10 10 4.49 4.49 
10 1 Teil dead 3 
10 10 dat Le 
30 1 til ed 
30 1 7.07 6.91 
30 1 6.91 6.76 


On Figs. 13 and 14 the ratio | fs/fr| as obtained by (30) 
in the neighborhood of a critical point is compared with 
the results of a digital computer evaluation of the exact 
coefficients. 

As pointed out earlier, whenever | fs/f:| >1, the radia- 
tion pattern of the antenna will deviate from the dipole 
pattern (see Fig. 15). In the neighborhood of the critical 
points some of the higher order coefficients (k>3) are 
also not negligible. The addition of several of the corre- 
sponding associated Legendre function P;’(cos 0) (Figs. 
8 to 10) will give patterns which depend upon the rela- 
tive magnitude and phase of the coefficients. In general 
these patterns will be multilobed; however, a fortuitous 
combination of amplitudes and phases leading to a pair 
of very narrow lobes is not excluded. A small radiator 
producing such a pattern would be a true ‘ ‘super-gain” 
antenna exhibiting high directive gain; however, even a 
small antenna (much smaller than \/2) which exhibits a 
multilobe pattern would be a super-gain antenna in the 
sense that ordinarily such patterns can only be obtained 


from radiators which are much longer than half a wave- 
length. 
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Fig. 15—Normalized radiation pattern of short biconial antenna 
near a critical frequency. 
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Summary—Surface waves have been applied recently to the 
study of end-fire arrays.‘ An important step in the theory of surface- 
wave antennas is the calculation of the local phase velocity of the 
surface wave from the antenna geometry. While experimental work 
has been done along this line,** no adequate theoretical solution 
seems to be available. 

In this report, a mathematical procedure is presented for obtain- 
ing an approximate value of the phase velocity for long end-fire uni- 
form dipole arrays, as a function of the antenna geometry. Results 
have been reported for a number of geometrical parameters and 
curves plotted to facilitate the analysis and design of arrays. The 
results have been compared with experimental measurements and 
an explanation has been given for the discrepancies found; finally, a 
criterion for correcting the results has been outlined. 


I. INTRODUCTION 


ONSIDER the uniform array of the perfectly 
( conducting dipoles shown in Fig. 1. We may 

think of these as center-fed dipoles, short-cir- 
cuited at the terminals. The terminal voltage of each 
element, which is zero, can be obtained by superposition 
from the voltage produced by the primary source plus 
the voltages induced by the currents in all the elements. 


<I 


Fig. 1—Uniform array of parasitic dipoles. 
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The Calculated Phase Velocity of Long End-Fire 
Uniform Dipole Arrays* — | 
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Thus, 
Vo = VF) + >) InZon = 0, 


where Vp» is the terminal voltage at the general zeroth 
element, Vo(/) is the direct contribution of the source, 
I, is the terminal current of the element 1, and Zon is 
the mutual impedance between elements 0 and nu. A 
similar equation can be written for each element, and, in 
principle, the resulting set can be solved for the current 
I,, but no adequate method of handling the numeric 
work exists when many elements are used. We will” 
assume here that the array is very long, that the zeroth 
element is somewhere in its middle, and that the geom-_ 
etry is such that a “trapped” wave can be set up anga 
supported by the structure. Because at a sufficiently 
large distance from the source the guided-wave field” 
is presumably much larger than the source field, the — 
latter can be neglected. : 
If the array is infinitely long, (1) becomes } 

: 


boo 
Vo= >, Zula = 0, 


and the guided wave concept leads to the assumption — 
that the terminal currents J, must be of the form j 


(3) 


where y=a+j6 is the unknown propagation constant . 
and s is the distance between adjacent elements in the - 
array, as illustrated in Fig. 1. If a trapped wave exists, . 
then a=0. (For a detailed discussion, see Appendix — 
III.) ) 

Upon substituting (3) into (2) and dividing through — 
by Io, the following equation results: 


1a ee YT Sor Ss 


Feo 
Zone-ints = 0), (4) 


The following section is devoted to finding a suitable 
method for solving this fundamental equation. 


II. TRANSFORMATION OF THE 
FUNDAMENTAL EQuaATION 


The bilateral series on the left side of (4) can be writ- 
ten in the form of a unilateral trigonometric series, 
simply by combining the terms symmetrically with re- 
spect to »=0. Thus, 


Zo0 + 2d) Zon cos (nBs) = 0. 


n=1 


(5) 


_ The same series may also be expressed as the sum of two 
_ unilateral power series by letting 


Es a e—iBs 


(6) 


In this way, (4) becomes 


1 
Zoo + x Zonk” + SS Zin — 


n=1 n=1 x” 


(7) 


The mutual impedances Zon, even after some simpli- 
fying approximations discussed in Section V, are rather 


complicated functions of the array geometry (see Ap- 


y 


_ pendix I); however, as ” grows very large their asymp- 
_ totic expression is particularly simple. Physical con- 


“siderations lead immediately to the statement that, 
| when 28 s>>1, Bo being the propagation constant of free 
_ space, Zon must be of the form 


jc eo inBos 
Zon =~ pay 
Bos nN 


) (8) 


where c¢ is a real constant depending on the dipole 
_ geometry; its expression can be found in Appendix II. 


- Let 
k f 7Bo (9) 
= Xo = Ee 7P08 
Bos ; 
; and consider the two series: 
Xx 
s(a, “o) = jk > ale (10) 
n=1 
() 1 Xo n 
S'(x, wo) = 7k D, 1 (11) 
n=1 x 


| Since x and x» both have modulus 1, S and S’ are con- 


vergent, provided that xx ~! and x#xo, respectively 
(see Appendix II), and have the sums: 


S(x, %0) = — jk log (1 — xox), [e 4 aot] (12) 
S'(x, 0) = — jk log (1 ~ =), Bee eee 613) 

S45! = —jklog ja = xi) (1 =)\, 
[xo Aa xo]. (14) 


If (S+.S’) is subtracted from both sides of (7), with the 
notation 


Zon — jk — = An (15) 
nN 


Serracchioli and Levis: Phase Velocity of End-Fire Arrays 


5425 


(7) assumes the form 


Zo + Nii osuby! An a 


n=1 n=1 Be 


= jk log ja — Xox) (1 


-3), os 


or else, by (6) and (9), 
Zo +2 >> An cos (nfs) 


n=1 


— gk log (1 + @i#0s — 2¢—i802 cos Bs) = 0. (17) 


The fundamental advantage of using (17) instead of 
(5) is that the series 


Se An cos (nBs) 


n=1 


(18) 


is more rapidly convergent than the series on the left 
side of (5). In Appendix III it is shown that the coeffi- 
cients A, decrease at least as 1/n?, while the Zon decrease 
as 1/n. Furthermore, even if the series of (18) is ne- 
glected, (17) approximates an infinite array better than 
the series of (5) when the summation is (necessarily) 
truncated at a finite x. This was observed from compu- 
tational checks. 

We can note immediately, from (2) and all the follow- 
ing, that for every solution 6, another solution —6 
exists; the former represents a wave traveling from left 
to right, the latter a wave from right to left, the two 
waves being perfectly symmetrical. 

From physical evidence it is known that a trapped 
wave is a slow wave, and consequently we can put the 
following limitations on 6 for the surface-wave mode 
under consideration: 


Bo <B<— (6 > 0) (19) 


or 


ee ay (8 <0). (20) 


5 


Ill. THE SOLUTION OF THE TRANSFORMED EQUATION 


Eq. (17) is equivalent to two real equations, one for 
the real and one for the imaginary parts. Noting that 


log (1 + e~2#80* — 2¢~#808 cos Bs) 
= log [2(cos Bos — cos Bs)| — jBos, (21) 


from (17) we get: 
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Rae 2 x R[An] cos (Bs) — kBos = 0 (22) 
1 
Xoo + 2 >, FAn] cos (nBs) 
1 
— k log [2(cos Bos — cos Bs)] = 0. (23) 


The propagation constant for an actual array, de- 
scribed by a linear system of equations of the type in 
(1), one for each element of the array, exists and is 
unique. Since the attenuation constant a has been ne- 
glected, 8 must consequently satisfy both (22) and (23) 
simultaneously over a finite interval. In fact, with the 
approximate formulas used for the impedances, only the 
self-reactance Xoo depends on the dipole diameter; that 
is, when h<)/4, the self-reactance is negative with a 
logarithmic singularity at r=0. Since the series term in 
(23) is everywhere continuous and bounded, we have 
from (23) 


lim B = + Bo. (24) 
tT 0 


In order for the preceding to be true, (22) must not be 
independent of (23) over the interval (19) or (20). Prac- 
tical considerations connected with the numerical solu- 
tion of (23) further restrict these limits in some cases. 

The computations carried out have shown that the 
above condition is verified quite satisfactorily in all 
cases; the variation of 6, introduced by allowing an 
a0 in (3), is always less than 0.01 per cent. 

The problem of finding the relative phase velocity 
v/c=Bo/B has then been reduced to solving (23) for £. 
The method used in solving this equation is the New- 
ton-Raphson method.’ The function X(@s) representing 
the left side of (23) is regular for all values of B except 
6B = +o; hence an approach to the null value of X(@s) 
may be attempted by using the first two terms in a 
Taylor’s series expansion about a selected value of 8, 
B®, In this way an increment 68 is found and the pro- 
cedure is repeated, carrying out the expansion about 
the new value 6B =(6-4+68), and so on. Thus, the 
formula for the successive increments is found to be 


X(BMs) 
X"(Bs) [pup 


where X’(8s) denotes the derivative of X(@s) with re- 
spect to its argument, and @' are successive values of B 
obtained by carrying out 7 iterations. 

To the extent that the sign of X’(@s) does not change 
(this is examined in more detail in the next section), the 


root of (23) is ultimately approached, no matter what 
B© we start from. 


6(8s) = — (25) 


7K. L. Nielsen, “Methods ae esc Analysis”, 


millan Co., New York, N. Y.; The Mac- 
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IV. DiscussION OF THE SOLUTION 


Consider (23) written in the following way: 


k log [2(cos Bos — cos Bs)] 
—2 > I|A,] cos (mBs) = Xoo, ~ (26) 
1 


and the derivative of the left side with respect to (Bs): 


+2 Ad a 
1 


cos Bos — cos Bs | 


sin Bs 


»] sin (abi). (27) 


As was pointed out before, the coefficients A, de- — 
crease in magnitude at least as 1/n?; practical cases © 
show that their phase varies ultimately as e~#", so that — 


at most a logarithmic singularity may be found in the 


series term of (27) at 8=8». However, the first term of — 


(27) has a pole of the first order at @ =8o; hence, in any 
case the derivative (27) approaches + as B—6o-+. 
The same derivative is zero when B=7/s. 

Fig. 2 shows a possible behavior of the left member of 
(26). Curve 1 is the logarithmic term and curve 2 is the 
result of its sum with the series. 


Fig, 2—Qualitative behavior of the functions f= 
-cos 8) (curve 1); fr=fi—2)°I[A 
1 


K log 2 (cos Bo 


n] cos (78s) (curve 2). 


It is apparent that a negative derivative may be 
found only in the region of very low phase velocity; 
that is, not in the region of interest. Numerical compu- 
tations have shown that the derivative (27) is actually 
positive over the range of interest; furthermore, with 
sufficiently small diameters (the upper limit is set by the 
assumption of sinusoidal current distribution), even 
with a curve like curve 2 of Fig. 2, the solution is unique. 

We conclude that, within practical limits, the solution 
of (23) exists and is unique. Eq. (23), in connection with 
(24) and Fig. 2, shows also a qualitative behavior of 
v/c. For h<0.25 X, the self-reactance Xoo is negative and 
decreases in magnitude with increasing h and/or r. 
Therefore: 


December 


1959 


1) For a given s, increasing h lowers dee 

2) Increasing s narrows the interval (6p, m/s) and the 
curve of Fig. 2 remains closer to B =B» up to a cer- 
tain point. Then it sharply departs from B&B to 
end with zero derivative at 8=7/s. This same be- 
havior will be shown qualitatively by a curve of 
v/c vs h/d or r/d: the larger s/\, the closer to 1 
will v/c be at first; then, at a certain value of h/» 
or r/d the curve drops sharply and may cross an- 
other curve with smaller s/). 


V. NUMERICAL COMPUTATIONS 


In order to construct tables of the relative phase 
velocity v/c as a function of array parameters, (23) has 
been solved for a number of different array configura- 
_ tions in a range of practical interest. 

Extensive use was made of an IBM 650-653 B4 digital 
electronic computer, and for this purpose it was neces- 
sary to convert (23) into a form that could be conven- 

iently programmed for computer use. 

The values of the mutual and self-impedances were 
calculated from the formulas of Brown and King,’ 
which lend themselves to automatic computation. The 
fundamental assumptions upon which they are based 
are: 1) the current distribution is sinusoidal over the 
dipole length, with zero magnitude at the ends; 2) the 
thickness of the dipoles is neglected in the mutual im- 
pedance calculations; 3) in the computation of the self- 
impedance of a dipole and of the mutual impedance be- 
tween any two dipoles, the effect of the remaining array 
is ignored. These assumptions should be reasonably well 
approximated for the dipole dimensions and spacings 
used in common end-fire arrays. 

More accurate formulas could be used,°® but the labor 
involved in programing these for automatic computa- 
tion is prohibitive. Even with the simplified formulas of 
Brown and King,’ the expressions for the Zon = Ron +JX on 
are rather complicated, as may be seen in Appendix I. 

Another approximation comes from the necessity of 
truncating the series in (23) at a finite V. The empirical 
formula used for NV was 


h 
N =17-—» (28) 
ae 


rounded to the first higher integer. 


VI. RESULTS OF NUMERICAL COMPUTATIONS 


The parameters used are reported in Table I; their 
meaning is illustrated in Fig. 1. 


8 G. H. Brown and R. King, “High-frequency models in antenna 
investigations,” Proc. IRE, vol. 22, pp. 957-980; April, 1934. See 
also, S. A. Schelkunoff, “Electromagnetic Waves,” D. Van Nostrand 
Co., Inc., New York, N. Y., pp. 369-374; 1943. 

9S Uda and Y. Mushiake, “Yagi-Uda Antenna,” Res. Inst. of 
Elec. Commun., Tohoku University, Sendai, Japan; 1954. 


Serracchioli and Levis: Phase Velocity of End-Fire Arrays 


$427 


TABLE I 
CHARACTERISTIC PARAMETERS USED IN THE COMPUTATIONS 
eee 


s/=0.10, h/s=1.00 (0.05) 1.70 
s/X=0.125, h/s=1.00 (0.05) 1.60 
s/=0.15, h/s=0.75 (0.05) 1.30 
s/X=0.175, h/s=0.76 (0.04) 1.12 
s/\=0.20, h/s=0.50 (0.05) 1.00 
s/X=0.225, h/s=0.64 (0.04) 0.96 
s/X=0.25, h/s=0.40 (0.04) 0.84 
s/X=0.275, h/s=0.55 (0.025) 0.775 
s/X=0.30, h/s=0.350 (0.025) 0.725 
s/=0.325, h/s=0.45 (0.025) 0.675 
s/X=0.35, h/s=0.300 (0.025) 0.625 
s/X=0.375, h/s=0.40 (0.02) 0.58 
s/X=0.40, h/s=0.30 (0.02) 0.52 


r/h=0.1, 0.08, 0.05, 0.025, 0.0125 


In addition to the five values of r/h included in Table 
I, the value r/A=0.024 was also used for one of the 
parameters, in order to compare the results with the ex- 
perimental curves reported by Ehrenspeck and Poehler,! 
who had used this parameter in their measurements. 
These curves served as a check throughout the compu- 
tations, as they are the most complete ones available 
on this subject to date. 

In a few cases, intermediate steps of h/s were added 
to those indicated in Table I, to obtain a better defini- 
tion of the curves. Curves of v/c for r/A\=0.024 are re- 
ported in Fig. 3, together with the experimental curves 
measured by Ehrenspeck and Poehler. The curves for 
the parameters listed in Table I are reported in Fig. 4. 

The dependence of v/c on the frequency for a given 
array may be considered as a measure of the array band- 
width. An approximate estimate of it can be deduced 
from the results reported; it is necessary only to hold 
h/s and r/h constant and pick out values of v/c for dif- 
ferent s/X. 

In Fig. 5 the dependence of phase velocity on fre- 
quency is shown for the five values of r/h used, in an 
array with h/s=0.5. The points that determine the 
curve are rather widely spaced; a more complete de- 
scription would require smaller steps in the values of s/A. 


VII. DiscussION OF THE RESULTS 


It is apparent from Fig. 3 that the calculated values 
of v/c are uniformly slightly higher than the measured 
values. An error in the same direction seems to be pres- 
ent in the curves of Fig. 4. It is believed that the ap- 
proximate formulas used for the impedances account 
for most of these discrepancies. In this respect, the 
most important factor is the error which affects the self- 
reactance Xoo, because the approximations mentioned 
in Section V, particularly assumption 1), primarily 
affect the self-impedance; furthermore, it is probable 
that the error affecting the mutual impedances is partly 
compensated for in the summation. 
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Fig. 3—Phase velocity, relative to free space, on long uniform arra 


by Ehrenspeck and Poehler, k denotes element half-length, 


y of dipoles; solid curves are calculated, the dashed curves were measured _ 
Ss center-to-center spacing, and the radius of all elements is 0.024 i. 
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Fig. 4—Calculated phase velocity, relative to free space, on long uniform arrays of dipoles. Curves marked 1 are for r=0.1h, 
2 for r=0.08h, 3 for r=0.05h, 4 for r=0.025h, 5 for r=0.0125h. (Cont'd. on next page.) 
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Fig. 5—Calculated phase velocity, relative to free space, as a func- 
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tion of frequency for typical end-fire antennas; h/s=0.5 and the 
radii correspond to those of Fig. 4. 


To evaluate the error introduced by these approxima- 
_ tions, a comparison is made in Table II between some 
_ values of Xoo calculated with the formula (35) of Ap- 
pendix I, commonly referred to as the improved zeroth- 
order approximation, and the corresponding values ob- 
tained by R. W. P. King,!° by using a second-order ap- 


proximation. 


TABLE II 


InpuT REACTANCES ACCORDING TO DIFFERENT APPROXIMATIONS. 
Xoo 1s A ZEROTH-ORDER APPROXIMATION, X00) IS A 
SECOND-ORDER APPROXIMATION 


r/h=0.0604. r/h=0.0133 
X 99 Xoo X90 X09 
(ohms) (ohms) (ohms) (ohms) 
* k/X=0.207 — 32.1 — 30 — 82.4 — 79.7 
h/rX=0.19 — 62.1 — 58 —134.1 —127.1 
h/rx=0.175 — 90.0 — 85.6 —182.5 —177.4 
h/rx=0.143 —156 —151 —300 —294 
h/x=0.1114 —246 —237 —460 —451 


Assuming that X 0°” is exact and that the error in the 
phase velocity depends only on AXo9= (X00 —Xo0), 
from (25) we get a first-order correction for B: 


AX oo 
X'(Bs) 
where X/(@s) is given by (27). Consequently, 


v +a(-)- Bo =(1 =) (30) 
P c/ pts 8B Bo 


Vv 1 AX 00 
A (=) =— : (31) 

C Bs X’(Bs) 
Since AXoo is negative and X’(8s) is positive, A(v/c) is 
negative; that is, the value of v/c is lowered if a better 
approxination for Xoo is used. The error is more evident 
when X’(@s) is small; that is, for lower phase velocities. 
Numerical computations show that A(v/c) may range 
from zero (where X’(8s)—> ©) up to about 4 per cent in 


the range of interest. 
Furthermore, the Xoo‘ are themselves approxima- 


A(G5) 3 (29) 


10 R, King, “The Theory of Linear Antennas,” Harvard Uni- 
versity Press, Cambridge, Mass., pp. 168-176; 1956. 


tions, and measurements!! carried out at the Antenna 
Laboratory of the Ohio State University, Columbus, 
point to absolute values of Xoo which are smaller than 
those given by King. Such a difference is illustrated in 
Fig. 6, where the echo areas o for two dipoles are shown. 
The curves were calculated from a solution obtained by 
the variational method, which in the range h/A<0.25 
gives results practically coincident with those obtained 
by a second-order approximation. The relationship be- 
tween o and Zo is 


h 
W tan+ (« =) 


h 
05 32 
AA ee oe 8) 


where W is a constant. To the extent that the following 
relationship is true: 


O( Roo) 9 (Xoo) 
00 
oh 


Roo ’ (33) 


the influence of the self resistance may be neglected in 
the curves of Fig. 6, and the differences between calcu- 
lated and measured values may be attributed to Xoo. 
This is generally the case for moderately thin dipoles. 

Furthermore, the difference between theoretical and 
experimental curves in Fig. 6, in the range h/A<0.25, 
consists of a rigid translation in the direction of the /X 
axis by a quantity proportional to 7/\; therefore the 
same translation should be applied to the curves of o/c 
given in the text. A translation of 7/) does, in fact, give 
a better agreement with measurements for moderately 
thin dipoles. This no longer holds for thick dipoles, such 
as those referred to in Fig. 3, because in this case the cor- 
rection of h/\ that brings Xoo to its correct value is 
considerably smaller!? than r/X. 

In any case, the same correction of h/d that brings 
Xoo to its correct measured value may be applied to 
the results of this report. 


1 R, G. Kouyoumjian, “The Calculation of Echo Areas of Per- 
fectly Conducting Objects by the Variational Method,” Graduate 
School of The Ohio State University, Columbus; abstract of Ph.D. 
thesis; 1953. 

12 F, Serracchioli, “Calculated Self and Mutual Impedances of 
Short Parallel Dipoles,” Antenna Lab., The Ohio State University 
Res. Foundation, Columbus, Rept. 662-23, March 24, 1959; pre- 
pared under Contract DA 36-039 sc-70174, U. S. Army, Engrg. Lab., 
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Fig. 6—The echo area of thin straight wires. 


VIII. ConcLusion 


The calculation of the phase velocity for long end-fire 
uniform dipole arrays yields results in good agreement 
with available experimental data. An empirical correc- 
tion term for the effective length of the dipoles, similar 
to that found in previous studies!!:!? of their self-imped- 
ance and back-scattering, will improve this agreement. 
Such a correction could be expected, since the self-im- 
pedances used in the calculations were found by an im- 
proved zero-order approximation. If the exact values 
of the self-impedances are used, the calculated phase 
velocities are in excellent agreement with experimental 
data. A correction function for the dipole height may be 
readily found from a comparison between the exact 
values of self-reactance and those used in these calcu- 
lations. !? 

The results of the calculations are given in a form 
suitable for the design of uniform arrays and the estima- 
tion of probable pattern bandwidth directly from the 
physical dimensions of the arrays. It is also felt that a 
good approximation of the local phase velocity of mod- 
ulated arrays may be found from these same results. 
The results are complete enough to permit a high degree 
of accuracy in cross-plotting of data for diameters and 
spacings not calculated. 
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APPENDIX I 


Referring to Fig. 1, and letting 
G = Boh, 
D = Buns, D, = VDP+G+G, 
D_= /D? +G — G, 
D2 = VD? + 4G? + 2G, D_s = /D? + 4G? — 26, 
and also denoting Euler’s constant by 


C = 0.577215665 - +--+, 


the formulas used for the calculation of the self- and 
mutual impedances are the following :® 


Roo = 30{[1 — cot? G][C + In(4G) — Ci(4G)] 
+ 4 cot? G[C + In(2G) — Ci(2G)] 


+ 2 cot G[Si(4G) — 28i(2G)]}, (34) 


hr 
Xoo = 30 ? cot GC =n Fay + Ci(4G) — 2ci(26) 
r 


Tv 


+ cot? G[4.Si(2G) — Si(4G)] + si(act (35) 


1959 


aj 


— 2 Ci(D,) + Ci(D,2) + Ci(D_2)] 


ee is ep 
er OS 


+ 60 cot G[Si(D42) — Si(D_2) 
= 491(D.) 4 2.57(D_)], 


Ci(D_2) — Ci(D,2)] 


(36) 


= Xo, = — 60 cot? G[2 Si(D) — 2 Si(D_) 


— 2 Si(D,) + Si(D42) + Si(D_s)] 
30 


sin? G 
+ 60 cot G[Ci(D,2) — Ci(D_2) 
— 2Ci(D,) + 2Ci(D_.)]. (37) 


The problems involved in the automatic numerical 


[2.Si(D) — Si(D_s) — Si(D42)] 


computations of these expressions and the devices 
_ adopted to solve them are discussed in detail in a sepa- 
_ rate technical report.}? 


APPENDIX II 


Consider the two following approximate relationships 
which are valid when x>>6 and x>>1. 


Si(x + 6) — Si(x) ~ an [cosa — cos(x+6)], (38) 
x 


Ci(x + 6) — Ci(x) = a [sin(x +6) —sinz]. (39) 
x 


a By this approximation, terms of the order of 6/x are 


neglected with respect to unity. With the same approxi- 
mation we can write: 


sin (/x? + 6?) ~ sin x (40) 


cos (+/x? + 6?) cos x. (41) 


Introducing the approximations (38), (39), (40) and 
(41) into formulas (36) and (37), and simplifying we 
get, when D>G, : 


120 sin D 
Ron & (1 — cos G)? ) (42) 
sin? G 
120 cos D 
aes } oe ee) aan (43) 
Xo eat ( cos G) = 
Combining the two formulas together: 
120 /1 — cos Boh\? e~inhoe 
[iat ee (——) : (44) 
Bos sin Bok nN 


Thus, the difference between the formulas (36) and 
(37) for Zon and its asymptotic expression (44) is a zero 
at least of the order of 1/n? as n>. (It may be of 
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higher order if the second-order terms cancel out in the 
difference.) From (44) we also get the value of ¢ in (8): 


1— hy 2 2 
c = 120 (<=) = 120 (tan ; 
sin Bok 2 


APPENDIX III 


(45) 


With the notation (3), allowing y to be complex and 
letting 


z= 7, (46) 
the left-side member of (2) may be written 
= 1 
S(2) = Zoo+ Do Zon (« + =). (47) 
n=] 2” 


Consider now the series obtained from the series term 
of (47) upon replacing the mutual impedances by their 


asymptotic expressions (8). With the notation (9) we 
have 


SO(2) = S,@(2) + 52(2) 
0 n ‘A i) th n 
Sep ee 5S —(=) . 
nN reais” Zz 


n=1 
5S, (z) is convergent if - 


(48) 


either | xoz| <1 or | xoz| =1 and xz #1. (49) 
S2(z) is convergent if 


Xo 


: Xo Xo 
entners==1< 1. or “| =1 and —#+1,. (50) 
z Z 


Therefore, bearing in mind that | xo| =1, S@(z) is con- 
vergent if, and only if, the three following conditions are 
simultaneously satisfied, 


eitaals ZF Xo, 2A xo, (51) 


We will now prove that the same conditions hold for 
the series in (47). 

Suppose that S@(z) is convergent; then by the com- 
parison criterion it is sufficient to show that it is possible 
to fix two integers V>0 and P such that, for any n> JN, 
the following relationship is true: 

k 


ea ad 


jkug 


n—P 


\Paee < 


In fact it was shown in Appendix II that the difference 


qx" 


Li ee 


nN 


is of the order of 1/n* with a>2. We can therefore write, 


e being a suitable constant, 

Rx9” Rk € 

es (: + —) < (1 + oh (53) 
nN ne n ee 


| Zon | = 
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In the same way it can be shown that two integers 


The inequality (52) may then be replaced by the follow- 
N’>Oand P’ exist such that, for any n> NV’, 


ing: ’ 
Rag tP! k ; 
| «| 1 Z Abeta eee 4 (57) 
yD BERS aI (54) | on| — n+ P’ n+ P! 
hi Thus, if (48) is divergent, (47) is also divergent and the 
From this one gets proof is complete. : 
fare On physical grounds the preceding considerations are — 
P > ————_ : (55) quite obvious; no attenuation can be present in a wave 
nen? + lel traveling along an infinite uniform array, if the wave 
n is different from zero throughout the array, unless a 


source of infinite power is present, and in this case the 
This condition can be satisfied for any n2Nifa22,by assumptions that led to (2) no longer hold. 
taking, for example, 
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Network Theory and Its Relation to the 
Theory of Linear Systems 


J. MEIXNER} 


Summary—Some general theorems of network theory are studied 
in their relation to other fields of linear physics. It is pointed out that 
general laws of the same character hold for the dissipative linear sys- 
_ tems (thermodynamic systems with small departures from equi- 

librium). Another class of linear systems which one meets in scatter- 
_ ing problems can also be related to network theory, but in a different 

_way. For an example in which both the theory of dissipative and of 
Scattering systems applies, the results of the two approaches are 
__ compared. Finally, results are mentioned on almost equivalent net- 
works which have a bearing on the transition from the reversible 
behavior of the atomistic constituents of matter to the irreversible 
_ behavior of matter in bulk. 


theorems on electrical networks and to demon- 
strate their relations to the general theory of 
_ linear systems (in particular to the theory of relaxation 
phenomena), to the scattering problems in classical and 
quantum physics, and to statistical mechanics. 

Two kinds of linear systems are being considered in 
physics. Systems of the first kind are thermodynamic 
systems which undergo small changes such that they 
always remain close to a fixed equilibrium state. Phe- 
nomena observed in such systems, under this condition, 
are usually called relaxation phenomena. Networks 
have often been used as models for relaxation phe- 
nomena. Actually, networks are nothing else but ther- 
modynamic systems of the kind mentioned; and, there- 
fore, the general properties of networks also derive from 
a general theory of relaxation phenomena. 

Scattering systems constitute systems of the second 
kind; examples of this are the reflection and diffraction 
of acoustic or electromagnetic waves and the scattering 
of elementary particles by nuclei, etc., in the language 
of wave mechanics. However, an electrical network can 
also be used to construct a scattering system of a special 
kind, if it is put at the terminals of a transmission line 
and if the reflection properties of a signal put on the line 
are studied. 

The properties of an electrical network are deter- 
mined by its structure. If it is contained in a “black 
box,” such that only the terminals are accessible—we 
restrict the following to two-terminal networks, though 
the generalization to 2n-terminal networks is obvious 
and immediate—the properties are fully expressed by its 
impedance function Z(p), where p is the time-differen- 
tiation operator, p=d/dt. If u(Z) is the applied voltage, 
and i(é) the current through the terminals, we then have 


u(t) =Z(p) tt). 


[ne purpose of this paper is to enunciate some 


+ Institut fiir Theoretische Physik, Technische Hochschule 
Aachen, Aachen, Germany. 


One can evaluate Z(p) from the structure of the net- 
work. The converse is not true; for given Z(p), there 
are many different structures with the same impedance. 
They are called equivalent networks. A famous example 
is given by the two networks in Fig. 1. From this ex- 
ample, one concludes that there is not even a corre- 
spondence in the sum of electrical and magnetic energies 
of equivalent networks. This means that the sum of 
these energies cannot be expressed in terms of the im- 
pedance function. 


Fig. 1—Example for two networks with the same impedance function. 


Tellegen! has, however, demonstrated that equivalent 
networks with the same input voltage wu(¢) (where 
u(t) =0 for <0), have at every moment the same differ- 
ence of the electrical and the magnetic energy. From 
this, one expects that this difference may be expressible 
by the impedance function Z(p). In fact, one derives 
for any input u(t), and the resulting current 7(¢), the 
identity 


LoY(p) — YQ) 
2 | ie 


1 
u(du(t’) = D> a qu(t) gu(t’) 


1 
-FLL Lie), 


where p=d/dt, p’=d/dt' and Y(p) =1/Z(p). The C; are 
the capacitances and the g;(t) their charges, the Ly; the 
inductances and the 7%, 2; the currents through the cor- 
responding elements. In the limit ¢’—#, the right mem- 
ber of (1) is the difference of the whole electric and mag- 
netic energies stored in the network, while the left mem- 
ber contains only those quantities which pertain to the 
outside of the “black box.” 

Only in the case of reactance systems can one also 
make a statement on the total electric and magnetic 
energies in the systems in terms of the impedance func- 
tion. This is trivial, however, since it is a direct conse- 
quence of the energy law. 


1B. D. H. Tellegen, “A general network theorem, with applica- 
tions,” Philips Res. Repts., vol. 7, pp. 259-269; 1952. 
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There is a general theorem on the representation of 
the impedance of a network by an after-effect function 
P(t). It also applies, under very loose restrictions, to 
networks with continuous elements, and it states that 
the impedance Z(p) of any network can be expressed as 


B 
Z(p) = Ap + mer Pi(-+0) 


+f eee — Prolas, (2) 
0 

with 4=0, B=0, while P(é) is a real positive definite 
function. This representation permits the expression of 
the difference of the electric and magnetic energy of the 
network, as given in (1), by the after-effect function 
P(t). The result is 


; B 3 A . ‘ 
Wa — Wmag = og q(t) car 2 i(2) 


1 ) oe) 
+ —{ an [ drzi(t Fr T1)i(t a T2) 
2/0 0 


-[P(t1 + 72) — P’'(11 + 72)], (3) 


if g(t) denotes the time integral of the current 2(é), with 
g(—@)=0.* 

The theory of linear networks is a special case of the 
theory of linear dissipative systems. Such systems are 
thermodynamic systems which always remain close to 
a fixed equilibrium state. If one knows the molecular 
structure of such a system, that is the molecular mecha- 
nisms which become active when one works from the 
outside on the systems by changing the intensive param- 
eters (for instance pressures of pistons attached to the 
system, but also electric or magnetic fields), then the 
thermodynamically conjugated extensive parameters 
(displacements of the pistons, electric displacement, and 
magnetic induction) can be evaluated. For small de- 
partures from equilibrium, the relation between the 
changes of the intensive and extensive parameters are 
linear. In the following we restrict the discussion to one 
intensive and one extensive parameter and assume that 
both are zero in equilibrium. 

If the molecular structure of the system is not known, 
one can, nevertheless, arrive at some conclusions. con- 
cerning the relation between the intensive parameter 
g(¢) and the extensive parameter f(é). We start from 
three evident postulates: 

1) The superposition principle holds for the functions 
f(t) and g(é); that is, one is derived from the other bya 
linear transformation. 

2) Translation invariance of time holds; that is, if 
g(¢) is the linear transform of f(é), then g(t+7) with any 
real r is the linear transform of f(¢+7). 

3) Causality is true; that is, if f(é) is zero from — 0 
to some ¢, then g(t) has the same property. 


* J. Meixner, “Impedanz- und Lagrange-Fucktion line. dis- 
sipativer System,” Z. Physik, vol. 156, pp. 200-210; 1952. gi tt 
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In fact, these postulates have been used for more than 


one hundred years to give a basis for the theory of linear — 
system. As a matter of fact, they are, however, too — 


general to specify the admitted linear transformations 
in dissipative linear systems. They apply to such sys- 
tems as well as to scattering systems and, therefore, do 
not emphasize the characteristic properties of one or 
the other kind of systems. 


In the case of dissipative systems, one must and can © 


add a very powerful postulate, of a quite general nature, 
which makes even causality superfluous, as a separate 
postulate. Rather, causality is an immediate conse- 
quence of the new postulate. This is true, not only in the 
direction stated in postulate 3), but also in the reverse 
direction; that is, with f(é) and g(#) interchanged in 
postulate 3). 

The basis of this postulate is the second law of ther- 
modynamics, according to which the irreversible work 
done by changing the extensive parameters from the 
initial equilibrium state to some final values is always 
greater than the reversible work done in the same proc- 
ess. We express this by the postulate:® 

4) The system is dissipative in the sense of thermo- 


dynamics, or 
e df(t f(r) 
i beeen > f cdf 
kitting? | i 


This inequality expresses the fact that the irreversible 
work done on a system is greater than the work done 
in a reversible process, which leads to the same final 
value of the extensive variable f. In the second integral 
g is understood to be the equilibrium value g(f) at given 
constant f. 

In network theory, postulate 4) is very well known in 
a somewhat weaker form, namely 


~ 4 


reversible 


irreversible 


t 
f u@itnare 0, (5) 
if the network was initially empty; that is if it did not 
contain electric or magnetic energy. It is also well known 
that (5S) leads to the property that the impedance Z (p) 
is a “positive function” (that is, it is analytic for 
Re p>0, it is real for positive real p, and it has positive 
real part for Re p> 0). For thermodynamic systems with 
adiabatic isolation or with constant temperature, one 
can weaken postulate 4) to make it similar to (5) and 
obtain the stronger form (4) by deduction, so that this 
postulate becomes less a statement about dissipation 


* J. M. C. Duhamel, “Mémoire sur la methéde générale relative 
au mouvement de la chaleur dans les corps solides plongés dans les 
milieux dont la température vane avec de temps,” J. école Polytech., 
Paris, vol. 14, pp. 20-77; 1833; L. Boltzmann, “Zur Theorie der 
elastishen Nachwirkung,” Ann. Phys., vol. 7, pp. 624-654; 1876. 

‘ This was remarked upon for the first time by Di CoYoula,. 1 fe 
Castriota and H. J. Carlin, “Scattering Matrices and the F ounda- 
a Ria: ls oe pees Microwave Res. Inst., 

olytechnic Inst. of Brooklyn, Brooklyn, N. Y., Rept. No. R-594- 
PIB-522; 1957. e Die isa de 

5 J. Meixner, “Thermodynamische Erweiterung der Nachwirk- 

ungstheorie,” Z. Physik, vol. 139, pp. 30-143; 1954. 
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than about energy conservation. This has the further 
advantage that the existence of an equilibrium value 
g(f) for constant need not be required. 

In order to derive conclusions from these postulates, 
one has to specify the character of the admitted func- 
tions f(t) and g(¢). To avoid complications introduced 
by the use of step functions f(#), which may give rise to 
singular functions g(é), one restricts the input functions 
f(é) to the class of functions with an infinite number of 
continuous derivatives and which decrease so fast for 
to—o, that 


inf(t) — 0 for > — o and for every positive m. 


There is now a very loose and physically plausible re- 
striction on the response functions g(t); they are as- 
sumed to be at least continuous; that is, one permits 
the loss of even an infinite number of derivatives in the 
linear transformation f(¢)—>g(#). It turns out, however®— 
and postulate 4) is essential to that—that at most three 
derivatives are lost; that is, one can extend the class of 
functions f(#) to those possessing three continuous de- 
rivatives; then g() is at least continuous. A further ex- 
tension would now be possible, but would necessitate 
the introduction of singular functions (step functions 
and their derivatives). 

No additional condition has to be imposed on the 
class of linear transformations f(t)—>g(é). This class is 
well defined as a consequence of postulate 4)’ and char- 
acterized by the representation (8) of the impedance. 

From these postulates one derives (see Kénig and 
Meixner‘), that for the considered systems there exists 
an impedance function Z(p) such that 


g() = pZ(p)f(O, (6) 


with » understood as the operator d/dt, or written in 
Laplace transforms 


f “ePtg(i)dt = pZ(p) if “ery(d, (1) 


if f(t) =g(¢) =0 for <0 and Re p>0. The impedance 
function Z(p) turns out to be a positive function with 
the general properties as mentioned above and it ad- 
mits for Re p>0 quite generally the representation 


B (-) 
== — —pt d 
2(p) = Ape +f e”*P(i)di 


+ 7? f ¢-»'[ P(0) — P(2)|dt. (8) 


One has A £0, B=0 while P(#), which has the character 
of an after-effect function, is a so-called positive definite 
function and can be represented by a Fourier-Stieltjes 
integral 


6 H. Konig and L. Meixner, “Lineare systeme und lineare trans- 
Peciatoned” Math. Nachrichtentech., vol. 19, pp. 265-322; 1958; 
J. Meixner and H. Konig, “Zur theorie der linearen dissipativen 
system,” Rheolog. Acta, vol. 1, pp. 190-193; 1958." 

7H. Kénig, “Zur theorie der linearen dissiplativen transforma- 

tionen,” Arch. Mathematik, in press. 
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Ly = ij e”'dd(p) for all real ¢ (9) 
with a real distribution function $(p), which is mono- 
tonically increasing and bounded, continuous at p=0 
and odd. If both A and B are zero, one has to assume 
$¢(+ ©) —$(— ©) >0 in order that Z(p) 40. The sum of 
the two integrals in (8) is itself a positive function. 
The after-effect function P(u) expresses how the value 
g(t) is influenced by the values of f at former times. This 
is clear from the relation 


a) = Af") + BO + [FO wPCdan 


+ f “p(t —u)[P(0) — P(u)|du for allt, 


which follows from (6) and (8). If, in particular, P(u) 
has two continuous derivatives in 0<u< © with finite 
limits for u—0 and P’’(u) is bounded from above by a 
polynomial in uw in the same interval (as can be usually 
assumed for physical systems) two partial integrations 
can be carried through in the last integral to give 


g(t) = Af’) + Bi) — P'(4+0)//'@ 
+ f “F(t — u)[P(u) — P''(u)|du for all ¢. 


This is equivalent to the simplification (2) of (8). 

If one identifies g(¢) with the voltage u(é) applied toa 
network of impedance Z(p) and f’(é) with the current 
a(t), and if, furthermore, one chooses for 7(é) the current 
impulse 6(¢)go, where 6(¢) is a unit impulse at £=0 and 
gis aconstant of the dimension of a charge, one obtains 


ui) = [B+ PQ —P"@|q  fort>0, 


while u(t) at =0 is a superposition of the singular func- 
tions [A6’(#) —P’(0)6(2) ]go. This shows the connection 
of the function P(¢) with the impulse response. 

In special cases, simpler representations are possible. 
If, for instance, the system behaves like a capacitance 
for slow and for abrupt changes of f(é), more precisely, if 

0< B= lim pZ(p) S lim pZ(p) < ~, (10) 
p—0 


poo 


one obtains 
B 06 
Zoe ip e-r'Q(i)dt, (11) 
; 12 0 


where Q(t) =P(t)—P’’(é) is again a positive definite 
function. 

Many general results are obtained in this way for 
material coefficients like elastic moduli, viscosity, di- 
electric constant (or dielectric tensor) and magnetic 
permeability (or permeability tensor), as functions of 
frequency. In particular for the dielectric constant € and 
the magnetic permeability u, it results that 


pe(p) and pu(p) 
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are positive functions. The special statements for real 
frequencies w follow from this by putting p= (if the 
time dependence of the electric field is assumed as 
exp (iwt)). This is equivalent to saying that the imagi- 
nary parts of e(iw) and u(iw) have the opposite signs 
from the frequency. 

The possibility of portraying a material with a fre- 
quency dependent dielectric constant by an electric 
network, as is often done in the theory of relaxation 
phenomena, stems from the fact that pe(p) can always 
be approximated by a rational positive function and 
such a function can always be realized by a finite elec- 
tric network with capacitances, resistances and induct- 
ances.® 

From the functions pe(p) and pu(p) one cannot draw 
separate conclusions about the electric and magnetic 
field energies during a change of the fields, but the dif- 
ference of these energies can be analogously expressed 
as in the case of electrical networks. Only for dispersion 
without absorption can the individual energies be ex- 
pressed in terms of the field strengths and e(p) and 
BP). 

The theory of linear scattering systems can be de- 
veloped on a postulatory basis in a way similar to that 
used before, f(¢) and g(#) now representing the ampli- 
tudes of the oncoming and the reflected, scattered, or 
transmitted wave. If the underlying laws for the wave 
‘propagation are linear with coefficients that do not de- 
pend on time, the first three postulates are guaranteed. 
It may be remarked, however, that contrary to dis- 
sipative systems, the converse of postulate 3) is not 
true: If the reflected wave is zero for t<0, the oncoming 
wave may very well have values different from zero dur- 
ing some time interval anterior to ¢=0. 

Postulate 4) has to be replaced by a different postu- 
late 4’) of similar power. It can also be formulated as a 
conservation law, which is in some cases equivalent to 
the energy law, but can be more generally expressed as 
a conservation law for the number of particles. 

In order to be more specific without undue digres- 
sion, the discussion is restricted to the reflection of 
an electromagnetic wave, which is incident normally on 
a homogeneous dielectric halfspace, and it is further as- 
sumed that it has a time dependence exp (iw). If 
f(é, *1) is the incident wave at a point x1, g(t, x2) the re- 
flected wave at a point x2, then the postulate 4’) says 
that the reflection coefficient of the amplitude, S(iw) 
= g(t, x1)/f(t, x2), has an absolute value either less than 
or equal to one. 

The theory developed on the basis of these postu- 
lates, together with some mathematical requirements, 
shows that the function S(iw) can be viewed as the 
boundary values of an analytic function S(p), defined 
in the half plane Re p>0 with the property | S(p)| xo. 


§ R. Bott and R. J. Duffin, “Impedance Synthesis without Use of 
Transformers,” J. Appl. Phys., vol. 20, p. 816; August, 1949. 
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From this, it follows that [1—S(¢)]/[1+S(p)] is a 
positive function as explained before. 

The famous dispersion relations’ which recently have 
been found to have so many applications in the theory 
of elementary particles, relate the real and the imagi- 
nary parts of S(iw) with each other. It must be re- 
marked here that dispersion relations generally apply 
to scattering systems. They do not generally hold for 
dissipative systems, that is, for the real and imaginary 
parts of an impedance function. This is because an im- 
pedance function is not necessarily bounded in ab- 
solute value on the frequency axis. If it is bounded, how- 
ever, it can be formally considered as a scattering func- 
tion and the dispersion relations hold. 

There are problems in which both the theory of dis- 
sipative systems and the theory of scattering systems 
can be applied. An example has been given in the pre- 
vious section. The reflection coefficient of an electro- 
magnetic wave incident normally on a dielectric half- 
space with dielectric constant e(p) and permeability 
u(p) is, as is well known, . 


Aide 
eee (12) 
La fafe 
From this it follows that 
Pie nes 
\/“- : (13) 
e 1+58S 


Therefore, [u(p)/e(p) ]'/2 has to be a positive function, 
as pointed out in the last section. This result is, how- 
ever, contained in the result for dissipative systems, ap- 
plied to the material of the dielectric halfspace, that 
pe(p) and pu(p) are positive functions. Even by con- 
sidering more complicated situations, such as a dielec- 
tric layer of arbitrary thickness, eventually coated on 
one side with a perfectly conducting sheet, one does not 
obtain results which go beyond the one obtained from 
dissipativity. 

Therefore, it seems as if the theory of dissipative 
linear systems has at least the same power as the theory 
of linear scattering systems, in cases where both theories 
are applicable. The first theory has, at least in this ex- 
ample, the advantage of a much easier access to the 
result. 

In concluding, the author would like to examine an 
entirely different subject, which is also clarified by scru- 
tinizing the properties of electrical networks. It con- 
cerns the old question: Why does matter exhibit ir- 
reversible behavior in the sense of the second law of 
thermodynamics, while the underlying laws governing 
the motion of the particles constituting the matter, are 


*H. A. Kramers, “La diffusion de la lumiére par les atomes,” 
Atti Congr. dei Fisici, Como 2, pp. 545-557; 1927. R. Kronig, “On the 
theory of dispersion of x-rays,” J. Opt. Soc. Amer., vol. 12, pp. 547— 
557; November, 1926. 
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reversible? To this end we consider electrical networks 
which one might call almost equivalent networks. 

By almost equivalent networks we mean networks 
which show for rather arbitrary inputs u(¢) (which are 
zero for £<0) almost the same responses i(é) in some 
fixed time interval 0<t<t. There is a general theorem 
on the representation of dissipative networks: by almost 
equivalent networks, which do not contain resistances. 
It is a direct consequence of the expression (8) for the 
impedance function, with P(é) inserted from (9), if one 
approximates the integral by a finite sum. 

This discussion is restricted to giving a simple ex- 
ample of two almost equivalent networks, one of them 
being dissipative, while the other one is of the reactance 
_ type. Let us assume that the C; and Z; in the second 
network of Fig. 2 are related to the C and R of the first 

network by 


IKE x 7 


LiCj 


Toe as 
9 es a Px 


Sip) 


j = 


-,n). (14) 


cl 


Fig. 2—Example for two almost equivalent networks. 
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While s=RC, the quantities « and n are available 
parameters. Let us further assume that the impressed 
voltage for both networks is u(#) with u(t) =0 for <<0 
and that the total charge transmitted after ¢=0 is q(é) 
for the left, gn,2(#) for the right network. Then one 
derives 


| (2) — qn.e(é) | 


t 
< c|-7+—|f | w’(s)| ds forallé=0. (15) 
Ts NTX 0 

Since x can be made arbitrarily small and nx arbitrarily 
large simultaneously, one has qn,2(¢#) approximately 
equal to g(é) in an interval 0<#<&(n, x, U), for all in- 
puts w(é) for which fo"| du/dt| dt is less than some value 
U. Apparently &: increases with n, 1/x and 1/U. 

From this example one can clearly see how reversibil- 
ity and irreversibility can be reconciled. Irreversibility 
in reversible systems is bound by the requirement that 
the number of elements (here 2”; in mechanical systems 
one would have to take the number of atomic con- 
stituents) must be very large and the observation time 
is restricted. Furthermore, one observes that the con- 
verse problem (under what conditions does a reversible 
system show irreversibility?) seems to be more or less 
a problem concerning the limiting behavior of the spec- 
trum of eigenfrequencies of the reversible system, when 
its size increases indefinitely. There are simple examples 
of this, some of which will appear in a future publica- 
tion which is being prepared by the author. 
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Linear Arrays: Currents, Impedances, and Fields, I* 
RONOLD KINGH 


Summary—The radiation field of dipoles is usually expressed in 
the form of a product of a field factor and one or more array factors. 
Actually, such a formulation depends on the implicit assumption that 
the distributions of current along all elements are the same regard- 
less of the location in the array or differences in driving conditions. 
Since this is a satisfactory approximation only when the elements are 
near a half-wavelength long, a study of the fields of arrays of longer 
elements in terms of the actual distributions of current is indicated. 

The available solutions of the simultaneous integral equations for 
the distributions of current in a circular array of N-parallel elements 
are adequate in a quantitative sense only for arrays of approximately 
half-wave elements. Moreover, the form of the solution as a series 
of complicated terms is quite useless (except in the leading sinusoidal 
term) when the determination of the radiation field is desired. For 
this reason, a new solution for the currents, which provides a good 
approximation for the currents in arrays of elements that may be a 
full wavelength long or longer, and which is expressed in terms of 
combinations of simple trigonometric functions, is derived. 

The new solution is used to determine the currents in and the 
fields of isolated half-wave and full-wave dipoles more accurately 
than with the conventional sinusoidal currents. The currents, im- 
pedances, and fields of a two-element array of full-wave elements 
are studied under various driving conditions including the broadside, 
bilateral end-fire, unilateral end-fire or couplet, and the case when 
one of the elements is parasitic. It is shown that the null in the 
conventional pattern for the couplet with identically distributed cur- 
rents becomes a minor maximum with an amplitude equal to half 
that of the principal maximum when the more accurate distributions 
of current are used. The significance of this fact in its application to 
the minor lobe structure of more general arrays is considered. The 
usefulness of the new theory in determining the radiation field of 
parallel arrays, in general and when scanned, is discussed, and plans 
for further work are outlined. 


THE CONVENTIONAL FORMULATION 


(l] \HE far-zone electromagnetic field of an array of 
Woy structurally identical dipole antennas, each of 

half-length h, is generally expressed by the prod- 
uct of a field factor F(0, Bh) characteristic of a single 
element and an array factor @(6, ®) which is determined 
by the geometry of the array. Thus, the electric field is 
represented in the form, 


(1) 


where K is a constant, # and ® are spherical coordinates, 
8=27/h, and the superscript r denotes the radiation 
field. Frequently the array factor is itself the product of 
several partial array factors. For example, for an array 
which includes rows of broadside and end-fire elements, 
the array factor may have the form, 


_-Ev'(6, 2) = KF(6, Bh) a(6, &), 


als, ¢) a Qz(0,6)QE(6,®). 


* The research reported was performed under Contract No. 
AF 19(604)-4118 between the AF Cambridge Research Center and 
the President and Fellows of Harvard College. 

} Cruft Laboratory, Harvard University, Cambridge, Mass. 


Specific formulas are found in King.’ In so-called wni- 


form arrays, the currents in the regularly arranged ele- 


ments must be equal in amplitude, but they may differ 
uniformly and progressively in phase. More generally, 


in Tchebycheff, binomial, parasitic, and other non- 


uniform arrays, the currents in the several elements are 
not equal. 

Whenever the field of an array is expressed as the 
product of a field factor and an array factor, it is implied 
that the individual elements ali have the same field 
factor F(0, Bh) regardless of their locations in the array, 
the relative amplitudes and phases of the driving volt- 
ages, and the impedances of the generators or loads 
which are connected across the terminal pairs at the 
centers of the elements. In general, this tacit assumption 
is an approximation that varies in its accuracy with 
the degree in which differences in relative geometry and 
in conditions at the driving point affect the relative dis- 
tributions of current along the elements. For most ar- 
rays constructed of half-wave dipoles, the field patterns 
calculated from the simple product formulas are ade- 
quate for many applications. For arrays with longer ele- 
ments, such as full-wave dipoles, and for all arrays when 
the detailed minor-lobe structure of the pattern is quan- 
titatively important, a more accurate representation of 
the radiation field than that provided by the conven- 
tional product formulas is required. Such a representa- 
tion is, of course, already available, in a formal sense, 
in the explicit sum of NV terms from which (1) is derived 
by assuming that F(6, Bh) is a common factor. Each of 
the terms in this sum gives the actual contribution to 
the field by the currents at all points in each element 
under operating conditions. Specifically, for an array 
of N-nonstaggered elements all parallel to the z axis 
of a system of Cartesian coordinates that has its origin 
at the center of the array (or at another convenient ref- 
erence point), a general expression for the electric field 
at a point P in the radiation zone is 


Ey'(6, ©) = — jwAg'(6, 6) = — jwA,(6, &) sin 0, (2) 
where A’(0, ®) =2A,"(0, ®) is the resultant vector poten- 
tial at P due to the actual currents in all of the elements 
in the array. The spherical coordinate 6 is measured from 


the z axis and the coordinate ® from the x axis. Specifi- 
cally, 


N 
A,y(0, ®) = >> A?, 


t=1 


(3) 


UL ROWER. King, “Theory of Linear Antennas,” Harvard Univer- 
sity Press, Cambridge, Mass., ch. 6, pp. 600-601; 1956. 
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a (4) 
In (4), R; is the distance from P, where A,'(0, ®) is cal- 
culated, to the center of antenna 7; 6; is the angle be- 
tween A; and the positive z axis. Evidently, if the cur- 
rents I,,;(z’) are known for all values of z’ and for all 1, 
the resulting far-zone field may be evaluated from (2) 


with (3) and (4). Unfortunately, these distributions of 


current are generally not known and it is only their 
values at the driving points which can be assigned and 
maintained by appropriate generators. The common 
practice of assuming that these distributions are not 
only all the same, but that they are well approximated 
by J.(z’) = Imax sin B(h— | z'| ), is not justified except in 


special cases. 


Instead of determining the resultant vector potential 
or electric field from the currents actually maintained 


_ in the array in normal operation, the principle of super- 


position may be used, as suggested by Hines, e¢ al.? This 
requires the separate and successive determination of 
the phase and amplitude of the entire field when each 
element is driven, one at a time, by its assigned voltage 
and the subsequent superposition of the WN fields. (If the 
antennas are excited by current generators with as- 
signed currents, the method of superposition involves 
the determination of the WN fields obtained when each 
element is excited alone and in turn by the specified 
current while all others are left open-circuited at the 
terminals. Superposition again gives the desired pat- 


- tern.) From the analytical point of view, this procedure 


is useful in calculating the far-zone field of an arbitrarily 


driven array only if the actual distributions of current 


in the single driven element, and in all of the V—1 para- 
sitic elements, are known when each of the NV elements 
is, in its turn, the driven one. Actually, Hines ef al.* pro- 
posed no method for determining these currents an- 


_ alytically or for calculating the field patterns. Their sug- 


gestion was to measure, in amplitude and phase, the NV 
field patterns obtained by successively driving each 
element with the rest of the array present but parasitic, 


_and then superimposing the patterns so obtained with 


appropriately assigned impressed input currents or driv- 
ing voltages. While such a method is certainly superior to 


any cut-and-try procedure, it requires extensive ex- 


perimental facilities. Moreover, it is analytically unsat- 


- isfactory and throws no light on the significance of the 


comments made by Hines et al.? which suggest that the 
differences between (1) and (2) with (3) and (4) are not 
related to “the problem of mutual impedance between 
the elements, or the problem of holding currents in in- 
dividual elements to assigned values in the presence of 
mutual impedance, or any problem concerning the net- 


2 Ibid., p. 15, (15). : ; 
3 oN. aoe ir Rumsey, and T. E. Tice, “On the design of 
arrays,” Proc. IRE, vol. 42, pp. 1263-1265; August, 1954. 
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work representation of the antenna” but rather to “the 
scattering or diffraction of radiation by the physical 
structure of the array.” 


THE Propuct FoRMULA AND Its LIMITATIONS 


Errors in the product representation (1) of the radia- 
tion field of an array are of two types: 1) an error inher- 
ent in the form itself, and 2) a possible error resulting 
from the use of an assumed approximate distribution of 
current in evaluating the field factor F(6, Bh). Actually, 
these two errors are more closely related than may be 
supposed since the error in the product form also de- 
pends on the distributions of current in the several ele- 
ments. This is easily shown by rearranging the rigorous 
expressions (3) and (4) in a manner which separates the 
conventional product term from a difference term repre- 
senting the error. 

For an array of N-parallel elements (of which element 
4 is shown in Fig. 1) with their centers and driving points 


Az 


$j =r; cos ($-$;) sin @ 


Antenna i 
in an Array 


Fig. 1—Coordinate system locating one element with respect 
to the center O of a parallel array. 


all in the plane z=0, the far-zone vector potential (3) 
and (4) may be expressed in the form, 


uy ewR N h 
Ag, ®) = 2 —— 51 es [ree wootaa!, (8) 
Aare Ragey =h 


where 


R; = R—- Sj, S; = Tf; sin 6 cos (® = @;), (6) 


r; is the radial distance from the origin at the center of 
the array to the center of the 7th element, and ®; is the 
angle between the positive « axis at =0 and the radial 
line r;. The next step is the definition of normalized cur- 
rent-distribution functions f;(z’) and the choice of the 
current Izm(0) at the center of antenna m as the refer- 


ence current. Specifically, let 
Tei(z’) = Ies(O)fi(2’) = Tem(O) mie fitz’), (7) 


where Rm; and 5m; are the normalized real-amplitude and 
relative-phase angles of the current at the center of an- 
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tenna i as referred to the current at the center of the 
reference antenna m. Also let 


kh 
Fn(6, Bh) = | f(z')ere" 8° sin Adz’, (8) 


Gmi(8, Bh) = f icc ) — f(z’) lei®*’ 98? sin 6d’. (9) 


Substitutions from (7), (8), and (9) in (5) lead to the 
following result: 

Az(@, ®) = Kn[Fn(0, Bh) (6, 6) + Dni(, ©; Bh)] (10) 
where 

Hollen O)yicce at 
ff 2m sin 6 BR 


™ 


N 
Q(0, ) = D> Rmiet OSiams) (11b) 


i=1 


N 
Dm(0, ®; Bh) = D> kmiei PS 7AmGni(O, Bh). (11) 


t=1 
iAm 

In the general formula (10) for the far-zone vector 
potential of an array of N-parallel dipoles with their 
centers in the plane z=0, the first term is the conven- 
tional representation in the usual product form and 
the second term is the correction. The integral F,,(6, 
Gh) is the field factor of antenna m in the presence of the 
array with a specified set of driving conditions. Note 
that if these conditions are changed, all of the f;(z’) in- 
cluding f(z’) may be altered and, therefore, F,,(0, Bh) 
may also be altered. The sum @(6, ®) is the array factor 
of a parallel array of N elements of which all have iden- 
tical field factors like that of element m. 

In the special case of a broadside array with an odd 
number of elements all driven in such a manner that 
their input currents are equal and in phase, km;=1, 
bmz=0 for all values of 7. With the central unit as refer- 
ence, and with S;=7b sin @ cos ® as shown in Fig. 2(a), 
it follows that 


sin (Vb sin 6 cos ®) 


Qz(6, &) = 12 

a) sin ($8) sin @ cos ®) 2) 
(N=1)/2 

Di(6,®;Bh) = YD) 2G;(8, Bh) cosBS; (13) 


i=1 


On the other hand, for an array consisting of an even 
number of elements all uniformly spaced around a circle 
of radius c, as shown in Fig. 2(b), and with driving- 
point currents which are equal and in phase, the array 
factor and correction term are given by 
N/2 
@(6, 6) = 2 >> cos {Bc sin 6 cos [® — 2x(i — 1)/N]} (14a) 
i=1 


= Jo(Gc sin 6) for V > 6 
Dy,(0, ®; Bh) = 0. 


(14b) 
(15) 
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(a) 


(b) 
Fig. 2—(a) Broadside array, N=7; (b) circular array, N=8. 


Note that the correction term vanishes identically 
since f;(z’) =fm(z’) for all values of 7 and choices of m. 
This follows from the obvious fact that the NV units are 
geometrically and electrically identical, so that not only 
the input currents, but the entire distributions of cur- 
rent on all antennas, must be the same. Thus, for the 
uniformly driven circular array, the simple product of a 
field factor times an array factor is exact within the ap- 
proximations of a far-zone formula. Note that this is 
true for a circular array with an odd number of units, 
and also for the case when the elements are driven by 
voltages which are equal in magnitude but which in- 
crease progressively, and uniformly, in phase from ele- 
ment to element around the circle. However, F,,(6, Bh) 
is, in general, not the same for arrays having different 
values of the phase shift from element to element. 

It may be concluded that the simple product of a 
field factor and an array factor differs from the correct 
representation of the far-zone field of an array by a 
term Dn:(6, ®; h) which depends on the differences be- 
tween the normalized distributions of current along the 
several elements. Such differences must exist in greater 
or lesser degree whenever the electrical environments of 
the individual elements are not identical. Note, how- 
ever, that the effect of dissimilar enivronments in modi- 
fying the distributions of current also depends on the 
natural condition of resonance as determined by the 
common length of the elements. 


INTEGRAL EQUATIONS FOR THE CURRENTS 


The determination of the distributions of current 
along the N-geometrically identical antennas of a para- 
lel array depends upon the solution of N-simultaneous 
integral equations which are derived by imposing the 
boundary condition E,=0 on the cylindrical surfaces of 
the several antennas. The details are found in King. 


‘ King, op. cit., p. 351 ff. 


; 1959 


The final step is the equating of two different expres- 
sions for the vector potential A,(z) on the surface of 
each antenna. Thus, for antenna , 


h oN 
Arvo A 2,(2) = eS Li(2') Kyi(z, 2')dz! 
ah onl 
xe —jAr ‘ ‘ 
= oo [Cz cos Bz + 5V ox sin 6 | 2 | I, 16) 
0 
_ where 
eB Rk: 
Kile, 2) = noe Ris = J(u — 2,')? + bee, bax = a, 
ki 
1 107 
vo = — = —  meters/henry, {) = 1207 ohms. (17) 
Mo 4a 


R;; is the distance from a point at z on the surface of an- 
tenna k, where A,(z) is calculated to a point at z’ on the 
axis of antenna 7 where the element of integration dz’ is 
located. The distance between the centers of antennas 
k and 7 is 0;;; the radius of each antenna is a. Vo, is the 
driving voltage’ at the center, z=0, of antenna k; C, isa 
constant of integration that must be evaluated from the 
condition J;.(4)=0. As a consequence of symmetry, 
_ I(—2) =I(2). The several distances and the notation 
are illustrated in Fig. 3 for an array of three antennas. 

If the NV voltages, Vox, k=1, 2,---, N, are assigned, 
(16) represents V simultaneous integral equations for 
the WV currents, I[,(z) =I.4(0)f.(z). Alternatively, the 
NN driving-point currents J,,(0), k=1, 2,---, N, may 
be assigned while the W driving voltages, Vio, and the 
N distribution functions, f,(z), are the unknowns. In 
general, the NV simultaneous integral equations (16) 
have not been solved. In the special case of the circular 
array, and with the help of the method of symmetrical 
components, they may be replaced by an equivalent set 
of WN independent integral equations for N phase-se- 
quence currents.® The NV phase-sequences are obtained 
by driving the NV antennas with voltages which are re- 
lated as follows in the adjacent elements k and k+-1: Vi41 
= V,e%27m!N)| where m may have the values m=0, 1, 
2,:-:, N—1. Note that in the zero phase-sequence 
(m=0), all voltages are in phase. The vector potential 
and integral equation for the mth phase-sequence cur- 
rent J‘™(z) in any of the N elements when each is 
driven by the voltage Vo, are 


h 
ae Reno f (2) K™(, 2!)da! 


h 


arr 
Paes [C™ cos Bz + 4Vo™ sin B | 2 | |, (18) 


fo 


5 A §-function generator is assumed here. The singularity in sus- 
ceptance inherent in such a generator is, in effect, subtracted out in 
the approximate solution by iteration. A detailed analysis of this 
problem is found in T. T. Wu and R. W. P. King, “Driving point and 
input admittance of linear antennas,” J. Appl. Phys., vol. 30, pp. 
74-76; January, 1959. 

6 King, op. cit., ch. 3, sec. 14. 
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Fig. 3—Three-element array. 
where 
N en ib Ri 
Kg, 2’) = D) pm (19) 
i=1 Ri; 
with 
p = GREE Se Ri; — V/ (21 — 2,')? + b,,7, bu = a. (20) 


The equations for the several phase sequences are ob- 
tained successively from (20) by assigning the values 
m=0, 1, 2,--+, N—1. By a suitable superposition of 
the phase-sequence currents obtained by solving (18) 
for all N values of m, the current distribution in each 
element of a circular array may be obtained when the 
elements are driven by arbitrary voltages. The driving- 
point impedances are then readily obtained from the 
currents in the input terminals. 

It is not possible to obtain a set of independent in- 
tegral equations like (18) for noncircular parallel arrays. 
To be sure, the current J,;(2z’) can be factored out in the 
integrand of (16) and the remaining terms can be com- 
bined into a kernel in order to achieve formal equiva- 
lence with (18). However, in this case, the kernel is not 
independent of the distributions of current in the several 
elements so that nothing is gained by the rearrangement. 
Note, however, that the kernel becomes a known func- 
tion if the currents J,;(0),7=1, 2,---, N, at the driving 
points of all elements are specified and if it is assumed as 
an approximation that the distribution of current along 
each coupled element is like that along antenna k so that 
for all values of 7, I,;(z) =I4(z). In this manner (16) is 
converted into an independent integral equation for de- 
termining the current distribution I,,(z) and the driving 
voltage Vox. By allowing k to assume all values from 1 
to N, independent integral equations are obtained for all 
N-current distributions and driving voltages. Unlike 
(18), however, these equations are all approximate since 
it has been assumed, in each, that the currents in all 
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coupled antennas are distributed exactly as in the ele- 
ment in question. This is the same approximation as 
that implied in the product form of the far-zone field of 
the array. It is satisfactory only in certain special cases. 

The effect of coupled antennas on the distributions of 
currents in the elements of an array may be studied in 
the circular array for which a fundamentally correct 
formulation is available, provided a tractable solution 
can be found. Since the integral equation (18) for the 
current I‘™(g) in the mth-phase sequence of the circular 
array is exactly like the integral equation for the current 
in an isolated cylindrical antenna except for a different 
kernel, it might be supposed that the same method of 
iteration’? should be applicable. Actually, this is not 
true if K“ (zg, z’) as defined in (19) is merely substituted 
for Ki(z, 2’) =e—"1/Ry in the various integrals of the 
solution for the current in the isolated antenna. Such a 
substitution would violate the fundamental principle of 
the method; that the ratio A,(z)/J.(z) of the vector 


potential on the surface to the total current in the: 


antenna is sensibly constant and predominantly real. 
Except in the case of very closely spaced elements, the 
vector potential along antenna k due to currents in an- 
tenna 7 does not vary, in general, with z as does J;.(z). 
Hence, unless the coupled antennas are very few in 
number, or so close together that they constitute a cage 
or a multiwire transmission line, or so far apart that 
mutual contributions to the vector potentials are very 
small, the ratio of vector potential to current cannot be 
expected to be even moderately constant along any of 
the elements. 

Fortunately, this difficulty may be side-stepped in an 
alternative arrangement of the integral equation (18) in 
which the vector potential A,“(z) on the surface of each 
element is separated into two parts, of which one is con- 
stant along the entire antenna while the other is variable 
but vanishes at the ends. The desired form is readily ob- 
tained from (18) by introducing the vector potential dif- 
ference, W,'™(z) =A,™(z) —A,™(h), together with the 
constant, 


ym) = ao A. (h) 


ll 


carly Wea Ore 
f =f I, (2) K™(h, 2')dz'. 
4n J _;, 


(21) 


The desired equivalent form is 


h 
ArvpW,™(z) -{ I, (2’) Kalz, 2')dz! 
-h 


—7J4r 


= [C™ cos Bz + 4V)™) sinB|z| + UM], (22) 


0 
where the new difference kernel is 


> nea eR; gg 1BRayn, 
— p i—1)m | oy | ; 23 
t=1 Ry; Rin ( ) 


aiiiieln, ne Oe sec. 14, 
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and where 
Ria = VG = 22)? Oe Or 8. (24) 

Note that at z=h, (22) reduces to 
C™) cos Bh + 4Vo™ sin BA + U™ = 0. (25) 


This relation may be used to eliminate U™, as in the 
conventional formulation for a single antenna, or it may 
be used to determine C™. In the first case (22).assumes 
Form I: 


h 
1,™(2')Ka™ (2, 2’)d2’ 


—h 


“a ; “ [C™ Foe + 4V0™Go.], (26) 
0 
where 
Foz = Fo(z) — Fo(h) = cos Bz — cos Bh (27) 
Gos = Go(z) — Go(h) = sin B|z| — singh. (28) 


Alternatively, if (25) is used to eliminate Com, (22) as- 
sumes Form II: 


h 
I, (2') Ka™ (z, 2’) dz’ 
—h 
jar 
FoF (2) 


[U™ Fo. + 8Vo0™Mo.|, (29) 


where 
Moz = Fo(z)Go(h) — Go(z)Fo(k) = sin B(k — |2|). (30) 


Each of these equations can be solved by iteration. If 
enough terms are used, they must yield essentially the 
same result. The problem at hand, however, is not pri- 
marily that of obtaining an accurate solution expressed 
in terms of complicated integrals that"require numerical 
methods of evaluation but, rather, that of deriving a 
reasonably accurate expression for the distribution of 
current which takes proper account of the contributions 
of coupled antennas and which is useful in evaluating 
the radiation field. It will be shown that the two equiva- 
lent integral equations, (26) and (29), lead to quite dif- 
ferent trigonometric approximations of the currents. 


SOLUTION OF Form I OF THE INTEGRAL EQUATION 


The rearranged integral equation (26) is preferred 
to the original equation (18) because the ratio 
W,™(z)/I,(z) should be more nearly constant as a 
function of zg in the range —kSzh than the ratio 
A,™(z)/I,.™(z). This is a consequence of the fact that 
W.™ (gz) includes only the part of A,{™(z) which varies 
in this range and not the part which is constant. 
Moreover, large variations in W,™(z) from contribu- 
tions by the current in a coupled element can occur only 
when this element is quite near, in which case W,(™(z) 
varies approximately as the adjacent current maintain- 
ing it. This reasoning suggests that the method of itera- 
tion used to solve the equation for the isolated antenna 
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_ should be applicable to the formally identical equation 
(26) of the circular array driven in its mth phase se- 
quence. The procedure used is the introduction of an 
approximate (and, as yet, undetermined) distribution 
function g(z, 2’) =J,()(z') /I,(z) in the integral for the 
vector potential difference and so define the difference 


function, 


Walz) = ¥(z) — Y(h) 


I 


Wa + y(z), 


h 
f g(z, 2')Ka™ (2, 2’)dz! 
an 


(31) 


where W, is the desired constant and y(z) is a small cor- 
rection term. It is then argued that the difference, 


h 
D(z) = Wals™(z) — f 1.) (2!)Ka™(s, 2!)dz’, (32) 


must be small. It follows directly that by adding 
Wz1I,.™(z) to both sides of (26) and by moving the in- 
_tegral to the right, a form suitable for iteration is ob- 


tained. Thus, 


—jAr 
I,™(z) = 
fo¥ 


O+d 


1 D(z) 
| CoP eid a VomGe | =| ep (33) 
2 WV 


A suitable zero-order term is that given in brackets in 
(33). The successive substitution of this term for the 
current in the small difference D(z) and the evaluation 
of C™ by a similar substitution in U™ in (25), gives 


j2rVo™ 
foVa 


| Mo SF M,./Va + M2,/Va? +- cee 


1™(8) = 


Fo(ht) + Fi(h)/a + Fah)/Wat + 


The first-order functions in (34) are 


My, = FiuGo(h) — Gik o(h), 
h 
Fy, = FoVa -f FoeKa™ (2, 2’) dz" 
—h 


= Fuva — [Cx(h, 2) — Cx(h, h)] 
ae [Ex(h, Z) = Ex(h, h)|Fo(h), 


ah 
Fi) = — fF Foe K™ (h, 2')dz’ 
= 


— Cx(h, h + Ex(h, h)Fo(h). 


|. (34) 


(35) 


(36a) 


(36b) 
(37a) 


(37b) 


The functions Gy, and G,(h) are, respectively, like (36a), 
(36b), (37a) and (37b) with F replaced by G, and C 
replaced by S. The following function has been defined: 


N 
Cx(h, 2) = Ca(h, 2) + Dd P&OmCy,:(h, 2). 


t=2 


(38) 


The function S2(h, z) or Ex(h, 2) is obtained from (38) 
_ by replacing C by S or C by E. The three functions [in 


which Ri=V(e—2')+@, Ra= Vv (2+2')?+¢7], 
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h e—IBR1 e 1bRe2 
Calhk;2) = il cos Bz’ | ok lee (39a) 
-h Ry k, 


h : e iBR1 e 1BR2 
Sales = f sin Bz’ | o |e (39b) 
fy Ry Ry 


E,(h, 2) f |= e-i8Re 
AT os ot ae dz', 39 
a Es R2 | : S522) 


may be expressed entirely in terms of tabulated gen- 
eralized sine- and cosine-integral functions. Explicit 
formulas are found in King.® The kernels Ka™(z, 2’) 
and K™(h, 2’) are defined in (23). Second-order in- 
tegrals are obtained from (36a) and (37a) by changing 
the subscripts zero to 1, and 1 to 2. 

The zero-order term in (34) should be a suitable ap- 
proximate distribution of current for use in the evalua- 
tion of Wg in (31). With g(z, 2’) = Mo/Mo, it follows 
that 


Walz) = Moz {[C2(h, 2) — Cz(h, h) |Go(h) 
— [Sz(h, 2) — Sz(h, h)\Fo(h)}. (40)_ 


The success of the method of iteration now depends on 
whether or not the function Wq(z) is essentially constant 
in the range —hSzSh ata value Vg. It is known that, 
for an isolated antenna, 


WaMo. + (Cah, 2) — Calh, h)|Go(h) 
Su [Sa(h, Z) are Sa(h, h)|Fo(h), (41) 


is a good approximation when Wy is defined by 


_ { Wa(0)| for Bh S «/2 


* | walk — /4)| for 6h = 2/2. 


Investigation shows that, in general, (41) is also a rea- 
sonable approximation if the subscript a is replaced by 
> and if the definition of Va by (42) is retained. How- 
ever, the approximation is not equally good under all 
conditions. It is very good when 1) the contributions by 
the terms in the sums are small because the number of 
elements is not large, or because all elements are sufh- 
ciently far apart, or both; 2) all the coupled elements are 
so close together in terms of the wavelength that they 
may be regarded as forming a cage antenna, a multi- 
wire transmission line, or a superposition of these; and 
3) the elements are approximately half-wave dipoles. 
However, if no restrictions are placed on numbers or 
separations as in 1), the definition of Ya may be im- 


’ proved over that stated in (42) by setting, 


W= W,(0) for Bh oad 1/2. (43a) 
Specifically, at Bh=7/2, 


d KEM Ae 
Wa = E (=; 0) == Cs (+ +)|: (43b) 


Note that (43a) allows Vz to be complex. This is possi- 
ble when B4~7°/2 since the real and imaginary parts of 


8 Ibid., p. 97 
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the vector potential difference have distributions that 
are similar to each other and to the current, and since 
both have their maxima near z=0. 

In general, the approximation Wa(z) =WaMo, is least 
satisfactory when Bh is near 7, primarily because the 
component of current in phase quadrature with the 
driving voltage is distributed very differently from both 
the component of current in phase with the voltage and 
the induced currents, whatever their phases relative to 
Vo™. Note that in (34) the leading term is in phase 
quadrature with the voltage if Wg is real, as required 
by (42). 


SOLUTION OF Form II oF THE INTEGRAL EQUATION 


The alternative Form II of the integral equation for 
the current in the mth phase sequence of a circular 
array, as given in (29), may be solved by a process of 
iteration similar to that already described but with cer- 
tain refinements. These are suggested by the fact that 


the right-hand side of (29) is expressed formally in’ 


terms of two source functions V™ and U(™), the one a 
potential difference localized at z=0 and the other a 
field of constant amplitude distributed over the entire 
length of each element. Clearly, the current [,™(z) in 
each element may be regarded as the sum of two com- 
ponents, of which one is generated directly by V™ 
much as if the antenna were isolated and the other is 
induced by U™ as in a receiving antenna in a uniform 
field. The leading term in the part of the current main- 
tained directly by V™ is Mo,=sin B(h— | 2| ); the lead- 
ing term in the current maintained by U™ is Fo, 
=cos Bz—cos Bh. If the substitution J,” (z) = Iy™)(z) 
+Iy™(z) is made in the integral in (29), the terms may 
be arranged as follows: 


h h 
Jf @rKsrte, sydd + [Toe Kam, eae 
= hi =" : 


jar 
FoF o(h) 


The integrals on the left in (44a) are proportional, re- 
spectively, to the vector potential differences Wy™ (z) 
and Wy)(z) at the point z on antenna 1 due to the com- 
ponents of the current Iy™(z) and Iy™(z) in all of the 
elements both near and far. Contributions to these com- 
ponents of the vector potential by the currents in an- 
tenna 1 and in any other elements so near that Bobi; < 1, 
vary with z approximately like the currents that main- 
tain them. On the other hand, contributions from all ele- 
ments which are not very near to antenna 1 (Bbi;> 1) 
vary withzina manner determined by the over-all effect 
of the currents and not by their local distributions. This 
is illustrated in Fig. 4 in which the quantity S,(A/2, z) 
—Sv(A/2, 4/2) as defined in (39b) is shown. It is pro- 
portional to the vector potential difference Wy(™ (z) 
along an axis at a distance 6 from an antenna of half- 
length h=/2 with a current distributed according to 


[U™ Fo, + 4V0™ Mo]. (44a) 
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Fig. 4—The function S;(h, z) —Sp(h, h) for h=d/2. 


sin Bz. Note that, except near z=0, the real part varies 
very much like sin Bz provided 8b<1. On the other 
hand, both the imaginary part for all values of Bb, 
and the real part for Bb>1, vary approximately like 
1+ cos $z. In a similar manner, it can be shown that the 
distribution of the vector potential Wy™(z) due to a 
current distribution cos z+1, varies approximately like 
cos 6z-++1 for all values of 86 in both real and imaginary 
parts. These facts suggest the following rearrangement 
of the integrals on the left in (44a): 


h h 
Tv (2) Kan (a 2*)da! +5 [Tr (o!) Kar ™(e, 2d 
—h 


—h 
h h 
+P Ly) Kaz™(z, 2’)dz’ + i Iyo™ (g, 2')Ka™ (z, 2’)dz! 
=) —h 

jAr 
FoF o(h) 
where Kar (z, 2’) and Kar™(z, 2’) are, respectively, the 
real and imaginary parts of that part of Ka™(z, 2) ds 


defined in (23), for which Bb;<1, and where Kgx™ (z, 2") 
is the remaining part of Ka™(z, 2’); that is, 


Kar™ (gz, 2’) 9K are (2. 2’) 


[U™F, + 4V0™ Moe] 


(44b) 


a eB Ri; e IB Rin 
=D ppm = 2 oF Bigs eat 
u 3 | Ri; Rain | . a 
Kaz™ (gz, 2’) 
N e BRy e BRiin 
= (i—-1)m ten ° b > 
~, : | Rae Mee Pe eae a 


It is now convenient to define three approximate dis- 
tribution functions for the current as follows. 


svu(z, 2’) = Iy™(z')/Iy™ (2) T(h), 
go(2, 2!) =Iyp™(z’)/Ty™(2), 
gr(z, 2") = Iy™(z')/Iy(z), 


December q 


= ee So 
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The dimensionless constant T(h) is introduced here 
for later convenience. Also, let the following functions 
be defined: 


War(z) = Wr(z) = Wr(h) 


I 


h 
Me gr 2) Kar(z, 2’)d2! = Var + yr(z), (46a) 


Wau(z) = WVou(z) = WVy(h) 
h 
= I: sul, 2) Kal (@,2/)da! = Wau + ols), (46b) 


War(z) = W7(z) a W,(h) 


=f gvu(2, 2’) Kar(z, 2’)dz’ = Var + yr(2), (46c) 
f Was(z) = Ws(z) == W3(h) 


h 

— gvu(z, 2’) Kazx(z, 2/)dz' = Wap + >x(z). (46d) 
=h 

_ It is anticipated that, by a proper choice of g(z, 2’) in 

each case, the integral may be made sensibly constant 

with the value Var, Vav, Var, or Vax, while the func- 

_ tions y(z) are small. In this case the difference functions, 


h 
Dr(z) = Varly™ (sz) =f Iy™(2') Kar(z, 2')d2’, (47a) 


; h 
— Do(2) = Vavly™ (2) — if To ™ (2’)Ka™(z, 2')dz’, (47b) 
h 


Dis) = Waly (z)/T(h) — f “Ty (a!) Kear z')dz', (47¢) 


h 
Dx(2) = Vaslu™(2)/T(h) — if Ty (2!) Kas(e, #)ds' (474) 


are small. With (47a), (47b), (47c) and (47d), the in- 
tegral equation (44b) may be rearranged as follows: 


Iy™ (2)War + Iu(z)™ (Yaz + jWar)/T(h) + Lu ™ (2) Vau 
jar 

~ FoF o(h) 

+ Dr(z) + Ds(z) + 7 Dr(z) + Do(z). 


The first term on the left in (48) varies with z approxi- 
mately as does Mp,; all other terms vary approximately 
as Fy. This suggests the possibility of satisfying (48) in 
two parts as follows: 


[U™ Fo. = 1V 0) Moe] 


(48) 


j2rVo™ 


Ee atin (49a) 
FoF o() 


Iy™ (2) Var = Mo. + Dr(z), 


4a Um : 
eh ep Fach Dale) + Dx(s) + jDrls), (490) 
foF o(h) 


where 


Vor = Vav + [Vaz + jVar|/T(A). (49c) 
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It is now possible to iterate (49a) for Iy™ (z) and (49b) 
for Iy‘™(z). In the latter, use may be made of Iy™ (zg) 
in those higher-order integrals which depend upon it. 
The results are: 


iQarV 9m) 
Ty™(2) = See Sora m(2), (50a) 
Teel gee eae rey (50b) 
CoVurF o(h) 
where 
mz) = Mo + Mrie/Var+---, (51a) 
f(2) = FoelFie + Hie/T(h)|/Wor +--+. (51d) 


In (Sla), Mri, is the real part of Mi,, as defined in (35), 
with War substituted for Wz. In (51b), Fiz is given by 
(36) with Way substituted for Wg. The new function My, 
is defined as follows: 


Hy, = Fo.(Was + J Var) 


h 
= Moz |Kaz(z, 2’) + jKar(z, 2')]d2’. 


—h 


(51c) 


The total current is the sum of (50a) and (50b), that 
‘Ss 


I,™(z) = as [m(z) + T(A)f(2)], (52) 
FoVarF o(h) 
where 
2UMW ar 
EE Pa faoues et 


The constant 7(h), which relates the distributed field 
U™ on the surface of each element to the driving volt- 
ages Vo at their centers, may be determined readily 
by the substitution of (52) in the defining formula (21) 
for U™, Thus, 


Vo™WyrT(h) 
Un = ——__— = 
2Var 
ro [eo(h) + TOY) (54) 
= = V7 1 Ae 
WWanFo(h) " 
where 
h 
Wy(h) = m(z')K™(h, 2’)dz’, (55a) 
—h 
h 
Wy(h) -{ f(z) K™ (h, 2')d2’. (55b) 
ay 
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The kernel K“™(h, 2’) is defined as part of | (23). The 
solution of (54) is 
Vy(h) 
WurF (hk) — Valh) 
Wy(h) 
{Wav + [Wax + jVar/T(h)]} Folk) — Vuh) 


‘NAC 


(56) 


The second expression is obtained with (49c). This equa- 
tion may be solved for T(k) to obtain 


ees az tear 0 


Ube Way (kh) — Yuh) se 


The several W-functions may now be evaluated in a 
first-order approximation by the substitution of the 
zero-order currents for the distribution functions. Thus, 


guv(Z, 2’) = Mo/Foe; gv(2, 2’) = Mor/Mo; 


gu(, z') = Foz / Foz. (58) 


Wav = Vay(0) = 


War(z) = Im For { [Cai(h, 2) — Cai(h, #)|Go(h)— [Ser(h, 2) — Szilh, h) |Fo(W)}. 


War = Var(0) = Im 


ye a, 
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It follows that Wan(2) is like the real part of Wa(2) as 


given in (40); hence, 


ee for Bh < m/2 
e 


Vor = 
ae War(h — 2/4) for Bh = w/2. 


However, it is necessary to substitute Cm for Cz and 


Sx for Sy. Corresponding to (38), Cz(A, 2).is defined by © 


Cor(h, 2) = Calh, 2) + pO" Crus(h, 2); Bbin <1. (59b) 


i=2 


Similarly, from (46b), 
Wau(z) al Fo{ [Cx(h, 2) Cz C2x(h, h)| 


— [Ex(h, 2) — Ex(h, h)|Fo(h)}. (60a) 


The appropriate choice of Vay for Bh S27 is, 


(60b) 


1 — Fo(h) 
From (46c) it follows that 
(61a) 
The appropriate choice of Vaz is 
[Czi(h, 0) — Car(h, h)|Go(h) — [Ssi(h, 0) — Szi(h, h)|Fo(h) 
1 Fo \ 2 (Ips 


It follows from (46d) that the parameter Way may be 
defined by 


1 — Fo(h) Pa 
where, corresponding to (38), 
N 
Cza(h, 2) = DY pCa (h, 2); BBingr = 1. (63) 


t=n+1 


(59a) 


: 
+ 
: 
} 
4 
: 
i 
7 
4 
’ 
: 


1959 
Note that Wag and Way are real, whereas Vay and Ways 
are complex. 

_ The parameters Wy(h) and Wy(h) may be evaluated 

from (55a) and (55b) in a first-order approximation by 

_ the substitution of Mo, for m(z) and Fo, for f(z). The 

results are 

Wy(h) = Cx(h, h)Go(h) — Sz(h, h)F o(h) (64) 
Wu(h) = Cx(h, h) — Ex(h, h)Fo(h). (65) 
_ These values, and the corresponding one from (61) and 


(63), may be substituted in (57) to obtain a first-order 
formula for T(4). Important specific values are 


T(A/4) = — 1, 


(s.(2 ees € 
eheal, oa pia NOS 


(66a) 


T(A/2) = — 
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; The final solution for Form II of the integral equation 
is, 
J2aV 


I,™(z) So 
F0VarF o(h) 


{[t + T(h)F cel 


(71) 
Fy, + Hi./T(h) 


a4 Waa 


Because of the factor Fo(h) = cos Bh in the denomi- 
nator, this formula appears to have no application when 
Bh=7/2. Actually, (71) does not become infinite but 
merely indeterminate of the form 0/0 at Bh=7/2. It 
may be evaluated in the usual manner by differentiating 
numerator and denominator separately with respect to 


AY ite t[si(20) 5.2) 


Mriz 
+| T(h 
we + T(h) 


2 +e,(2 Sew s) 
amiss NE a NG g 


The corresponding values of Vay and Vaz are 


Wav 


I 


cs(= ) cx(+ Ve hi= 7/2, (67a) 
BAG et (+++) forsi= 1/2, (67a 


eam Ha(?s)-o(2-2)+0(2-9 
oar ate Ae ee 


for Bh = x, (67b) 


Bs fd oa(* »)|-n0x 
4 4 4 
for Bh = 1/2, (68a) 
War = Re E (+ ~) cet (+ *)| 
2 4 ee 
for Bh = mr. (68b) 
Similarly, . 
r ie 
va = tn|Cu(7+0)—en(+3)) 
for Bh = 1/2, (69a) 
r r 
Var = in| Su(>> 0) s(5 D =)| 
for Bh = 7, (69b) 
a r 
va-[ea(3)- aC) 3) 
for Bh = w/2, (70a) 


(70b) 


(66b) 


Gh and by setting Bh=7/2. With (66a), the resulting 
formula is 


L.™ (2) es al | +7 (=) es] 
2o™(z) = —————-4 | sin8| 2] — — } cos Bz 
oVar 4 


g [ | 72 
Saag Bhanj2 + f (72) 


where 7’(\/4) is the derivative with respect to Bh of 
T(h) evaluated at Bh=7/2, and where the final square 
bracket is the same as that in (71). The differentiation 
of (57) gives 


r er 
n(G)~ [tate - sa 9(75) 
rae 2)]/e2) 


where Wav, Var, and Vaz are given by (67a) (69a), and 
(70a). 

The formulas (71) and (72) for the current in the mth 
phase sequence of a circular array are preferred to the 
alternative form (34) primarily because, in them the 
leading trigonometric terms, with their complex coeffi- 
cients, are constructed to provide a good approximation 
of both components of the current, whereas in (34) the 
leading trigonometric term yields only a poor approxi- 
mation of one component of the current. These leading 
terms may be expanded as follows: 


Form TI: 


j2nVo™ eae) (74) 


[7.™(z) |o = toWa cos Bh 
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Form IT: 
jaaVo™ 
ds, (m) = 
[7.(z) ]o eS 
(= B(h — |2|) + T(d)[cos Bz — cos uy 
cos Bh ; 


6h af2 (75a) 


—j2aVo™ ( 
T,™ = ——_—_—_| T’ | — } cos 62 
[7.(z) Jo segs : B 


+ sin B| z| -1], Bh = 7/2. (75b) 


THE ISOLATED LINEAR RADIATOR 


In order to determine the accuracy of the new quasi- 
zero-order formulas (75a) and (75b) and in order to 
study their usefulness in calculating the radiation field, 
it is advantageous to apply them first to the simplest 


case; that is, the isolated antenna. For this, accurate 


theoretical and experimental admittances and distribu- 
tions of current are available. A comparison of the far- 
zone fields calculated from the new formulas with those 
determined from the conventionally assumed, sinus- 
oidally distributed current (74), is readily made. More 
accurate field patterns obtained from the complex ef- 
fective length by application of the reciprocal theorem 
are also available.® 

Calculations are conveniently made for a center- 
driven antenna for which Q=2In(2h/a)=10 with 
Bh=7/2 and Bh=7. The following data apply when 
Bh=1/2: 


d ON 
ag = (Gr a) 0) —6, +) 
4 4 4 


= 7.688 — j0.633; (76a) 
d 
a Re| ca( ) - (=) *)] 
4 4 
= 7.688; (76b) 
nN 
War => Im lc. (—, 0) = G, (+ *)| 
4 4 
= — 0.633; (76c) 
Way 0, (76d) 
d 
r(7) 
4 
d 
Wav + jVar — s.(=, +) + a -) 
a Nee tN 
(Ga (+ ) =) 
4 4 
= 3.153 + 74.553. (77) 


® King, op. cit., pp. 488-493, 
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The substitution of these values in (75b) gives the fol- 


lowing formula for the quasi-zero order current in 
amperes if Vo is in volts. 


[Z.(z) lo = Vo{9.87 cos Bz 


— j[6.84 cos Bz + 2.17(sin Bz — 1)]} gee (78) 


The input admittance is ¥ 
[Yolo = (9.87 — j4.67) X 10-*mhos. (79a) 


The second-order theoretical value is 


[Yolo = (9.26 — 74.62) X 10-* mhos. 


(Note that the zero-order admittance obtained from 
(74) is Yo=jo.) The distribution of current as given 


by (78) is shown in Fig. 5; it is in excellent agreement — 


with the approximate second-order curve shown in 
King.?° 
The following data apply when Bh=7: 


1 d eek r 
w= tle(S 0) oe 
2 2 202 2 
Xe 
ao (> =) = 7.600 — 72.230, (80a) 
pre: 
1 ) ake, EN 
Tee re |s. (>, +) a s.(> =) 
2 ae ES 
= Re (5.834 — 71.061) = 5.834, (80b) 
1 x ees. 
t= im—|s.(+, 0) = (=; =) 
2 2 De 
= Im (0.353 — j0.779) = — 0.779, (80c) 
Var = 0, : (80d) 
and 


A AX 1 r DS ae 
Sa{—»— } Im —| S,{—> Sb ye| | ay 
Gaal OG) 
Nee XN nN 
Wau tC, (+ =) +E, (> : *) 

Lee Zee 


= —0.169-+40.174. 


(81) 


The current is obtained when these quantities are sub- 
stituted in (75a). It is expressed in amperes in the fol- 
lowing formula when Vp is in volts: 


[7.(2) ]o a 
— j[2.805 sin Bz — 0.483(cos Bz + 1)]} x 10-%. (82) 


Vo{0.497(cos Bz + 1) 


0 Tbid., p. 116, Fig. 22.9. 


(79b) 


— eo 
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| The input admittance is ? 
[Yolo = (0.994 + 70.966) X 10-* mhos, (83a) 
_ The second-order theoretical value is 
| [Yolo = (1.00 + 71.80) x 10-® mhos. _(83b) 


[Note that the zero-order admittance obtained from 
(74) is Yo=0.] The distribution of current as given by 
(82) is shown in Fig. 6; it isin very good agreement with 

_ the approximate second-order curve shown in King." 
__ The general shapes of the curves of both components 
_ of the current shown in Figs. 5 and 6 for center-driven 
_ half-wave and full-wave dipoles are in remarkable 
_ agreement with higher-order theory and experiment if 
_ the fact that only the simplest trigonometric functions 
are involved is recalled. For Bh=7/2, the quasi-zero- 
order input admittance as given in (77a) is within a few 
per cent of the second-order value given in (77b); when 


"\ Tbid., p. 117, Fig. 22.11. 


Bh= 7/2 


\ IS /Np = 9.87 cos Bz 
\ 


I} /Vo = -[6.84 cos Az 
= 7 
+2.17(sinBz-1)] “& 


“ -2.17(sin Sz-1) 
We 


\ 
\ 

\ 
\ 
h 
-6 ' =4 
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Fig. 5—Quasi-zero-order current. 


Im [Sa(2. 2)-5a(3.3)] 
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Bh=m, the agreement between the conductances in (81) 
and (82) is almost perfect, but the susceptances differ by 
more than 40 per cent. The reasons for this relatively 
large difference between zero- and second-order values 
of the susceptance when 8h =z, are readily seen from a 
study of Fig. 7 in which the zero-order and first-order 
approximations of the first, second, and fourth integrals 
in (44b) are shown. From these it is clear that, for the 
shifted cosine distributions, the normalized amplitudes 
occur at z=0 whereas, for sin Bz, the same occurs at 
z=h—X/4. As a result, the former, but not the latter, 
are most accurate at z=0. It would, of course, be 
possible to define an amplitude corresponding to War 
in terms of Re [S.(A/2, z)—S.(A/2, 0)], instead of 
Re[Sa(Q/2, 2) —SaQ/2, /2)], in order to obtain an 
exact agreement of the zero- and first-order terms at 
2=0. However, the over-all agreement between the 
distribution curves would be poorer and the current 
would have a nonzero value at z=h. From the point of 
view of determining far-zone field patterns, an accurate 


2,808 sinazxl0> 
. = 


=- 


— 
— 
=m, 
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Fig. 6—Quasi-zero-order and higher-order currents (shaded areas 
show the difference between zero- and first-order values). 
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Fig. 7—First-order corrections of current (shown shaded). 
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representation of the currents along the antenna is of 
primary importance. For this purpose, the small change 
in current distribution, represented by a change in the 
input value, for agreement with the correct second-order 
input susceptance instead of the approximate zero- 
order value, is of no consequence. This is evident from 
Fig. 6 where the changes in current due to the first-order 
corrections are indicated by the shaded areas, and the 
additional change due to a second-order correction of 
the input susceptance is estimated. It is clear that the 
contributions to the field by these differences may be 
ignored. Moreover, since the input power is given to a 
high degree of accuracy by [Vo’Golo, the quasi-zero- 
order current distribution may be used as an excellent 
approximation for all purposes except the specific de- 
termination of By when Bh is near 7. In practice, the 
susceptance is, in any case, often greatly modified by 
terminal-zone effects. It is well to note that the quaci- 
zero-order representation of the current is least accurate 


at z=0 when $h=7 since the contribution by sin. 


Bih- | z|) is then zero. For values of Gh not near 7, the 
real part of the function in the brace in (40) is much 
better approximated by Var sin B(h— | z|) at z=0 than 
when 6h=7. 

The far-zone electric field of a linear radiator of length 
2h is given by 


—jw sin @ ¢—iRo ae pe 
Se 7B8z’ cos 
eae f Lele voehae 


If the current distributions (75a) and (75b) are suc- 
cessively substituted in the integral in (84), the electric 
field may be expressed as follows: 


E V oe 78 Ro 
=F Ra cos ay Limes Bh) + TUH)Gm(0, Bs) 
h#m/2; (85a) 
V oe #20 | x is f 
[Oe ae (=) ra (6 =) ( eile 
8 Wak: 4 bes + Hm\ 6, ; 
Bh=n/2, (85b) 
where 
Pe ee ot Dare COR Bh ek 


sin 0 
Gn(8, Bh) 
sin Bh cos (8h cos 8) cos @ — cos Bh sin (Bh cos 6) 


Se ee ee es 
sin 6 cos 0 » (86b) 


' T 
cos @ — sin (= cos a) 


sin 6 cos 6 


H TT 
m(8,—) = (86c) 
Graphs of the functions F,,(6, 7) and Gn(6, 7) are shown 
in Fig. 8 together with the components of the electric 
field and its magnitude for a full-wave antenna with 
=2 In (2h/a) =10. Note that the instantaneous field 
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for a driving voltage Vinst = Vo cos wt is 


Vo 


[—Fn(0, 3) cos (wt — BRo) 


Eoin’ = 
arRo 


+ Gm(9, 7) sin (wt — BRo)]. (87) 


It is significant that, with the same unit amplitude of 
current, the value Fn(1/2, 7) =2 whereas Gn(r/2, 7) =7. 


Graphs of the field functions F,,(6,4/2) and Hn(6,7/2), 


which occur in (85b) for the far-zone field of the half- 
wave dipole, are shown in Fig. 9. It is seen that they 
differ so little in shape that the approximation 


nl 3) = G19 


is excellent. With (88), (84b) reduces to the simple con- 


ventional form, 


Tv 
Es” — AF n (0 *), 
2 


4 aN v Vo e~iBRo 
See | 
4 2, War Ro 


EG Eg + jEg = K [Fim (6,7) +1(3) Gm(0,7)] 


where 


(90) 


K= =Vo eiPRo 
Yar Ro 
2 =10, 7(4) 2-169 + 5.174 


Wap 5.834 


Gm (8,7) ~ 25in(mcos A) 


sin2@ 


Fm (8, 7) = 14508 (110s 8) 


s 
sin @ 


Fig. 9—The field functions Fn(@, r/2) and Hm (6, m/2). 


(88) 


(89) 


ee se 


nN 
TO (>) = — 0.216 + 70.274, 


THE Two-ELEMENT ARRAY 


A valuable insight into the properties of arrays in 
their dependence upon the distributions of current in 
_ the several elements, may be obtained from a study of 

an array of two full-wave dipoles. As the simplest special 
case of the circular array, it may be analyzed accurately 
in terms of the zero phase-sequence or symmetrical case 
_in which the two elements are driven by equal voltages 
in phase, and the first phase sequence or antisymmet- 
rical case in which the two driving voltages are equal 
but 180 degrees out of phase. Taken separately, these 
_ phase sequences correspond to the two-element broad- 
side and the two-element bidirectional end-fire arrays, 
in each of which the distributions of current along the 
elements are necessarily the same. By superposition, the 
general case of arbitrary driving voltages may be ob- 


tained including, among others, the case having one 


element parasitic, with an arbitrary tuning or loading 
impedance at its center, and the case having two-ele- 
ment unidirectional end-fire array or couplet, where 6 is 
the distance between the elements and B =27/). 
For two identical elements for each of which Bh=7, 
~Q2=10 and Bb=1, Vag and War are the same as for 
‘an isolated element; they are given by (80b) and (80c). 
Way and Way may be determined from the following 
formulas; the upper sign is for Y, and the lower is for 
“W, The numerical values are for Bb =1.5. 


Pen Hfe(2-)-2- 3] 
[a )-98. 3) 
sfe@s)-2@-3) 
afa@)-a@-3) 


Vay = 7.848 — 73.939, Wav = 7.352 — 70.661 (91b) 


fa @)-902) 


— 0,245 — 0.524; Was = 0.245 + 70.524. (92b) 


(91a) 


z Vas (92a) 


Vv ap = 
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The amplitude function 7(\/2) has the form: 
as: P (93a) 
EK, (> ) =) 
Zee, 
d 
a) (>) = — 0.177 + j0.066. (93b) 


With these values the quasi-zero-order currents (in 
amperes when Vp is in volts) on the two antennas in 
the two phase sequences are given by the following 
formulas when Bb=1.5: 


Te, = Ty, = V{0,783(cos Bz + 1) 

— j[2.805 sin Bz — 0.617(cos Bz + 1)]} X 10-%. (94a) 
—I2,) = 1,2 = V{0.189(cos Bz + 1) 

— j[2.805 sin Bz — 0.506(cos Bz + 1)]} X 10-%, (94b) 


These currents are shown in Fig. 10 in the form 
I,=1I,''+jl,’ where I,’’ is in phase and J,’ in phase 
quadrature with Vo. The corresponding driving-point 
admittances and impedances are 


Y = (1.566 + 71.234) X 10-* mhos, 


Y® = (0.378 + 71.012) X 10-* mhos, (95) 
Z) = 304 — 7310 ohms, Z = 324 — 7867 ohms. (96) 
The self- and mutual impedances are defined by 
Za = 1(Z 4+ Z) = 359 —7 588 ohms, (97) 
Zi. = 1(Z — Z) = 70 —7 278 ohms. —_(98) 


-3 =e 


=I 0 
MILLIAMPERES PER VOLT 


Fig. 10—Zero- and first-phase-sequence currents 
on two-element array. (= 10, 6b=1.5. 
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If antenna 1 is driven and antenna 2 is an un- 
loaded parasite, the currents are obtained by setting 
Vn=VO+LV® with VO=VO. It follows that 
Voo = VO — V =0. The currents are 


Tye = 1, + 1, = Viol 0.486(cos Bz + 1) 
— j[2.805 sin Bz — 0.566(cos Bz + 1)]} X 107%. (99a) 
To = I, — I, = Vi(0.287 + 70.055(cos 6z + 1). (99b) 


The corresponding driving-point admittance and im- 
pedance are 


Vio = (0.972 + 71.33) X 10-* mhos, 


Zi10 = 436 — 7508 ohms. (100) 
The currents in the driven antenna and the untuned 
parasitic element when 6) =1.5 are shown in Fig. 11(a). 
They are seen to differ greatly, in both distribution and 
magnitude. Indeed, contributions to the far-zone field 
by the currents in the parasitic element will be insig- 
nificant, and the horizontal field pattern must be almost 
a circle. Note that this behavior is entirely different 
from that which it would be if the two elements were 
half-wave instead of full-wave dipoles. In the former 
case, the current in the parasitic element would be com- 
parable in magnitude and essentially the same in dis- 
tribution as that in the driven element. The reason for 
this difference is to be found in the fact that the half- 
wave elements are nearly tuned to resonance, whereas 
the full-wave elements are detuned or near antireso- 
nance. This condition can be changed by inserting a 
lumped reactance (or an equivalent section of trans- 
mission line) in series with the full-wave parasitic an- 
tenna at its center and by tuning this reactance to make 
the entire circuit resonant. The analytical steps and the 
theoretical distributions of current are readily obtained. 

The currents in a driven full-wave dipole and an iden- 
tical parasitic element with a lumped reactance at its 
center may be expressed in the form 


Ti, = VOF,© + VOZO = VigS, + VoD, (101a) 


Io, 


VF, — VOLO = VigD, + VooS; (101b) 


where F, is the coefficient of V in (94a) and f, is 
the coefficient of V™ is (94b); S.=3[f,O+f,©] and 
D,=4(f, —f, |. If gis set equal to zero in (101a) and 
(101b), and the lumped impedance Zp is introduced by 
setting V2o= —I20Z, it is readily shown that 


Veo = — VioZ2Do/(1 + ZS). (102) 
With this value of Voo, (101a) and (101b) become 
Tiz = ViolS: — DoD.Z2/(1 + Z2S»)| 
Tx, = Viol Dz — DoS:Z2/(1 + Z2S»)]. 


(103a) 
(103b) 
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(b) 


Fig. 11—(a) Currents on full-wave antenna with untuned parasite; i 
Q=10; (b) currents on full-wave antenna with tuned parasite; 
Q=10. 


The parasitic element may now be tuned to resonance 
by setting Z,=jX2 and by choosing X2 so that X2B,; is — 
the imaginary part of So=Y¥a=GatjBa. With this — 
choice, (103a) and (103b) reduce to: 


Viol S: a Do D./Gu| 
Viol Dz — DoS./Ger] 


I= 
To, 


(104a) 
(104b) 


where G,; is the real part of Sy. Numerical values of the 
currents when 6b =1.5 are 


Tis = Vio{ [0.369(cos Bz + 1) 

— j[2.805 sin Bz — 0.494(cos Bz + 1)]} X 107% (105a) 
Tz = Vio, [—0.064(cos Bz + 1) — 0.320 sin Bz 

+ j[1.712 sin Bz — 0.343(cos Bz + 1)]} X 10-%. (105b) 


These currents are shown in Fig. 11(b). They are seen 
to be more nearly alike in both distribution and ampli- 
tude than those in Fig. 11(a) so that the horizontal field 
pattern of the full-wave array with a tuned parasitic 
element should approximate at least roughly that of the 
half-wave array with an unloaded parasitic element. 
The most interesting two-element array is the couplet 
in which the distance between elements is \/4 and the 
currents at the driving points are equal in amplitude 
but differ in phase by a quarter period. Thus, let 8b =1.5 
(strictly, this should be 7/2) and let I2o=jlio. The cur- 


1959 


rents are readily shown to be given by (101a) and(101b), 


with 
Ry i D 
Voo = 7V 10 | 
SY tee IDo 


= 1.59¢—7146.3° 


| = — 0.966 + 71.267 


(106) 


With this value, the explicit formulas for the current 
in an array with Bh=m7, Q=10 are 


Tz = Viot [0.129(cos Bz + 1) 
_— j[2.805 sin Bz — 0.884(cos Bz + 1)]} x 10-8 (107a) 


Teg = Voo{ [0.400(cos Bz + 1) 


— j|2.805 sin Bz — 0.392(cos Bz + 1)]} 10-8 (107b) 


In order to obtain expressions for the current that are 
comparable from the point of view of maintaining an 


electromagnetic field, it is necessary to use the same 
reference for amplitude and phase. If Jo, is referred to 


Vio instead of Vo, the following formula is obtained in 


t 


place of (107b): 


To, = Vio\ [3.554 sin Bz — 0.884(cos Bz + 1)| 
+ j[2.710 sin Bz + 0.129(cos z + 1)]} X 10-*. (107c) 


The corresponding driving point admittances and im- 


pedances are 


Vio = (0.258 + j1.768) X 10-* mhos, 


Z19 = 80.8 — 7554 ohms, 


Yoo = (0.801 + 70.784 X 10-* mhos (108a) 
Zx) = 638 — j624 ohms. (108b) 


. The ratio of the power supplied to antenna 1 to that 
supplied to antenna 2 is | V2o| ?G20/| Viol ?Gio=7.9. The 


currents represented by (107a) and (107b) are shown in 


the upper diagram in Fig. 12 in the form 42/Vio and 
_Inz/ Vo. The distribution of I2,/ Vio is shown in the bot- 


tom diagram in Fig. 12. It is seen to differ greatly from 
T;,/ Vio (shown in the upper graph) even though the in- 


“put currents at z=0 satisfy the assigned relation, 
‘In0 =jlio. 


The radiation field of the full-wave couplet may be 


expressed as follows: 


Eo? = Eos + Lost 


= K[A ei G0!) cos b 4. 4 y¢i(80/2) cos &] (109) 
where 
Ay = Viol (0.129 + 70.884) Gn(@, 7) 
— j2.805F n(0, r)], (110a) 
= Vyo[(—0.884 + j0.129)Gn(6, 7) 


ee 


4+ (3.554 + 72.710)Fn(0, 3], (110b) 


and where K is a constant. Note that in the equatorial 
plane, 9=7/2, and Gn(1/2, mw) =, Fn(m/2, 7) =2. The 
field pattern calculated from the magnitude of (109) 
with (110a) and (110b) for the couplet of full-wave ele- 
mentsisshown in Fig. 13 together with the corresponding 
pattern for the ideal couplet with identical distributions 
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Fig. 12—Currents in full-wave couplet: 
Io9=jlio; Bb=27b6/X=1.5; Q=10. 
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Fig. 13—Horizontal pattern of full-wave couplet with [o9=jlio. 


of current in the two elements. (This latter is quite closely 
approximated by the pattern of a couplet of half-wave 
elements.) Both patterns are normalized to unity at 
=0. It is seen that the deep minimum at ®=180° in 
the ideal pattern (this would be a null if 6b=1/2 had 
been used instead of 8b=1.5) is replaced by a minor 
maximum with an amplitude that is about one half 
that of the principal maximum at =0. Thus, the char- 
acteristic property of the ideal couplet of providing a 
null in one direction does not exist in actual couplets 
when Bh=r or, in fact, for any other value of Bh that is 
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not near 1/2 or that is not an odd multiple thereof. Sig- 
nificantly, this makes the cardioid pattern of the half- 
wave couplet a relatively narrow-band property! 

The question now arises as to whether it is possible to 
make the two distributions of current alike by tuning 
each element to self-resonance, as was done in the case 
of the parasitic element, and so, perhaps, to regain the 
ideal field pattern. This is readily investigated by 
proceeding from (101a) and (101b) and by setting 
Vio= Vie — Lh0Z1, Voo = Vo' —LeoZo. Vi? and V2% are the 
EMF’s of the generators with series impedances Z,; and 
Z, which may be pure tuning reactances. With this 
substitution and some algebraic manipulation, the fol- 

lowing expressions for the current are obtained: 


it 
— {Vit[(1 + S0Z2)S2 — DoZ2D;) 


his oar 
+ Vo'[—DoZyS, + (1 + 50Z1)D,]} (411a) 
1 
Te {Vie[(1 + SoZ2) Dz. — DoZ2Sz] 
+ Voe[—DoZ.D, + (1 + S0Z1)Sz] (111b) 
where 
A = (1+ SoZ,)(1 + SoZ2) — De?Z:Ze. (111) 


If the condition J29=j/i9 is now imposed and the anten- 
_ nas are individually tuned to self-resonance by requiring 
that Z1:=2Z2,=jX =j/Im So, the EMF’s must satisfy the 
relation V2°=jC V1", with 


9 E + 7Do + 22(So? — a) 


So —7Do +- Zi(S0? = Dy’) 
2 E + 7Do) Re So = Do(Do tee) (112) 
(So — Do) Re So — Do(Do — jSo) 1 


The currents in the same full-wave couplet previously 
considered, but with the elements tuned to self-reso- 
nance, are given by 


Th, = Vit{[(1 — 0.676 sin Bz + 0.338(cos Bz + 1)] 

+ j[4.232 sin Bz — 1.410(cos Bz + 1)]} X 10-8 (113a) 
To, = V2*{ [(—3.334 sin Bz + 0.669(cos Bz + 1)] 

— j[1.399 sin Bz + 0.280(cos Bz + 1)]} x 10-* (113b) 


where V2=jCVi' with C=1.615+7 1.182=2.00 ei#-2, 
It follows that 


Te, = Vi"{ [—3.733 sin Bz + 1.411(cos Bz + 1)| 
—j|6.203 sin Bz — 0.339(cos Bz + 1)} x 10-8, (113c) 


The driving-point admittances in mhos and impedances 
in ohms are 


Vio = (0.676 — 72.420) X 10-8, 
Voo = (1.338 — 70.560) & 10-3 
Z10 = 80.8 + 7336, 


(114) 


Zo = 638 + 7266. (115) 
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Note that the resistances in (115) are the same as 


those in (108b) but that the reactances differ 
the magnitude of the tuning impedance 2;=Z,=jX 
=j/Im S)=j890 ohms. The distributions [1,/Vio and 
I2./ Veo are shown at the top in Fig. 14. They depart con- 


siderably from the distributions in Fig. 12 for the same 
antennas when untuned. Significantly, the ratio of the 
power in antenna 2 to that in antenna 1 differs negli-— 


gibly from the value 7.9 obtained for the untuned array. 


The far-zone field of the couplet with the currents 
given by (113a) and (113c) is readily calculated from 


(109), with 
= V,*[(0.338 — 71.410)Gn(0, 1) 
— (1.676 — j4.232)F (0, r)] X 10-? (116a) 
Az = V,*[(1.410 + 70.338)Gn(0, 7) 
— (3.733 + 76.203) Fm(@, ) X 10-8. 


However, for a convenient comparison of field patterns, 
it is first desirable to adjust the driving voltage V1° in 


(116a) and (116b) so that the same total power is sup- — 


plied to the tuned array as to the untuned one with the 


currents given in (107a) and (107c). The power trans- — 


ferred to, and radiated from, the untuned array is 
1| Vio [?[Gro se V20/V 10 |?G20] 

= 4| Vio |?[0.258 + (1.59)? X 0.801] x 10-3 

= | Viol? X 1.13 x 10-3; (117) 
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Fig. 14—Currents on elements of tuned full-wave couplet; I29=7Iho. 


(116b) 
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the power transferred to, and radiated from, the tuned 
array is 


Pr 


4| Vit |?[0.676 + (2.0)? x 1.338] x 10-3 
= | Vit|? X 3.014 x 10-*, (118) 


These powers are in watts when Vy) and V;° are in volts. 


For equal powers to the two couplets, the ratio of their 


driving voltages must be | V,"| /| Vio] =1.635. When the 
_magnitudes of the driving voltages are adjusted to this 
ratio, the horizontal field pattern is found to differ 


_ negligibly from that shown in Fig. 13 for the same cou- 
_ plet when the elements are driven by impedanceless gen- 
_ erators. Thus, the tuning of the elements serves to alter 


the input reactances and the distributions of current 


_but not the magnitude of the electric field. Evidently, 


_ tuning the elements of a full-wave couplet has quite a 


different effect on the field pattern from tuning the 


parasitic element in an array of two full-wave elements 


_ of which only one is driven. This is not surprising if it is 


recalled that in the former the relative amplitudes and 
phases at the centers of the two antennas are assigned, 


_ whereas in the latter they are not. The important con- 
_ clusion is that the horizontal field pattern of the full- 


wave couplet differs greatly from that of the ideal or 


_ half-wave couplet whether the individual elements are 
tuned or not. The useful sharp minimum or null at 


_=0, characteristic of the cardioid, is not obtained. 


ARRAYS OF MAny ELEMENTS 


The determination of the distributions of current, 
the input admittances, and the radiation fields of ar- 


_bitrarily driven N-element circular arrays may be car- 


ried out in a manner paralleling that illustrated for the 


simple two-element array. The formulation for each of 


the N-phase sequences has been given, and any arbi- 
trary set of driving conditions may be obtained by a 


_ suitable superposition of these. The analysis of specific 
_arrays of this type is reserved for a subsequent paper. 


. 


However, it is clear from the discussion of the two-ele- 
ment array that when elements appreciably longer than 
a half-wavelength are involved, the conventional field 
pattern obtained by the product of array factors and 


field factors cannot yield the correct result. The entire 
- minor lobe structure is affected by differences in the dis- 


tributions of current in the several elements. In par- 
ticular, nulls will disappear and possibly even be 


changed to relative maxima. When an array is used over 


a band of frequencies, the details of the minor lobe 
structure may be expected to vary with frequency from 
a pattern closely resembling that given by the conven- 


tional product of field factor and array factors when the 


dipoles are near a half-wavelength long, to a pattern dif- 
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fering greatly from this ideal at frequencies for which 
the length of the dipoles approaches the full wavelength 
even if the spacing of the elements is kept constant in 
terms of the wavelength. 

In this paper only the circular array has been an- 
alyzed. However, the procedure for determining the 
currents in simple trigonometric form may be extended, 
with certain modifications and approximations, to paral- 
lel arrays in general. A discussion of this problem is also 
reserved for a subsequent paper. 

In conclusion, it may be stated that for the arbitrar- 
ily-driven circular array a solution has been obtained 
for the distributions of current in the several elements 
in a form that is both reasonably accurate and suffi- 
ciently simple to permit the evaluation of the far-zone 
field in closed form. The field of each element is repre- 
sented by two field factors with complex coefficients 
that depend on the location of the element in the array 
and on the individual driving conditions. The conven- 
tional product form of the far-zone field of an array is 
inadequate except for arrays (e.g., half-wave dipoles) 
in which the distributions of driven and induced currents 
are essentially alike. 

The statement that scattering and diffraction by the 
elements of an array is responsible for the failure of the 
product formula for the far-zone field is misleading. 
Actually, the entire field of an array may be ascribed 
to scattering and diffraction including, especially, the 
major and minor lobe structure and the nulls that occur 
in the ideal patterns. Scattering by an array may also 
be described as reradiation by the induced currents. In 
special cases, the distributions of these induced currents 
may be so nearly alike that a single field factor ade- 
quately characterizes the contribution of each; more 
generally, the distributions are different, in which case 
the assumption that they are alike naturally leads to in- 
correct results. Obviously, it is not only the differences 
between the field pattern in the ideal special case, and in 
more general ones, that must be ascribed to scattering 
by the array, but the entire phenomenon of re-enforce- 
ment and cancellation of the fields maintained by the 
currents in the elements. When these currents are iden- 
tical, the product formula correctly describes the scat- 
tering and diffraction by the array; when they are not, 
the scattering and diffraction by the array are more com- 
plicated, but not fundamentally different, and the 
product formula is strictly not applicable. 

Differences in the distributions of current in the ele- 
ments of an array are primarily responsible for the 
failure of the product formula. Such differences always 
exist when the distributions of induced and forced cur- 
rents are not alike and the electrical environments of 
the individual elements are not the same. 
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Summary—The problem of the accurate determination of the 
total electromagnetic field produced by a current distribution on a 
circular disc type aperture is examined. For comparison of the near 
and Fresnel region solutions, an exact Maxwellian integral is used 
as the starting point. Aperture and space coordinates are separated 
by the use of Bessel function addition theorems, allowing the field 
to be expressed as a sum of terms containing radial and angular 
integrals. The radial integrals involve only the disc (aperture) dis- 
tribution and coordinates while the angular integrals involve only the 
elevation angle. The distance from origin appears implicitly in the 
series coefficients. These integrals are suitable for high speed com- 
putations and have been evaluated for a number of cases. The results 
are compared with the small angle and general Fresnel formula 
values for various observation angles, distances from the aperture, 
and aperture distributions. 


Il. INTRODUCTION 


ALCULATION of the total field radiated by a 
( current distribution on an antenna surface is an 

old problem with an extensive literature.! Infor- 
mation on the field between the antenna and the far 
field region is usually given in terms of approximate 
small angle Fresnel formulas. However, recent advances 
in antenna and systems techniques have made an ac- 
curate knowledge of this field imperative. Some of the 
important problems requiring such a knowledge are pre- 
sented. 


1) What are the limits of far field synthesis of very 
low sidelobe antennas? 

2) How do “optimum” low sidelobe designs deteri- 
orate in the Fresnel region as compared to other 
low sidelobe designs? 

3) What is the range of validity in angle and distance 
of the small angle Fresnel approximation and of 
the general Fresnel formula? 

4) What is the effect of the edge line integral? 

5) How does the maximum power density vary with 
distance? 

6) In the calculation of far field characteristics from 
limited Fresnel region measurements, what meas- 
ured quantities are most sensitive? 


In order to provide the answers to some of these ques- 
tions, this paper critically examines the degree of valid- 
ity of the various classical formulations of radiation 
fields by comparing them with the exact field. The exact 
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A “i Microwave Laboratory, Hughes Aircraft Co; 
alif. 


f Dept. of Electrical Engrg., University of i i 
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1 


C. J. Bouwkamp, “Diffraction theory,” Rept ie 
vol. 17, pp. 35-100; 1954. y, Kepts. Progr. Phys., 


Culver City, 
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field is first formulated in terms of definite integrals 
which are amenable to evaluation by a high speed com- 
puter. The accurate data obtained are then used to 
evaluate the effects of the near field andthe edge line 
integral contributions which are completely ignored in 
the classical formulations. 

Because the flat circular surface, commonly called a 
circular aperture, possesses unique properties not shared 
by rectangular surfaces, it is taken as the basis for this 
study. This surface furnishes an approximation to a 
parabolic dish antenna, and also to a planar array of 
radiating elements. The exact field due to a current dis- 
tribution (including edge contributions) on one side of 
a flat circular perfectly conducting dish is cast into a 
form suitable for numerical evaluation. Results of the 
computations are presented in Section III. In Section 
IV both small angle and general Fresnel formulas are 
derived, and the field plots given. Axial power variations 
of the several results are compared in Section V. Because 


of differences in common usage, the near, Fresnel, ~ 


Fraunhofer, and far field regions, are defined in the Ap- 
pendix. 


II. Exact FIELD FORMULATION 


For a field description which includes near field 
terms (1/r? and higher in aperture coordinates) and 
edge line integrals, the integrated wave equation formu- 
lation is a suitable starting point. The usual starting 
point, a scalar Kirchhoff type integral, omits such con- 
tributions. 

In the geometry of Fig. 1, a linear current density 
polarized in the x direction flows on the circular surface 
in the xy plane. Circular and other polarizations can be 
calculated by appropriate combination of linearly 
polarized solutions. Cylindrical coordinates (p, B, z=0) 
are used for the current J and the integration point Q 
on the disc. Only rotationally symmetric current varia- 
tions in which the current amplitude is a function 
f(kp) and independent of 6 will be considered. 

For a point of observation P whose position in space 
is given by the conventional spherical coordinates (R, 


0, @), the integration of the wave equation given by 
Silver’ yields 


—jn 
FOES Ff ld Me + RY|WaA, (1) 
il 


2 S. Silver, “Microwave Antenna Theory and Design,” M.I.T.R. 
rere a McGraw-Hill Book Co., Inc., New York, N. Vie vols ioe 


a 


1959 


Fig. 1—Aperture and field coordinates. 


where e~?*! is suppressed, 7 =1207, k=21/h, W=e'*"/kr, 
and 


r? = R? + p? — 2Rp sin 6 cos (¢ — 8). (3) 


Note that the integral in (1) contains terms derived from 
a line integral of charges at the edge of the aperture. 
For aperture distributions J(kp) with discontinuities at 
the edge, these terms are necessary to produce a Max- 
wellian field. The current on the back side of the dish is 
assumed to be zero. An excellent discussion of the Kott- 
ler edge integral formulation is given by Bouwkamp.? 

The restricted vector operators in (1) and (2) are 
expanded 


1 il 
View = (; i —) ar, JX Viry = ¢ oF =)J Xan, (4) 
kr kr 
(J: Vier) View 


7 =[(-14 24+ 5) uma -i (+5) |¥ © 


with a, a unit vector from Q to P. The vector a, can be 
expressed in terms of spherical components as 


R 
a, = ax| = sin 6 cos (¢ — 2) | 
if r 
p 
— ap — cos 6 cos (¢ — 8) 
Us 


+ a,— sin (¢ — 8). (6) 
r 


For a linear current, 


J = f(kp) [ar sin 6 cos ¢ + ap cos 8 cos @ — ay sin ¢| (7) 


8 Bouwkamp, oP. cit., Sec. V. 
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and the scalar product is 


R 
(J: ar) = f(kp) E sin @ cos ¢ — ee cos 8. (8) 


r 


Now the total field expression can be written, but only 
the EH» component will be discussed here. (Details of 
other components will be described in a forthcoming 
Hughes Aircraft Company Scientific Report.) Thus, 
from (1) 


cali pilates, 


Ke) p p 
-{ — sin @ cos 6 — — cos B )— cos 6 cos (¢ — 8) 
r r 


r 


j 1 
=f (1 = = 2 =) cos 9 cos 6| WRof(Rp)d(kp)dB, (9) 
where a is the radius of the disc. 

At this point several schemes for the numerical evalu- 
ation of these integrals can be considered. Integration in 
closed form is impossible with presently defined func- 
tions, since, as will appear later, only the simplest term 
in (9) can be written in terms of Lommel functions. The 
remaining terms are not even amenable to solution by 
series expansion techniques since they involve the com- 
plicated distance r which is a function of both P and Q. 
A direct numerical integration suffers from the major 
difficulty that a new integration is necessary for each 
point P, again due to the complexities of 7. If various 
aperture distributions are to be considered, it is desir- 
able that a partial separation of r into the aperture and 
space coordinates be effected. To this end functions of 
r are expressed as separable functions of R and p. This 
approach is the essence of the method used here. 

As a first step in the separation the integrand of (9) is 
written in terms of spherical Bessel functions as‘ 


R 
eee fe iL $C) (“ sin # cos — — cos 2)? 
4ar r a 


h, (kr) 


= Wier | 
kr ence 


-cos 6 cos (¢ — B) +| 


-cos 6 cos 6h 1b) kpdkpdg. (10) 


Then, the well-known Bessel function addition theo- 
rems® are employed and an infinite series is obtained 
from each Bessel function in (10). To save space the 
steps in combining and renumbering the three series are 
omitted and the result is given as 


4. P. Adams, “Smithsonian Mathematical Formulae and Tables 
of Elliptic Functions,” Smithsonian Institution, Washington, D. Gs 


p. 203; 1947. 

6p. M. Morse and H. Feshbach, “Methods of Theoretical 
Physics,” McGraw-Hill Book Co., Inc., New York, NaeYe, vole2; 
p. 1574; 1953. 
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T N=0 
cos 8 cos d 
kpkR 


where the argument k= sin @ cos (6—8), jn and h® are 
spherical Bessel functions, and the 7,” are Gegenbauer 
polynomials for p>0 and zero for p<0. Eq. (11) pro- 
vides the desired separation of the functions of R and p. 
Thus if we rewrite (11) using a shorthand notation 
which defines the radial integrals 


ka 
Bi(N) = | f(kp)jn(kp)Rod(kp), 


ka 
BAN) = [ f(bp)in(o)d Gr), (12) 
0 
and the angular integrals 
x /[2 
Ai(N) = iF Ty(sin 6 cos 8)dB for N even, 
0 


a/2 
A(N) = f Ty\(sin 6 cos 8)dB for N even, 
; 


a/2 
A,(N) = f Ty*(sin 6 cos 8) cosBdB for N odd, 
0 


w/2 
A;(N) = f Ty*(sin 6 cos 8) cos? Bd8_ for N even, (13) 


0 


then the field can be simply written as 


0 co 
eee Snr ya ER) 


TT N=0 
even 


Eg = 


1 
| = 408.0) + a Ax(N — 1)B,(N) 


ett = 2) BCH) | 


n sin 6 cos @ cos 
wTRR 
- Dd) (2N + 1)hy® (RR) Aa(N — 2)B2(N). 


N=1 
odd 


(14) 


In obtaining (14) from (11), it can be shown that the 
properties of the Gegenbauer polynomials reduce the 
summations to the values indicated, the range of 6 from 
2x to 7/2, and the argument « to sin 6 cos 6 as given in 
(13) and (14). 

Eq. (14) is in a form which is convenient for numer- 
ical evaluation, since the radial integrals B(N) contain 
the aperture function f(kp), and they do not depend 
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ss phe f/sin 8 cos ou Tvs") 
ne ee > (2N aE 1) (ER) ff I jn (kp) {( kp kR kR eis 


Tiy_a(«) — cos 8 cos #Tu(e)} (bo) kod beds, 


- 


upon the observation point P. Also, the angular inte 
grals A(N) do not involve the aperture size-or distribu-~ 


tion; in fact the only parameter is the elevation angle 0. 
The cost of this type of separation is of course an in- 
finite series and a number of integrals that must be 


computed. The flexibility obtained, and the avoidance’ 
of “starting over” each time a parameter changes, is 


well worth the cost. This technique appears to make 


near field calculations feasible for the first time. Meth- 


ods for computation of the integrals have been discussed 


in an earlier article.6 The convergence of (14) is pro- 
duced by the B(n) integrals and is independent of the ~ 


distance of the observation point from the origin. The 
next section will present the computed results. 


III. CompuTED FIELD DISTRIBUTIONS 


Computations of the angular and radial integrals 
were made on an IBM 704, for ranges of @=0 (2.5) 90°, 


and ka=107, 207, 407; only the 107 results are pre- © 
sented here. Four distribution functions were used: uni- — 


form, 25-, 30-, 35-db Taylor optimum low sidelobe de- 
signs.”’® Table I gives the pertinent data for these four 


distributions. Although dish aperture distributions in — 


the literature are usually of the (1—k2p?)” type, these © 


types are neither optimum nor practical because they 
are zero at the edge; most dish designs exhibit consider- 
able feed spillover. Special designs for very low noise 
antennas however might utilize zero edge illumination.® 


In array antennas, Taylor distributions are often used as © 


the excitation envelope. The distributions discussed in 


TABLE I 
CHARACTERISTICS OF 10 \ APERTURES 


Taylor 
Uniform 
25 30 a5 
Sidelobe level, decibels —17.56 |—25 —30 —35 
i (see ref. 8) 3 4 5 
Beamwidth, degrees Nieeohs 6.90 daze 7.60 
Edge illumination, decibels 0 —8.1 |—10.7 |—14.0 


_ §&R.C. Hansen, L. L. Bailin, and R. W. Rutishauser, “On comput- 
ing radiation integrals,” J. Assoc. Comput. Mach., vol. 2, pp. 28-31; 
February, 1959. 

_.7T. T. Taylor, “Design of Circular Apertures for Narrow Beam- 
width and Low Sidelobes,” Microwave Laboratory, Hughes Aircraft 
Co., Culver City, Calif., Tech. Memo. 372; August, 1954. 

8 R. C. Hansen, “Tables of Taylor Distributions for Circular 
Aperture Antennas,” Microwave Laboratory, Hughes Aircraft Co., 
Culver City, Calif., Tech. Memo. 587; February, 1959. 

*R. C. Hansen, “Low noise antennas,” Microwave J., vol. 2, pp. 
19-24; June, 1959, 
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this section were chosen to relate closely to actual an- 


_ tenna excitations. 


For patterns at distances which are integral multiples 
of \, spherical Hankel functions were computed for 


~RR=107, 127, 152, 187, 207, 252, 307, 407, 507, 807, 
and 1007. The distances chosen are in units of 2D2/); 
with x=R/2D*/X, the distances are x= ©, 0.25, 0.125, 


0.075, 0.05, 0.0375. Figs. 2-5 depict a superposition 


of the field patterns at various distances for the uni- 


form and 25-, 30-, 35-db Taylor distributions. From 


the axial power curves of the next section, it can be ob- 
_ served that this range of x covers the far field region and 
_ two oscillations in the Fresnel region (to within a diam- 


eter of the aperture). All of the curves in these figures re- 


fer to a ka=107(10 X diameter) aperture. It will be 
_ shown in Section V that this size aperture can be used to 


describe some fundamental characteristics of radiating 


surfaces. Just as in optics, and in the lens fields described 


by Bachynski and Bekefi,'? the pattern amplitude 


reaches a maximum near D?/5* \, which is slightly closer 


; 
4 


than the point where the aperture subtends a single 


Fresnel zone (D?/4 \—X/2). The main beam birfurcates 


into a forked beam near D?/8 i. 
Several items of interest can be deduced from these 


plots. At half the distance to the far field transition 


point (x =0.25) the first sidelobe has been swallowed by 


_the main beam. The second lobe (numbering lobes ac- 
_ cording to the far field patterns) has been raised slightly; 


other lobes are unchanged, except for wide angle lobes. 


_ The surprising fact noted is that at x =0.25 the 60° side- 


lobe ratio is larger than at either x =0.125 orx= ~. This 


will be discussed further in Section V. In general, as the 


distance decreases the sidelobe envelope rises and the 


minima become shallow. This effect is especially pro- 


nounced at small observation angles. As an observer 


moves closer to the antenna, the pattern becomes 


smoother and has less “character.” All these observa- 


tions apply to each of the distributions. As the design 


‘sidelobe ratio increases for fixed x, small angle sidelobes 


are swallowed up. For 35 db and «=0.25, two of the 
sidelobes have been devoured by the main beam. Kelly" 


has shown that for 50 db even at x=1, one sidelobe has 


been swallowed. Thus the very low sidelobe designs, 


around 35 to 40 db, are on the borderline of approximat- 


ing the desired pattern at D?/X. At any fixed distance 


the sidelobe envelope appears, from these limited data, 


to be the parameter most sensitive to changes in illumi- 


‘nation. This information is pertinent to the problem of 


computing far field characteristics from limited Fresnel 


region measurements. 
The next section will derive Fresnel formulas and com- 
pare the patterns obtained with these exact results. 


10 M. P. Bachynski and G. Bekefi, “Aberrations in circularly sym- 

metric microwave lenses,” [RE thao ON ANTENNAS AND PROPAGA- 
, vol. AP-4, pp. 412-421; July, 1956. ‘ ; 

= kK G. Kelly, Hughes Aircraft Co., Culver City, Calif., unpub- 


lished paper. 
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IV. FRESNEL FoRMULAS 


Although Fresnel formulas are often written directly 
from a Kirchhoff integral or similar scalar integral, it 
will be more precise and more illuminating to start di- 
rectly with (9), discarding all terms of order greater 
than (1/r). (See the Appendix for a definition of the 
Fresnel field.) The result, again writing only the 6 com- 
ponent, is 


—jncosOcosd 72 pa eikR 
Sf teeotndtoas. (15) 
4ar 0 40 kr 


The Fresnel approximation assumes that the kr in the 
denominator is constant and equal to &R, and retains 
only the linear and the quadratic terms (in p/R) in the 
binomial expansion of the phase factor. Thus 
r = [R? + p? — 2Rp sin 6 cos (@ — B)]1? 
= R — psin#@ cos (¢ — 8) 


Ey = 


; 2 3 

+ ae [1 — sin? @ cos? (¢ — g)] + 0o() (16) 
and the field component is 

—jne*® cos 0 cos 


4nkR 


Eo = (17) 


A straightforward change of variable (for uniform il- 
lumination) gives 


Qa ka 
I= f f exp EE sin 9 cos 8 
0 0 


Rp? 
—j i (1 — sin? 6 cos? a) | kpdkpdB. (18) 


To perform the # integration, the integral is rearranged 
and the quadratic phase term is expanded in series. Then 
the 6 integral is 


—Jkp’ cos’ O\ = f—gko\ "isin? 077, 
BCS. f 
2R v=o \ 2R Ni J 


-exp (jkp sin @ cos 8)dB (19) 


sin 24 8 


which with recourse to tables!” gives 


_ & (—s)"T(W +4) sin” 9 
= 2 ea ee ee kp)N+1 
r /r P VIER) . (kp) 


=0 


—jkp* cos? 6 : 
-exp | ——————- ]/w (Rp sin 0)dkp. (20) 
2R 
From Watson® or Walker,“ the integral in (20) can 
be expressed as a pair of Lommel functions of two 

variables, and the field becomes 


12 W, Grobner and N. Hofreiter, “Integraltafel,” Springer-Verlag, 
Wien, Austria, pt. 2, 334.58a, 1958. ; : 
13 (G, N. Watson, “Bessel Functions,” Oxford University Press, 


New York, N. Y., p. 541; 1952. 


4 J, Walker, “The Analytical Theory of Light,” Cambridge Uni- 
versity Press, Cambridge, Eng., pp. 130, 400; 1904. 
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Fig. 4—Elevation patterns—30-db Taylor. 


Fig. 5—Elevation patterns—35-db Taylor. 
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—jn cos@cos¢ & 


Ee = = 
‘ 2/4 2 
(—7)*T(N + 3) sin ou" exp (=) 
N\(RR) MoH 
*[Unsi@w, u) + jUn42(w, w)1 (21) 
where 


om 29 d 
Ww = — cos = ] 
OR and u= kasiné. 


The small angle Fresnel formula is obtained either by 
discarding the sin? @ term in (18) or by discarding sin” 6 
factor in the above equation, where N>0. This gives the 
first term answer of Hu. Because Lommel functions are 
very imperfectly tabulated (existing tables are those of 
Lommel and Hu), calculations are usually made in 
terms of a series of Bessel functions as 
i.) — 1)Pqp)N+2p 
Un(w, u) = do Sad aac ony 


p=0 


N+ 22) 
This result can be inserted into (21) to give Es in terms 
of Bessel functions. The small angle result, the first 
term in (21), is therefore 


Es=& P08 0 cas6 exp (2) [Us(y, u) + 7U2x(y, u)] (23) 


2y 


where w has been replaced by 


ka? 
SEO OR 
This small angle result for uniform illumination is the 
same as that obtained by Lommel" in 1884 for the prob- 
lem of diffraction through a circular hole in a screen. 
His results were recapitulated by Walker" in 1902. The 
series of Bessel functions, called Lommel functions of 
two variables, were studied extensively by Lommel and 
Walker. An excellent derivation of the field with 
(1—p?)% illumination taper is given by Hu.” Hu ob- 
tains solutions in a Bessel series where the N=0 case 
yields the results described above. 
For the Fraunhofer field, w is small and the Lommel 
functions can be approximated by the first term in (22). 
The result is then 


J\(u) ' 


Eo = —jncosécos¢ (24) 


This equation is usually obtained by a saddle-point in- 
tegration of the scalar Kirchhoff integral. The results of 
calculations using the small angle (23) and general (21) 


6 M. K. Hu, “Study of Near-Zone Fields of Large Aperture An- 
tennas,” Res. Inst., Syracuse University, Syracuse, N. Y., Final 
Rept., Part 2, RADC-TR-57-126B; April, 1957. pti 

16 &. Lommel, “Theoretical and experimental investigations of 
diffraction phenomena at a circular aperture and obstacle,” Bayerisch. 
Akad. d. Wiss., vol. 15, p. 233; 1884, Translated by G. Bekefi and 
G. A. Woonton, McGill University, Montreal, Canada. 


Hansen and Bailin: A New Method of Near Field Analysis 


S463 


Fresnel formulas are plotted in Figs. 6-9 for x =0.25, 
0.125, 0.0625, 0.05. Curves from the exact formulas are 
also shown. It is apparent, as expected, that the two 
Fresnel results diverge for large angles. At x =0.25 and 
0.125 the general Fresnel results are excellent except in 
the depth of minima, whereas the small angle results are 
too large, both at the maxima and minima. At the two 
distances closer to the aperture, both Fresnel results 
display extrema that are shifted. At « =0.05, the Fresnel 
results are zero on axis; this represents the greatest 
error as the actual field is finite on axis. It is apparent 
from the poor correspondences of Fresnel and exact re- 
sults in Figs. 8 and 9 that for the 10 \ aperture, the 
Fresnel results are inaccurate for x <0.0625, correspond- 
ing to the first minima. The lower limit established by 
Polk!’ for a square aperture (phase error of \/8 at edge) 
gives 


R> ee ye Me (25) 
x 


2, 


which for the case considered in this paper is x>0.068. 
Hu’s lower limit, twice (25), is conservative for this 
example. The question of the lower limit of the Fresnel 
region for very large apertures remains to be answered. 
For the 10 \ example, the lower limit is 12.5\, or slightly 
more than one aperture diameter. Eq. (25) indicates 
that larger apertures have Fresnel region lower limits 
equal to several aperture diameters. 


V. AXIAL PowErR DENSITY 


Of appreciable interest is the variation of power den- 
sity along the disc axis. This information is pertinent 
to personnel safety problems and to power transmission 
systems since the latter will probably use antennas lo- 
cated within each other’s Fresnel regions. For the circu- 
lar aperture, two simple cases have been computed from 
the Fresnel formulas for apertures with uniform and 
(1—?p2) tapered illumination. The formulas are 


i ; 
di aa [= ‘ce "| dé 
0 8x 
Tv 
13.14] 1 _ cos | 
8x 


for uniform illumination, and 


f ae ah ob (= (1 -¥)) dé 
0 8x 


16 128%" T 
26.1] aaa sin sek (1 — cos) | (27) 
rg 8x i 8x 


17C, Polk, “Optical Fresnel-zone gain of a rectangular aper- 
ture,” IRE TRANS. ON ANTENNAS AND PROPAGATION, vol. AP-4, 
pp. 65-69; January, 1956. Also Ph.D. dissertation, University of 
Pennsylvania, Philadelphia, Pa.; 1956. 
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Fig. 8—Elevation patterns from Fresnel formulas. 
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Fig. 7—Elevation patterns from Fresnel formulas. 
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Fig. 9—Elevation patterns from Fresnel formulas. 
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for the (1 — kp”) tapered illumination. In both cases (see 


Figs. 10 and 11) the constants have been chosen to make 


P unity at x«=1; and the distance is given in terms of 


R 
2D2/r 


= 


-Curves based on the exact field calculations are also in- 


cluded. The Fresnel zone phenomenon is displayed by 
_ the alternate addition and cancellation of zones in Fig. 


10. In the next figure, the effect of the zones is “smeared 


_ out” by the incomplete interference caused by the taper. 
_ The phenomenon of complete addition and cancellation 


_ is unique to the uniformly illuminated circular aperture. 


The uniform square aperture shows the characteristic 


smearing of all tapered illuminations, due to the corners. 


It may be noted that the exact and Fresnel result agree 


very well for x>0.1. Note that the power varies with 
distance as 1/R? up to D?/\; this approximate behavior 
will prove to be valid in all subsequent power density 
calculations. Thus D?/) is an excellent demarcation line 
between far and Fresnel fields, as indicated in the Ap- 
pendix. In Fig. 11 the 25-db curve exhibits a first maxi- 
mum that is smaller in amplitude than the subsequent 


_ maximum. Jn Fig. 12 power density curves are plotted 


for the 30- and 35-db Taylor distributions. Figs. 10-12 
show that the shape of the aperture distribution, par- 


ticularly the height of the pedestal, affects the axial 
_ power curve appreciably. 


Fig. 13 shows, for the uniform illumination case, the 
variation of the amplitude of one of the wide angle (60°) 
sidelobes with x. The amplitude increases monotonically 
in the range shown, but the increase is slower than the 
increase of amplitude on axis (see Fig. 10). The sidelobe 
ratio is consequently slightly higher than the far field 


value, with a maximum near x=0.3. For points closer 


~ 


to the aperture, the sidelobe amplitude increases quite 


- rapidly, lowering the sidelobe ratio. 


In (9), only one term is 1/7 in order, and this term is 
the genesis of Fresnel and Fraunhofer approximations. 
The series resulting from this term contains the 


__A,(N)B,(N) terms in (14). In order to establish impor- 


tance of the higher order terms, the 1/r points have been 
plotted in Figs. 10-12. The difference between these 
points and the total curve is the higher order contribu- 
tion, which includes the edge correction term. The edge 


_ integral has, in general, a very minor effect on the axial 


sity of California, Berkeley, ERL Rept. 60-183; July, 


distribution. For wide angles the edge contributions are 
not negligible, but near the axis they are very small ex- 
cept very close to the aperture. This substantiates the 
work of Chang and Silver,!® and Plonsey,'® who show 
that the edge integral contribution is a small perturba- 
tion. 


“Cyrrent Distributions on Circular 


18 W. S. Chang and S. Silver, oie 


Cylindrical Reflecters,” University of California, Berkeley, 
t. 60-193; August, 1957. ek 
ae R. Bisaceys  Difiraction by Cylindrical poe Or Bs Univer- 
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Fig. 14 shows theoretical and experimental curves 
after Sterns.?° Sterns assumed a tapered illumination 
with a small pedestal; his curves like those calculated 
from the exact formulas show the first peak smaller than 
peaks closer in to the aperture. The experimental curve 
fits the 25-db Taylor curve of Fig. 11 fairly well. 

With reference to the axial power curves, the ka = 107 
aperture includes the principal maximum (x~0.1), one 
valley, and a second maximum; x=0.05 represents a 
distance one diameter away from the aperture. A larger 
diameter aperture would include more oscillations, but 
would not contribute significant knowledge. The oscil- 
lations damp out in all but the uniform case. So it is felt 
that the examples treated here contain the essence of 
the problem. 


VI. CONCLUSION 


The general behavior of the field with distance shows 
a progressive deterioration in the sidelobe region with 
decreasing distance. At R=D?/2 }, the first sidelobe 
(counting lobes in the far field pattern) has been swal- 
lowed by the main beam skirt although the principal 
part of the main beam is unchanged as are the remaining 
sidelobes. As distance decreases, the main beam broad- 
ens and continues to absorb sidelobes, and the level of 
remaining sidelobes is raised. For very low sidelobe de- 
signs, around 35 to 40 db, a desired far field pattern can 
be only loosely approximated at distance R=D2?/). 

From very large distances to R= D?/), the axial field 
intensity is close to a 1/R variation, for all the aperture 
distributions. Thus, D?/d is a good transition point be- 
tween far and Fresnel regions. Practical aperture dis- 
tributions exhibit a first maximum in axial field vs dis- 
tance (at about D?/5 d) that is smaller than subsequent 
maxima in contrast to the behavior of classical aperture 
distributions. This effect appears to be dependent upon 
the illumination pedestal, but not through the edge in- 
tegral terms. In fact the latter have a small effect, and 
do not even affect the curve shapes close to the antenna. 

For distances greater than about D?/5\, both the axial 
power density and the wide angle sidelobe level are 
monotonic increasing functions with decreasing R. How- 
ever the axial density increases more rapidly around 
D?*/3\ producing the interesting result that the sidelobe 
ratio for wide angle lobes actually increases over the far 
field value. 

The Fresnel formulas are useful from D?/) to at least 
the first minimum in axial field. Small angle results are, - 
as might be expected, poor for the wide angle sidelobes, 
giving maximum and minimum values that are too 
large. For the 10 \ aperture studied, the lower Fresnel 
limit is close to D?/7 X. It appears for larger apertures 
that this limit would be for R equal to several aperture 
diameters. 


2 W. G. Sterns, “Near-Zone Field Studies of Quasi-Optical An- 
tennas,” M.S. thesis, University of California, Berkeley; circa 1954. 
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Fig. 10—Axial power density—uniform illumination. 
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Fig. 12—Axial power density—Taylor apertures. 


60 
as 
| 
} \\ 
1 iy \ 
\ 
2 | \ 
. | \ \ 
| \ 
| \ 
20 
0 
0,01 0,05 


—-— Fresnel 
Fresnel envelope 
—— 25 db Taylor 
© 25° Taylor, 1/r only 


Fig. 11—Axial power density—tapered illumination. 
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Fig. 13—Wide angle sidelobes. 
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Fig. 14—Experimental axial power density. 
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An excellent approximation to the exact field is ob- 
tained by using only the 1/r term in the radiation in- 
tegral; this term contains the Fresnel result. 


APPENDIX 
DEFINITIONS OF FIELD TERMS 


Far Field Region—That region in which the field in- 
tensity varies as 1/R, where R is the distance to an ori- 
gin in the local neighborhood of the antenna. The ap- 
proximation for the field of each element (Huygen’s 
source) of the aperture consists of a constant amplitude 
factor and a linear (first order) phase factor. If the an- 
tenna has a well defined aperture D in a given aspect, 
the far region in that aspect is commonly taken to ex- 
tend from a distance D?/d from the aperture to infinity. 

Fraunhofer Region—Same as far field region. 

Fresnel Region—That region of the field wherein the 
approximation of the field of each element (Huygen’s 
source) of the aperture consists of a constant amplitude 
factor and two phase factors, a linear and a quadratic 
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(second order). The Fresnel field is a 1/r field in aper- 
ture coordinates, but requires many terms of the form 
1/R* in space coordinates. The Fresnel region extends 
from a distance of several times D from the aperture 
to D?/n. 

Near Field Region—That region from the antenna 
surface to the Fresnel region, usually several diameters 
away from the surface. The near field requires many 
terms of the form 1/r” both in aperture and space co- 
ordinates. All space is divided into near, Fresnel and 
Fraunhofer regions. 
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Back Scattering at High Frequencies from a Conducting 
Cylinder with Dielectric Sleeve* 


RALPH D. KODIST 


Summary—The computational difficulties connected with the 
problem of high-frequency back scattering from a conducting cylin- 
der with dielectric sleeve arise from the slow convergence of the 
conventional Fourier representation of the field and are compounded 
by the involved nature of its Fourier coefficients. In addition, the 
numerical results give no physical insight into the complicated 
structure of the back-scattering functions. An alternative representa- 
tion of {the diffracted amplitude as a series of radial eigenfunctions 
has the advantage of rapid convergence at high frequencies but pre- 
sents difficulties of its own since one must find not only the complex 
coefficients of the expansion but also the complex indices for which 
the coefficients are to be evaluated. Some of these difficulties can 
be avoided by transforming the radial representation into a sum of 
terms, one of which is a well-known form of the diffracted ampli- 
tude from a conducting cylinder whose radius is the same as the 
outer radius of the dielectric sleeve. The second term, which con- 
tains the effect of the sleeve, turns out conveniently to be an 
infinite integral over a real variable. An expansion of its integrand 
leads to a series of terms which are analogous to optical rays. When 
the over-all cylinder radius is large, each of these terms has a sta- 
tionary phase approximant over a certain range of dielectric thickness 
and relative dielectric constant. Only over this range does the cor- 
responding ray contribute to the back-scattered amplitude. The 
detailed evaluation of three of these integrals gives results which 
account for some of the features of the back-scattering functions. 


of wave solutions for separable geometries in terms 

of suitable radial eigenfunctions has certain advan- 
tages for high-frequency calculations. A general method 
for finding such representations has been developed and 
discussed by Titchmarsh! and Marcuvitz,? among 
others. We shall begin by outlining the application of 
this method to the task of determining the wave solution 
outside an infinitely long, perfectly conducting cylinder 
with dielectric sieeve when the cylinder is excited by 
an external harmonic (e~‘*) electric line source parallel 
to its axis. The symmetry of this configuration reduces 
the problem to scalar diffraction in a plane with the 
geometry shown in Fig. 1. The formal solution is an 
appropriate representation of the Green’s function 
which satisfies the following system of differential equa- 
tions and boundary conditions: 


He is well established by now that the representation 


1) Wave equations. 
(V? + ko*)Go(r, r’) = — 5(r — r’); 
(V? + k?)Gi(r, r’) = 0; 


1.7 = Bow (1a) 
CSS 0h Bil) 


* This research was supported jointly by the Electronics R. h 
Directorate of the AF Cambridge Research Center igadee Catrence 
AF 19(604)-4561, and by the Office of Naval Research under con- 
tract Nonr-562(24). 

ae a se retin tae University, Providence, R. I. 

. C, Titchmarsh, “Eigenfunction Ex i iy iz 
vay tee New York, N. Y.; 1959. ORS I ea 
. Marcuvitz, Commun. Pure Appl. Math., vol. 4 —293; 
August, 1951. paler 8 


Fig. 1. 


2) Boundary conditions. 


Gi(a, r’) = 0 [Z, = O.ate= al. (2a) 
Gi(b, r’) = Go(b, r’) [EZ is continuous atr = b]. (2b) 
0,Gi(b, r') = 0,Go(b, r’) [Bois continuous atr = 4]. (2c) 


3) The radiation condition. 


In (1), & is the wave number w/v, where v is the phase 
velocity characteristic of the medium. The coplanar 
position vectors r’ and r locate the source and observa- 
tion points relative to an origin on the cylinder axis. 
The vectors a and b of (2) terminate on the inner and 
outer circumference of the sleeve, respectively. 

In order to determine the Green’s function, Go, asso- 
ciated with the above problem, we require characteristic 
functions which are solutions of a set of three independ- 
ent ordinary differential equations plus boundary con- 
ditions corresponding to (2). These differential equations 
can be obtained from (1) by separation of the polar vari- 
ables (7, 8). Denoting the separation parameter by the 
symbol \, we find that in 7, r’>b6 the characteristic 
functions are 


ae : 
g(0, 6’, r) = = ell; ov = V0, 0 < argv. <x) (3) 


’ mt 
folr, r, d) = ot H,® (Ror<) 


H,@) (Bo) X,@ 


— aggre Bod |b), 


where H,®, H,® are Hankel functions of the first and 
second kind, and rs, r< signify the larger and the smaller 


December a 


rye 


— 
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of the variables r and r’. In addition, these expressions 
contain the following shorthand notations: 


\ B = kb, Bo = kob; (5) 
C,(kr) = Hy (a)H, (kr) — H,?(a)H,(kr); (6) 
C,'(B) H,“1:?)" (Bo) 

Ce sg. (7) 


In accordance with the formula, 


a = ka, 


X, 02) = B 


il 
Ge, 2) = GFZ agO, 0, Nhlsr», (6) 


the convolution of (3) and (4) in the complex \ plane 
leads to the required exterior Green’s function. For our 
purposes the integration contour encloses the branch cut 
of g(6, 6’, \) which is taken along the real axis of the 
_2 plane. Eliminating the function X, in favor of X, 
and changing variables from \ to v, we obtain 


4 fs) 
Gey) =— f aol.) H(t) 


H, (Rors) 
ee) (1) eee iv|6—0"| 
H,(8o) Hy (Ror) | (By) e 
r-) (1) (1) 
1 dy jah (Ror<) Hy (Rors) eivlo—0"l (9) 
2rd. X»9 A, (Bo) H,™ (Bo) 


It is easy to show that the first integral of (9) is the 
Green’s function for a perfectly conducting cylinder of 
radius 6 with Dirichlet boundary condition. The effect 
of the sleeve on this field resides in the second integral 
since both the thickness and the refractive index of the 
dielectric are parameters only of the function X,. 

The expression given in (9) represents the total field 
at any point outside the cylinder in the most general 
situation, that is, when the excitation is due to a line 
source at a finite distance. In order to specialize this 
result to the back-scattered amplitude with plane wave 
excitation, we set 0=0’ and let rs—~. Furthermore, 
since our discussion will be restricted to the far-zone 
field, we shall be interested in the region where r<=r is 
large but finite. The procedure involves first the sub- 
stitution of the leading term of the Debye expansion in 
the combination H,(kor<)H,™(Rors), then the nor- 
malization of the source function in such a way that the 
incident plane wave has unit amplitude. Thus, the far- 
zone amplitude in the direction of the source is found 
to have the asymptotic form, 


2/2 \18 
V(r) ~ or) + = ( --) 


wt 


ivr 


7 00 dy 
“exp i(te- =) an X,[H,(8)]?- 


where y(r) is the amplitude (incident +scattered) asso- 
ciated with a perfectly conducting cylinder of radius b. 

In principle, yo(r) is a known function. Its form at 
high frequencies may be determined from the first inte- 


(10) 
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gral of (9) or from straightforward considerations of ray 
optics. Both calculations lead to the result, 


Bo \ 
rae -) exp i(kor — 280), (11) 
0 


Yalr) ~ eter — ( 


where the two terms represent the incident plane wave 
and the far-zone back-scattered amplitude, respec- 
tively. What remains to be determined is how this field 
is modified by the dielectric properties of the outer 
sleeve of the cylinder. To this end we proceed to con- 
sider the integral, 


"Tis a 
i (v)dy = ea YH, Go] ; 


The asymptotic evaluation of (12) to be outlined be- 
low makes use of Hankel function approximations 
which are valid in the frequency region ka>>1 and over 
the interval v?<a?. In this interval, we may expect to 
find points of stationary phase where the leading con- 
tributions to the integral are made. The exponential be- 
havior of the Hankel function outside the interval will 
insure that the contribution there is of lower order. 
Thus, the appropriate Debye expansions for functions 
of argument {> are 


H, (Bo) ~ 2?e~*@!4 (Bo sin no)*? exp iBof(no), (13a) 
H,’(Bo) ~ 7 sin noHy (Bo), (13b) 


where 


(12) 


v . 
cosmo = —; fm) =singo—nocosm. (14) 


0 


With similar approximations for H,“? (a) and H,“» (8), 
the integrand of (12) takes the form, 


= iF (v) 
Iv)~- =: | oe e-2iBol (n0)—ive (15) 
D4 1 + p 1 -- rezk () 
where 
F(v) = Bf(n) — af(s); 
Vv 
cost =—; cos 7 = — (16) 
Me B 
and 
Saale betes (17) 
B sin 7 itp 


Since B>Bo, we note that 0<p<1; it follows that 
7<1. The denominator of (15) can, therefore, be ex- 
panded in a Taylor series about the point r=0 (2.e., 
k=k,). After a little algebra, it is found that 


Zz 
T p p 2iF (v) 
fe tees 4g 
eS are 
2e(1 — 9) roy ee et pane (18) 
(1 + p)§ 
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A noteworthy feature of (15) and (18) is that the 
bracketed terms have precisely the form found for the 
solution of the problem of diffraction by a plane di- 
electric slab over a conducting interface. In the analogy, 
p and 7 are related to the reflection and transmission 
coefficients at the dielectric-air surface. In the present 
context, however, they are not constants but functions 
of the integration variable, v. 

The remaining task is to obtain the stationary phase 
approximant for each integral of (18). Since the calcula- 
tions become increasingly more involved for successive 
terms of the series, only two will be discussed in detail. 
The first of these is 


K=-7 f ag OP [= 28aflaw) — ireldr (19) 


which has its point of stationary phase at v;=0. The 
Hankel function approximations are valid in this neigh- 
borhood, and the asymptotic value of Ki may be found 
in the usual way. The result has the same phase as the 
scattered wave of (11) and may be combined with it in 
accordance with (10). We find in this way that the first 
contribution to the total back-scattered amplitude is 


— 1/2 
15° a pee ie 1 ( Bo ) enor iby" 
n+ 1 \ 2Ror 


(20) 


where 7 is the refractive index, k/ko = (€/€0)'/?. This con- 
tribution is readily interpreted as arising from the 
reflection at the dielectric interface of the infinitesi- 
mal bundle of normal rays. Specifically, the ratio 
(2—1)/(n+1) is just the reflection coefficient at the di- 
electric surface for normal incidence; the phase factor 
is proportional to the optical path length on the ray 
axis; and the remaining amplitude factor accounts for 
the spreading of the bundle. 
The second term associated with (18) is 


ef AP , 
Ke = ae G+ ae i[2F(v) — 2Bof(qo) — ivm|dv. (21) 
Its stationary phase point is determined by the relation 
: a? B? 
patsy ty Siena hea Nano 
V2 Bo yt E 1) =| (22) 


which has real solutions if, and only if, the right-hand 
side is positive. When this condition is satisfied, it fol- 
lows from (16) and (17) that 


1 2 

(sin 0)2 =i Gs — pipe 1), 
PATH) a? 
1 


(sin 9)2 = 


bo 
S 
@|R 
ew 
A 
nw 
aa 
12 
J 
—= 
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2 
(sin £)2 = — (x erie cE 1); (23¢) 
and 
2 
(ni acl) = Fe 
p2 = Sai : (24) 
(n? == 1) + oe 


It is evident from (24) that for all values of » and B/a 
which are larger than one, p2<1. In order also to satisfy 
the condition 0 <pz, it is necessary to require that 

2 


Peete y 
a 


Furthermore, all the angles defined by (23) must be real 
if the Hankel function approximations are to be valid, 
a requirement that reduces to the single additional 


condition, 
B 2 
n< (=+ :) : 
a 


The significant physical constants of the dielectric clad 
cylinder must therefore have values that are in accord 
with 


2 2 
Bete ied iy 5 
Qa 


a 


(25) 


The clear implication of this inequality is that only for 
certain combinations of dielectric thickness and re- 
fractive index will the ray represented by (21) be scat- 
tered back in the direction of incidence. 

In the region defined by (25), the solutions of (22) are 
real and may be used for the asymptotic evaluation of 
(21). The result of this calculation is 


sivas thew lara pent tetas a ae 
oie (n? — 1)? | is = ( —) 


2 
"expt | bor — ao (w — 3 ish + 1) |, (26) 
az 
where 
1 1 1 1 
= - ee 
B a(sing)2 B(sinn)2 —Bo(sin no)2 


The physical optics interpretation of (26) is not obvious 
but the contribution clearly includes more than the 
straight, axial ray which is reflected at the conducting 
cylinder. It seems likely that other internally reflected 
rays are also involved and that these would be consist- 
ent with the restrictions of (25). Such a ray model needs 
to be elucidated by further calculations. 
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Modes in Rectangular Guides Partially Filled with 
Transversely Magnetized Ferrite* 


G. BARZILAI} anp G. GEROSAT 


Summary—A general modal solution for a rectangular guide par- 
tially filled with a slab of ferrite transversely magnetized and situated 
against one side wall is considered. The relative characteristic equa- 
tion, which has been obtained in a previous work, is numerically 
solved for some typical cases and for modes of zero, first and second 
order with respect to the dependence along the direction of the dc 
magnetic field. The results are summarized in fifteen diagrams giving 
the propagation constant vs the ferrite slab thickness. 

From the preceding analysis it can be concluded that: 


1) propagating modes of any order may exist; 

2) modes of zero order are not always the lowest propagating 
modes, in the sense that higher order modes can propagate 
when zero order modes are attenuated; 

3) cases can exist when all the unattenuated propagating modes 
travel in the same sense. 


INTRODUCTION 


T IS the purpose of this work to discuss in some de- 
[ea the modal spectrum for a rectangular guide 

partially filled with a slab of ferrite transversely 
magnetized and situated against one side wall. 

The characteristic equation for such a structure was 
derived by Kales, Chait, and Sakiotis,! Lax, Button, 
and Roth,” and others, by assuming no dependence 
along the direction of the dc magnetic field. In a previ- 
ous work,’ we have derived the characteristic equation 
for the general case, 7.e., with no restriction on the de- 
pendence along the direction of the dc magnetic field. 

To our knowledge, all the discussions of the character- 
istic equation available up to date are those relative to 
modes with no dependence along the direction of the dc 
magnetic field. It is, however, interesting to discuss the 
general case, particularly in view of the fact that it can 
happen that in certain conditions modes with no de- 
pendence along the direction of the dc magnetic field 
cannot propagate, while other modes can. 

We shall assume that the reader is acquainted with 
our previous work* and we shall only recall here the 
symbols used. The structure considered is the one indi- 


cated in Fig. 1. 


* The investigation reported herein has been made possible by the 
support of the U. S. Air Force, under Contract No. AF-61(052)-101. 

+ Electrotechnical Institute, University of Rome, Rome, Italy. 

1M. L. Kales, H. N. Chait, and N. G. Sakiotis, “A nonreciprocal 
microwave component,” J. Appl. Phys., vol. 24, pp. 816-817; June, 
1 


953. : 3 
2B, Lax, K. J. Button, and L. M. Roth, “Ferrite phase shifters 
in rectangular waveguide,” J. Appl. Phys., vol. 25, pp. 1413- 


421; N ber, 1954. ee 
; 3K, Te Bitton and B. Lax, “Theories of ferrites in rectangular 


waveguides,” IRE TRANS. ON ANTENNAS AND PROPAGATION, vol. AP- 


. 531-537; July, 1956. ; 
x Pe Barilsiand G. Gerosa, “Modes in rectangular guides filled 


with magnetized ferrite,” J/ Nuovo Cimento, vol. X-7, pp, 685-697; 
March, 1958. 
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Fig. 1—Geometry of the rectangular guide partially filled with ferrite. 


We shall assume for the ferrite region the following 
tensor permeability: 


Mi juz O 
B= ol —jue pw. OF 
0 0 ib 
where 
p Tp Mo 
di =1+ > ee = = ; 
: (eas : eee hs Relig, 
@) 
ee 
wo 


My is the saturation magnetization, w is the circular ap- 
plied frequency (time dependence exp [jwt] is assumed), 
wo = —VyHy is the circular resonant frequency, ¥ is the 
gyromagnetic ratio for the electron, Hp is the internal dc 
magnetic field, and wo is the permeability of the vacuum. 
The dielectric constant of the ferrite region is assumed 
to be €€, where €) is the dielectric constant of the 
vacuum. Lengths will be measured by assuming as unit 
1/w+/uoeo. Spatial dependence of the form exp 
[j(Rox t+ kyy +h.z) | will be assumed. 

For a prescribed pair k,, kz in the ferrite region, there 
exist two values of 2,2, namely k,1? and k,2”, while in the 
vacuum region there exists only one value of k,?, namely 
Ryo?. 

By writing a general modal solution for the structure 
indicated in Fig. 1, we have obtained‘ a transcendental 
characteristic equation of the form: 


f(Re, kz) = 0 (1) 


where 


Wi 


~&) 


EE 


NYP OGLE 
N40) f+ 


Ky, real Ky2 real 
(f) 


Fig. 2—Zones of the first quadrant of the kZ, k,? plane in which ky, 
ky, and ky are real or imaginary. (a) The curve ky22=0 lies above 
ky:2?=0 and kyo?=0 and the corresponding asymptote has a nega- 
tive slope; (b) the curve k,2?=0 lies above ky:?=0 and kyo? =0 and 
the corresponding asymptote has a positive slope; (c) the curve 
kye?=0 does not cross the first quadrant of the k,”, k,” plane; 
(d) the curve k,:?=0 lies below k,:?=0 and kyo?=0; (e) the curve 
ky =0 lies below ky:?=0 and crosses kyo? =0; (f) the curve ky:?=0 
lies between ky.?=0 and ky?=0. 


In what follows, we shall call those modes corresponding 
to m=0, modes of zero order, those corresponding to 
m =1, modes of first order, and so on. Further details on 
the present work may be obtained in another report. 


SOLUTION REGIONS 


There are several parameters which determine the 
solutions of (1), namely: quantities characteristic of the 
ferrite medium, i.e., Mo and €; quantities describing the 
structure, 7.e., a, b and 6;; and impressed quantities, 
1.e.,@ and Ho. The three quantities Mo, w and Hy enter 
our problem through the adimensional parameters p and 
T, so that the actual parameters to be considered are p, 
€,T, a, band by. 

For a given mode order, (1) determines the relative 
propagation constants kz. In what follows, we shall only 
look for real values of kz, i.e., for unattenuated propa- 
gating modes. 


_ °G. Barzilai and G. Gerosa, “Modes in Rectangular Guides Par- 
tially Filled with Transversely Magnetic Ferrite,” Electrotech. Inst., 
Inst. of Rome, Rome, Italy, Tech. Note No. 1, Contract No, AF 
61(052)-101; June 3, 1959. 
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Fig. 3—The mapping of the solutions of the characteristic equation 


for the range of r indicated. The curves have been calculated for 
the indicated values of p, e, 7, 6, and a. These values may be taken 
to correspond to: 


Wb 108 ra) 
My= 03-53 Ho= ra A/m; f= be = 1425 mc; 
bts Forn  e e aeae 
w/ Ho€o cr/ Hoe o 


With respect to the field configuration in the cross 
section of the guide, the mode order determines the z 
dependence. The y dependence is determined by the 
values of ky1, Ry2, and kyo, which can assume real or pure- 
ly imaginary values, being Rk, and k, real. 

With reference to the first quadrant of the k,’, k;? 
plane, the regions where ky, Ry2, and kyo are real or 
imaginary are delimited by the curves k,17=0; ky2*=0, 
which have been shown to belong to an hyperbola, and 
kyo? =0, which is easily realized to be a 45° straight line 
crossing the kz? and k,? axes at the points (0.1) and 
(1.0) by virtue of the normalization assumed. 

By keeping p fixed and letting r vary, there are six 
typical cases according to the mutual configurations of 
the three mentioned curves. We start by noting that the 
straight line kyo?=0 does not vary with 7. The curve 
ky? =0 intercepts the kz? axis at the point kz? =e; it has 
an asymptote having a slope —1 and intercepting the 
k,” axis at the point k,2=e(1+p); we can conclude 
therefore that this curve does not change much as 7 
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Fig. 4—The same as Fig. 3 except for f=4500 mc; 
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_ varies. The curve k,2?=0 intercepts the ,? axis at the 
/ point k,?=e(1?—p2?)/ui1 and has an asymptote which 
has a slope —1/y; and intercepting the k,? axis at the 
point k22=e[1+p2?/(ui2—)]. This curve therefore 
changes considerably as r varies. 

With reference to the position of the curve k,.?=0 
with respect to k,:?=0 and kyo?=0, we shall divide the 
field of variability of r from 0 to © into six regions, 
which are indicated in Fig. 2. The relative diagrams 
have been drawn assuming suitable numerical values 
for the parameters. 

In the six diagrams of Fig. 2, the various zones de- 
limited by the curves ky:?=0, k,2?=0 and kyo?=0 have 
been shaded in different ways in order to recognize the 
zones where k,1, Ry2, and kyo are real or imaginary. It is 
understood that when one of the three typical shadings 
indicated is present, the relative k, is real and when it is 
not, it is imaginary. For instance, when no shading 
exists, the three &, are all imaginary; when all three 
shadings are present the three #, are all real, and so on. 


NuMERICAL ANALYSIS 


For each of the six regions in which the field of vari- 
_ ability of t has been divided, we have chosen the nu- 
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merical value of 7 indicated in Fig. 2 and convenient 
values of a and b. 

By numerically solving (1), we have drawn the dia- 
grams of kz vs b; for modes of zero, first and second or- 
der. The relative values of k, are indicated by vertical 
straight lines drawn in the various cases of Fig. 2. In 
Figs. 3-7, we have drawn the solution curves for the 
cases of Fig. 2(a)—2(c) and 2(e). The solution curves for 
the remaining two cases are similar to those of case (e) 
and have been omitted for brevity. 

In Figs. 3-7, the shadings correspond to those dis- 
cussed with reference to Fig. 2. It should be noted, 
however, that for m=0, (1) breaks down into two equa- 
tions corresponding to TE and TM modes associated 
with k,» and k,1, respectively; but since TM modes can- 
not exist in the rectangular guide, the shading relative to 
k,, has been omitted in the diagrams relative to zero 
order modes. 

The numerical solutions have been obtained by using 
an electronic digital computer. Asymptotic analyses 
were carried out, when necessary, in order to complete 
the diagrams. 

Inspection of the diagrams found, shows that, except 
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for b;=0 and b;=b when the characteristic equation 
contains only even powers of kz, the solutions are not 
reciprocal, in the sense that a solution +, does not 
necessarily imply the solution —,. 

The numerical analysis carried out, while necessarily 
incomplete, suggests the following considerations on the 
general behavior of the modal spectrum, which in the 
light of the results obtained seem reasonable. 

For the cases of Figs. 3 and 7, the solution curves of 
nonzero order modes decrease in number as m increases. 
Therefore, above a certain order mode, propagation 
cannot exist. With reference to our previous work,' this 
has already been shown for the completely filled guide. 

In contrast with this behavior, the cases of Figs. 4-6 
show that propagating modes of any order can exist. 
For Fig. 4, this is true for }; if it is not too small, while 
for Figs. 5 and 6, this is true for any value of by by vir- 
tue of the asymptotic behavior of some of the solution 
curves, which have as asymptotes the straight vertical 
lines by =0 and b; =b. 

In the case of Fig. 4, by sufficiently reducing b, modes 
of zero order go below cutoff, while higher order modes 
still propagate. This has been shown by us for b=); and 
it seems to be so even for b; <b. 
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The diagrams of Fig. 5 show that when modes of zero 
order cannot propagate in both directions, higher order 
modes can. 

With reference to Figs. 5 and 6, it is apparent that by 
narrowing the width b of the guide and leaving the other 
parameters unchanged, for suitable values of by; the 
structure becomes unidirectional for modes of any order. 


CONCLUSIONS 

The modal spectrum for a rectangular guide partially 
filled with a slab of ferrite situated against one side wall 
and transversely magnetized has been discussed. 

The principal conclusions are the following: 

1) There are regions of variability of 7, 7.e., of the 
ratio between the applied and resonant frequencies, for 
which modes of any order can propagate. 

2) Zero order modes are not always the lowest modes, 
in the sense that higher order modes can propagate 
when zero order modes cannot. 

3) It is possible to find unidirectional structures, 7.e., 
structures in which, under the hypotheses by which the 
characteristic equation is assumed to be derived, all 
the unattenuated propagating modes have the phase 
velocity in the same sense. 
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Asymptotically Expansible Solutions of the Helmholtz Equation 
KRYSTYN BOCHENEK} 


ABSTRACT 


Much attention has been paid in recent years to ex- 
pansions in the form, 


== EEE ys sr : 
y (ak) 
By means of these expansions many problems of dif- 
fraction have been investigated.! 

Though in many particular cases, it has been found 
that the series of this form are the asymptotic ones, our 
present knowledge concerning the whole family of solu- 
tions admitting asymptotic expansions is still unsatis- 
factory. From among recent works on this subject the 
author will mention a very interesting one? concerning 
expansions of a similar type. 

In this report the writer proposes to present the 
results of his as yet unpublished investigations of a 
rather mathematical character. In this summary only 
outlines of the results are given. 


(1) 


} Polish National Committee of URSI, Warsaw, Poland. 

1J. B. Keller, R. M. Lewis, and B. D. Seckler, Commun, Pure 
Appl. Math., no. 2; 1956. 

2R. M. Lewis, New York University, New York, N. Y., Res. 
Rept. MME-8; 1957. 


Let us consider a function, 


“= tf a(a)e*l cos Oa) Fay (2) 
L 


where a(@) and b(a) are analytic functions; L is a con- 
tour in the complex plane a; 7 and @, polar coordinates. 

This expression represents a superposition of plane 
waves. Given an infinite domain D situated outside of 
a given curve C in a plane 7, 9, it is possible under ap- 
propriate conditions to prove that the function u satis- 
fies the Helmholtz equation in the whole domain D 
and the radiation condition at the infinity, and has an 
asymptotic expansion of the type (1). This expansion can 
be differentiated term by term. Because of this we are 
sure that the coefficients Av satisfy the recursive system 
of equations describing the propagation of those co- 
efficients along the rays of geometrical optics. 

It is interesting to note that in the case when an 
asymptotic expansion of (2) is computed by means of 
the saddle-point method, the eiconal will be constructed 
in a classical manner as an envelope of a family of solu- 
tions formed by means of a complete integral. The co- 
efficients of expansion Av are effectively obtained. 
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